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This is the notes of the Algebraic Geometry class taught by Prof. Harry Tamvakis during the fall semester
of 2026 at the University of Maryland which mainly focuses on Compact Riemann Surface. This will be
an algebraic geometry class that is basically with analytic flavor where even if Serre duality is proved using
analytic methods. We begin with compact Riemann surfaces and use the theory we develop about it to
transition to algebraic geometry in higher dimensions.

1 Lecture 1

2 Lecture 2

We will head to the main content of this course from this section. Recall that a 1 dimensional complex
manifold is a 2 dimensional topological manifold X together with charts (U, ¢) such that for any two such
charts (U1, ¢1) and (Us, ¢2) are compatible in the sense that:

2007 1 p(Ur nUz) — @a(Uy 0 Us)

is holomorphic. Since ¢4 o gol_l is bijection, we know that it’s inverse is also holomorphic from the local
behavior of a holomorphic function.

A complex structure on X is a family of pairs of charts {(U;, ¢;)}ier which are pairwise compatible
such that u;U; = X. In general, we will always assume that such a structure is maximal which means you
can not throw in more charts such that they still remain compatible (such a maximal structure always exists
by Zorn’s lemma). The pairs are called holomorphic charts.

Remark 2.1. This is a good place to review some complex variable theory. Notice that @9 ogol_l is a function
from R? to R2. For any such a real function F, recall that a criterion for it to be holomorphic at a point p
is that it’s differentiable in the usual real analysis sense in a neighborhood of p and that the derivative DF
at any point in the neighborhood has to be complex linear. A priori, for a differentiable function F', we
know that DF|, : R? — R?, after we identify R? with C via (z,y) — x + iy, is always real linear. If we want
to check that it’s complex linear, we only need to that it commutes with multiplication by . Recall that
if you think of a complex a + bi as the column vector (a,b)”, then multiplication by (c + di) gives you the
complex number (in the column vector form):

ac—bd\ (c —d\ [a
ad+bc)  \d ¢ b
Therefore multiply by a complex number, thought in terms of how it works in R2, is actually just multiplying

0

by a certain matrix. In particular, the matrix corresponding to ¢ is J = (1

_01), therefore we only need

to check:
DF|,J(a,b)" = JDF|,(a,b)", V(a,b)" € R

This simply means that we only need to check DF|,J = FDF)|, for all p. If you write down what J does to
DF|,, you will find that this is just the Cauchy Riemann Equations. Therefore the derivative matrix of
F just looks like a complex number and it’s just saying that the action of the derivative looks like multiply
by a complex number, which should be f/(z).



Remark 2.2. Here is another result on one variable complex analysis that is worth mentioning to clear
possible confusion when we pass to several variable complex analysis.

Recall that f is holomorphic at a point p actually means that it’s complex differentiable in a neighborhood
of p. This is equivalent to f is real differentiable in this neighborhood and each derivative is C linear. This
is also equivalent to f is C! in this neighborhood and the partials satisfy the Cauchy-Riemann equation.

However, if we only assume that the partials of f exists in a neighborhood of p and satisfy the Cauchy-
Riemann equation, we can not conclude that f is holomorphic at p. A classic example is the function:

f:C—>C, 2 eV

You can see that it’s holomorphic away from 0 thus the Cauchy-Riemann equation automatically holds. You
can also check that the partials exist at the origin and C-R equation also holds there. However, f(z) is not
even continuous at 0, thus not holomorphic at 0.

The reason is because the real analysis picture is much more complicated than the complex analysis
picture. If f is complex differentiable in a neighborhood, we can automatically conclude that all it’s partials
are even C®. However, if we only assume f is real differentiable in a neighborhood, we can not even conclude
the partials are continuous. A classic example is:

1
f:R—>R, z~— 2?sin—
T

However, what amazingly works is that if we assume that:
f:C—>C

is continuous in a neighborhood of p and all the partials exists (without even assuming continuous) and
satisfies the C-R equation, then f is holomorphic at p. This is the famous Looman-Menchoff Theorem.
Again, this is something that is not true in real analysis, even if we assume that f : R™ — R" is continuous
in a neighborhood of p and all the partials exists, we can not assume that f is differential at p. A classic

example is:
ry

You can check that f is indeed continuous at 0 and all partials exist, however, it’s not differentiable at 0.

