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This is the notes of the Algebraic Geometry class taught by Prof. Harry Tamvakis during the fall semester
of 2026 at the University of Maryland which mainly focuses on Compact Riemann Surface. This will be
an algebraic geometry class that is basically with analytic flavor where even if Serre duality is proved using
analytic methods. We begin with compact Riemann surfaces and use the theory we develop about it to
transition to algebraic geometry in higher dimensions.

1 Lecture 1

2 Lecture 2

We will head to the main content of this course from this section. Recall that a 1 dimensional complex
manifold is a 2 dimensional topological manifold X together with charts pU,φq such that for any two such
charts pU1, φ1q and pU2, φ2q are compatible in the sense that:

φ2 ˝ φ´1
1 : φpU1 X U2q Ñ φ2pU1 X U2q

is holomorphic. Since φ2 ˝ φ´1
1 is bijection, we know that it’s inverse is also holomorphic from the local

behavior of a holomorphic function.
A complex structure on X is a family of pairs of charts tpUi, φiquiPI which are pairwise compatible

such that YiUi “ X. In general, we will always assume that such a structure is maximal which means you
can not throw in more charts such that they still remain compatible (such a maximal structure always exists
by Zorn’s lemma). The pairs are called holomorphic charts.

Remark 2.1. This is a good place to review some complex variable theory. Notice that φ2˝φ´1
1 is a function

from R2 to R2. For any such a real function F , recall that a criterion for it to be holomorphic at a point p
is that it’s differentiable in the usual real analysis sense in a neighborhood of p and that the derivative DF
at any point in the neighborhood has to be complex linear. A priori, for a differentiable function F , we
know that DF |p : R2 Ñ R2, after we identify R2 with C via px, yq ÞÑ x` iy, is always real linear. If we want
to check that it’s complex linear, we only need to that it commutes with multiplication by i. Recall that
if you think of a complex a ` bi as the column vector pa, bqT , then multiplication by pc ` diq gives you the
complex number (in the column vector form):

ˆ

ac´ bd
ad` bc

˙

“

ˆ

c ´d
d c

˙ ˆ

a
b

˙

Therefore multiply by a complex number, thought in terms of how it works in R2, is actually just multiplying

by a certain matrix. In particular, the matrix corresponding to i is J “

ˆ

0 ´1
1 0

˙

, therefore we only need

to check:
DF |pJpa, bqT “ JDF |ppa, bqT , @pa, bqT P R

This simply means that we only need to check DF |pJ “ FDF |p for all p. If you write down what J does to
DF |p, you will find that this is just the Cauchy Riemann Equations. Therefore the derivative matrix of
F just looks like a complex number and it’s just saying that the action of the derivative looks like multiply
by a complex number, which should be f 1pzq.
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Remark 2.2. Here is another result on one variable complex analysis that is worth mentioning to clear
possible confusion when we pass to several variable complex analysis.

Recall that f is holomorphic at a point p actually means that it’s complex differentiable in a neighborhood
of p. This is equivalent to f is real differentiable in this neighborhood and each derivative is C linear. This
is also equivalent to f is C1 in this neighborhood and the partials satisfy the Cauchy-Riemann equation.

However, if we only assume that the partials of f exists in a neighborhood of p and satisfy the Cauchy-
Riemann equation, we can not conclude that f is holomorphic at p. A classic example is the function:

f : C Ñ C, z ÞÑ e´1{z4

You can see that it’s holomorphic away from 0 thus the Cauchy-Riemann equation automatically holds. You
can also check that the partials exist at the origin and C-R equation also holds there. However, fpzq is not
even continuous at 0, thus not holomorphic at 0.

The reason is because the real analysis picture is much more complicated than the complex analysis
picture. If f is complex differentiable in a neighborhood, we can automatically conclude that all it’s partials
are even C8. However, if we only assume f is real differentiable in a neighborhood, we can not even conclude
the partials are continuous. A classic example is:

f : R Ñ R, x ÞÑ x2 sin
1

x

However, what amazingly works is that if we assume that:

f : C Ñ C

is continuous in a neighborhood of p and all the partials exists (without even assuming continuous) and
satisfies the C-R equation, then f is holomorphic at p. This is the famous Looman-Menchoff Theorem.
Again, this is something that is not true in real analysis, even if we assume that f : Rm Ñ Rn is continuous
in a neighborhood of p and all the partials exists, we can not assume that f is differential at p. A classic
example is:

f : R2 Ñ R, px, yq ÞÑ
xy

a

x2 ` y2
, p0, 0q ÞÑ 0

You can check that f is indeed continuous at 0 and all partials exist, however, it’s not differentiable at 0.
The upshot of Looman-Menchoff Theorem, though we won’t prove it here, is that once we assume that a

complex function is continuous, C-R equation and existence of all partials automatically imply the function
is complex differentiable and as a consequence, the partials are thus indeed continuous. We will refer back
to this once we need it.

For some notations, if we work with a holomorphic chart U , we will generally identify U with φpUq.
Moreover, we will use z to replace the chart φ since we know that everything after we apply φ will be in C,
therefore instead of using φ, we will use z, which looks more like a complex variable we use.

Definition 2.3. A Riemann Surface is a 1 dimensional connected complex manifold.

Given a Riemann Surface X, we can define holomorphic functions on X. We say that a function
f : X Ñ C is holomorphic if f is continuous and for any chart pU,φq in X:

f ˝ φ´1 : φpUq Ñ C

is holomorphic. This also defines holomorphic functions on open subsets Ω Ă X since ΩXU is also going
to be a chart for Ω. We will let OpΩq denote the C-algebra of all holomorphic functions on Ω. Notice that
all these definition actually works for all complex manifolds of all dimensions, we don’t have to care about
if it’s connected either.

Then this also enables us to define holomorphic functions between two Riemann surfaces X and
Y . If X and Y are Riemann surfaces we say that f : X Ñ Y is holomorphic if it’s continuous and for every
chart pV, ψq on Y , the function ψ ˝ f : f´1V Ñ ψpV q is holomorphic.
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Definition 2.4. A holomorphic f : X Ñ Y is an analytic isomorphism or a biholomorphism if there
is g : Y Ñ X which is also holomorphic and f ˝ g “ IdY and g ˝ f “ IdX .

Again, every definition works for arbitrary complex manifolds and we are not using the assumption on
connectedness as well.

Remark 2.5. Recall that any manifold is required to be second countable. However, when we give out the
definition of a Riemann surface, we could omit the second countable part in the definition of a manifold.
In fact, if we use the definition of a Riemann surface without the second countable part, there is indeed a
theorem of Rado which asserts, the space is automatically second countable. Since we won’t use it we will
not prove it.

Now let’s give some examples of Riemann surfaces other than open subset of C or open subsets of an
existing Riemann surface.

Example 2.6. The first example we will give is the Riemann sphere, which is denoted by P1
C. This

notation indicates that the Riemann sphere is going to be the same as the 1 dimensional projective space
over C. But instead of using the definition of the projective sphere, we will give another definition and show
that it’s the same as the projective line.

To begin with, P1, as a set is:
P1 “ C Y t8u

This is going to be a topological space if we declare that open sets of P1 that contains 8 are just CzKY t8u

where K is any compact subset of C. You can check that this indeed defines a topology and you can check
that using this topology P1 is compact. This is usually also called the one point compactification of C.

Then we define two charts on P1. The first chart is:

IdC “ φ1 : C Ñ C

The second chart is:
φ2 : P1zt0u Ñ C

where we will map z ÞÑ 1
z if z P C˚ and we will map 8 to 0. Clearly the first one is a homeomorphism. The

second one is also a homeomorphism since we know that 1
z : C˚ Ñ C˚ is a biholomorphic function and thus a

homeomorphism. This tells you that this φ2 is actually bijective. You can prove that it’s a homeomorphism
by showing that it has a continuous inverse function. I will let you do it. If you consider the transition
functions in the intersection, it’s:

φ2 ˝ φ´1
1 C˚ Ñ C˚ : z ÞÑ

1

z

This is indeed a biholomorphic function, therefore we are done.

Remark 2.7. Let’s make a short remark why under the usual definition of the projective space Pn, in
particular P1, is a complex manifold and why it’s analytically isomorphic or biholomorphic to the above
definition we make. Though we are only going to use P1 in the first half of the course, we will see Pn a lot
as we go down the line.

Recall that the usual definition of the n-dimensional complex projective space is that PnC as a set is just
the set of all equivalent classes of points pz0 : x1 : ¨ ¨ ¨ : znq P Cn`1 such that not all of zi are simultaneous
zero any two points are equivalent iff they differ by a scalar multiplication. We will denote the equivalent
class of the point pz0 : x1 : ¨ ¨ ¨ : znq by rz0 : x1 : ¨ ¨ ¨ : zns. Clearly, we have a surjective map Cn`1 Ñ Pn
and we will declare that the topology on Pn is the quotient topology. Let’s try to examine some topological
properties of Pn which helps us give charts of Pn. The first thing we should notice is that we clearly have a
filtration of Pn given by:

P0 Ă P1 Ă ¨ ¨ ¨ Ă Pn´1 Ă Pn

Since we know that that points in Pn are just rz0 : x1 : ¨ ¨ ¨ : zns, if we insist that z0 “ 0, then we
know that the rest of the points are clearly Pn´1 as a set. Similarly, for any k ă n, if we insist that
zk`1 “ zk`1 “ ¨ ¨ ¨ “ zn “ 0, then we get Pk inside Pn. These subsets of Pn are not just set theoretically
equal to Pk, they actually are homeomorphic. To see this, we know first that these subsets, given the
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subspace topology is actually a closed subset of Pn (I will let you see why, which is essentially using the
definition of the quotient topology). Then consider the following diagram:

¨ ¨ ¨ Ck ¨ ¨ ¨ Cn Cn`1

¨ ¨ ¨ Pk´1 ¨ ¨ ¨ Pn´1 Pn

Here the map Cn`1 Ñ Pn is the quotient map you started with and all the other Ck’s are the inverse image
of Pk´1. Then I will let you see that the subspace topology on Pk´1 is the same as the quotient topology
induced by the map Ck Ñ Pk´1.

One consequence of the above discussion is that PnzPn´1 is open. We know that this subsets consists of
those point rz0 : ¨ ¨ ¨ : zns where zn ‰ 0 an we will denote this set by D`pznq. And we can essential let zi “ 0
for any coordinate and obtain another copy of Pn´1 and other open subsets D`pziq. Notice that the unions
of D`pziq covers Pn and we will give charts for each D`pziq. Notice that we have:

φi : D`pziq Ñ Cn, rz0 : ¨ ¨ ¨ : zns ÞÑ p
z0
zi
, ¨ ¨ ¨ , 1̂, ¨ ¨ ¨ ,

zn
zi

q

This is a homeomorphism. To see it, I will let you show that this is a bijective map. It’s clearly continuous
since if we consider the composition:

Cn`1zCn Ñ D`pziq Ñ Cn, pz0, ¨ ¨ ¨ , znq ÞÑ p
z0
zi
, ¨ ¨ ¨ , 1̂, ¨ ¨ ¨ ,

zn
zi

q

This is clearly continuous, then since Cn`1zCn Ñ D`pziq is the quotient map, this implies D`pziq Ñ Cn is
continuous from the universal property. It clearly has an inverse where:

Cn Ñ D`pziq, pz0, ¨ ¨ ¨ , ẑi, ¨ ¨ ¨ , znq ÞÑ rz0 : ¨ ¨ ¨ : 1 : ¨ ¨ ¨ , zns

This is again continuous since we can consider the composition:

Cn Ñ Cn`1zCn Ñ D`pziq

Notice that each function in the composition is continuous, which means that the composition is continuous.
Notice that this actually makes Pn a n-dim complex manifold and I will let you check that the charts are
compatible.

Then we prove that P1 defined using the Riemann sphere or using the projective coordinates above are
biholomorphic. To distinguish these two definitions, we use subscripts s and p. Consider the map:

P1
s Ñ P1

p

where z ÞÑ rz : 1s if z is in C and 8 ÞÑ r1 : 0s. Recall that we only need to show that this is holomorphic
and bijective, then the 1-dimensional inverse holomorphic function theorem tells you that this is indeed a
biholomorphism. Consider the chart D`pz1q in P1

p, notice that the inverse image is C, and we know that the
coordinate description of this map is simply:

C Ñ C, z ÞÑ z

This is of course holomorphic. Consider the chart D`pz0q and we know that it’s preimage will be P1
szt0u

and the coordinate description of this map is again:

C Ñ C, z ÞÑ z

Therefore in our future we will not distinguish the two definitions since they are essentially the same if only
care about biholomorphisms. For simplicity, we will always use the Riemann sphere description.
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Remark 2.8. This is just a side remark. Our discussion of the topological properties of Pn actually can
be used to give Pn a CW-complex structure which enables you to show more topological properties of Pn
using the tool of algebraic topology. We mention it here just for the sake of general mathematic culture, so
you should skip this remark if you are not interested.

Recall that a to specify a CW-complex structure, we first need to give a filtration of Pn and of course,
we will just use the filtration we talked about before:

P0 Ă P1 Ă ¨ ¨ ¨ Ă Pn´1 Ă Pn

Now we also need to specify the cells of every dimension and give the gluing/attaching maps. I claim that
there will be only one cell at dimension 0, 2, 4, ¨ ¨ ¨ , 2n´ 2, 2n and no cells for other dimensions. Clearly, we
know that P0 is just a point, therefore it’s just the zero cell with the trivial attaching map. Then we consider
P0 Ă P1, we define the attaching map by:

φ1 : BD2 Ñ P0

where we map all of the boundary of D2 to the only point in P0. Then we define the characteristic map:

Φ1 : D2 Ñ P1

Recall that D2 can be consider as the closed unit disk in the complex plane, then the map is obviously just
z ÞÑ rz,

a

1 ´ |z|2s. Let’s examine this map z?
1´|z|2

a bit when 0 ď |z| ă 1. Notice that this map preserves

the angle of z and if |z| “ r, it outputs a value with absolute value r?
1´r2

, clearly it’s increasing when r

increases and when r “ 0 it’s 0 and when r approach 1, it approaches `8. Therefore this implies z?
1´|z|2

can take every complex value when 0 ď |z| ă 1. Clearly this map is also injective since r?
1´r2

increases when

r increases.
Clearly this maps z ÞÑ rz,

a

1 ´ |z|2s the boundary to P0 “ r1 : 0s and this is a continuous since we can
first think about the inverse image of D`pz0q and show it’s continuous there and then consider the inverse
image of D`pz1q and show that it’s continuous there (using our knowledge that D`pziq is homeomorphic to
C via certain maps). Then consider the map induced by the characteristic map:

D2
ž

P0{ „Ñ P1

Clearly it’s continuous and surjective (because z?
1´|z|2

takes every complex value) and it’s also injective

(because r?
1´r2

is also injective) and we know that the boundary of D2 is identified with P2. Then we

know that this is a bijective continuous from a compact space to a Hausdorff space, thus automatically a
homeomorphism. This explains the CW-structure of P0 and P1.

For higher n, we essentially do something similar, here the attaching map is going to be:

φn : BD2n Ñ Pn´1

which comes from the characteristic map:

Φn : D2n Ñ Pn, ω “ pω1, ¨ ¨ ¨ , ωnq ÞÑ rω1, ¨ ¨ ¨ , ωn,
a

1 ´ |ω|2s

Again, you prove it’s continuous by using the charts D`pziq on Pn. And we know that on the boundary,
we get a surjective map to Pn´1. In the interior, I claim Φn attains every value in D`pznq “ PnzPn´1 only
once. This is essentially studying the tuples:

p
ω1

a

1 ´ |ω|2
, ¨ ¨ ¨ ,

ωn
a

1 ´ |ω|2
q

Essentially we want to show that it takes every value in Cn only once. Indeed, giving any z P Cn, consider:

ω “
z

b

1 `
?
z
2
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Then we know that |ω|2 “
|z|

2

1`
?
z2

thus ω?
1´|ω|2

“ z?
1`|z|2

¨
a

1 ` |z|2 “ z, therefore we know that it’s

surjective and injective. Then you can show that the map:

D2n
ž

Pn´1{ „Ñ Pn

is a bijective continuous map from compact to Hausdorff space, therefore is a homoemorphism.

Example 2.9. Here is another example called the complex tori that will be extremely useful for finding
all meromorphic functions on a Riemann surface later.

Let ω1, ω2 be two R-linearly independent complex numbers and let Λ be the lattice it generates. Then
consider the quotient map:

π : C Ñ C{Λ

I claim that if we give C{Λ the quotient topology, then π becomes a covering map and C{λ is going to be
called the complex tori. Π is the fundamental parallelogram, which is:

Π “ taω1 ` bω2 : a, b P r0, 1su

To see why this is a covering map, recall that we need to find for each rzs P C{Λ an evenly covered
neighborhood. Note that C{Λ is a topological group with the usual addition inherited from C. If we consider
a point rys P C{Λ where y is not on the lattice, we know that since y only has a unique representation in
terms of y “ λ ` x where λ P Λ x is in the interior of Π. Then clearly, we can pick a neighborhood U of y
such that it’s still contained in the interior of Π and we know that the inverse image of this neighborhood
is Λ ` U “

Ť

λPΛ λ ` U which is open therefore rU s is open in C{Λ and for each λ P Λ, we know that
π : U ` λ Ñ rU s is bijective because can choose U so small that any two distinct element in U can not have
a difference in Λ. It’s continuous because it’s just a restriction. Since it’s the restriction of a quotient map
to an open subset, it’s open, therefore a homeomorphism.

Now if y is on the lattice Λ, the situation is similar, we can again pick a U , it’s just this time, it’s not
contained in the interior of Π. If we consider rU s, we know that it’s if x is mapped to U , then there is a
z P U such that:

x “ z ` λ

This implies that x P U ` Λ. We again consider the map π : U ` λ Ñ rU s for some specific λ P Λ. It’s
continuous and open, so we only need to show it’s bijective. It’s clearly surjective, the obstruction here is
that if we suppose that rz1s “ rz2s, then z1 ´ z2 P Λ, then if x1 ` λ ÞÑ rz1s, x2 ` λ ÞÑ rz2s, then we know
that px1 ` λq ´ px2 ` λq P Λ. This implies that x1 ´ x2 P Λ. But if we choose U small enough and assume
x1 ´ x2 ‰ 0, I will let you show that x1 ´ x2 can not be in λ.

In general, if π : X Ñ Y is a covering map with X a complex manifold, then Y automatically assumes a
complex structure from that of X, given some conditions on the covering map. So we can not just say that
C{Λ assumes a complex structure just from the fact that C is Riemann surface. Instead, we know that we
can choose a cover of C by disks Vi such that π : Vi Ñ Ui “ πpViq are homeomorphisms. Then I declare the
charts are:

φi : Ui Ñ Vi, φi “ π´1

Let’s check that these charts are indeed compatible. Consider the diagram:

φipUi X Ujq φjpUi X Ujq

Ui X Uj

We want to prove that φipUi X Ujq Ñ φjpUi X Ujq is holomorphic. Notice that if z P φipUi X Ujq is
mapped to rzs and it’s again mapped to φjprzsq “ z1, we know that z ´ z1 “ λ P Λ. Then I claim that for
all z P φipUi X Ujq, the λ’s are the same, which makes the map z ÞÑ z ` λ, which is indeed biholomorphic.
This fact indeed again comes from that we can take each Vi, Vj very small.
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Now we will try to generalize some of our familiar one-variable complex analysis results to Riemann
surfaces.

Theorem 2.10. (Riemann Extension Theorem) Let X be a Riemann surface and let a P X, let
f : Xztau Ñ C be a holomorphic function such that f is bounded on Uztau for some neighborhood of tau,
then there is a a holomorphic function F : X Ñ C such that F |Xztau “ f .

Notice that this is completely a local result and we can thus use a chart to put everything in our familiar
one variable complex analysis situation. We omit the details here.

Theorem 2.11. (Principle of Analytic Extension) Let X,Y be Riemann surfaces and let f : X Ñ Y
be a holomorphic map. If there is a nonempty open U0 Ă X such that f ||U0

is constant yo, then fpxq “ y0
for all x P X.

Remark 2.12. This formulation is equivalent in dimension 1 case to the accumulation points formulation
but it also generalizes to higher dimensions.

Indeed, we know that if we have some points on which f is constant and these points have an accumulation
point. Then we pick a neighborhood of this accumulation point and consider the Taylor expansion around
that point, which tells you that the function must be constant possibly in a smaller neighborhood. Then
you get the formulation in the above theorem.

The proof of this uses in an essentially way X is connected. Again, we use charts to transfer everything
back to our familiar case in C. The details are omitted.

Now we introduce meromorphic functions on a Riemann surface. We will first give the definition which
is easy to use but doesn’t generalize to higher dimensions. The correct definition we will use in higher
dimension will be mentioned later.

Definition 2.13. (Meromorphic Functions Ver.1) Let X be a Riemann surface and let X 1 Ă X be an
open subset. We say that a holomorphic function f : X 1 Ñ C is a meromorphic function on X if:

1. XzX 1 is a discrete set of points in X.

2. For any p P XzX 1, the limit of fpxq as x Ñ p is 8.

In particular, all holomorphic functions are meromorphic. Clearly since X is Hausdorff, given two mero-
morphic functions, we can consider their sum, product and this clearly gives us a ring structure of all the
meromorphic functions. We will use MpXq to denote the C-algebra of all meromorphic functions.

We will soon see that MpXq is a field. Now, if pU, zq is a coordinate neighborhood of a pole p of f
with zppq “ 0 and here we already are using our previous convention that the map φ for the chart are often
written as z to make it looks more like what we see in complex analysis. Then if we consider the function
fpzq from zpUq to C, we know that it has a Laurent expansion:

fpzq “

8
ÿ

ν“´k

cνz
ν , c´k ‰ 0

This integer k is called the order of the pole at p of f . We can show that it’s independent of any
choice of coordinates because if we have any other coordinate charts pU 1, z1q of p such that z1ppq “ 0, and
consider the function fpz1q. We know that there is a biholomorphic function g such that z “ gpz1q and
fpz1q “ fpgpz1qq. We know that another way to characterize the order of the pole is to use the lower power
of z we need to multiply such that f becomes a nonvanishing holomorphic function. Then we know that if
we assume that the order of pole of fpz1q is k1. Then we know that after we multiply by z1k1

, it becomes a
nonvanishing holomorphic function. Therefore we know that pz1qk

1

fpgpz1qq is also such a function. However,
we know that:

fpgpz1qq “

8
ÿ

ν“´k

cνgpz1qν , c´k ‰ 0

7



Notice that z1 “ 0 is only a degree 1 zero, in other words, z1{gpz1q is a nonvanishing holomorphic function.
Then consider:

pz1qkfpz1q “ pz1qkfpgpz1qq “ c´k
pz1qk

gpz1q
` ¨ ¨ ¨

which is indeed a nonvanishing holomorphic function. Therefore we know that k1 “ k.

Remark 2.14. As what we have mentioned, this definition of meromorphic functions doesn’t work in higher
dimension. For example, in higher dimensions, there are no isolated zeros and poles.

The definition that turns out to work will be that a meromorphic function is a function that is locally f
g

where f, g are holomorphic functions. We will discuss this in details when we need it.

Theorem 2.15. If X is a Riemann surface, and f is a meromorphic function on X, for each pole p of f , we
let fppq “ 8, then f : X Ñ P1 is holomorphic.

Conversely, given any holomorphic function f : X Ñ P1. Then either f “ 8 for all x P X or f´18 is a
discrete set of points in X. f : Xzf´18 Ñ C gives a meromorphic function on X.

Hence we can identify the meromorphic functions on X with holomorphic functions to P1.

Proof. Let f be a meromorphic function on X and let P be the set of poles, we consider the map to P1

induced by f . First it’s continuous since we know that if we take any open U of P1 that contains 8, we
know that it will be the complement of a compact set K in C union the infinity point. If we don’t consider
the infinity point, we know that the inverse image is an open set such that P is contained in the closure of
this open set. Indeed, suppose that K is contained in Bp0, rq, take any open neighborhood of a point p in
P , we know that since as the limit goes to p |f | Ñ 8, then there is some z in the neighborhood such that
|fpzq| ą 2r, which means that fpzq P CzK, which means that z is in the inverse image of U . Using this
argument, we can even find a punctured small disk neighborhood of p such that it’s contained in the inverse
image of U , then we know that if we add this point p, it will still be open. If U doesn’t contain the infinity
point, then we can use the fact that f is continuous itself as a function to C.

Then we have to prove that it’s holomorphic. Consider a chart pP1zt8u, ψq on P1 and a chart pU,φq on
X such that the fpUq Ă U 1, then consider the map:

g : ψ ˝ f ˝ φ´1 : φpUq Ñ ψpU 1q

Notice that f is in OpXzP q, then we know that g is in OpφpUqzφpP qq, notice that φpP q is a discrete set
of points in φpUq and g clearly is bounded near each point in φpUq since we know that the chart ψ is
1
z , then by Riemann extension theorem, we know that g is actually holomorphic on all of φpUq with a
unique holomorphic extension. Since g is itself continuous, then the extension from Riemann Extension
Theorem should be g itself. This shows that f is holomorphic.

Conversely, suppose that f : X Ñ P1 is holomorphic, if f is not constantly 8, we know pick a chart
pV, ψq of 8 and we know that if we can cover the preimage f´1pV q by charts pU,φq such that fpUq Ă V and
we know that if we consider the composition g : ψ ˝ f ˝ φ´1, it will be a holomorphic function which is not
constant. Then we know that if we assume that ψp8q “ z1, we know that g only takes 8 at isolated points
(by analytic continuation principle), which means that the inverse image f´1p8q in U is isolated. This
holds for every U , therefore f´1p8q is isolated and closed in X. Then consider the map f : Xzf´1p8q Ñ C,
it’s just a restriction of a holomorphic function to open subsets, therefore is of course still holomorphic.

Remark 2.16. Recall that we proved that for holomorphic maps between Riemann surfaces, analytic con-
tinuation holds. Then for a meromorphic function on X, since it can be thought of as a holomorphic function
to P1, analytic continuation holds. In the sense that if there is a nonempty open of X on which f is constant,
then f is constant on the entirety of X. In particular, a meromorphic function on X which is not constant
can only have isolated zeros.

This in particular proves that MpXq is a field. To see why, recall that there is a holomorphic function
on P1:

1

z
: P1 Ñ P1
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which is defined by z ÞÑ 1
z if z P C˚, and we map 0 to 8 and 8 to 0. I will let you check this is a

biholomorphism in charts.
But if we consider the composition:

X
f

Ñ P1 1{z
Ñ P1

This is again a holomorphic function, which we will denote by 1
f . Notice that if we think of this function as

a meromorphic function to C, it will just be 1
f for where fpzq is not 0 and 8. Since we already know that

if we denote the set of zeros of f by Z, it’s discrete. Then we know that the meromorphic function 1
f is:

1

f
: XzZ Ñ C

where 1
f ppq for p P P are now mapped to 0.

Now if we consider the product 1
f ¨ f , we know that it’s constantly 1 except not defined at a discrete set

P Y Z, then by analytic continuation, we know that the product is actually 1 and can be thought of as the
constant function from X to 1 P P1.

Remark 2.17. We didn’t really tell you how to multiply two meromorphic functions actually since every-
thing should be pretty intuitive and whether define it or not rigorously or not doesn’t affect our discussion
later. However, if you think it’s really important, the correct definition involves taking the orders of zeros
and poles into account.

Then let’s study the local behavior of the holomorphic maps:

Theorem 2.18. Suppose that X,Y are Riemann surfaces and f : X Ñ Y is a holomorphic nonconstant
map. If a P X and b “ fpaq P Y , then there is an integer k ě 1 and charts φ : U Ñ V on X and ψ : U 1 Ñ V 1

on Y such that:

1. a P U,φpaq “ 0 and b P U 1, ψpbq “ 0

2. F is just a power of the coordinate chart, i.e.:

F : ψ ˝ f ˝ φ´1 : V Ñ V 1, z ÞÑ zk

Proof. Clearly, we know that charts satisfying condition 1 exists. Then we know that it suffice to show that
if f : Ω Ñ C is a holomorphic function where Ω Ă C is a neighborhood of 0 with fp0q “ 0. There is a
neighborhood U of 0 in the target and a biholomorphism ψ : U Ñ U 1 Ă C such that:

f ˝ ψpzq “ zk

This is just pretty standard one variable complex analysis. We know that since we assumed that f is not
constant, then f only has a finite order 0 at z “ 0, which lets us assume that:

fpzq “ zkgpzq

where gpzq is a holomorphic function on Ω such that gpzq ‰ 0. Then consider the following diagram where
D is just a small enough open disk centered at z “ 0:

C

D C˚

ez

g

Recall that existence of various branches of log functions makes ez a cover of C˚, again since C is simply
connected, we know that there is a unique lift from D to C denoted by g̃pzq, and you can easily prove that
it’s holomorphic since ez locally is a biholomorphism and g is holomorphic. This implies that locally on D:

gpzq “ eg̃pzq

9



Then consider hpzq “ eg̃pzq{k, which means that gpzq locally is hpzqk. This implies:

fpzq “ pzhpzqqk, z P D

Consider φpzq “ zhpzq on D. Notice that φ1p0q ‰ 0, then this is a biholomorphism by the holomorphic
inverse function theorem at least locally from some U 1 Ă D to some other neighborhood of 0, say U2 Ă C.
Then consider:

f ˝ φ´1 : U2 Ñ C

we know that f ˝ φ´1pzq “ φkpφ´1pzqq “ zk.

Remark 2.19. The above integer k can be characterized as follows: for any open neighborhood U0 of
b “ fpaq, there is a smaller neighborhood of a, denoted by U Ă U0 and a neighborhood W of fpaq such that
for all y P W and y ‰ b, f´1pyq X U has exactly k elements. Indeed, recall that since zk is a nonconstant
holomorphic function, so by the usual open mapping theorem from complex analysis, we know that the
image of zk of U0 is going to be open and we call it W . Then the above characterization is obvious. This
integer k will be called the local multiplicity of f and this is a coordinate independent way to characterize
this number.

2.1 Homework

Below are the homework of this section:

Problem 2.20. Let Λ,Λ1 be two lattices in C and

X “ C{Λ, X 1 “ C{Λ1

the corresponding complex tori.
Prove that any holomorphic map

f : X Ñ X 1

is induced by a linear map
g : C Ñ C

of the form
gpzq “ αz ` β,

where α P C is such that
αΛ Ă Λ1.

The map f is biholomorphic if and only if

αΛ “ Λ1.

Proof. ñ: We will use π : C Ñ C{Λ and π1 : C Ñ C{Λ1 to denote the two projections. Let’s first assume
that we have gpzq : C Ñ C which is αz ` β where αΛ Ă Λ1. Note first there is a continuous map from C{Λ
to C{Λ1 by the universal property of the quotient topology. Indeed, since:

αpz ` λq ` β “ αz ` αλ` β

with αλ P Λ1, we know that rαz ` αλ ` βs “ rαz ` βs P C{Λ1. Therefore we know that g is constant over
the fiber of π, which induces f uniquely from the quotient topology.

We now need to prove that f holomorphic. Recall that the complex structure on a complex tori is given
by the fact that π and π1 are local homeomorphisms. Then we know if we are given a point in C{Λ1, the
chart pV, ψq looks like:

ψ : V Ñ ψpV q, rzs ÞÑ z ` λz

where λ1
z is the unique λ1

z P Λ1 such that z ` λz is in ψpV q (it’s unique because ψ is a homeomorphism).
We pick charts pU,φq for f´1pV q similarly, but we make a restriction that U are so small that the sum or

10



difference of any two distinct elements in U should not be in Λ1. Then we know that the map f in charts
looks like:

z ÞÑ rzs ÞÑ rαz ` βs ÞÑ αz ` β ` λαz`β

Now I claim that for distinct z, z1 P U , λαz`β “ λαz1`β , this is because if they are not equal, we will have:

z ´ z1 “ λαz`β ´ λαz1`β P Λ1

which contradicts our assumption that z´ z1 is never an element in Λ1. Since for different z, λαz`β actually
doesn’t on z, we will denote this λαz`β directly by λ. This shows that f is holomorphic because in charts
we chose above, f looks like z ÞÑ αz ` β ` λ.

ð: Conversely, we assume that we have f , then consider the following diagram:

C C{Λ

C C{Λ1

π

f

π1

Consider 0 P Z, then we pick β in C to be an arbitrary lift of fpr0sq. Notice that C is simply connected, then
we know that if we consider f ˝ π, we know that:

0 “ pf ˝ πq˚pπ1pC, 0qq Ă π1
˚pπ1pC, βqq “ 0

Then we know that the lifting criterion gives us a unique continuous lift g : C Ñ C such that 0 is mapped
to β. I claim that g must be holomorphic. Indeed, holomorphicity is a local property, and if we consider the
diagram:

C C{Λ

C C{Λ1

π

g f

π1

We for any point p P C downstairs, we can pick a small disk U 1 such that π1 : U 1 Ñ π1pU 1q is biholomorphic
by the complex structure of C{Λ1. We consider g´1pU 1q, we know that for each point q in g´1pU 1q, we can
again choose a small disk U such that π : U Ñ πpUq is a biholomorphism, then we get the following diagram:

U πpUq

U 1 π1pU 1q

π

g f

π1

We know that f ˝ π is holomorphic and π1 is a biholomorphism, therefore g is holomorphic.
Then we prove that g is in fact linear. First notice that for any elements λ P Λ, we know that:

gpz ` λq ´ gpzq P Λ1

Notice that gpz ` λq ´ gpzq is continuous but Λ1 is discrete, therefore gpz ` λq ´ gpzq is a constant, which
means:

gpz ` λq1 ´ gpzq1 “ 0

This implies that g1pzq is an elliptic function with out any poles, which means that it’s a constant α, which
means that:

gpzq “ αz ` b, b P C

However we assumed that gp0q “ β, thus b “ β, thus gpzq “ αz ` β.
In other words, we show that the all holomorphic functions from C{Λ to C{Λ1 comes from some linear

function g on C. This is some surjective result. However, this is clearly not injective since αz and αz ` λ1

for a nonzero λ1 P Λ1 clearly induces the same f .
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Finally, if αΛ “ Λ1, consider the function:

gpzq : C Ñ C, z ÞÑ αz

This induces a holomorphic f : C{Λ Ñ C{Λ1. We can consider the function:

g1pzq : C Ñ C, z ÞÑ
1

α
z

. This induces another f 1 : C{Λ1 Ñ C{Λ. Clearly f 1fprzsq “ f 1prαzsq “ rzs and ff 1przsq “ fpr 1
αzsq “ rzs,

therefore f, f 1 are indeed inverses, thus biholomorphisms.

Problem 2.21. Show that every torus C{Λ is isomorphic to a torus of the form:

Xpγq “ CpZ ` Zγq, Impγq ą 0

Then give a criterion when two Xpγq, Xpγ1q are biholomorphic.

Proof. Suppose that Λ is a lattice spanned by ω1, ω2 with Impω1

ω2
q ą 2, then let γ “ ω1

ω2
and consider the

following diagram:

C C{Λ

C C{Z ‘ Zγ

z ÞÑ z
ω2

Notice that since 1
ω2

Λ “ Z ‘ Zγ, from the previous problem, we know that this linear map on C induces an
biholomorphism between C{Λ and Xpγq.

Finally, we know that Xpγq » Xpγ1q iff there a complex number α such that αpZ ‘ Zγq “ Z ‘ γ1Z, this
tells you that α, αγ is another integral basis of Z ‘ γ1Z, this tells you there is:

A “

ˆ

a b
c d

˙

P GL2pZq

such that Apα, αγqT “ p1, γ1q or in other words:

aα ` bγα “ 1, γ1 “ cα ` dαγ

Solve for γ1, we see that:

γ1 “
dγ ` c

bγ ` a

Notice that the matrix that defines this linear fraction transformation is again in GL2pZq. I claim that this
matrix can be chosen to lie in SL2pZq. A priori, we know that this matrix has determinant 1 or ´1, so we
are just saying that we want the determinant to be 1. Indeed, since they are keeping the orientation of 1, γ,
we know that it has to be determinant 1.

Conversely, if we have some matrix A “

ˆ

a b
c d

˙

in SL2pZq such that:

γ1 “
a` bγ

c` dγ

Then we first know that the lattice p1.γq is the same as the lattice Λ1 “ pa` bγ, c` dγq. Then we know that
if we set α “ 1

c`dγ , we know that αΛ1 “ pγ1, 1q, thus we are done.

Therefore if we consider the usual action of SL2pZq on the upper half plane, we know that Xpγ1q is
biholomorphic to Xpγq if γ and γ1 are in the same orbit.
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Problem 2.22. Let
Λ “ Zω1 ` Zω2

be a lattice in C. An elliptic function is a meromorphic function f on C such that

fpz ` ωq “ fpzq

for all ω P Λ and every z P C where f is holomorphic.
For z0 P C let

P pz0q :“ tz0 ` t1ω1 ` t2ω2 | 0 ď t1 ď 1, 0 ď t2 ď 1u

and assume that the boundary BP pz0q does not contain any pole of f .

4. (a) Prove that
ż

BP pz0q

fpzq dz “ 0.

(b) If BP pz0q does not contain any zero of f , prove that the interior of P pz0q contains equally many
zeroes as poles of f , all counted with their multiplicities.

5. Assume that BP pz0q does not contain any zero or pole of f , and let

z1, . . . , zn presp. w1, . . . , wnq

be the zeroes (resp. poles) of f in the interior of P pz0q, counted with their multiplicities. Prove that

n
ÿ

i“1

pzi ´ wiq P Λ.

Proof. We omit the details first and second part of this problem. For the first one, just use doubly periodicity
and the fact that on the opposite sides, the orientation is different. For the second part, consider the integral
of:

1

2πi

ż

BP pz0q

For the last part, we consider the following integral:

1

2πi

ż

BP pz0q

zf 1pzq

fpzq
dz “

n
ÿ

i“1

pzi ´ ωiq

Then it’s only left to prove that this is indeed in Λ. Notice that after we parametrize the above integral it
now looks like:

1

2πi

ż 1

0

pz0 ` ω1tq
f 1pz0 ` ω1tq

fpz0 ` ω1tq
ω1dt`

1

2πi

ż 1

0

pz0 ` ω1 ` ω2tq
f 1pz0 ` ω1 ` ω2tq

fpz0 ` ω1 ` ω2tq
ω2dt

´
1

2πi

ż 1

0

pz0 ` `ω2 ` ω1tq
f 1pz0 ` ω2 ` ω1tq

fpz0 ` ω2 ` ω1tq
ω1dt´

1

2πi

ż 1

0

pz0 ` ω2tq
f 1pz0 ` ω2tq

fpz0 ` ω2tq
ω2dt

Using the fact that f 1pzq and fpzq are still doubly periodic, we know that we can simply the above formulation
as:

ω2

2πi

ż 1

0

ω1
f 1pz0 ` ω1tq

fpz0 ` ω1tq
dt`

ω1

2πi

f 1pz0 ` ω1tq

fpz0 ` ω2tq
ω2dt

Notice that f 1pz0 `ω1tq{fpz0 `ω1tq and f 1pz0 `ω2tq{fpz0 `ω2tq are all closed loops in C where the integral
is it’s winding number, therefore it’s a integer. This show that this lies in m1ω1 `m2ω2.
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3 Lecture 3

Let f be a nonconstant map of Riemann surfaces f : X Ñ Y . Then from last time, we saw that locally
around a point a P X, f looks like fpzq “ zk. This k is called the local multiplicity of this given point a P X.
We now prove a few corollaries of this result:

Corollary 3.1. Let f : X Ñ Y be a nonconstant holomorphic map, then f is open.