The upshot of Looman-Menchoff Theorem, though we won’t prove it here, is that once we assume that a
complex function is continuous, C-R equation and existence of all partials automatically imply the function
is complex differentiable and as a consequence, the partials are thus indeed continuous. We will refer back
to this once we need it.

f:RQ_’R7 ($7y)?—> (070)'_)0

For some notations, if we work with a holomorphic chart U, we will generally identify U with o(U).
Moreover, we will use z to replace the chart ¢ since we know that everything after we apply ¢ will be in C,
therefore instead of using ¢, we will use z, which looks more like a complex variable we use.

Definition 2.3. A Riemann Surface is a 1 dimensional connected complex manifold.

Given a Riemann Surface X, we can define holomorphic functions on X. We say that a function
f+ X — C is holomorphic if f is continuous and for any chart (U, ¢) in X:

fop™hipU)—C

is holomorphic. This also defines holomorphic functions on open subsets 2 < X since Q2 n U is also going
to be a chart for Q. We will let O(2) denote the C-algebra of all holomorphic functions on 2. Notice that
all these definition actually works for all complex manifolds of all dimensions, we don’t have to care about
if it’s connected either.

Then this also enables us to define holomorphic functions between two Riemann surfaces X and
Y. If X and Y are Riemann surfaces we say that f : X — Y is holomorphic if it’s continuous and for every
chart (V) on Y, the function ¢ o f : f~1V — (V) is holomorphic.



Definition 2.4. A holomorphic f : X — Y is an analytic isomorphism or a biholomorphism if there
is g : Y — X which is also holomorphic and fog =1dy and go f = Idx.

Again, every definition works for arbitrary complex manifolds and we are not using the assumption on
connectedness as well.

Remark 2.5. Recall that any manifold is required to be second countable. However, when we give out the
definition of a Riemann surface, we could omit the second countable part in the definition of a manifold.
In fact, if we use the definition of a Riemann surface without the second countable part, there is indeed a
theorem of Rado which asserts, the space is automatically second countable. Since we won'’t use it we will
not prove it.

Now let’s give some examples of Riemann surfaces other than open subset of C or open subsets of an
existing Riemann surface.

Example 2.6. The first example we will give is the Riemann sphere, which is denoted by P{. This
notation indicates that the Riemann sphere is going to be the same as the 1 dimensional projective space
over C. But instead of using the definition of the projective sphere, we will give another definition and show
that it’s the same as the projective line.
To begin with, P!, as a set is:
P! = Cu {0}

This is going to be a topological space if we declare that open sets of P! that contains oo are just C\K u {c0}

where K is any compact subset of C. You can check that this indeed defines a topology and you can check

that using this topology P' is compact. This is usually also called the one point compactification of C.
Then we define two charts on P'. The first chart is:

Id@=ap1:C—>(C

The second chart is:
09 [Pl\{()} —C

where we will map z — % if z € C* and we will map o to 0. Clearly the first one is a homeomorphism. The
second one is also a homeomorphism since we know that é : C* — C* is a biholomorphic function and thus a
homeomorphism. This tells you that this 5 is actually bijective. You can prove that it’s a homeomorphism
by showing that it has a continuous inverse function. I will let you do it. If you consider the transition
functions in the intersection, it’s:

1
P20 IC* > C*: 2> =
2

This is indeed a biholomorphic function, therefore we are done.

Remark 2.7. Let’s make a short remark why under the usual definition of the projective space P", in
particular P!, is a complex manifold and why it’s analytically isomorphic or biholomorphic to the above
definition we make. Though we are only going to use P! in the first half of the course, we will see P" a lot
as we go down the line.