Proof. Suppose that U Ă X is open, we want to prove that fpUq is open. We know that for each fpaq P fpUq,
since it locally looks like zk, we know that there is a small open U0 of a, which can be taken to be a small
disk, such that fpU0q is open, we are done.

Corollary 3.2. Let X,Y be Riemann surfaces with X compact. Then if f : X Ñ Y is a nonconstant
holomorphic map, then f is surjective and Y is compact.

Proof. We already see f is open. Since X is compact and Y is Hausdorff, we know that f is closed. This tells
us that fpXq is open and closed. Since Y is connected, fpXq “ Y . Since X is compact, Y is compact.

Corollary 3.3. If X is a compact Riemann surface and f is a holomorphic function to C. Then f has to
be constant. In other words, OpXq » C.

Proof. Since C is not compact, we know that f can not be nonconstant from the previous corollary.

Corollary 3.4. Let X be a Riemann surface and let f : X Ñ C be a nonconstant holomorphic function,
then |f | has no maximum.

Proof. f is open since it’s nonconstant, then we know that if fpXq Ă Bp0, rq for some r ą 0, then we
know that no fpxq is allowed to be on the boundary, therefore fpXq Ă Bp0, rq. This tells you that if M
is the maximum value, then fpXq Ă Bp0,Mq, but we also know that fpXq Ă Bp0,Mq which means that
|fpzq| ă M for all z, a contradiction.

The above result tells you that the structure of holomorphic functions on a compact Riemann surface
is very boring as they are just the complex numbers. This generalizes our intuition that functions defined
on all of P1 should be constant. However, if we think about the meromorphic functions on X, for example
on P1. Things become much more interesting. Our next goal is to find out what is MpXq for a compact
Riemann surface. Let’s start by studying what is MpP1q.

Corollary 3.5. Every meromorphic function on P1 is rational. That is, if f is a meromorphic function on
P, then there are two polynomial g, h, such that f “

g
h . In particular, MpP1q » Cpzq.

Proof. Apparently, any rational function is a meromorphic function. Conversely, if f P MpP1q, then we
already showed that f induces a unique holomorphic map to P1:

f̃ : P1 Ñ P1

Notice that the inverse image of 8 is a closed subset of a compact subset, which is compact. Then we know
that it’s also discrete since f is meromorphic, thus f̃´1p8q is finite. This implies f has only finitely many
poles.

Now we can assume 8 is not a pole of f , otherwise, we can just consider 1
f and if we prove 1

f is a rational
function, then so is f . Let α1, ¨ ¨ ¨ , αn P C be the poles of f . Then consider the restriction of f to C, and we
know that at each αν , it has a principal part:

pνpzq “

´1
ÿ

j“´kν

cνkpz ´ aνj qj

Notice that each pν is a well defined meromorphic function on P1 where pνp8q “ 0. Then consider:

f ´ p1 ´ ¨ ¨ ¨ ´ pn

14



We know that this will be a holomorphic function on P1, which is a constant c, therefore:

f “ p1 ` ¨ ¨ ¨ ` pν ` c

This is indeed a rational function.

We can also study the automorphisms of P1:

Proposition 3.6. The automorphisms of P1:

AutpP1q “ tf : P1 Ñ P1 : f is biholomorphicu

is isomorphic to the projective linear group of rank 2 PGL2pCq over C.

Proof. *** the idea to choose the charts like P1{K is correct, but need to be more careful when chooing

KFirst, given a matrix A “

ˆ

a b
c d

˙

P GL2pCq, we get a map fpzq “ az`b
cz`d where ab ´ bc ‰ 0, we get a

meromorphic function on P1. Clearly, we know that when the function is a meromorphic function on C:

az ` b

cz ` d
: C Ñ C

Let’s first assume that c ‰ 0. Clearly we know that z “ ´d
c is an order 1 pole of this function. This gives a

holomorphic function to P1 if we define z “ ´d
c is mapped to 8. Then consider the map:

P1 Ñ P1

where for z P C, we define it according to the above meromorphic function. We will define 8 is mapped to
a
c . Notice this definition actually covers when c “ 0 since we can think that if c “ 0, then ´d

c is 8, therefore
we are mapping 8 to 8.

This is holomorphic since we know that the map maps Czt ´d
c u to C, and we clearly know that in charts,

it looks like az`b
cz`d , therefore is holomorphic. We know that if c “ 0, then this is a linear function, then we

know that ´d
c “ 8 and we know that the map maps to C to C holomorphically. On P1zt0u, we know that

it maps everything to P1ztbu. We now can pick the a chart for the domain looks like P1zK where K is a
closed ball in C whose radius is large enough that for any z not in this ball, az ` b ‰ 0. Then we know that
in this chart, the maps looks like:

z ÞÑ
z

a` zb
, z ÞÑ

a

z
` b

and this are indeed holomorphic. This proves the case when c “ 0.
If c ‰ 0, we know that this is a meromorphic function from C to C, which is a holomorphic function from

C to P1. Now we consider the chart P1zt0u for the domain, and we know that it’s mapped to P1zt bdu. We
can also choose the charts for the domain as P1zK such that every z outside K is not a root for a` bz and
c` dz. Then we know that on charts for the codomain, the maps looks like:

z ÞÑ
c` dz

a` bz
, z ÞÑ

a` bz

c` dz

these are all holomorphic. Therefore this linear fraction transformation map is holomorphic.
Since ad´ bc is not 0, we know that the matrix has an inverse A´1, then it’s easy to check that the linear

fraction transformation defined by A´1 is the inverse using the Riemann Extension theorem. Finally, we
know that if we multiply the matrix A by any nonzero constant, we get the same map, therefore we obtain
a map:

PGL2pCq Ñ AutpP1q

Conversely, suppose that f is an automorphism of P1, if the fp8q “ 8, we know that f gives an
automorphism of C, and from complex analysis, we know that an automorphism of C is az ` b for some
nonzero a P C. Then we know that f is indeed just az ` b.
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Now assume that 8 is mapped to 0, then we know that after composing with the automorphism 1
z ,

1
f is

of the form az ` b, which means that fpzq “ 1
az`b for a ‰ 0.

Now suppose that α P C is mapped to 8. In this case, we know that 8 is mapped to some β P C, then
we know that if we consider the restriction of f to C it gives you an automorphism function:

f : Cztαu Ñ Cztβu

Notice that we can consider translations to get an automorphism g of C˚ where z “ 0 is a pole. Recall that
from complex analysis, such a automorphism can only be γ

z for some γ ‰ 0. This means that:

fpzq “ gpz ` αq ` β “
γ

z ` α
` β “

βz ` γ ` βα

z ` α

Then to make f on P1 continuous, we can only set 8 to γ and α to 8. This is the f we started with.
Consider the matrix:

ˆ

β γ ` βα
1 α

˙

Since γ is not 0, we get a matrix in PGL2pCq. These two constructions are clearly inverses of each other.

Now after we are finished with the study of meromorphic functions on P1, we want to study it for a
general compact Riemann surface X. To do this, we will need some topological preparations.

Let X and Y be topological manifolds, the most important part is locally compact and Hausdorff. Recall
that we say a space is locally compact if it has a neighborhood U such that U is closed. Clearly, every
topological manifold is locally compact.

We say that a continuous map f : X Ñ Y is proper if f´1K is proper for every compact K Ă Y .
We say that f : X Ñ Y is a local homeomorphism if for any x P X, there is an open neighborhood

Ux of x such that fpUxq is open in Y and f : Ux Ñ fpUxq is a homeomorphism.
We say that f is a covering map if for all y P Y , there is an open neighborhood V of y such that

it’s evenly covered by f in the sense that f´1pV q “
š

jPK Uj is a disjoint union and f : Uj Ñ V is a
homeomorphism. In this case, we say X is a covering of Y .

Remark 3.7. 1. #J is locally constant on Y which means that #f´1pyq is locally constant on Y . Then
if Y is connected, then #f´1 is constant.

2. In general we will assume that Y is connected and we say that a covering is finite if f´1pyq is finite
and we say that this is a n-sheeted covering if the number #f´1pyq “ n.

3. Let f : X Ñ Y and f̃ : X Ñ Y be two coverings, we say that they are isomorphic as coverings if there
is a homeomorphism φ : X̃ Ñ X such that the following diagram commutes:

X̃ X

Y

φ

f̃ f

Example 3.8. Consider the space D˚, the punctured unit disk, I claim that any n-sheeted covering of D˚

from a connected space is isomorphic to z ÞÑ zn.
This is easy to prove this once we know that π1pD, 0q “ Z, therefore we know that any n-sheeted covering

should correspond to a index n subgroup of Z (since Z is abelian). Then recall that there is only one index
n subgroup in Z, which is nZ. Therefore if we find one degree n cover, then we are done. Clearly zk is such
a cover.

Lemma 3.9. If f : X Ñ Y is proper with X,Y locally compact Hausdorff, then f is closed.

Problem 3.10. Let F be closed in F , we want to show that fpF q is closed. Recall that our space X is
locally compact, therefore to prove fpF q is closed, I claim that we only need show that for all compact sets
K of Y , K X fpF q is closed. Indeed, if y R fpF q, we know that we can find a compact neighborhood of y,
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say K, then since K X fpF q is closed, we know that KztK X fpF qu is open in K and it contains y. Since y
is contained in the interior of K, we know that we know that the interior intersect KztK X fpF qu is open in
the interior, therefore open in the whole space since the interior of K is open in Y . Then we are done.

Then notice that fpF q X K “ fpF X f´1pKqq. Since f´1K is compact and X is Hausdorff, then it’s
closed, then F X f´1pKq is a closed subset of a compact subset, which is again compact, then it’s image is
compact, since closed since Y is Hausdorff.

Proposition 3.11. Suppose that p : X Ñ Y is a local homeomorphism with Y connected and X,Y locally
compact and Hausdorff, then P is a finite covering map iff it’s proper.

Proof. ñ: Let K be a compact set in Y and consider p´1K. Suppose that we are given an open cover
of K, say by Oα, we need a subcover. Now fix y P K, we know that since this is a finite sheet cover,
f´1y “ tx1, ¨ ¨ ¨ , xnu. Notice that we can choose an open cover U of y such that it’s inverse image are
V1, ¨ ¨ ¨ , Vn and each of them is homeomorphic to U . Notice that for each xi, there is some Oαi

such that
x P Oαi . Then consider Oαi X Vi which is not empty and we consider it’s image Wi in U , which is again
open. Now let Wy “ W1 X ¨ ¨ ¨ X Wn, which is open and nonempty. Then we know that p´1Wy X Vi Ă Oαi .
This implies that p´1Wy is covered by Oα1

Y ¨ ¨ ¨ Y Oαn
. Now consider Wy for each y, since K is compact,

we know that we can choose finitely many Wy to cover K. Then we know that p´1K is covered by finitely
many p´1Wy, each of them covered by finitely many elements in Oα, therefore we get a finite subcover of
p´1K.

ð: Now assume that p is proper, and we want to show it’s a covering. Since p is proper and we know
that in a Hausdorff space a single point is closed and compact, we know that p´1 of a single point y P Y is
closed and compact. Recall that p is a local homeomorphism and X is Hausdorff, we can find a finite open
cover of p´1 each of them is homeormorphic to some open neighborhoods of y. Clearly, since they are local
homeomorphisms, each such open up stairs only contain one point in p´1y. Therefore p´1y is finite. Now
by shrinking these neighborhoods, we can assume they are disjoint from Hausdorffness.

Let’s call these neighborhoods upstairs U 1
1, ¨ ¨ ¨ , U 1

n, the neighborhood down stairs V1, ¨ ¨ ¨ , Vn and we
consider the closed point Xz Yi U

1
i . Recall that since X,Y are locally compact and Hausdorff, we know that

p is closed, therefore F “ fpXz YiU
1
iq is closed and doesn’t contain y. Notice that V 1 “ Y zF is now an open

neighborhood of y and we know that p´1V “ U 1
1 Y ¨ ¨ ¨ Y U 1

n. Now define V “ V 1 X V1 X ¨ ¨ ¨ X Vn and V is
going to be evenly covered by p´1V X U 1

i .

Using these topological consequences, we now talk about branched and unbranched coverings.

Definition 3.12. Let f : X Ñ Y be a nonconstant holomorphic map between Riemann surfaces. A point
x P X is a branch point or ramification point if there is no neighborhood Ux of x such that f |Ux

is
injective.

If f has no branch points/ramification points, we will say that f is a unbranched holomorphic map.

Remark 3.13. First, I claim that if f is a holomorphic function betwen two compact Riemann surfaces, then
it is a local homeormorphism iff f has no branch points. Indeed, we know that if f is a local homeomorphism
then we know that locally near at point, it’s bijective. Conversely, from last time, we know that, for each
x P X, we can choose local charts for x and fpxq such that the holomorphic function locally looks like
z ÞÑ zk. Then we know that if f has no branch points, then k has to be 1, which means that locally it’s a
homeomorphism.

If we consider the set A of all the branched points, I claim that if f is not constant, then it’s closed and
discrete. It’s clearly closed no matter if f is constant or not since if we assume that x is outside A, then
by definition, there is a open neighborhood of x such that f is injective there. Then we know that for all
points x1 in this neighborhood, x1 is not a branch point. We also know that A has to be discrete if f is not
constant. Again this comes from the local behavior of f . If x is a branch point, we know that locally f looks
like z ÞÑ zk for some finite integer k. We know that for z ‰ 0, the map is indeed locally injective since the
complex derivative is nonzero.

Now let’s assume that f is also a proper map. For example if we are looking at maps between two
compact Riemann surfaces, then every holomorphic map is proper. Then we know that fpAq “ B is also
closed and discrete since f is open (nonconstant). B is called the set of all critical values of f . This tells
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you that if we consider Y 1 “ Y zB and let X 1 “ Xzf´1pBq, then we know that if we restrict f to X 1 and Y 1,
it’s now a proper local homeomorphism, which gives you a finite sheeted cover. Indeed, f is still proper since
we know that if K is compact in Y 1, then we know that it’s inverse image if compact in X but is contained
in the open subset X 1, therefore K is still compact in X 1.

Let’s call the restriction f 1 : X 1 Ñ Y 1, which is proper holomorphic and unbranched. Moreover I claim
Y 1 again connected. Indeed, suppose that Y 1 is not, then we know that we can separate it into two disjoint
nonempty open subsets U and V . Now for each p P B, we know that there is a coordinate disk Dp of p such
that this disk doesn’t intersect with any other points in B. Then consider Dztpu, it’s connected, since the
punctured disk is connected, then we know that it’s has to be contained in either U or V . Then consider:

BU “ tp P B : Dpztpu Ă Uu, BV “ tp P B : Dpztpu Ă V u

We will let you check that U 1 “ U YBU and V 1 “ V YBV are going to be open, therefore we know that
Y now is separated into U 1, V 1 both are nonempty opens, a contradiction.

This implies that f 1 : X 1 Ñ Y 1 is a finite sheet covering of a connected space, which means it has a
well defined degree or sheet of covering. Say it’s a n-sheeted covering, we know that every point p P Y 1 are
assumed exactly n times.

We will now extend the above statement to include the critical points. In other words, we want to say
that in some sense, the critical points are also taken exactly n times, but with a different meaning. Suppose
that f : X Ñ Y is a proper holomorphic nonconstant map between Riemann surfaces, we will use vpf, xq

to denote the local multiplicity of f at x. Recall that this is defined using the local behavior of f and is
characterized by there is an open neighborhood U of x and V of fpxq such that every y P V not equal to
fpxq has exactly k values in U . We will say that f takes the value c P Y counting multiplicity m times
on X if m “

ř

xPf´1c vpf, xq.

Theorem 3.14. Suppose that X,Y are Riemann surfaces and f : X Ñ Y is a proper nonconstant holomor-
phic map. Then there is a natural number n ą 0 such that f takes every value c P Y counting multiplicity
n times.

Proof. Let n be the number of sheets of covering we defined above. We already know that for y P Y 1, we
exactly have n preimage in X 1, each with multiplicity 1. Therefore, we only need to consider the critical
points. Let b P B be a critical value, and let f´1b “ tx1, ¨ ¨ ¨ , xru be the preimage. Indeed we know that
since f is proper, the preimage is closed and compact. Moreover, it’s also discrete, therefore is finite. Let
kj be the multiplicity vpf, xjq. Notice that by the local behavior of holomorphic functions, we know that
there are neighborhood Uj of xj and Vj of b such that for every c P Vjztbu we know f´1c X Uj has exactly
kj elements. Notice that we can find a V Ă V1 X ¨ ¨ ¨ X Vr such that f´1V Ă U1 Y ¨ ¨ ¨ Y Ur.

Indeed, this is the same trick we used before when we want to prove a proper local homeomorphism is
a covering. We know that we can first take fpXzpU1 Y ¨ ¨ ¨ Y Urqq, which is closed, then it’s complement is
going to be open, which contains b. Then we know that if we let V 1 “ Y zfpXzpU1 Y ¨ ¨ ¨ Y Urqq and let:

V “ V 1 X V1 X ¨ ¨ ¨ X Vr

We now see that the inverse image of V is contained in U1 Y ¨ ¨ ¨ Y Ur.
Now consider V X Y 1, notice that since B is discrete, we know that V X Y 1 is not empty and we know

that for every c P V X Y 1 where c ‰ b, we have k1 ` ¨ ¨ ¨ ` kr elements. On the other hand, we know that
f´1c has n elements for all c P Y 1.

Corollary 3.15. Let X be a compact Riemann surface, then every nonconstant meromorphic function
f : X Ñ P1 has as many 0 as poles, counting multiplicity.

Proof. Recall that the multiplicity of the pole is equal to the order of the pole. Indeed, we know that after
we choose a coordinate chart of X, we can assume that the function fpzq has the Laurent expansion:

fpzq “

8
ÿ

ν“´k

cνz
ν , c´k ‰ 0
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Then we know that if we consider the chart of P1 which is Pnzt0u, we know that the function looks like:

z ÞÑ
1

fpzq

Then we can prove that z “ 0 now is an order k zero, which means that we can find another holomorphic
coordinate change such that the function looks like z ÞÑ zk, therefore the multiplicity of the pole is the order
of the pole.

The order of zeros is just the multiplicity of these zeros. Then we know that since f is a map between
compact Riemann surfaces, it’s automatically proper, then by the above theorem, we know that f takes the
value 0 and 8 the same number of times counting multiplicity, which means that the order of zeros plus the
order of poles has to be equal.

Those above theories are indeed very good, but it still didn’t answer the question of what is MpXq for
a compact Riemann surface. In next section, we will use these results to study meromorphic functions on
the tori T “ C{Ω where Ω is a lattice. Turns out that the theory on T actually generalizes to all compact
Riemann surfaces X.

4 Lecture 4

Recall that we have studies a bit of elliptic functions in the homework problems. We will now dive deeper
and see more properties they have.

Definition 4.1. Recall that let Ω be a lattice in C, then a meromorphic function from C to P1 is elliptic
with respect to this lattice Ω if fpz ` ωq “ fpzq for any ω P Ω.

Clearly, if z0 is a pole of such a function, then so is fpz0 `ωq for any ω P Ω just from that fact that poles
in dimension 1 case are defined using limits. Then we can consider the following diagram:

C P1

T “ C{Ω

f

Again, since f is holomorphic and C Ñ T is a covering map and a local biholomorphism, we know that
the uniquely induced map is automatically holomorphic. Therefore every elliptic function on C correspond
to a holomorphic function from T to P1.

Note that T is compact since we know that every element in C can be written as the sum of something
in the fundamental parallelogram and something in the lattice, therefore we know that T is the image of the
fundamental parallelogram in C, which is compact. Then we know that the function f : T Ñ P1 is now a
holomorphic function between two compact Riemann surfaces, therefore it’s automatically proper, thus we
can apply the results we obtianed in the last section:

Definition 4.2. The order of an elliptic function f : T Ñ P1, denoted by ordpfq, is the number of solutions
of fpzq “ 8 on T counting multiplicity.

Notice that if ordpfq “ 0, then this means that the image of f in P1 is just a compact subset of C, which
means that it’s bounded. Then we know that f considered as a function on C is bounded and entire, then
Liouville’s theorem tells you that f is constant.

We will later use P to denote the fundamental parallelogram of Ω. Sometimes we will assume that P
to have vertices t, t ` ω1, t ` ω2, t ` ω1 ` ω2 where t is a complex number chosen such that there are no
zeros and poles of f on the boundary of P. Notice that even if translating the parallelogram with vertices
0, ω1, ω2, ω1 ` ω2 by t did have an effect if we think in terms of C, however, if we think of f as a function
on T . Then notice that the image of this translation is still all of T . The only difference it makes is that if
now we consider the zeros and poles in the translated parallelogram, none of their differences is in Ω, while
if you don’t have this property if you don’t do the translation.
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This translation makes it easier for us to think of the class of zeros and poles of f in T since after the
translation no distinct zeros or poles are getting mapped to the same class in T . Recall that they only have
finitely many poles and zeros in the parallelogram without the shifting, so we can indeed choose a t. Then
if we compute the integral, we know that the residue inside P sums to 0.

Corollary 4.3. There is no elliptic functions with order 1.

Proof. If there is, then we know that the function only has one pole inside P, which means that the sum of
the residue can not be 0.

Corollary 4.4. If an elliptic function has order N ą 0, then it takes every value in P1 exactly N times
counting multiplicity in T .

Proof. Note that f is a holomorphic function from T to P1 with both compact. Then we can think of it as
a branched covering where N is the number of sheets.

Corollary 4.5. If f, g are two elliptic functions of the same zeros and poles counted with multiplicity, then
I claim that f “ λg where λ P C is a nonzero constant.

Proof. We can consider the elliptic function f
g , which has no poles and no zeros. The fact that it has no

poles means that it’s constant. The fact that it has no zeros means that the constant is not 0.

We have proved the following theorem in the previous homework and we are just restating it below:

Theorem 4.6. Let f be an elliptic function and let rα1s, ¨ ¨ ¨ , rαrs mod Ω be the distinct zeros of f counted
with multiplicity k1, ¨ ¨ ¨ , kr and let rβ1s, ¨ ¨ ¨ , rβrs be the distinct poles of f with multiplicity l1, ¨ ¨ ¨ , ls re-
spectively. Then we have:

r
ÿ

i“1

kiα1 ´

s
ÿ

j“1

ljβj P Ω

Now we have discussed the general theory of elliptic functions, we can ask that if we can produce a
concrete elliptic function. We have already seen that a degree 1 such function can not exist. So our next
goal is to produce a degree 2 such function. To do it, turns out that producing an order 3 function first is
helpful.

Lemma 4.7. The series
ř

ně1
1
ns converges iff s ą 1.

Proof. Clearly if s “ 1, then we already know that
ř

1
n doesn’t proof, then for smaller powers, we know

that 1
ns ě 1

n , therefore they don’t converge. If s ą 1, recall that we can use Cauchy condensation to test if
a decreasing series converges or not, and in this case we get it converges iff the following series converges:

ÿ

k

2k
1

2ks
“

ÿ

k

2k´sk

We know that this converges iff 1 ´ s ă 0 or in other words s ą 1.

The reason we mention this elementary lemma is because what we will need below is a 2 dimensional
generalization of the above proof:

Lemma 4.8. If s P R and Ω is a lattice, then the series:

ÿ

ωPΩ˚

1

|ω|s

converges iff s ą 2. Here Ω˚ “ Ωzt0u.
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Proof. Consider the following set for an integer r ě 1:

Pr “ taω1 ` bω2 | a, b P R,maxt|a|, |b|u “ ru

Notice that we have:
Ω˚ “ Yrě1Ω X Pr

Then we know that we will group the summands in the order of r ě 1 and we know that each ΩXPr has 8r
points. Let M,m be the maximum and minimum of |ω| for ω P ΩXP1. Then we know that for those points
in Ω X Pr, the maximum and minimum moduli will be rM and rm. Therefore we know that all the moduli
of the points in Ω X Pr will be:

rm ď |ω| ď rM

Then if we define:

σr “
ÿ

ωPΩXPr

1

|ω|s

We have:

8rprMq´s “ 8M´s 1

rs´1
ď σr ď 8rprmq´s “ 8m´s 1

rs´1

We also know that
ř

r σr is what we are looking for. We know that it converges iff 1
rs´1 converges iff s´1 ą 1

that is iff s ą 2.

Using the above lemma, we can produce an elliptic function with order N ě 3. Consider the summation:

FN pzq “
ÿ

ωPΩ

1

pz ´ ωqN

Proposition 4.9. For N ě 3, we get an elliptic functions of order 3 with a pole of order 3 at each lattice
points.

Proof. Let K be a compact subset of CzΩ, then we know that for all but finitely many ω P Ω, they don’t lie
in K. Since finitely many terms in the summation doesn’t affect the convergence. Let’s assume that for all
ω P Ω, we have |ω| ě 2|z| for all z P K.

We will show that this series absolutely and uniformly converges. Here absolute convergence makes
switching the order of summation possible and we need uniform convergence to conclude that the limit is
holomorphic on all of CzΩ.

Notice that we know:

sup
zPK

|
1

ω ´ z
| ď

1

2N
1

|ω|N

Then we know that since
ř

ωPΩ
1

|ω|
converges when N ě 2, we know that:

|
ÿ

ωPΩ

1

pz ´ ωqN
| ď

ÿ

ωPΩ

1

2N |ω|N

This shows that this series converges absolutely. Moreover, since we know that 1
2N |ω|N

is a majorant of
1

|pz´ωqN |
, then we know that this series converges uniformly, which implies that FN pzq is indeed holomorphic

on CzΩ.
Now we prove that FN pzq is doubly periodic, we know that for each ω1 P Ω, FN pz ` ω1q is:

ÿ

ωPΩ

1

pz ` ω1 ´ ωqN

Recall that since this series is absolutely convergent, we can switch the order of summation in the series so
that

ř

ωPΩ
1

pz`ω1´ωqN
“

ř

ωPΩ
1

pz´ωqN
as we know that each term showing up in the latter summation is also

in the first summation.
Now clearly, we know that this FN pzq has a pole of order 2 at every lattice point because if ω1 is such a

point, after we subtract 1
pz´ωqN

, the rest of the summation is going to be holomorphic at ω1 and of course,

it’s still going to be absolutely and uniformly convergent by exact the same argument as above, therefore we
know that FN pzq ´ 1

pz´ωqN
is holomorphic at ω, therefore the order of the pole of FN pzq at ω1 is N .
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Notice that since the only poles of the elliptic function are at lattice points with order 3, we know that
after we pass to a holomorphic function T to P1, we know that this function indeed has order 3.

Now we begin to look for order 2 elliptic functions.

Definition 4.10. The Weierstrass ℘ function is defined to be:

℘pzq “
1

z2
`

ÿ

ωPΩ˚

p
1

pz ´ ωq2
´

1

ω2
q

Note:

1

pz ´ ωq2
´

1

ω2
“

2ωz ´ z2

ω2pz ´ ωq2

This implies that for any z in a compact subset of CzΩ, we can assume that this has order of magnitude
1

|ω|3
for all but finitely many ω P Ω˚. Then the exactly same proof as above shows that that ℘pzq is a

meromorphic function with an order 2 pole at each lattice point.

Proposition 4.11. ℘pzq is doubly periodic with respect to Ω.

Proof. Notice that this is not immediately clear from the definition of ℘pzq so we will need to do something.
First, since the series defining ℘pzq is absolutely convergent, which allows us to rearrange the summation,
therefore we know that ℘p´zq “ ℘pzq. This shows ℘pzq is an even function.

Recall that since this series also converges uniformly on every compact subset, we know that we can
compute the derivative term by term, which measn that:

℘1pzq “ ´2
ÿ

ωPΩ

1

pz ´ ωq3

We already proved that this is an elliptic function therefore we know that:

℘1pz ` ωq ´ ℘1pzq “ 0, ω P Ω

Then we know that ℘pz ` ωq ´ ωpzq “ C for all z P ΩzΩ and some constant C P C.
Notice that if we let z “ ´ω

2 , then we know:

℘p
ω

2
q ´ ℘p´

2

ω
q “ ℘p

ω

2
q ´ ℘p

ω

2
q “ 0 “ C

We will useMpΩq orMpT q to be the set of all elliptic functions with respect to Ω. Clearly, the summation,
difference and product and division still remain elliptic, we know that MpΩq is actually a field. Now I claim
that we have:

MpΩq “ Cp℘pzq, ℘1pzqq

That is to say that any elliptic functions can be written as a rational function with C coefficients in terms
of ℘pzq and ℘1pzq. To prove this, we need to study further properties of ℘pzq.

Theorem 4.12. If P is a fundamental parallelogram (possibly translated) such that 0, ω1

2 ,
ω2

2 ,
ω3

2 “ ω1`ω2

2
are in the interior of P and there are nonzeros and poles on the boundary of P. Then the only zeros of of
℘1pzq are ω1

2 ,
ω2

2 ,
ω1`ω2

2 each with multiplicity 1. In particular, 0 is not a critical value of ℘1pzq.

Proof. Notice that since the order of ℘1pzq is 3, there should be 3 zeros of ℘1pzq in this fundamental paral-
lelogram. Notice that since ℘1pzq is odd and doubly periodic, we know that:

℘1p
ωi
2

q “ ℘1p´
ωi
2

q “ ´℘1p
ωi
2

q, i “ 1, 2, 3
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Notice that ωi

2 are not poles of ℘1pzq, thus we know that:

℘1p
ωi
2

q “ 0

Notice that we have three of them, therefore each of them has to be multiplicity 1 as the sum of all multiplicity
should add up to 3.

Notice that the zeros of ℘1pzq are the branch points of ℘pzq and we will call the images ei “ ℘pωi

2 q for
i “ 1, 2, 3 and these are going to be the critical values of ℘pzq in C (we already know that 8 is also a critical
point of ℘pzq). We also know that e1, e2, e3 must be distinct, otherwise, we know that ℘pzq ´ ei would have
two solutions each of them with order 2, therefore this will make the function ℘pzq of order at least 4, which
is a contradiction.

You probably notice that these values are defined using a basis of Ω. So the question is that if we choose
a different basis of the lattice Ω, do we get different e1, e2, e3. The answer is, if we only care these three
values as a set te1, e2, e3u, then it doesn’t depend on the choice of basis.

Note that if we let S be:

S “ r
ω1

2
s Y r

ω2

2
s Y r

ω3

2
s

where each bracket is the set of equivalence classes mod Ω. Notice that this is the set of all zeros of ℘1pzq

on C. Then if we consider the image ℘pSq, which is independent of the choice of basis, we recover te1, e2, e3u.
Therefore this set only depends on the lattice, not on the basis.

Corollary 4.13. For each point c P P1zte1, e2, e3,8u, the equation ℘pzq “ c has 2 simple solutions in T .

Proof. We know that besides the critical point 8, we only have three others, which are e1, e2, e3. Then we
know from the branched covering that besides the critical points, the rest should be a 2-sheeted covering,
therefore we know that the inverse image has exactly 2 points.

Theorem 4.14. If f is an even elliptic function then there is some rational function R1pzq P Cpzq such that
f “ R1p℘pzqq. Therefore we know that:

MevenpΩq “ Cp℘pzqq

Proof. Let f be a nonconstant elliptic function, otherwise there is nothing to prove. Now let’s assume that
the order of f is N ą 0. Notice that if we consider the zeros of f , there are only finitely many in the
fundamental parallelogram P and no zeros or poles of f are on the boundary. Notice that if k P C is a
critical value of f with f 1pzq “ 0. Since we know that there are only finitely many zeros of f 1pzq in P, we
know that there can only be finitely many k P C such that k is a critical value. Therefore, we may choose
two complex numbers c, d P C with c ‰ b. Such that fpzq “ c and fpzq “ d only have simple solutions.

Moreover, we can choose c, d such that the solutions fpzq “ c and fpzq “ d has no solution that is
congruent to 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 mod Ω. Indeed, we can assumed that 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 are in the interior of P
such that we know that if some z is congruent to one of them, we know that z has to be 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2
plus some ω P Ω since if you subtract an element in P with something in the interior of P, you never get
something on the lattice. Therefore when we choose c, d we still only to avoid at most 3 more elements in C.

Since fpzq is even, we know that a complete set of solutions of fpzq “ c looks like:

ta1,´a1, a2,´a2, ¨ ¨ ¨ , an,´anu

where no ai is congruent to 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 . We need to explain this a bit. Suppose that a1 is a root of
fpzq ´ c, we know that since fpzq is even, then ´a1 is also a root of f . However, we don’t know if ´a1 is in
P or not, so we would like to do a translation by lattice points so that ´a1 lies in P. Notice that after the
translation, the point can not be a1, otherwise we will have 2a1 is congruence to 0. This implies that either
a1 “ 0 or a1 is congruent to 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 , but any of these violates our assumptions. Moreover, we don’t
have to worry about that there are two ways to translate ´a1 to P since if there are such two ways, the two
points will differ by something in the lattice, therefore they are the same point in T , therefore we only need
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to record one of them. For notation simplicity, we will still use ´a1 to denote the translated point, but it is
actually in P and we actually further think that it’s in T .

In particular, we see that the order of an even elliptic function has to be even.
Similarly, we know that a complete set of solutions of fpzq “ ´d looks like:

tb1,´b1, b2,´b2, ¨ ¨ ¨ , bn,´bnu

and no solution is congruent to 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 . And again every solution above is considered to lie in T .
Then let’s consider the elliptic function:

gpzq “
fpzq ´ c

fpzq ´ d

What is important is that subtracting a finite complex number doesn’t affect the poles of f , but it does
affect the zeros of f , therefore we know that gpzq is an elliptic function which has only simple zeros and
simple poles. We know that it has simple zeros at:

ta1,´a1, a2,´a2, ¨ ¨ ¨ , an,´anu

has simple roots at:
tb1,´b1, b2,´b2, ¨ ¨ ¨ , bn,´bnu

Recall that we said that ℘pzq only has critical values at points congruent to 0, ω1

2 ,
ω2

2 ,
ω1`ω2

2 . Then we
know that:

℘pzq ´ ℘paiq, ℘pzq ´ ℘pbiq

all have simple roots at ˘ai and z “ ˘bi. Therefore we know that if we consider;

hpzq “

śn
i“1p℘pzq ´ ℘paiqq

śn
i“1p℘pzq ´ ℘pbiqq

We know that it has simple zeros at ˘ai and simple poles at ˘bi, which is the same as gpzq. Then by what
we have proved, there is a nonzero λ such that:

fpzq ´ c

fpzq ´ d
“ λ

śn
i“1p℘pzq ´ ℘paiqqp℘pzq ´ ℘p´aiqq

śn
i“1p℘pzq ´ ℘pbiqqp℘pzq ´ ℘p´biqq

Then we know that we have:

fpzq “
dhpzq ´ c

hpzq ´ 1

which is still a rational function in ℘pzq.

Once we are done with even function, we also know how to deal with odd functions: if fpzq is an

odd elliptic function, we know that fpzq

℘1pzq
is even, then we know that there will be R2p℘pzqq such that

fpzq

℘1pzq
“ R2p℘pzqq, which implies fpzq “ ℘1pzqR2p℘pzqq. Then for a general elliptic function fpzq, we know

that we always have:

fpzq “
fpzq ` fp´zq

2
`
fpzq ´ fp´zq

2

where the first term is even and the second term is odd. We then conclude that for any elliptic function
fpzq, we can write it as R1p℘pzqq ` ℘1pzqR2p℘pzqq.

All of the above discussion are good. However, recall that T is a Riemann surface, which is a dimension
1 complex manifold. Then if we think of MpT q, which is it’s field of meromorphic functions, which is just
MpΩq. We should better expect that it’s also a dimension 1 object, in the sense that it can be generated by
only one independent variable. Here we know that MpΩq “ Cp℘pzq, ℘1pzqq. Therefore we better hope that
there is some algebraic relation between ℘pzq and ℘1pzq. it turns out that there is indeed such a relation,
which carries more meaning than just matching with our intuition. In order to show the algebraic relation,
we need to study the following function:
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Definition 4.15. The Weierstrass ζ function relative to Ω is:

ζΩpzq “
1

z
`

ÿ

ωPΩ˚

p
1

z ´ ω
`

1

ω
`

z

ω2
q

Notice that if we do the algebra we find that:

1

z ´ ω
`

1

ω
`

z

ω2
“
ω2 ` ωpz ´ ωq ` zpz ´ ωq

pz ´ ωqω2
“

z2

ω2pz ´ ωq

Then we know that on any compact set of CzΩ, it going to have magnitude of 1
|ω|3

therefore it converges

absolutely and uniformly, therefore defines a meromorphic function on CzΩ.
Then let D be the largest disk centered at 0 such that it doesn’t contain any lattice points. Then, for

ω P Ω˚, we have:
1

z ´ ω
“

´1

ω

1

1 ´ z
ω

Notice that on D, z
ω has moduli less than 1, thus the above formula has a series:

´1

ω
p1 `

z

ω
`
z

ω

2
`
z

ω

3
` ¨ ¨ ¨ q

Moreover, we know that the above series converges absolutely and uniformly on any compact subset of

D. Recall that in ζωpzq, each term is z2

ω2 ¨ 1
pz´ωq

. Then we can substitute using the above equation and since

everything is absolutely convergent, we can rearrange the summation and get:

ζΩpzq “
1

z
`

ÿ

ωPΩ˚

p´
z2

ω2
´
z3

ω4
´ ¨ ¨ ¨ q “

1

z
´G3z

2 ´G4z
3 ´ ¨ ¨ ¨

This requires a bit more explanation. First, consider the double series:

ÿ

ωPΩ˚

ÿ

ně2

´zn

ωn`1

This double series make sense for each z P D because we know that by the definition of a double series,

first do the summation inside, which gives you z2

ω2pz´ωq
and we already know that the summation of z2

ω2pz´ωq
.

So for a single value z P D, this double series makes sense. The issue here is that we want to switch the
order of the summation from

ř

ωPΩ˚

ř

ně2
´zn

ωn`1 to
ř

ně2

ř

ωPΩ˚
´zn

ωn`1 . For this to work, we will need the
Fubini theorem but for series. The condition is that the convergence is absolute in the sense that:

ÿ

ωPΩ˚

ÿ

ně2

|
´zn

ωn`1
| ă 8

Indeed for any compact K Ă D, we know that | zω | ď r for some r ă 1, therefore we know that:

ÿ

ně2

´zn

ωn`1
ď

1

|ω|3

R2

1 ´ r

Then we know that the double sum now is ď R2

1´r

ř

ωPΩ˚
1

|ω|3
ă 8 where |z| ď R for all z P D. Then we

know that by Fubini, we can interchange the summation order. Therefore, we know that the formula:

ζΩpzq “
1

z
´G3z

2 ´G4z
3 ´ ¨ ¨ ¨

makes sense for each z P D. Now again suppose that we work on a compact subset K of D, and we want
to ask is the above convergence uniform on K. I will let you show that one sufficient condition is that:

ÿ

n

ÿ

ωPΩ˚

sup
zPK

|
´zn

ωn`1
| ă 8

which is something we already observed above, therefore we again know that the convergence is uniform.
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Definition 4.16. Given a lattice Ω and for each k ě 3, we define the Eisenstein series of the lattice to
be:

GkpΩq “
ÿ

ωPΩ˚

1

ωk

Notice that since the lattice is symmetric, for odd k, GkpΩq “ 0. Therefore we know that for z P D, we
have:

ζΩpzq “
1

z
´

8
ÿ

n“2

G2nz
2n´1

This is the Laurent expansion of ζΩpzq around 0 due to the uniqueness of Laurent series. We will use
this to develop further theories next lecture.