Recall that the usual definition of the n-dimensional complex projective space is that P¢ as a set is just

the set of all equivalent classes of points (zo : 1 : --- : z,) € C"! such that not all of z; are simultaneous
zero any two points are equivalent iff they differ by a scalar multiplication. We will denote the equivalent
class of the point (29 : @1 : --- : 2,) by [20 : @1 : -+ ¢ 2,]. Clearly, we have a surjective map C"*1 — P

and we will declare that the topology on P™ is the quotient topology. Let’s try to examine some topological
properties of P™ which helps us give charts of P™. The first thing we should notice is that we clearly have a
filtration of P™ given by:

PPcPlc...cPvlcP?

Since we know that that points in P™ are just [zo : @1 : -+ : zp], if we insist that zy = 0, then we
know that the rest of the points are clearly P*~! as a set. Similarly, for any k < n, if we insist that
Zk41 = 241 = -+ = zp, = 0, then we get P* inside P"”. These subsets of P™ are not just set theoretically

equal to P*, they actually are homeomorphic. To see this, we know first that these subsets, given the



subspace topology is actually a closed subset of P™ (I will let you see why, which is essentially using the
definition of the quotient topology). Then consider the following diagram:

(Ck . Ccn (Cn+1

jijii

Pl Pl P

Here the map C"*! — P" is the quotient map you started with and all the other C*’s are the inverse image
of PF=1. Then I will let you see that the subspace topology on P¥~1 is the same as the quotient topology
induced by the map C*F — Pk-1,

One consequence of the above discussion is that P"\P"~! is open. We know that this subsets consists of
those point [zg : - - - : 2z,,] where z, # 0 an we will denote this set by D (z,). And we can essential let z; = 0
for any coordinate and obtain another copy of P! and other open subsets D, (z;). Notice that the unions
of D, (z;) covers P and we will give charts for each D, (z;). Notice that we have:

20 ~ zZ
Qoi:DJr(Zi)_’(Cn, [ZOZ"':Zn]'_’(ia”'717"'7l)
Zq 24
This is a homeomorphism. To see it, I will let you show that this is a bijective map. It’s clearly continuous
since if we consider the composition:
Z0 ~ Zn

(Cn+1\Cn_)D+(zi>_)CTL’ (Z07"'7Zn)'_)( 7"'717"'5 )

Zi Zi

This is clearly continuous, then since C**1\C" — D, (2;) is the quotient map, this implies D, (z;) — C" is
continuous from the universal property. It clearly has an inverse where:

C" = Di(zi), (20, % ,zn) = [zo 0 i1 2]
This is again continuous since we can consider the composition:
C" —» C""™N\C" - D (%)

Notice that each function in the composition is continuous, which means that the composition is continuous.
Notice that this actually makes P a n-dim complex manifold and I will let you check that the charts are
compatible.

Then we prove that P! defined using the Riemann sphere or using the projective coordinates above are
biholomorphic. To distinguish these two definitions, we use subscripts s and p. Consider the map:

1 1
PS—>PP

where z — [z : 1] if z is in C and oo — [1 : 0]. Recall that we only need to show that this is holomorphic
and bijective, then the 1-dimensional inverse holomorphic function theorem tells you that this is indeed a
biholomorphism. Consider the chart D, (z1) in P}, notice that the inverse image is C, and we know that the
coordinate description of this map is simply:

C—->C, z—2z

This is of course holomorphic. Consider the chart D, (29) and we know that it’s preimage will be P1\{0}
and the coordinate description of this map is again:

C—-C, zm—z

Therefore in our future we will not distinguish the two definitions since they are essentially the same if only
care about biholomorphisms. For simplicity, we will always use the Riemann sphere description.



Remark 2.8. This is just a side remark. Our discussion of the topological properties of P" actually can
be used to give P a CW-complex structure which enables you to show more topological properties of P™
using the tool of algebraic topology. We mention it here just for the sake of general mathematic culture, so
you should skip this remark if you are not interested.

Recall that a to specify a CW-complex structure, we first need to give a filtration of P™ and of course,
we will just use the filtration we talked about before:

PPcpPlc...cP? !l cP”

Now we also need to specify the cells of every dimension and give the gluing/attaching maps. I claim that
there will be only one cell at dimension 0,2,4,--- ,2n — 2,2n and no cells for other dimensions. Clearly, we
know that PO is just a point, therefore it’s just the zero cell with the trivial attaching map. Then we consider
P — P!, we define the attaching map by:

@1 : 0D2 — P°

where we map all of the boundary of D2 to the only point in P°. Then we define the characteristic map:
®;:D2 P!

Recall that D2 can be consider as the closed unit disk in the complex plane, then the map is obviously just
z — [z,4/1 —|z|?]. Let’s examine this map —=%— a bit when 0 < |z| < 1. Notice that this map preserves

A/ 1—|z]2

the angle of z and if |z| = r, it outputs a value with absolute value leﬁ’

clearly it’s increasing when r
z

increases and when r = 0 it’s 0 and when r approach 1, it approaches +00. Therefore this implies
vV 1-lz?

can take every complex value when 0 < |z| < 1. Clearly this map is also injective since ﬁ increases when
r increases.

Clearly this maps z — [z,4/1 — |2|?] the boundary to P° = [1 : 0] and this is a continuous since we can
first think about the inverse image of D, (2¢) and show it’s continuous there and then consider the inverse
image of D, (z1) and show that it’s continuous there (using our knowledge that D (z;) is homeomorphic to
C via certain maps). Then consider the map induced by the characteristic map:

D2 [ [P/ ~— P!

Clearly it’s continuous and surjective (because \/fﬁ takes every complex value) and it’s also injective
—|z

(because \/1T—T is also injective) and we know that the boundary of D? is identified with P2. Then we

know that this is a bijective continuous from a compact space to a Hausdorff space, thus automatically a
homeomorphism. This explains the CW-structure of PV and P*.
For higher n, we essentially do something similar, here the attaching map is going to be:

@ : 0D20 — Pt
which comes from the characteristic map:

@nim—)ﬂbn, w:(wh"'70Jn)’—>[UJ17"',Wn,\/1_|w|2]

Again, you prove it’s continuous by using the charts D (z;) on P*. And we know that on the boundary,
we get a surjective map to P71, In the interior, I claim ®,, attains every value in D (z,) = P"\P"~! only
once. This is essentially studying the tuples:

(

w1 W,
VIi— w1 |w

Essentially we want to show that it takes every value in C™ only once. Indeed, giving any z € C", consider:

)



2

Then we know that |w|? = 1J‘rz\|/22 thus \/lf\w|2 = \/1~Zr|z\2 -4/1+1z]2 = z, therefore we know that it’s

surjective and injective. Then you can show that the map:
WH Pnfl/ ~—s P
is a bijective continuous map from compact to Hausdorff space, therefore is a homoemorphism.

Example 2.9. Here is another example called the complex tori that will be extremely useful for finding
all meromorphic functions on a Riemann surface later.
Let wy,ws be two R-linearly independent complex numbers and let A be the lattice it generates. Then

consider the quotient map:
7:C— C/A

I claim that if we give C/A the quotient topology, then m becomes a covering map and C/\ is going to be
called the complex tori. II is the fundamental parallelogram, which is:

II = {awy + bws : a,b € [0,1]}

To see why this is a covering map, recall that we need to find for each [z] € C/A an evenly covered
neighborhood. Note that C/A is a topological group with the usual addition inherited from C. If we consider
a point [y] € C/A where y is not on the lattice, we know that since y only has a unique representation in
terms of y = A + = where A € A x is in the interior of II. Then clearly, we can pick a neighborhood U of y
such that it’s still contained in the interior of IT and we know that the inverse image of this neighborhood
is A+ U = [Jyca A + U which is open therefore [U] is open in C/A and for each A\ € A, we know that
7w : U+ X — [U] is bijective because can choose U so small that any two distinct element in U can not have
a difference in A. It’s continuous because it’s just a restriction. Since it’s the restriction of a quotient map
to an open subset, it’s open, therefore a homeomorphism.