Below are the homework of this week:

4.1 Homework

Problem 4.17. Suppose that X is a compact Riemann surface and tp1, ¨ ¨ ¨ , pnu are finitely many points
on X. Define X 1 “ Xztp1, ¨ ¨ ¨ , pnu and suppose that f : X 1 Ñ C be a nonconstant holomorphic function.
Then the image of f comes arbitrarily close to any complex number.

Solution. We can assume that these points are poles. To see why, if pi is an essentially singularity, then
we can use the usual Casorati-Weierstrass theorem to conclude that even in a coordinate ball of pi, it comes
arbitrarily close to any complex number. If one of them is a removable singularity we just throw it away.
However, these points can’t all be removable singularities since if so, we will get nonconstant holomorphic
function from X to C, which has to be constant by what we discussed in lecture 3.

Therefore now assume that these are poles of f , which means that we get a nonconstant holomorphic
map from X to P1. Therefore it has to be surjective. Then we know that if now we go back to f 1 : X 1 Ñ C
with p1, ¨ ¨ ¨ , pn not defined on X 1. Since f is surjective, everything z0 in C comes from some element in
X which are not the poles. Then assume that it comes from some removable singularity pi, we know that
limzÑpi fpzq “ z0, therefore f : X 1 Ñ C comes arbitrarily closed to z0.

Problem 4.18. Prove tan : C Ñ P1 is a local homeomorphism.

Solution. Recall that tan is defined by sin
cos . Moreover, we know that:

sin z “
eiz ´ e´iz

2
, cos z

ez ` e´z

2i

For example we know that the only zeros of sin z are those zeros of the real sinx. Indeed if:

eiz “ eixe´y “ e´z “ e´ixey ñ e2ix “ ey

This implies that x has to be kπ for k P Z. Similarly, we can conclude that the zeros of cos z are only those
real zeros.

This implies that the zeros of tan z are kπ, then if we consider the derivative of tan, we know that:

tan1 z “ sec2 z

Then we know that since when sin z “ 0, cos z ‰ 0, then we know that every 0 is a simple zero. We also know
similarly that every pole is a simple pole. Moreover, we know that besides the zeros of cos z, the derivative
of tan z is not 0, which means that if we consider:

tan : Czt
p2k ` 1qπ

2
: k P Zu Ñ C

This is already a local homeomorphism. Then if we consider the induced holomorphic map to P1. We only
have to show that written in coordinates, 8 P P1 is not a critical value to show it’s a local homeomorphism.
We consider for example the chart on P1 which is P1zt0u, then we know that the map looks like:

z ÞÑ 1{ tan z “
cos z

sin z
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Then we know that when z is close to p2k`1qπ
2 , we know that the derivative of this function is not 0. Therefore

we know that 8 is also not a critical point.

Notice that we know that since C is not compact, we we can not conclude that the map tan z from C to
P1 is surjective. In particular, we can not just conclude from it’s a local homeomorphism that it’s a covering
map. However, we have:

Problem 4.19. Show that tanpCq “ P1zti,´iu and we have tan z : C Ñ P1zti,´iu is covering map.

Solution. Indeed, we know that ˘i is not in the image. Because if we try to compute:

sin z

cos z
“ c, cC

We are indeed solving for:

sin z “ c cos z ô eiz ´ eiz “
c

i
peiz ` e´izq

This is equivalent to:

e2izp1 ´
c

i
q “ p1 `

c

i
q

Notice that e2iz takes every complex value except 0. So if c ‰ ˘1, we know that there is a solution of:

e2iz “
p1 ` c

i q

p1 ´ c
i q

If c “ i, then clearly 0 ‰ p1 ` c
i q and if c “ ´i, clearly there is no solution of e2iz “ 0. This indeed shows

that tanpZq “ P1zti,´iu.
Then we show that this is a covering map. Suppose that we have c P P1zti,´iu which is a complex

number, i.e. not 8. Then if we consider it’s preimage, we know it looks like:

z0 ` πZ

where z0 is a nonzero complex number. Recall that we already proved that tan z is a local homeomorphism,
therefore we know that there will be an open neighborhood U of z0 such that tan z homeomorphically takes
that to an open neighborhood tanU of c. I claim that tan´1 tanU is just:

U ` πZ

This is basically to notice that tan z is a periodic function with period π. Then we know that if U is mapped
homeomorphically to πpUq, then U ` πk where k P Z should also be homeomorphically mapped to πpUq as
we have the following composition:

πk ` U
´kπ
Ñ U

tan z
Ñ πpUq

The composition is still tan z due to the periodicity. In order to show that U ` πZ is all the inverse image.
Suppose that X is mapped to some element in πpUq, that means that some Y P U makes tanX “ tanY ,
but this already implies that X “ kπ ` Y since the periodicity. Then we are done.

Then we need to worry about the point 8. We know that the inverse image of 8 is t
p2k`1qπ

2 : k P Zu.
But this time in the new coordinates, instead of looking at tan z, we are using the chart of P1zt0u and

think of the function as 1
tan z . Then you know that for a fixed point in t

p2k`1qπ
2 : k P Zu, there is again a

neighborhood U such that it’s homeomorphically mapped to tanpUq. Then I again claim that U ` πZ gives
the even cover of tanU . Indeed, we only have to show that tan´1 tanU is U ` πZ, but this is again the
periodicity of tan.

Problem 4.20. Suppose that X is a compact Riemann surface such that there exist a meromorphic function
on X with exactly one pole of order 1, then X is biholomorphic to P1.
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Solution. Suppose that this meromorphic function is f and I claim that if we think of this function as
f : X Ñ P1, then it’s a biholomorphism. I claim that this f is a biholomorphism. We already know that it’s
holomorphic, therefore we will only show that it’s bijective.

Recall that this f is already surjective since X is compact and f is nonconstant. Then we only need
to show that f is injective. But this is clear since we know that for the point 8 of P1, it’s preimage is a
single point with multiplicity 1, which means that this branched covering has order 1. This means that for
every point in P1, the preimage is a set of points with total multiplicity 1, and in particular, it only can be
a singleton. We are done.

Problem 4.21. Determine the branch points of the map:

f : C Ñ P1, z ÞÑ
1

2
pz `

1

z
q

Solution. Notice that at the point 0, we have a pole of order 1 and for other nonzero points z, we know
that the value of fpzq is in C.

So now, assume that z ‰ 0, we will need to find points such that f 1pzq “ 0.
Recall that:

f 1pzq “
1

2
`

´1

2z2

If we set this to be 0, we know that we get:
z2 “ 1

We know that we only have z “ ˘1 two solutions. Therefore we know that z “ ˘1 are branch points of
fpzq. When z is closed to 0, we know that we can consider the chart P1zt0u and the function in this chart
looks like:

z ÞÑ
2z

z2 ` 1
“ z

2

z2 ` 1

You can compute that the derivative is not 0 at z “ 0, thus we only have 2 ramification points, which are
˘1.

Problem 4.22. The degree of a nonconstant holomorphic map f between two compact Riemann surface
is defined to be the number of sheets of the associated unbranched covering, which is usually denoted by
degpfq. Prove that if f : X Ñ Y and g : Y Ñ Z are both nonconstant holomorphic maps between compact
Riemann surfaces, then the degree of g ˝ f is degpfq ¨ degpgq.

Solution. It’s clear that the composition is still holomorphic so let’s first first that g ˝f is also nonconstant.
Indeed, we know that if we consider the two associated unbranched covering:

f : X 1 Ñ Y 1, g : Y 2 Ñ Z2

Notice that Y 1 is just Y with a few points taken out and Y 2 is also a few points taken out with both f and
g surjective on X 1, Y 2, then we know that by possibly taking out some more finitely many points on Y 1, the
composition can easily be seen to be nonconstant.

Then consider the composition gpfpzqq and we know that it’s derivative is computed by:

pg ˝ fpzqq1 “ gpfpzqqf 1pzq

Then we know that for the composition, we get a branch point z of g ˝ f if z P X is a branch point of f or
if fpzq is a branch point of g. Say this set is A1, with image in Z to be B1. Assume that the branch point
of f : X Ñ Y is A, then we know that this A might have a few more points than A, but only finitely many.
Then we know that we have a unbranched covering:

g ˝ f : Xzpg ˝ fq´1pB1q Ñ ZzB1

We know that for each z P ZzB1, we know that it’s preimage in Y does not contain any critical point of
f . Since we know that fpA1q Ă Y already contained all the critical points. Therefore we know that if we
assume:

g´1z “ ty1, ¨ ¨ ¨ , ydegpgqu
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We know that:
pg ˝ fq´1pzq “ f´1y1 Y ¨ ¨ ¨ Y f´1ydegpgq

Notice that since yi are not the critical points of f , we know that each of f´1yi will have degpfq points and
for different yi, the preimage will be disjoint. Then we know that we have degpfq ¨ degpgq number of sheets
for the covering, which is the degree.

Problem 4.23. Let X be a compact Riemann surface and let σ : X Ñ X be a biholomorphism with
σpaq ‰ a for some a P X. If X admits a meromorphic function f : X Ñ P1 which is holomorphic as a
function to C on Xztau with a a degree k pole of f , then σ at most have 2k fixed points.

Solution. Notice that we can consider the meromorphic function:

gpzq “ fpzq ´ f ˝ σpzq : Xzta, σ´1au Ñ C

This gives a holomorphic function to P1 and we know that we get two poles at a, σ´1a each of them with
order k. Indeed, we know first that for f ˝ σ, σ´1a is a pole of order k. Indeed, we know that the order of
the pole is just the local multiplicity, which is characterized by the number of points in the inverse image,
which is preserved under any biholomorphism.

Then we know that this is equivalent of saying that there is a local coordinates on the source such that
σ´1a is mapped to 0 and f ˝ σpzq at σ´1a can be written as z ÞÑ 1

zk
since f is holomorphic at σ´1a, we

know that locally we can write f ´ f ˝ σ as 1
zk

` φpzq where z is holomorphic at z “ 0. Then we know that
f ´ f ˝ σ still has a pole of order k at σ´1paq. Similarly, we know that the order of pole at a is also k. Then
we know that the degree of gpzq : X Ñ P1 is 2k. This means that g´1p0q at most has 2k points. Now notice
that if b is a fixed point of σ, then gpbq “ 0, thus b is going to be a zero of g, i.e. b P g´1p0q, which implies
that there are at most 2k such b.

5 Lecture 5

In this section, we pick up on what we left off last time and study Weierstrass Zeta function ζpzq further.
Recall that from last time we already showed that if D is the largest open disk centered at the origin

such that D doesn’t contain any lattice points, then:

ζpzq “
1

z
`

ÿ

ωPΩ˚

p´
z2

ω3
´
z3

ω4
´ ¨ ¨ ¨ q

We can also write it as:

ζpzq “
´1

z
´

8
ÿ

n“2

G2nz
2n´1

where for n ě 4, Gn “
ř

ωPΩ˚
1
ωn and it’s called the Eisenstein series. The above two series both converge

uniformly to ζpzq on any compact subset of D.
Recall that the initial definition of ζpzq is:

ζpzq “
1

z
`

ÿ

ωPΩ˚

p
1

z ´ ω
`

1

ω
`

z

ω2
q

Since this converges uniformly on any compact subset of CzΩ, we know that we can compute it’s deriva-
tives term by term and I will let you check:

´ζ 1pzq “ ℘pzq

However, we know that in D, we can also compute the derivative of ζ using the series involving the
Eisenstein series, and it’s:
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´ζ 1pzq “
1

z2
`

8
ÿ

n“2

p2n´ 1qG2nz
2n´2

If you write this series out for the first few terms, you have:

℘pzq “
1

z2
` 3G4z

2 ` 5G6z
4 ` ¨ ¨ ¨

Then we know that we can compute the derivative of ℘1pzq by further differentiating term by term:

℘1pzq “
´2

z3
` 6G4z ` 20G6z

3 ` ¨ ¨ ¨

Note:

p℘1pzqq2 “
4

z6
´

24G4

z2
´ 80G6 ` z2φ1pzq

where φ1pzq is a holomorphic function in D such that φ1p0q ‰ 0.
Then we can compute the series of p℘pzqq3 which is:

4p℘pzqq3 “
4

z6
`

36G4

z2
` 60G6 ` z2φ2pzq

where φ2pzq is also a holomorphic function on D.
Finally, we have:

60G4℘pzq “
60G4

z2
` z2φ3pzq

with φ3 also holomorphic on D. Then we know that an obvious algebraic relation is:

4p℘pzqq3 ´ p℘1pzqq2 ` 60G4℘pzq ` 140G6 “ z2pφ2 ´ φ1 ` φ3q

Notice that the stuff on the left hand side is still elliptic and the only poles are possibly at the lattice
points. However, since z2pφ2 ´ φ1 ` φ3q is a holomorphic function at z “ 0, we know that we have no poles
at 0, which means that there will be no poles for the left hand side on the entire complex plane. Therefore
4p℘pzqq3 ´ p℘1pzqq2 ` 60G4℘pzq ` 140G6 is a constant. Let z Ñ 0, we find that this constant is 0. Therefore
we have the algebraic relation:

4p℘pzqq3 ´ p℘1pzqq2 ` 60G4℘pzq ` 140G6 “ 0

Usually people will just write g2 “ 60G4 and g3 “ 140G6 so we have the following differential equation:

p℘1pzqq2 “ 4℘pzq3 ´ g2℘pzq ´ g3

Remark 5.1. This differential also tells us something why ℘pzq is called the elliptic function. Notice that
if we write ℘pzq simply as wpzq, then we know that we can always locally take the square root of pw1pzqq2

and we know that by choosing a local branch of the square root function, we have:

w1pzq “ ˘
a

4w2 ´ g2w ´ g3

This is just:

dw

dz
“ ˘

a

4w2 ´ g2w ´ g3 ñ dz “
dw

˘
a

4w2 ´ g2w ´ g3

We know this at least holds locally for an open neighborhood of z, therefore we know that locally we can
integrate with respect to z and get:

z ´ z0 “

ż wpzq

wpz0q

dw

˘
a

4w2 ´ g2w ´ g3
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Notice that this is the integral, at least locally, is the famous elliptic integral which people use to compute
the arc length of an ellipse.

We just show that the points p℘pzq, ℘1pzqq lie on the points defined by an algebraic equation:

y2 “ 4x3 ´ g2x´ g3

Notice that if we compute the discriminant of the right hand side, we get:

∆ “ 16pg22 ´ 27g23q

Note that if we consider this polynomial 4x3´g2x´g3 as in Crxs, then we know that it has three solutions
e1, e2, e3. The reason why we call them e1, e2, e3 is because they are exactly just the critical values of ℘pzq.
Indeed, if ℘pzq “ ei, then by the equation it satisfies, we know that ℘1pzq “ 0, but we know that the places
℘1pzq are exactly at ωi

2 . Therefore we know that if you ask what z such that ℘pzq “ ei, we already know that
z “ ωi

2 . Recall that we already know that e1, e2, e3 are distinct since ℘ is of order 2 and we already know
that ℘1pzq “ 0, therefore each of ℘pzq ´ ei has a double root at ωi

2 . Let’s order ei in the way that ℘pωi

2 q “ ei.

Proposition 5.2. Given any lattice Ω, the above ∆ associated to this lattice is not 0. Equivalently, the
three solutions e1, e2, e3 of this cubic polynomial are mutually distinct.

Proof. Let hjpzq “ ℘pzq ´ ej for j “ 1, 2, 3. Notice that these hj ’s are still elliptic and they have the same
poles as ℘pzq. This implies that it assumes 2 zeros on the torus with multiplicity considered.

Note that we have:
hjp

ωj
2

q “ h1
jp
ωi
2

q “ ℘1p
ωi
2

q “ 0

This implies hj has a double 0 at ωj and no other zeros. Therefore for i ‰ j, we know:

hjp
ωi
2

q “ ei ´ ej ‰ 0

We are done.

Remark 5.3. Put ppxq “ 4x3 ´ g2x´ g3, then we know at least formally:

℘1pzq “
a

pp℘pzqq

In the next lecture we will ue this relation to give a biholomorphism from C{Ω to X where X is the Riemann
surface in P1 defined by the equation:

y2 “ ppxq

Conversely, one can show that if ppxq is any cubic polynomial with distinct roots, then there is a lattice
Ω in C such that the associated Weierstrass ℘pzq satisfies:

p℘1pzqq2 “ pp℘pzqq

But again, we will do that latter.

Now we want to study the so-called Weierstrass σ function. Let’s recall some back grounds on the
infinite product first.

Definition 5.4. Recall that if tbnu is a sequence of nonzero complex numbers, we say that the infinite
product:

8
ź

n

bb

converges to a complex number p if:

1. p ‰ 0.

2. limNÑ8

śN
n bn “ p.
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Remark 5.5. It’s clear that if
ś8

n converges then we know that:

lim
NÑ8

bN “ lim
NÑ8

śN
n bn

śN´1
n bn

“ 1

If we define the sequence tcnu by bn “ 1 ` cn, then from the above remark, we know that if the infinite
product converges, then limnÑ8 cn “ 0. Recall that since for large N , bN is close to 1, we know that we
can choose a branch of the log function such that it’s defined for all of complex numbers with positive real
parts. For example, we can use the principal branch:

Logz “ log |z| ` iargz, ´π ă argz ă π

Proposition 5.6. If we keep our assumption that bn ‰ 0, then
ś8

n“1 bn converges iff
ř8

n Logbn converges
and:

8
ź

n

bn “ exp p

8
ÿ

n

Logbnq

In particular, if
ř8

n Logbn converges to c P C, then the limit of
ś8

n bn is not 0 as it’s ec.

Proof. This is basically just applying the definition. Notice that we can always ignore finitely many terms
both in the product and in the summation. Therefore we will assume that all bn are in the domain for Log.
Then clearly we know that if the series converges then apply exp gives that the product converges.

Now assume the infinite product converges to p ‰ 0, then we know that let’s consider the tail sums:

N
ÿ

n“m

Logbn “ Logp

N
ź

n“m

bnq

We know that if we denote
śN
n“m bn by Qm,N , from the fact that the infinite product converges to p ‰ 0,

we know that:

Qm,N “ p

N
ź

n

bnq{p

m
ź

n

bnq

When we say that m,N are larger than some large number n0, we know that the fact that p ‰ 0 makes the
quotient:

p

N
ź

n

bnq{p

m
ź

n

bnq

as close to 1 as possible (which also justifies why we can apply the branch Log to Qm,N ), therefore we know
that:

LogQm,N Ñ 0

Then, we know that using the Cauchy sequence criterion, the series converges.

Remark 5.7. The proof above shows one reason why we want the limit p to be a nonzero number.

Definition 5.8. We say that
ś8

n bn converges absolutely iff the associated series
ř8

n“1 Logbn converges
absolutely.

Proposition 5.9. The product
ś8

n“1 bn converges absolutely iff
ř8

n“1 |cn| converges.

Proof. Recall that when |z| is small, we have a very useful inequality:

|z|

2
ď |Logp1 ` zq| ď 2|z|

Recall that for |z| ă 1, we have the following expansion of Logp1 ` zq:

z ´
z2

2
`
z3

3
´ ¨ ¨ ¨
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Then we know that when |z| ă 1, we have a Taylor series of 2Logp1`zq

z “ 2 ´ z ` 2z
3 ´ ¨ ¨ ¨ . This implies that

when z is small, the moduli of the quotient is about 2. Similarly, you can show that |Logp1 ` zq| ď 2|z| also
holds.

Then we know that if we assume
ś

n bn converges absolutely, by definition the series
ř8

n Logpbnq “
ř8

n Logp1 ` cnq converges absolutely, which means that:

1

2

8
ÿ

n

|cn| ď

8
ÿ

n

|Logp1 ` cnq|

converges absolutely. Converse, if we know 2
ř8

n |cn| converges absolutely, then:

8
ÿ

n

|Logp1 ` cnq| ď 2
8
ÿ

n

|cn|

converges absolutely.