Now if y is on the lattice A, the situation is similar, we can again pick a U, it’s just this time, it’s not
contained in the interior of II. If we consider [U], we know that it’s if z is mapped to U, then there is a
z € U such that:

rT=z+A

This implies that x € U + A. We again consider the map 7 : U + A — [U] for some specific A € A. It’s
continuous and open, so we only need to show it’s bijective. It’s clearly surjective, the obstruction here is
that if we suppose that [z1] = [22], then z1 — 25 € A, then if 21 + A — [21],22 + A — [22], then we know
that (z1 + A) — (22 + A\) € A. This implies that x; — 25 € A. But if we choose U small enough and assume
x1 — xo # 0, I will let you show that z; — o can not be in .

In general, if 7 : X — Y is a covering map with X a complex manifold, then Y automatically assumes a
complex structure from that of X, given some conditions on the covering map. So we can not just say that
C/A assumes a complex structure just from the fact that C is Riemann surface. Instead, we know that we
can choose a cover of C by disks V; such that 7 : V; — U; = 7(V;) are homeomorphisms. Then I declare the
charts are:

i U= Vi, @i=m""

Let’s check that these charts are indeed compatible. Consider the diagram:

We want to prove that ¢;(U; n U;) — ¢;(U; n Uj) is holomorphic. Notice that if z € ¢;(U; n Uj) is
mapped to [z] and it’s again mapped to ¢;([2]) = 2/, we know that z — 2’ = A € A. Then I claim that for
all z € ;(U; nUj), the X'’s are the same, which makes the map z — z + A, which is indeed biholomorphic.
This fact indeed again comes from that we can take each V;, V; very small.



Now we will try to generalize some of our familiar one-variable complex analysis results to Riemann
surfaces.

Theorem 2.10. (Riemann Extension Theorem) Let X be a Riemann surface and let a € X, let
f: X\{a} — C be a holomorphic function such that f is bounded on U\{a} for some neighborhood of {a},
then there is a a holomorphic function F': X — C such that F|x\(ay = f-

Notice that this is completely a local result and we can thus use a chart to put everything in our familiar
one variable complex analysis situation. We omit the details here.

Theorem 2.11. (Principle of Analytic Extension) Let X,Y be Riemann surfaces and let f: X —» Y
be a holomorphic map. If there is a nonempty open Uy < X such that f||y, is constant y,, then f(z) = yo
for all x € X.

Remark 2.12. This formulation is equivalent in dimension 1 case to the accumulation points formulation
but it also generalizes to higher dimensions.

Indeed, we know that if we have some points on which f is constant and these points have an accumulation
point. Then we pick a neighborhood of this accumulation point and consider the Taylor expansion around
that point, which tells you that the function must be constant possibly in a smaller neighborhood. Then
you get the formulation in the above theorem.

The proof of this uses in an essentially way X is connected. Again, we use charts to transfer everything
back to our familiar case in C. The details are omitted.

Now we introduce meromorphic functions on a Riemann surface. We will first give the definition which
is easy to use but doesn’t generalize to higher dimensions. The correct definition we will use in higher
dimension will be mentioned later.

Definition 2.13. (Meromorphic Functions Ver.1) Let X be a Riemann surface and let X’ < X be an
open subset. We say that a holomorphic function f : X’ — C is a meromorphic function on X if:

1. X\X' is a discrete set of points in X.
2. For any p € X\ X', the limit of f(z) as © — p is .

In particular, all holomorphic functions are meromorphic. Clearly since X is Hausdorff, given two mero-
morphic functions, we can consider their sum, product and this clearly gives us a ring structure of all the
meromorphic functions. We will use M(X) to denote the C-algebra of all meromorphic functions.

We will soon see that M(X) is a field. Now, if (U, z) is a coordinate neighborhood of a pole p of f
with z(p) = 0 and here we already are using our previous convention that the map ¢ for the chart are often
written as z to make it looks more like what we see in complex analysis. Then if we consider the function
f(2) from z(U) to C, we know that it has a Laurent expansion:

0
f(z) = Z 2, c_p #0
v=—Fk

This integer k is called the order of the pole at p of f. We can show that it’s independent of any
choice of coordinates because if we have any other coordinate charts (U, z") of p such that 2’'(p) = 0, and
consider the function f(z’). We know that there is a biholomorphic function g such that z = g(z’) and
f(Z) = f(g(')). We know that another way to characterize the order of the pole is to use the lower power
of z we need to multiply such that f becomes a nonvanishing holomorphic function. Then we know that if
we assume that the order of pole of f(z') is k. Then we know that after we multiply by 2’*, it becomes a
nonvanishing holomorphic function. Therefore we know that (2/)* f(g(z')) is also such a function. However,
we know that:



Notice that 2’ = 0 is only a degree 1 zero, in other words, 2’/¢(z’) is a nonvanishing holomorphic function.
Then consider:

(2)F
9(2") "

which is indeed a nonvanishing holomorphic function. Therefore we know that k' = k.

() f() = () fg(z") = con

Remark 2.14. As what we have mentioned, this definition of meromorphic functions doesn’t work in higher
dimension. For example, in higher dimensions, there are no isolated zeros and poles.

The definition that turns out to work will be that a meromorphic function is a function that is locally g
where f, g are holomorphic functions. We will discuss this in details when we need it.

Theorem 2.15. If X is a Riemann surface, and f is a meromorphic function on X, for each pole p of f, we
let f(p) = oo, then f: X — P! is holomorphic.

Conversely, given any holomorphic function f : X — P'. Then either f = oo for all z € X or f~'oo is a
discrete set of points in X. f: X\f oo — C gives a meromorphic function on X.

Hence we can identify the meromorphic functions on X with holomorphic functions to P*.

Proof. Let f be a meromorphic function on X and let P be the set of poles, we consider the map to P*
induced by f. First it’s continuous since we know that if we take any open U of P! that contains oo, we
know that it will be the complement of a compact set K in C union the infinity point. If we don’t consider
the infinity point, we know that the inverse image is an open set such that P is contained in the closure of
this open set. Indeed, suppose that K is contained in B(0,r), take any open neighborhood of a point p in
P, we know that since as the limit goes to p |f| — oo, then there is some z in the neighborhood such that
|f(2)| > 2r, which means that f(z) € C\K, which means that z is in the inverse image of U. Using this
argument, we can even find a punctured small disk neighborhood of p such that it’s contained in the inverse
image of U, then we know that if we add this point p, it will still be open. If U doesn’t contain the infinity
point, then we can use the fact that f is continuous itself as a function to C.

Then we have to prove that it’s holomorphic. Consider a chart (P!\{oo}, 1) on P! and a chart (U, ¢) on
X such that the f(U) < U’, then consider the map:

g:vofoplipU)—y(U)

Notice that f is in O(X\P), then we know that g is in O(p(U)\¢(P)), notice that ¢(P) is a discrete set
of points in ¢(U) and g clearly is bounded near each point in ¢(U) since we know that the chart 1 is
%, then by Riemann extension theorem, we know that ¢ is actually holomorphic on all of ¢©(U) with a
unique holomorphic extension. Since g is itself continuous, then the extension from Riemann Extension
Theorem should be g itself. This shows that f is holomorphic.

Conversely, suppose that f : X — P! is holomorphic, if f is not constantly oo, we know pick a chart
(V,4) of oo and we know that if we can cover the preimage f~*(V) by charts (U, ¢) such that f(U) < V and
we know that if we consider the composition g : 1 o f o o1, it will be a holomorphic function which is not
constant. Then we know that if we assume that ¢(c0) = 2/, we know that g only takes oo at isolated points
(by analytic continuation principle), which means that the inverse image f~1(o0) in U is isolated. This
holds for every U, therefore f~*(o0) is isolated and closed in X. Then consider the map f : X\ f~!(c0) — C,
it’s just a restriction of a holomorphic function to open subsets, therefore is of course still holomorphic. [

Remark 2.16. Recall that we proved that for holomorphic maps between Riemann surfaces, analytic con-
tinuation holds. Then for a meromorphic function on X, since it can be thought of as a holomorphic function
to P!, analytic continuation holds. In the sense that if there is a nonempty open of X on which f is constant,
then f is constant on the entirety of X. In particular, a meromorphic function on X which is not constant
can only have isolated zeros.