Sometimes, we will need to allow some terms in the product to be 0, and if there are only finitely many
such elements, i.e. if there is a N such that for all n ě N , bn ‰ 0. We will define

ś8

n converges if
ś8

něN bn
converges to a nonzero p P C. Then the value of

ś8

n“1 bn is defined to be:

b1 ¨ ¨ ¨ bN´1

ź

něN

bn “ b1 ¨ ¨ ¨ bN´1p

Now if tfnu is a sequence of holomorphic functions on some open U Ă C. Again, we write it as fn “ 1`Fn.
Suppose that for any z P U , only finitely many fnpzq is 0. Then we can define the infinite product:

ź

n

fnpzq “
ź

n

p1 ` Fnpzqq

We will say that this infinite product of functions converges uniformly on U if Pnpzq “
śN
n fnpzq converges

uniformly on every compact subset of U . What we will typically assume is that for any compact subsetK Ă U
and for all z P K, there are only finitely many fn such that fnpzq “ 0 for any z P K.

Definition 5.10. Using the above assumption, for K Ă U , we say that the infinite product converges
uniformly on K iff the associated logarithm series:

ÿ

n

Logpbnq

converges uniformly.

Then recall that in this case:

ź

n

fnpzq “ expp

8
ÿ

n

Logpfnpzqqq

Since
ř8

n Logpfnpzqq converges uniformly, we get that the series is also holomorphic, therefore after we
post-compose with exp, it still should be holomorphic, therefore this definition of uniform convergence still
gives that the function defined by the uniform infinite product is holomorphic. We will say that the infinite
product of function converges absolutely and uniformly if the associated series in logarithms converges
absolutely and uniformly. That is to say:

ÿ

n

|Logfnpzq|

converges uniformly. Clearly, if
ř

n |Logfnpzq| converges uniformly, then so does
ř

n Logfnpzq, therefore
the function defined by the infinite product is still holomorphic.
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Proposition 5.11. Using the above assumption,
ś

n fnpzq converges uniformly absolutely on U iff the series
ř

n Fnpzq converges absolutely and uniformly on U .

Proof. Given a compact subset K of U , we know that since there are only finitely many bad fn, we can just
ignore them since finitely many terms doesn’t impact uniform convergence. This means that we can assume
that on K, fnpzq are all nonzero. Then let’s first assume that the infinite product absolutely and uniformly
converges, which is also nonzero on K. This means that, by the definition we gave above, the following series
converges uniformly:

ÿ

n

|Logp1 ` Fnpzqq|

Using the uniform Cauchy sequence criterion, we know that this is equivalent to say that the tail:

N
ÿ

n“m

|Logp1 ` Fnpzqq|

uniformly converges to 0. Then in particular we know that |Logp1`Fnpzqq| converges to 0 uniformly, which
implies that Fnpzq converges to 0 uniformly on K. Now consider the following tail term we are interested in:

N
ÿ

n“m

|Fnpzq|

We know that the previous inequality:

|z|

2
ď |Logp1 ` zq| ď 2|z|

We know that:
1

2

N
ÿ

n“m

|Fnpzq| ď

N
ÿ

n“m

|Logp1 ` Fnpzqq| ď 2
N
ÿ

n“m

|Fnpzq|

I will leave the rest of the proof to you.

Remark 5.12. I will let you show that if an infinite product is absolutely and uniformly convergent, then
we we actually don’t care about the order of the product. We can freely arrange the product and get the
same holomorphic limit function in the end.

Moreover, using the fact that:
ź

n

fnpzq “ expp
ÿ

n

Logfnpzqq

and the series
ř

n Logfnpzq converges uniformly, we know that we can do the logarithm derivative of
ś

n fnpzq

via:
log

ź

n

fnpzq “
ÿ

n

Logfnpzq

where we choose a branch of log locally for
ś

n fnpzq, then we know that if we compute the derivative, we
know that:

p
ś

n fnpzqq1

ś

n fnpzq
“

ÿ

n

f 1
npzq

fnpzq

Moreover this still converges uniformly, thus the logarithmic derivative is still going to be holomorphic.

Now we are ready to define the Weierstrass σ functions. Let Ω be a lattice Zω1 ` Zω2 in C. We define:

σpzq “ z
ź

ωPω˚

p1 ´
z

ω
q ¨ e

z
ω ` z2

2ω2

Remark 5.13. Note that you can tell from out construction of σpzq that we want a function such that it’s
holomorphic on all of C and all of it’s zeros are simple and are at the lattice points. As you will see in the
following discussion, the exponential factor we put later is for the infinite product to converge absolutely
and uniformly.
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Now let K Ă C be a compact subset and if we just ignore finitely many terms in the product, we can
assume that:

|ω| ą 2|z|, @ω P Ω˚, @z P K

Now let’s denote gωpzq “ p1 ´ z
ω qe

z
ω ` z2

2ω

Clearly, we know first that when |ω| Ñ 8, this gωpzq converges to 1 on K uniformly. Therefore for large
ω, we can apply the principal branch to all gωpzq for all z P K and we have:

|Loggωpzq| “ |Logp1 ´
z

ω
q `

z

ω
`

z2

2ω2
|

Again, since we assume 2|z| ă |ω|, we know that we can use the Taylor series of Logp1 ´ z
ω q where:

Logp1 ´
z

ω
q “ ´p

z

ω
`

z2

2ω2
`

z3

3ω3
`

z4

4ω4
` ¨ ¨ ¨ q

Therefore we know:

|Logpgωpzqq| “ |
z3

3ω3
`

z4

4ω4
` ¨ ¨ ¨ | ď

1

3
|
z3

ω3
| ¨ |1 `

1

2
`

1

4
` ¨ ¨ ¨ | ď |

z3

ω3
|

Since
ř

ωPΩ˚
1

|ω3|
converges and |z| ď R for some R ą 0, we know that the series with |Logpgωpzqq|

converges and uniformly on K. This implies that the function defined by x
ś

ωPΩ˚ gωpzq is holomorphic on
C and we don’t care about the order of multiplication. This also shows that the only zeros are the lattice
point, since we know that if we take out the term gω1 pzq, we can still run the same argument above and the
limit is not going to be 0 since the series of logarithms converges.

Since we know that this infinite product absolutely converges, we don’t care the order in which we do
multiplication, therefore if we replace z with ´z, we have:

´σpzq “ σp´zq

Therefore we know that σ is an odd function with simple zeros at all lattice points.
Recall that we can compute the logarithmic derivative of σpzq and we have:

σ1pzq

σpzq
“

1

z
`

ÿ

ωPΩ˚

gωpzq1

gωpzq
“

1

z
`

ÿ

ωPΩ˚

z2

pz ´ ωqω2

Notice that the summation on the right hand side is just ζpzq.

Remark 5.14. Notice that we already know that the series defining ζpzq converges absolutely and uniformly,
therefore we know that the summation doesn’t care about order. But a priori, when we are doing the

summation of gω˚pzq
1

gωpzq
, we have to choose an order of summation, even though in the end, it turns out the

order is not relevant.

Note that in general, there is no reason for ζpzq and σpzq to be elliptic. For one thing, we know that one
of them only has degree 1 poles at the lattices and another one only has degree 1 zeros at the lattices and
there are no order 1 elliptic functions. However, we know that:

ζ 1pzq “ ℘pzq

which is an elliptic function. Therefore, we know that for each ω P Ω, we have:

pζpz ` ωq ´ ωpzqq1 “ 0

Therefore we know that for each ω and all z P CzΩ, we have ζpz ` ωq ´ ωpzq “ ηpωq for some constant
ηpωq that only depends on ω (note that C minus the lattice points is still connected).

Notice that if we compute:

ζpz ` ω1 ` ω2q “ ζpzq ` ηpω1 ` ω2q
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On the other hand, we also have:

ζpz ` ω1 ` ω2q “ ζpz ` ω1q ` ηpω2q “ ζpzq ` ηpω1q ` ηpω2q

Therefore this η : Ω Ñ C is Z-linear. This implies that if we denote η1 “ ηpω1q and η2 “ ηpω2q, we know
that:

ηpωq “ ηpmω1 ` nω2q “ mηpω1q ` nηpω2q “ mη1 ` nη2

Theorem 5.15. (Legendre’s Relation) Using the above notation, we have:

η1ω2 ´ η2ω1 “ 2πi

Proof. Let’s permute the fundamental parallelogram P a bit and suppose that 0 is contained in the interior.
Then since ζpzq is meromorphic with a degree 1 pole at 0 and residue 1, we know that:

ż

BP

ζpzqdz “ 2πi

We can try to write this integral in terms of:
ż

γ1

ζpzqdz `

ż

γ2

ζpzqdz `

ż

γ3

ζpzqdz `

ż

γ4

ζpzqdz

where γ1 is the curve that parametrizes the bottom side of P and we go counter-clockwise to get the other
γi.

Notice that:
ż

γ3

ζpzqdz “ ´

ż

γ1

ζpz ` ω2qdz “ ´

ż

γ1

ζpzq ` η2dz

This implies that:
ż

γ1

ζpzqdz `

ż

γ3

ζpzqdz “ ´ω1η2

Similarly, we know that:
ż

γ2

ζpzqdz `

ż

γ4

ζpzqdz “ ω2η1

Therefore we get:
ω2η1 ´ ω1η2 “ 2πi

Next we will study how σpzq behaves under translation. We will need the relation:

σ1pzq

σpzq
“ ζpzq

We know that:

σ1pz ` ωq

σpz ` ωq
“ ζpzq ` ηpωq “

σ1pzq

σpzq
` ηpωq, @ω P Ω˚

Then by choosing appropriate branches of log functions, we can at least locally conclude that:

d logpσpz ` ωqq

dz
“
d logpσpzqq

dz
` ηpωq

Then at least locally we can do an integration to conclude that:

logpσpz ` ωqq “ log σpzq ` ηpωqz ` C C P C

We exponentiate it to obtain:
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σpz ` ωq

σpzq
“ eηpωqz`C

Therefore we want to figure out what is eC .
First, we want to conclude that C is a constant that only depends on ω and doesn’t depend on z. However,

the above argument is not ideal since we know that for one reason, our log functions are not defined globally.
To resolve this problem we know that we can define:

Fωpzq “
σpz ` ωq

eηzσpzq

Notice that this is defined and holomorphic for all z that are not the lattice points. Moreover, we know
that for such z, Fωpzq ‰ 0. Then we know that if we consider:

F 1
ωpzq

Fωpzq
“
σ1pz ` ωq

σpz ` ωq
´
σ1pzq

σpzq
´ η “ 0

Therefore we know that F 1
ωpzq “ 0. Since C minus the lattice points are still connected, we know that

this implies Fωpzq is C for all z not lattice points. Moreover, this C clearly doesn’t depend on z, thus denoted
by Cω, therefore:

σpz ` ωq “ Cωe
ηzσpzq

Then our job is to figure out what is this Cω.
Let’s first assume that ω

2 is not in ω. This implies σpω2 q ‰ 0. Consider z “ ´ω
2 and we can use the fact

that σ is odd to conclude that:

σp
ω

2
q “ Cωe

´η ω
2 ´ σp

ω

2
q

Since σpω2 q ‰ 0, we conclude that:

Cωe
´

ηω
2 “ ´1

This implies Cω “ ´e
ηω
2

Then we know:

σpz ` ωq “ eηpz` ω
2 qσpzq

Now for any ω P Ω, we define:

ϵpωq “
σpz ` ωq

σpzq
e´ηpz` ω

2 q “ Cωe
ω
2

We already know that if ω2 R Ω, then ϵpωq “ ´1. Moreover, this ϵpωq only depends on ω and not on z.
Notice that:

σpz ` 2ωq

σpzq
“
σpz ` 2ωq

σpz ` ωq
¨
σpz ` ωq

σpzq

Then we know that:

ϵp2ωq “ ϵpωq2

So if ω{2 lies in Ω, then we know that ϵpωq “ ωpω{2q2. Then if ω{4 still lies in Ω, we know ϵpωq “ ϵpω4 q4.
Then until we get ω

2n doesn’t lie in Ω, and we know that ϵpωq “ 1. Therefore we know that:

ϵpωq “ ˘1

If ω{2 R Ω, then it’s ´1 and if ω{2 P Ω, it’s 1.
Then we conclude that:
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σpz ` ωq

σpzq
“ eηpz` ω

2 qϵpωq

We also have a formula for ϵpωq if ω “ mω1 ` nω2, then:

ϵpωq “ p´1qmn`m`n

Now using all of the above discussion, we can answer the following question: is there an elliptic function
f P MpΩq with ra1s, ¨ ¨ ¨ , rars as zeros and rb1s, ¨ ¨ ¨ , rbss as poles with multiplicity k1, ¨ ¨ ¨ , kr and l1, ¨ ¨ ¨ , ls
respectively.

Notice that these points must satisfies the following necessary conditions:

1.
ř

i ki “
ř

j lj using the the summation of the order of all the zeros and all the order of poles should
equal to the order of the elliptic function.

2. ra1s, ¨ ¨ ¨ , rars and rb1s, ¨ ¨ ¨ , rbss should be disjoint.

3. We already saw in the first homework that:
ÿ

i

aiki „
ÿ

j

bj lj mod Ω

It turns out that these conditions are all sufficient:

Theorem 5.16. If the above necessary conditions are satisfied, there is an elliptic function, unique up to
scalar multiple, with the prescribed zeros and poles with no others.

We will prove this in the next lecture.

6 Lecture 6

Let’s pick up the proof of the theorem from last lecture.

Proof. Recall that one of the necessary conditions is:
ÿ

i

aiki „
ÿ

j

bj lj mod Ω

Since we assumed that rais ‰ rajs, we can at least assume that their representative ai are all distinct are all
from one fundamental parallelogram (possibly shifted a bit). let’s use u1, ¨ ¨ ¨ , un to denote the zeros with
repeats, for example, u1 “ u2 “ ¨ ¨ ¨ “ uk if some zero is with multiplicity k. Similarly, we will let v1, ¨ ¨ ¨ , vn
be the poles with repeats. Then we have:

ÿ

i

ui “
ÿ

j

vi ` ω, ω P Ω

Then if we replace u1 with u1 ` ω, we can assume that:
ÿ

i

ui “
ÿ

i

vi

Define:

fpzq “
σpz ´ u1q ¨ ¨ ¨σpz ´ unq

σpz ´ v1q ¨ ¨ ¨σpz ´ vnq

Notice that this is a meromorphic function that has simple zeros at each point in Ω ` ui and has a simple
pole at each point in Ω ` vi. Moreover, fpzq doesn’t have any other zeros or poles. Therefore we know that
replacing u1 with u1 ` ω doesn’t harm this definition of f at least in terms of where the simple zeros and
poles are. We only need to show that fpzq is elliptic then we are done.
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Recall that:
σpz ` ωiq “ ´σpzqeη1pz`

ωi
2 q, ωi “ ω1, ω2

Then we know that if we shift f by ωi, we get:

fpz ` ωiq “
σpz ´ u1q ¨ ¨ ¨σpz ´ unq

σpz ´ v1q ¨ ¨ ¨σpz ´ vnq
eηi

ř

jpuj´vjq
“
σpz ´ u1q ¨ ¨ ¨σpz ´ unq

σpz ´ v1q ¨ ¨ ¨σpz ´ vnq

The last equality holds since
ř

jpuj ´ vjq “ 0. This shows fpz ` ωiq “ fpzq, thus fpzq P MpΩq.

Recall that if two elliptic functions have the same zeros and poles, then they differ by a constant multiple.
This tells us that, at least if we are satisfied with constant multiple differences, the above proof of the theorem
gives us a recipe for how to construct elliptic functions explicitly:

Corollary 6.1. For any a P C not in Ω, we have:

℘pzq ´ ℘paq “ ´
σpz ´ aqσpz ` aq

σ2pzqσpaq2

Proof. Notice that the two zeros of ℘pzq are given by ´a and a. If a is not the mid lattice points, then
we know that r´as, ras are distinct and if a is a mid lattice point, ras “ r´as and it have a double zero.
But recall that from the above proof, we don’t care if it’s a double zero or simples zeros, we only need to
pick the representatives such that the summation of the representatives of zeros is equal to the sum of the
representatives of poles. We know that it has double poles at 0, therefore the representatives of poles we
choose will be 0, 0. Then we know that ´a, a will be a good choice of the zeros. Therefore:

C
σpz ´ aqσpz ` aq

σ2pzq
“ ℘pzq ´ ℘paq

To figure out the constant C, we multiply both sides by z2 and we know that we have:

C
σpz ´ aqσpz ` aq

σ2pzq{z2
“ z2p℘pzq ´ ℘paqq

Recall that by construction of σpzq and ℘pzq, we know that limzÑ0 σpzq{z “ 1 and limzÑ0 z
2℘pzq “ 1,

therefore we know that:

´Cσpaq2 “ lim
zÑ0

C
σpz ´ aqσpz ` aq

σ2pzq
“ lim
zÑ0

℘pzq ´ ℘paq “ 1

This implies:

C “ ´
1

σ2paq

To proceed further we will have to introduce the minimum amount of several variables complex
analysis since our next topic will be to study the Riemann surface defined by an algebraic equation.

Recall that in one variable complex analysis, if we assume that f : Ω Ñ C is continuous on an open
subset Ω of C and it’s 1st-order partials all exist (may not even be continuous), then if we set:

Bf

Bz
paq “

1

2
p

Bf

Bx
paq ´ i

Bf

By
paqq,

Bf

Bz
paq “

1

2
p

Bf

Bx
paq ` i

Bf

By
paqq

Then f is holomorphic on Ω iff the Cauchy-Riemann equation, i.e. Bf
Bz paq “ 0 holds on Ω. See the

remark in the first section for more discussion on why we don’t need the partials to be continuous. A
similar definition will be given to several variable complex functions, though it will be equivalent to this
more convenient definition:
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Definition 6.2. Let Ω be an open subset in Cn, we say that:

f : Ω Ñ C

is holomorphic on Ω if for every a “ pa1, ¨ ¨ ¨ , anq P Ω, there is a neighborhood U Ă Ω of a and constants
cα for α “ pα1, ¨ ¨ ¨ , αnq P Zně0, αj P Zě0 such that:

fpzq “
ÿ

α

cαpz1 ´ a1qα1 ¨ ¨ ¨ pzn ´ anqαn , @z P U

We say that f is holomorphic at a point p if there is a neighborhood Up of p such that f is holomorphic
on Up.

Since we work with multi-index series, therefore we will need to specify an order of summation if we don’t
assume absolutely convergent. The following remark deals with this issue:

Remark 6.3. Given any multi-index series:
ÿ

α

cαpz1 ´ a1qα1 ¨ ¨ ¨ pzn ´ anqαn

We can show that if it converges (it doesn’t need to be absolutely convergent and the convergence can be
in any order) at pw1, ¨ ¨ ¨ , wnq where wi ‰ ai for all i, then it converges absolutely and uniformly on any
compact subset of the polydisk:

tz P Cn : |zj ´ aj | ă |wj ´ aj |, 1 ď j ď nu

Indeed, when z is in this polydisk, we know that:

ÿ

α

|cα||z1 ´ a1|α1 ¨ ¨ ¨ |zn ´ an|αn “
ÿ

α

|cα||w1 ´ a1|α1 ¨ ¨ ¨ |wn ´ an|αn
|z1 ´ a1|

|w1 ´ a1|
¨ ¨ ¨

|zn ´ an|

|wn ´ an|

Recall that since we assumed that:
ÿ

α

cαpw1 ´ a1qα1 ¨ ¨ ¨ pwn ´ anqαn ă 8

we know that the absolute value of every term is bounded by a common M ą 0, which implies:
ÿ

α

|cα||z1 ´ a1|α1 ¨ ¨ ¨ |zn ´ an|αn ď M
ÿ

α

rα1
1 ¨ ¨ ¨ rαn

n

where ri “
|zi´ai|

|wi´ai|
.

Note that;
ÿ

α

rα1
1 ¨ ¨ ¨ rαn

n “

n
ź

i“1

ÿ

n

rni “

n
ź

i“1

1

1 ´ ri
ă 8

Therefore we indeed have absolute convergence. To show it also converges uniformly on every compact subset
of the polydisk, we only need to give an uniform error term of the sum of all absolute values which means
that for example, we can try to give estimates to:

ÿ

α,αiěN

|cα||z1 ´ a1|α1 ¨ ¨ ¨ |zn ´ an|αn ď
ÿ

α,αiěN

|cα||w1 ´ a1|α1 ¨ ¨ ¨ |wn ´ an|αn
|z1 ´ a1|

|w1 ´ a1|
¨ ¨ ¨

|zn ´ an|

|wn ´ an|

Again, the second term can be estimated by:

M
ÿ

α,αiěN

rα1
1 ¨ ¨ ¨ rαn

n

which is uniform.
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Remark 6.4. If we assume that f is holomorphic in Ω, then for any a “ pa1, ¨ ¨ ¨ , anq P Ω, we know that
there is an open neighborhood U of a such that there are constants cα and:

fpzq “
ÿ

α

cαpz1 ´ a1qα1 ¨ ¨ ¨ pzn ´ anqαn , @z P U

Then we know that in this neighborhood U , we can pick any z in U which makes the series converges in some
order of summation. Then by what we discussed above, we have a smaller neighborhood where the series
actually converges absolutely. Then we know that actually for any z P Ω, this series converges absolutely
since Ω is open. Therefore, we know that the order of the multi-index summation is not that important as
only as we assume that there is some convergence order at each p P Ω.

Remark 6.5. Using the notation and assumptions from the previous remark, we know that if we fix all zi’s
in the series and only let of of them vary, we still obtain some absolutely and uniformly convergent series in
one variable. Then from the theory of one variable complex analysis, we can do differentiation term by term
and the result still converges absolutely and uniformly, possibly on a smaller neighborhood to the derivative
of f with only one variable varying.

However, if we only let one of the variable vary and take the derivative, this is nothing by the partial
derivative of f with respect to this variable. Then I will let you see that we can repeat this process and let
other variable vary to get the following result:

cα “
1

α!
Dαfpaq

where α! “ α1! ¨ ¨ ¨αn! and:

Dα “
B|α|

Bα1z1 ¨ ¨ ¨ Bαnzn
, |α| “ α1 ` ¨ ¨ ¨ ` αn

The following theorem establishes the connection between this definition and the C-R equation:

Theorem 6.6. Let Ω Ă Cn be an open subset and let:

f : Ω Ñ C

be a continuous function such that the partial derivatives exists and:

Bf

Bzj
“

1

2
p

Bf

Bxj
` i

Bf

Byj
q “ 0

then f is holomorphic on Ω.

Proof. Let r ą 0 be a small positive real number such that the closed polydisk P “
śn
j“1 Dpaj , rq is contained

in Ω.
Now we know that if we fix z2, ¨ ¨ ¨ , zn where zi P Dpai, rq and only let z1 vary, we get a one variable

holomorphic map since we assumed the C-R equation holds and f is continuous, which means that we can
use Cauchy’s formula and for each w1 P Dpa1, rq:

fpw1, z2, ¨ ¨ ¨ , znq “
1

2πi

ż

C1

fpz1, ¨ ¨ ¨ , znq

z1 ´ w1
dz1, C1 “ BDpa1, rq

Then we can do this to fpw1, ¨ ¨ ¨ , znq where we only let z2, ¨ ¨ ¨ , zn vary and fix other variables, which means
that we have:

fpw1, ¨ ¨ ¨ , wnq “
1

p2πiqn

ż

Cn

¨ ¨ ¨

ż

C1

fpz1, ¨ ¨ ¨ , znq

pz1 ´ w1q ¨ ¨ ¨ pzn ´ wnq
dz1 ¨ ¨ ¨ dzn

since wi P Dpai, rq, we know that |wi ´ ai| ă r and we have:

1

zj ´ wj
“

1

zj ´ aj ` aj ´ wj
“

1

1 ´
wj´aj
zj´aj
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Since |
wj´aj
zj´aj

| ă 1, we know that we can write it in a power series:

1

zj ´ wj
“

8
ÿ

m“0

pwj ´ ajq
m

pzj ´ ajqm

Notice that for a fixed wj this converges uniformly on the compact subset Cj . Then we know that we
can do the similar power series expansion for all other 1

zi´wi
and since we know that integral and uniform

convergence series can interchange, we get fpw1, ¨ ¨ ¨ , wnq “:

1

p2πiqn

ÿ

α1PZě0

¨ ¨ ¨
ÿ

αnPZě0

pw1 ´ a1qα1 ¨ ¨ ¨ pwn ´ anqαn

ż

C1

¨ ¨ ¨

ż

Cn

fpz1, ¨ ¨ ¨ , znq

pz1 ´ a1qα1 ¨ ¨ ¨ pzn ´ anqα
dz1 ¨ ¨ ¨ dzn

If we denote:

cα “
1

p2πiqn

ż

C1

¨ ¨ ¨

ż

Cn

fpz1, ¨ ¨ ¨ , znq

pz1 ´ a1qα1 ¨ ¨ ¨ pzn ´ anqα
dz1 ¨ ¨ ¨ dzn

We have the following series converges to fpw1, ¨ ¨ ¨ , wnq for wi P Dpai, rq:

fpw1, ¨ ¨ ¨ , wnq “
ÿ

α1

¨ ¨ ¨
ÿ

αn

cαpw1 ´ a1qα1 ¨ ¨ ¨ pwn ´ anqαn

According to our remark of being holomorphic, we only need to give one order of summation where the
series converges to conclude a function is holomorphic. The above convergence gives one order, thus f is
holomorphic.

For several variable holomorphic functions, some standard one variable results hold while other won’t
hold any more. For example the following properties are still true:

1. Weierstrass’ Theorem on uniform limits of holomorphic functions and Montel’s Theorem on
locally bounded holomorphic functions.

2. Open mapping property of nonconstant holomorphic functions.

3. Principle of analytic continuation.

4. Cauchy’s formula for polydisks.

5. Cauchy’s inequalities.

However, for several variables, we have the following very interesting result:

Theorem 6.7. (Hartog’s Theorem) Let B1 be an open ball in Cn for n ě 2 and let B2 be another open
ball such that B2 Ă B1, then if we define Ω “ B1zB2, then any holomorphic function on Ω has a unique
analytic continuation to B1.

This result tells you that a holomorphic function with several variables doesn’t have any isolated singu-
larities. Therefore our notion of meromorphic functions and a lot other notions need to be modified. We
will do this later.

Other familiar results such as Riemann Mapping Theorem also fails. We will mention more in case we
need to use them. For a detailed study, please go to a book on several variable complex analysis as we can
not provide a full study here.

However, with our limited understanding of several variable holomorphic functions, we are able to study
the object of our interest, the Riemann Surface of an algebraic function.

Now we will mainly consider polynomials in Crx, ys with 2 variables and say ppx, yq is such a polynomial
that is irreducible. We will have a few ways to determine if a polynomial like this is irreducible when we
need it. For now, let’s just assume that this is irreducible. Let’s assume that the y-degree of ppx, yq is n,
which means that we can write:

ppx, yq “ a0pxqyn ` ¨ ¨ ¨ ` an´1pxqy ` anpxq

We know that intuitively, if we set ppx, yq “ 0 and look at the solution sets, this should give us at least
locally an algebraic expression of y “ ypxq. To make this precise, we consider the following result:
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Theorem 6.8. (Implicit Function Theorem of Holomorphic Functions) Let fpx, yq be a holomorphic
function defined on the polydisk tpx, yq P C2 : |x| ă r1, |y| ă r2u. Assume that fp0, 0q “ 0 but Bf

By p0, 0q ‰ 0.

Then there is some ϵ ą 0, δ ą 0 such that for any x P Dp0, ϵq, there is a unique solution y “ ypxq such that
fpx, yq “ 0 with |ypxq| ă δ and the function x ÞÑ ypxq is holomorphic.

Proof. Since we know that for holomorphic functions, the partials are automatically continuous, then since
Bf
By p0, 0q ‰ 0, we can assume that there is some δ ą 0 such that fp0, yq ‰ 0 for 0 ă |y| ď δ. This is possible

since we know that if we assume that no matter how small δ we choose fp0, yq “ 0 for some y with |y| ď δ,
then by the principle of analytic continuation, we know that fp0, yq “ 0 for all y, which is false since we
assumed that Bf

By p0, 0q ‰ 0.

Then we know that since f doesn’t vanish on the compact subset t0u ˆ ty : |y| “ δu since f is continuous,
there will be a ϵ ą 0 such that fpx, yq ‰ 0 for |x| ă ϵ and |y| “ δ. Then for any fixed x with |x| ă ϵ, we can
consider the integral:

1

2πi

ż

|y|“δ

fypx, yq

fpx, yq
dy

Since fpx, yq doesn’t have a pole on |y| “ δ and this function is holomorphic, then we know that this is just
how many zeros the function fpx, yq have for |y| ă δ and this fixed x which implies that in particular this is
going to be an integer npxq for each x.

Notice that:

F pxq : C Ñ C, x ÞÑ
1

2πi

ż

|y|“δ

fypx, yq

fpx, yq
dy

is continuous since we know that for a fixed y with |y| “ δ and each x with |x| ă ϵ, we can assume that
|x| “ ϵ1 ă ϵ and the function:

fypx, yq

fpx, yq

will be uniformly continuous on this compact set |x| ď ϵ1 and |y| “ ϵ. However, we know that for each x,
the function F pxq only takes integer values, therefore F pxq is constant. Notice that F pxq is the number of
zeros of the function fp0, yq within |y| ă δ, which is 1 by our choice of δ. Therefore we know that for each
x such that |x| ă ϵ, fpx, yq only has one zero for |y| ă δ. Moreover, it can be computed by:

ypxq “
1

2πi

ż

|y|“δ

y
fypx, yq

fpx, yq
dy

Clearly, this is a holomorphic function in x.

Using this theorem, we can obtain the following useful lemma:

Lemma 6.9. Let ppx, yq “ a0pxqyn` ¨ ¨ ¨ `anpxq be an irreducible polynomial in Crx, ys such that a0paq ‰ 0
and there is no b P C such that ppa, bq “

Bp
By pa, bq “ 0. Then there is a ϵ ą 0 and n holomorphic functions:

y1pxq, ¨ ¨ ¨ , ynpxq

in the disk tx P C : |x´ a| ă ϵu with the following properties:

1. yipxq ‰ yjpx
1q for i ‰ j and for all x, x1 P Dpa, ϵq.

2. If η P C is a number such that F px, ηq “ 0 for some |x´ a| ă ϵ, then η “ yipxq for a unique i.

Proof. If ppa, bq “ 0, then we know from the assumption that Bp
By pa, bq ‰ 0, then since the polynomial

ppa, yq “ 0 has exactly n roots b1, ¨ ¨ ¨ , bn. I claim that these b1, ¨ ¨ ¨ , bn are all distinct. Indeed, we know that
if some bi “ bj , then bi is a repeated root of ppa, yq, which means that Bp

By pa, bq “ 0, which is a contradiction.
We know that we can find a small enough ϵ such that:

y1pxq, ¨ ¨ ¨ , ynpxq

are simultaneously defined for all yipxq where |x ´ a| ă ϵ with yipaq “ bi and ppx, yipxqq “ 0 and we know
that the yipxq are in |y ´ bi| ă δ and for different i, thus |y ´ bi| ă δ are disjoint. This proves 1.

2 is also easy to see since F px, ηq “ 0 has at most n solutions and we have already given that the n
distinct solutions are yipxq for 1 ď i ď n.
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We will continue this discussion in the next lecture.

7 Lecture 7

First, we make a topological remark on the holomorphic implicit function theorem we derived last lecture.
Notice that the function x ÞÑ px, ypxqq actually gives a local homeomorphism between Dp0, ϵq near x “ 0
and the sets tpx, yq P C : fpx, yq “ 0, |x| ă ϵ, |y| ă δu near px, yq “ p0, 0q. Indeed, we consider x ÞÑ px, ypxqq,
which is bijective, it’s clearly is injective. To show it’s surjective, we know that if px, yq is a point such
that |x| ă ϵ and |y| ă ϵ such that fpx, yq “ 0, then since y is the unique solution then it should be ypxq,
therefore px, yq is the image of x. Clearly this is continuous since x ÞÑ x and x ÞÑ ypxq are both continuous,
then we know that it has a clear continuous inverse which is the projection to x-axix, therefore it’s indeed a
homeomorphism.

We will later use this discussion and apply it to the result of the lemma we gave in the end of last lecture.

Proposition 7.1. Suppose that P px, yq “ a0pxqyn ` a1pxqyn´1 ` ¨ ¨ ¨ ` anpxq P Crx, ys is an irreducible
polynomial. Then there are only finitely many a P C such that there is a common solution y P C for
P pa, yq “ BP

By pa, yq “ 0.

Proof. Let’s set Q0px, yq “ Qpx, yq P Crx, ys to be BP
By px, yq, i.e. the y partial of P px, yq. Then if we treat

everything in Cpxqrys, we know that we can do Euclidean division algorithm in Cpxqrys and we know that
there is a Q1px, yq such that:

P px, yq “ h0px, yqQpx, yq `Q1px, yq

where h0px, yq, Q1px, yq P Cpxqrys which means that they are actually some polynomial in y with coefficients
which are rational functions of x, therefore we know that by clearing out the denominators, there is some
b0pxq P Crxs such that we have:

b0pxqP px, yq “ b0pxqh0px, yqQpx, yq ` b0pxqQ1px, yq

where b0pxqh0px, yq and b0pxqQ1px, yq are now in Crx, ys. For notation simplicity, let’s just assume that
there is some b0pxq P Crxs and h0px, yq, Q1px, yq P Crx, ys such that we have:

b0pxqP px, yq “ h0px, yqQpx, yq `Q1px, yq

Recall that since we are doing Euclidean division, the y-degree degyQ1px, yq of Q1px, yq should be at least 1
less than degyQpx, yq. Then since we are only multiplying them with some b0pxq to clear denominators, this
doesn’t change the y degree.

Notice that if degyQpx, yq “ 0, which means that it’s only a polynomial in Crxs, then we know that
Qpx, yq is a unit in Cpxqrys, therefore Q1px, yq is 0, therefore in this case we may assume it’s y degree is ´8.
However, if degyQpx, yq “ 0, we know that:

P px, yq “ a0pxqy ` a1pxq

This implies that Qpx, yq “ a0pxq, therefore is a is a complex number such that P pa, yq “ Qpa, yq “ 0, then
we know Qpa, yq “ a0paq “ 0, but there are only finitely many such a, thus in this case, the assertion in the
proposition is trivially true. Then let’s assume that degyQpx, yq ě 1.

Then we know that we can keep doing this process until we have:

b1pxqQ0px, yq “ h1px, yqQ1px, yq `Q2px, yq

...

brpxqQr´1px, yq “ hrpx, yqQrpx, yq `Qr`1px, yq

such that degyQr`1px, yq “ 0. Therefore it’s just Qr`1pxq P Crxs.
Now the claim is that Qr`1pxq is not 0. Indeed, if Qr`1pxq “ 0, we know that Qrpx, yq divides

brpxqQr´1px, yq, therefore an irreducible factor fpx, yq of Qrpx, yq with positive y degree (there is indeed
such a factor since we know that the y degree of Qr is at least 1) divides Qr´1px, yq.
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Then if we consider:

br´1pxqQr´2px, yq “ hr´1px, yqQr´1px, yq `Qrpx, yq

Then since f divides Qrpx, yq and Qr´1px, yq, then it divides br´1pxqQr´2px, yq, which means that f divides
Qr´1px, yq. Then we can keep going until we have:

b0pxqP px, yq “ h0px, yqQ0px, yq `Q1px, yq

where f divides Q1px, yq and Q0px, yq, which implies that f divides P px, yq but this will implies f is either
a constant or P px, yq itself. However, since f is an irreducible factor of Qr which can at most have y degree
degyP px, yq ´ 1 is never a constant or P px, yq, this is a contradiction.

Then we know that if there is a an a P C such that P pa, yq “ 0 and Qpa, yq “ 0 both hold for some
y, then we know that this implies Q1pa, yq “ 0, then Q2pa, yq “ 0, which does all the way to Qr`1pa, yq “

Qr`1paq “ 0. Since Qr`1pxq is not the 0 polynomial, it at most has finitely many roots, therefore we at most
have finitely many a.

Then we will define a finite subset S Ă P1 by:

S “ S0 Y S1 Y t8u

where S0 “ tx P C : a0pxq “ 0u and S1 “ tx P C : Dy P C s.t. P px, yq “ BP
By “ 0u. In other, we points in S0

are those bad points such that the degree of P px, yq drops and points in S1 are bad points in the sense that
the tangent line of curve defined by P px, yq “ 0 at px, yq is ”vertical” on the C2 plane. Or in other words,
these points are where the statement in the implicit function theorem of expressing y in terms of functions
in x fails.

Proposition 7.2. Suppose that P px, yq “ a0pxqyn ` ¨ ¨ ¨ ` an´1pxqy` anpxq is an irreducible polynomial in
Crx, ys and we define:

V “ V pP px, yqq “ tpx, yq P C2 :u

Then if we let:
π : V Ñ C, px, yq ÞÑ x

be the first projection, then the map:

π|π´1pCzS0q : π
´1pCzS0q Ñ C{S0

is proper.

Proof. Notice that π´1pCzS0q is rarely the whole space of V but for some special P px, yq, we could have
the fact that pi´1pCzS0q “ V . Indeed, we know that if x is a point such that a0pxq “ 0, then if we set
P px, yq “ 0, we are only requiring a1pxqyn´1 ` ¨ ¨ ¨ ` anpxq “ 0. Now since we have already fixed x, aipxq

are now just complex numbers. If a1pxqyn´1 ` ¨ ¨ ¨ ` anpxq still has positive degree y terms, then we indeed
know that there are y such that a0pxq “ 0 and P px, yq “ 0. However, x clears all positive degree y terms
but gives anpxq ‰ 0, then we know that there is not such y such that P px, yq “ 0. But this is not important,
as we are taking out S0 in case the bad situation happens.

To probe this proposition, we need to show that for each K Ă KzS0 which is compact, then the preimage
is compact. Notice that this π is clearly continuous since it’s just the restriction of the projection. Therefore
the preimage of K is closed in π , then we only need to show it’s bounded to show it’s compact in π´1pCq.
To prove this we need the following little lemma:

Lemma 7.3. Let c1, ¨ ¨ ¨ , cn be complex numbers and suppose that we have a polynomial equation:

wn ` c1w
n´1 ` ¨ ¨ ¨ ` cn´1w ` cn “ 0

If not all of ci “ 0, then |w| ă maxi |ci|
1{i.
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Proof. Let c “ maxi |ci|
1{i which is a positive real number. Then set z “ w

c and if we divide both sides of
the above equation by cn, we get:

zn `
c1
c
zn´1 ` ¨ ¨ ¨ `

cn´1

cn´1
z `

cn
cn

“ 0

Then we will need to show that |z| ă 2, indeed: since we know that |ci| ď ci, then this implies that we have:

|zn| ď |zn´1| ` ¨ ¨ ¨ ` 1

If we have |z| ě 2, then we can divide the above inequality by |zn| on both sides and obtain:

1 ď
1

2
` ¨ ¨ ¨ `

1

2n
ă 1

which is a contradiction.

Using this lemma, suppose that now K Ă CzS0 is compact. First notice that it’s also compact in C since
we know that the inclusion map is continuous and the image of a compact subset is also compact. Since
each x P K makes a0pxq ‰ 0, we can assume that there is δ ą 0 such that:

|a0pxq| ě δ, |aipxq| ď
1

δ

The later inequality holds because K is bounded. Then we know that if we consider the equation:

a0pxqyn ` ¨ ¨ ¨ ` anpxq “ 0 ñ yn `
a1pxq

a0pxq
yn´1 ` ¨ ¨ ¨ `

anpxq

a0pxq

Using the above approximation since we know that the coefficients all have norm at most 1
δ2 , the above

lemma tells you that:

|y| ď 2
1

δ2{i

This implies that the set π´1pKq has bounded x and bounded y, which means that it’s bounded, thus
compact.

Corollary 7.4. Using the notation from above:

π|π´1pCzSq : π
´1pCzSq Ñ P1zS

is a n-sheeted covering map.

Proof. We have seen that this map is proper, and we know that since we have also taken out those points
x P C where there is a y such that P px, yq “ BP

By px, yq “ 0, therefore we know that using the remark we gave

in the beginning of this section: One special case of that remark is when fpx, yq is given by an irreducible
polynomial P px, yq given above whose y degree is n. This puts us in the situation of the lemma we discussed
at the end of last lecture and we know that if we consider a point a P C where a0paq ‰ 0 and there is no b
such that P pa, bq “ BP

By pa, bq “ 0. Then we know that if we consider the projection of the x coordinate from

V pP q to C, which is basically π we are considering in this corollary, then it’s a local homeomorphism. Indeed,
we have seen that there is a ϵ ą 0 such that the inverse image of Dpa, ϵq is a disjoint union (yipxq ‰ yjpx

1q

for all i ‰ j and all x, x1 P Dpa, ϵq). In fact, these disjoint unions are characterized by the following: first
P pa, bq “ 0 has n-distinct roots b1, ¨ ¨ ¨ , bn where near each bi can choose a common ϵ such that the first
projection restricted to V X pDpa, δq ˆ Dpbi, ϵqq gives a homeomorphism to Dpa, δq.

Then go back to our corollary, we know that if we take out S1 and t8u as well, then there will be so a P C
such that there exists a b such that P pa, bq “ BP

By pa, bq “ 0, then we know that for each pa, bq P π´1pCzSq,
we can pick a small open polydisk around it such that the projection restricts to a homeomorphism to an
open disk in D.

Recall that we discussed before that proper plus local homeomorphism plus locally compact Hausdorff
imply that the map is in fact a finite sheeted covering map. Again, since for each a P P1zS, there are n
elements in the preimage, we know that this is indeed an n-sheeted covering map.
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Remark 7.5. Notice that P1zS is an open Riemann surface (Here open just means noncompact). Then
given this n-sheeted covering map π, we can give π´1pCzSq a natural complex structure such that it’s also
an open Riemann surface (If it’s compact, then it’s surjective image is compact, which is not true).

Indeed, this can be done more generally: suppose that p : X Ñ Z is a local homeomorphism where Z
is a Riemann surface and X is a real 2-dimensional topological manifold. Then there is a unique complex
structure on X such that p is holomorphic.

For an open subset U Ă X such that p restricts to a homeomorphism to it’s image V p|U : U Ñ V and
V Ă Vj where pVj , ψjq is a chart for Z, we define a chart on U by:

φj : U
ψj˝p
Ñ ψjpV q

Notice that such U ’s can cover X because X is a covering map. Then we will need to show that this definition
of charts is compatible. Indeed, if Up and Uq are two such defined charts, then we know that:

φj ˝ φ´1
i “ ψq ˝ p ˝ p´1 ˝ ψ´1

p “ ψq ˝ ψ´1
p

This is holomorphic from the complex structure on Z.
In fact, we don’t even need to assume X is a topological manifold in the beginning, the covering map

naturally gives X a topological manifold structure. Moreover, you can check that suppose that you have a
topological manifold structure on X, then the charts must be compatible with those defined above, therefore
they belong to the same maximal unique structure. Similarly, the complex structure is unique if we want to
make p holomorphic.

Now, using the above remark, we know that if we call Y “ π´1pC{zSq Ă C2, then we already have a
compact structure on Y and a holomorphic map:

π : Y Ñ P1zS

However, we know that both Y and P1{S are not compact. Therefore we will want to complete Y to
obtain a new space X such that X is a compact Riemann surface and π will extend to a holomorphic map
to P1. There is another issue since we don’t even know if Y is completed while a Riemann surface has to be
connected. We will all need to show that Y , hence X is connected to finish off the proof.

Before we do it, let’s briefly say something about the geometric picture. First, the reason we take out
S0 from P1 is because if we allow a0pxq “ 0, then the degree of the polynomial drops by at least 1, then we
know that at that point, the number of solutions of y P C such that P px, yq “ 0 is at most n´ 1. However,
there is another way to look at it, which is as we approach the bad point x, some solutions of P px, yq “ 0
escapes to infinity. Indeed, this is why we have to stay away from these points to give a bound of y to make
π proper. Given an example, think about:

P1px, yq “ xy ´ 1

We know that as we approach the bad point x “ 0, the solution y “ 1
x indeed escape to infinite, thus

damaging the properness of the map. We will address this problem later in the next section in a different
manner by introducing the projective space.

We are also taking out S1, which are those points where we could have P px, yq “ BP
By px, yq “ 0. For

example, if we consider the complex parabola:

P2px, yq “ x´ y2 “ 0

We find that when x “ 0, we have Qp0, 0q “ BP
By p0, 0q “ 2 ¨ 0 “ 0. Here we see that BP

Bx p0, 0q “ 1, which

implies that the curve defined by P at p0, 0q is still regular, means it doesn’t have all zeros vanish. However,
we have a double root of y here. If you think about the graph of the real numbers parabola, you can find
that near p0, 0q, we don’t have a well defining covering map structure if we project to x-axis.

There is also another situation which is when the curve is actually singular, which means that:

P px, yq “
BP

By
px, yq “

BP

Bx
px, yq “ 0
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For example, if we consider:

P3px, yq “ x2 ´ y2

Then clearly all the partials vanish at p0, 0q. If you think about the real numbers curve defined by P3,
you will notice that at p0, 0q, two lines intersects.

We will also have other singular cases, for example we can have:

P3px, yq “ y2 ´ x3

We will have a cusp singularity at p0, 0q.
Therefore, our job latter is to try to fix the problems caused by these bad points. The way we do it is

introduced first by Riemann, which is to add some points to Y and get some space X that is not embedded
in C2. Let’s introduce this method first and we will come to a more natural way in the next lecture.

Let’s first deal with the question of how to complete Y . Now let a P S be a point then if a is a point in C,
we will take a small neighborhood ∆ϵ where ∆ϵ XS “ tau. If a “ 8, then we will take ∆ “ t|z| ą 1

ϵ u Y t8u

such that again ∆XS “ t8u. Let’s just call these neighborhoods ∆ for simplicity and we use ∆˚ to indicate
that this is a punctured disk where we take out a.

Then we consider the preimage of ∆˚
a :

π´1p∆˚
aq “ U1a

ž

¨ ¨ ¨
ž

Uka

where each Ui is a connected component of the preimage. Note that here this k is at most n and may
not be equal to n. Indeed, we know that take any p P ∆˚

a , the inverse image contains n points, each of them
lies in one of Uka, therefore there are at most n of them. However, this k can be strictly smaller and one
example is given by:

zn : Dp0, 1q Ñ Dp0, 1q, z ÞÑ zn

Now if we restrict π to one of Ui, we find that we get again a covering map. Indeed, we know that π
restricted to Ui is still proper and it’s again a local homeomorphism therefore it’s a covering map. Therefore
we know that:

πja “ π|Uja Ñ ∆˚
a

is a covering map for all 1 ď j ď k, and we know from covering space theory, there is a homeomorphism
φja : Uia Ñ ∆˚ and an integer kj ě 1 such that the following diagram commutes:

Uja ∆˚

∆˚
a

φja

πja z ÞÑzkja`a

Let D be a small punctured disk around the point a, then we know that it’s inverse image is connected
in Uja since we know that it’s inverse image in ∆˚ under z ÞÑ zkja ` a is connected.

If a “ 8, we know that basically the same argument works since the set t|z| ą 1
ϵ u is homeomorphic to

∆˚ for a punctured disk.
Then we will artificially add one point pja to each Uja to obtain U 1

ja “ Uja Y tpjau and we clear that X
is obtained from Y by adding all pja for all a P S and all j. The topology on X is defined by:

1. U Ă Y and it’s open in the topology of Y .

2. For each point pij , we define a neighborhood basis to be tpjau Y φ´1
ja p0 ă |z| ă 1

n : n ě 1q.

Then we define the map:

p : X Ñ P
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where ppyq “ πpyq if y P Y and a point pja is mapped to a. Clearly this is a continuous map and you can
check it directly. We can also give a complex structure on X by the cover:

U “ tU 1
jau Y tU Ă Y : U is a chart in Y via πu

The chart on U 1
ja is defined to be:

φja : Uja1 Ñ ∆

where we map pja to 0 and other points are mapped to the φja we defined before. Then you check that
this is indeed a homeomorphism. Then we need to check that this indeed gives compatible charts. Those
U in Y are already compatible since Y is a Riemann surface. Therefore we only need to check the map on
each U 1

ja X U . Clearly the map on the intersection is described by: if z ÞÑ φ´1
ja pzq ÞÑ πpφ´1

ja pzq “ zkja ` a,
which is indeed holomorphic. Notice that this is fine since we are not dealing with anything that is near 0,
therefore z ÞÑ zkja is a perfectly good biholomorphism.

One thing that we do need to be aware of, if a is 8, then we know that the transition map is now:

z ÞÑ zkj8 ` a ÞÑ
1

ϵ2zkj8

But this is again holomorphic since z is again not near 0.
Then if we consider the map:

p : X Ñ P1

I claim that it’s holomorphic. Indeed, if we consider points in Y , we already see that it’s holomorphic.
For the newly added points pja, we know that we can take the neighborhood to be U 1

ja, then this map in
coordinates looks like:

z ÞÑ zkja ` a, z ÞÑ
1

ϵ2zkj8

which are all holomorphic.
Moreover this p is proper. To see why, we already know that p : Y Ñ P1zS is proper. Then suppose that

we have a compact subset K in P1, then we know that K XP1zS is compact, then we know that the inverse
image of K in X is the inverse image of K X P1zS in Y , plus some finite sets of closed points, which is the
union of finitely many compact subsets, which is still compact. Therefore p itself is proper, therefore since
P1 is compact, X is compact.

Then we know that this will be a n-sheeted branched cover since taken out S in P1 we get a n-sheeting
usual covering.

It’s especially interesting to think about what happens to this map p : X Ñ P1 when we look at the
points around 8 in P1. Essentially, what we did is just is that we added some new points to the part of the
curve V which stretches to infinity according to if they are connected. You could imagine that the curve
can go to infinity in different directions, and we are adding one point to to each of the directions. This will
appear again in the next lecture when we embed this curve in some higher dimension projective spaces.

Essentially the function p we constructed above comes from the projection of V Ă C2 to the x coordinate.
Then let’s also study what happens to the projection to the y coordinate.

Proposition 7.6. Let pr2 : V Ñ C be the projection where px, yq ÞÑ y. Then the function:

f “ pr2|Y Ñ C

is holomorphic and can be extended to a holomorphic function:

f : X Ñ P1

Proof. Clearly the projection on Y is holomorphic since in the coordinates of Y we defined before, this
projection is just:

x ÞÑ ypxq
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Then using the implicit function theorem, this is indeed holomorphic. We need to see how we can extend it
to X Ñ P1.

Let a P S and let x P X such that ppxq “ a. Let’s choose local coordinates z around x and w around
a such that p becomes z ÞÑ zm, which is always possible since p is holomorphic an this is just the local
behavior of holomorphic functions. Then we I claim that by definitions of V pP q and f , we have equations:

fpzqn `
a1pwq

a0pwq
fpzqn´1 ` ¨ ¨ ¨ `

anpwq

a0pwq
“ 0, z ‰ 0, w “ ppzq

Here we are thinking of ai as meromorphic functions from P1 to C1 using the coordinates w on P1 we just
choose. In other words, we are assuming that the coordinate z goes to px, yq P Y and by p it’s mapped to
x P P1, then by the coordinate it’s mapped to w. Then when writing an in the w coordinates, we know that
a1pwq is equal to a1pxq, however, we know that the two a1 carries different meaning. I hope this abuse of
notation won’t cause too much confusion.

Now we know that each aipwq is meromorphic at w “ 0. Indeed, if a P S is 8, then clearly we know that
as w Ñ 0, which means that the point px, yq in X are escaping to infinity, then clearly a0pxq goes to infinity
as a polynomial in x, then as w Ñ 0, it also goes to infinity, thus it has a pole at 0. But if a ‰ 0, then

clearly aipwq should be holomorphic at w “ 0. But no matter what, we know that we can assume aipwq

a0pwq
is

meromorphic at w “ 0. This means there exist constants Ci ą 0 such that:

|
aipwq

a0pwq
| ď

Ci
|w|N

, @1 ď i ď n

Then we know that via the lemma, we can estimate:

|fpzq| ď 2 max
1ďiďn

C
1{i
i

|w|N{i
ď

C

|z|K

for some C ą 0 and K P Zě1. This implies that fpzq is meromorphic at z “ 0 at at worst it has a pole of
order K, therefore it actually extends to a function to P1.

To conclude our previous work, we have constructed some compact space X with a complex structure on
it and two holomorphic functions f, p on X such that for all y P Y where we have:

P pppyq, fpyqq “ 0

Then recall that X and Y only differs by a finite set of isolated points, therefore if we define a function:

P : X Ñ C, x ÞÑ P pppxq, fpxqq

we can just extend the value 0 to the points pja and this gives us a constant function P on all of X.
Finally, we only need to show that X is connected to conclude that X is a compact Riemann surface.

Proposition 7.7. The space Y is connected thus so is X. Therefore X is a compact Riemann surface with
meromorphic functions f : X Ñ P1 and p : X Ñ P1 we defined before such that:

P pppxq, fpxqq “ 0, @x P X

Proof. Recall that X is only Y added finitely many points and each point has a neighborhood that looks
like a Euclidean ball, therefore we know that if Y is connected, then X is automatically connected.

To prove Y is connected, let’s assume it’s not and we will show that this contradicts the fact that P px, yq

we started with is irreducible.
Suppose that Y is not connected and thus with a strictly smaller connected component Y1. We will

consider the restriction of π to Y1 and call it π1. Similarly we will use f1 to denote the restriction of f to Y1.
Again, since π is proper, π1 is proper, and since Y1 is open in Y , π1 is again a local homeomorphism,

thus π1 is a r-sheeted covering map for some r ď n. In particular, the map π1 : Y1 Ñ P1zS is still surjective.
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Now take any x P P1zS and let eνpxq where 1 ď ν ď r be the ν-th elementary symmetric function with
respect to y1, ¨ ¨ ¨ , yr:

eνpxq “ eνpy1, ¨ ¨ ¨ , yrq

where y1, ¨ ¨ ¨ , yr are the values taken by f1 on π´1pxq.
This define a function:

eνpxq : P1zS Ñ C

Notice that if we choose coordinates z for x P P1zS, we know that this function in local coordinates is in
fact defined by:

z ÞÑ eνpy1pzq, ¨ ¨ ¨ , yrpzqq

where yipzq are defined using the implicity function theorem which are all holomorphic. Therefore this
definition actually gives us a holomorphic function:

eν : P1zS Ñ C

I claim that this can be extended to a meromorphic function:

eν : P1 Ñ P1

To show this, note that by the definition of f1 and π1 we have:

P px, yjq “ 0, ď j ď r

Then for a P P1 that is not 8, we choose a coordinate x around a such that 0 ÞÑ a. Note that if we
consider the map:

x ÞÑ x P P1zS ÞÑ px, yiq P Y1, z ‰ 0

We can write this in coordinates by:
x ÞÑ px, yipxqq

where yipxq is a holomorphic function in x. Then we know that in this coordinate we have:

P px, yipxqq “ 0, x ‰ 0

Notice that for each x, yi, we know that x, yipxq gives us a local coordinate of V near that point where x ‰ 0.
Then we know that f1 in this coordinate can be written as:

f1 : x ÞÑ yipxq

Then we know that since:
a0pxqf1pyipxqqn ` ¨ ¨ ¨ ` anpxq “ 0

for all such x in the coordinate, we know that we can use the lemma to bound f1pyipxqq and thus f1pyipxqq

naturally extends to a meromorphic function at x “ 0. Then we know that we have the following estimate
of eνpxq using the same coordinate:

|eνpxq| “ |
ÿ

i1ă¨¨¨ăiν

f1pyi1pxqq ¨ ¨ ¨ f1pyiν pxqq|

Since each f1pyipxqq are meromorphic functions in x, we know that eν is also a meromorphic function in x.
Therefore eνpxq extends to a P S where a ‰ 8.

When a “ 8, similar arguments works, we again choose a coordinate z around a such that 0 ÞÑ a, for
example z ÞÑ 1{z. Then we know that using this coordinate, for each z ‰ 0, we get some point x in P1 which
is close to 8, then we know that above this point, there will be y1, ¨ ¨ ¨ , yn and we know that each of them
is a holomorphic function in x since in Y1 we excluded the bad points which makes the implicit function
theorem false. Then we can essential estimate eν using the same argument as above and indeed eν extends
now to x “ 0, which is the point a “ 8.
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However, recall that we know exactly what is a meromorphic function:

P1 Ñ P1

and they are just given by rational functions! If we define Qpx, yq P Cpxqrys by:

Qpx, yq “ yr ´ e1pxqyr´1 ` ¨ ¨ ¨ ` p´1qrerpxq : P1 Ñ P1

Then if x P PzS, I claim that the roots y1, ¨ ¨ ¨ , yr of Qpx, yq are also roots of P px, yq P Cpxqrys.
Indeed, we know that:

Qpx, yq “ yr ´ e1pxqyr´1 ` ¨ ¨ ¨ ` p´1qrerpxq “ yr ´ e1py1, ¨ ¨ ¨ , ynqyr´1 ` ¨ ¨ ¨ ` erpy1, ¨ ¨ ¨ , yrq

Using the identity of the elementary symmetric functions, we know that:

yr ´ e1py1, ¨ ¨ ¨ , ynqyr´1 ` ¨ ¨ ¨ ` erpy1, ¨ ¨ ¨ , yrq “

r
ź

ν“1

py ´ yνq

This implies that given any fixed x0 P P1zS, we know that:

Qpx0, yq | P px0, yq

Now if we do the Euclidean division in Cpxqrys and get:

P px, yq “ Apx, yqQpx, yq `Rpx, yq

with degyRpx, yq ă degyQpx, yq. Notice that for every x0 P P1zS, we know that if we plug in x0, we get:

P px0, yq “ Apx0, yqQpx0, yq `Rpx0, yq

We know that even if we need to avoids the roots of the denominators of the coefficients of Apx, yq and
Rpx0, yq, we are only avoiding finitely many of them. Therefore we know that the above equation holds for
infinitely many x0 P C.

However, we already see that for a specific x0, Qpx0, yq will divide P px0, yq in Crys, therefore we know that
Rpx0, yq “ 0 as a polynomial. Therefore the coefficients of Rpx, yq vanishes at infinitely many x0, therefore
each of them must be 0, therefore Rpx, yq “ 0, therefore we obtain the division in Cpxqrys. However, we
know that by Gauss’s lemma if P px, yq is not irreducible in Cpxqrxs, it’s not irreducible in Crx, ys.

Remark 7.8. In algebraic geometry, this space X is called the normalization of the algebraic curve
V “ V pP q.

8 Lecture 8

This section is basically about solving the d-bar equation, which connects to the famous Runge’s theorem.
Since Runge’s theorem is not the typical content for a standard course on one variable complex analysis, I
pushed the stuff in this section to the write-up. You should read it before moving to the next lecture.

9 Lecture 9

From this section and going forward we will start working with cohomology. Let’s first do a introduction of
what that is via the famous Mittag-Leffler problem and it’s cohomological form.
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