This in particular proves that M(X) is a field. To see why, recall that there is a holomorphic function
on P

1.]})}1_)1[1)1
S



which is defined by z — % if z € C*, and we map 0 to o0 and oo to 0. I will let you check this is a
biholomorphism in charts.
But if we consider the composition:

xLprp
This is again a holomorphic function, which we will denote by % Notice that if we think of this function as
a meromorphic function to C, it will just be % for where f(z) is not 0 and co. Since we already know that

if we denote the set of zeros of f by Z, it’s discrete. Then we know that the meromorphic function % is:

1
-: X\Z->C
7 \

where %(p) for p € P are now mapped to 0.

Now if we consider the product % - f, we know that it’s constantly 1 except not defined at a discrete set
P U Z, then by analytic continuation, we know that the product is actually 1 and can be thought of as the
constant function from X to 1 € P!,

Remark 2.17. We didn’t really tell you how to multiply two meromorphic functions actually since every-
thing should be pretty intuitive and whether define it or not rigorously or not doesn’t affect our discussion
later. However, if you think it’s really important, the correct definition involves taking the orders of zeros
and poles into account.

Then let’s study the local behavior of the holomorphic maps:

Theorem 2.18. Suppose that X,Y are Riemann surfaces and f : X — Y is a holomorphic nonconstant
map. If a € X and b = f(a) € Y, then there is an integer & > 1 and charts ¢ : U -V on X and ¢ : U' — V'
on Y such that:

1. aeU,p(a) =0and be U',¢(b) =0
2. F is just a power of the coordinate chart, i.e.:
F:ofop t: VoV, zo2F
Proof. Clearly, we know that charts satisfying condition 1 exists. Then we know that it suffice to show that

if f:Q — C is a holomorphic function where Q < C is a neighborhood of 0 with f(0) = 0. There is a
neighborhood U of 0 in the target and a biholomorphism 1 : U — U’ < C such that:

fot(z) =2

This is just pretty standard one variable complex analysis. We know that since we assumed that f is not
constant, then f only has a finite order 0 at z = 0, which lets us assume that:

f(z) = 2*g(2)

where g(z) is a holomorphic function on € such that g(z) # 0. Then consider the following diagram where
D is just a small enough open disk centered at z = 0:

C
D—f— C*

Recall that existence of various branches of log functions makes e* a cover of C*, again since C is simply
connected, we know that there is a unique lift from D to C denoted by g(z), and you can easily prove that
it’s holomorphic since e? locally is a biholomorphism and g is holomorphic. This implies that locally on ID:

g(z) = 7@



Then consider h(z) = e9*)/k which means that g(z) locally is h(z)*. This implies:
f(2) = (zh(2))k, zeD

Consider (z) = zh(z) on D. Notice that ¢'(0) # 0, then this is a biholomorphism by the holomorphic
inverse function theorem at least locally from some U’ = D to some other neighborhood of 0, say U” < C.

Then consider:
fop™:U"-C

we know that fop=1(2) = pF(p71(2)) = 2. O

Remark 2.19. The above integer k can be characterized as follows: for any open neighborhood Uy of
b = f(a), there is a smaller neighborhood of a, denoted by U < Uy and a neighborhood W of f(a) such that
for all y € W and y # b, f~!(y) n U has exactly k elements. Indeed, recall that since z* is a nonconstant
holomorphic function, so by the usual open mapping theorem from complex analysis, we know that the
image of z* of Uy is going to be open and we call it . Then the above characterization is obvious. This
integer k will be called the local multiplicity of f and this is a coordinate independent way to characterize
this number.

2.1 Homework

Below are the homework of this section:

Problem 2.20. Let A, A’ be two lattices in C and
X =C/A, X' =C/N

the corresponding complex tori.
Prove that any holomorphic map

f:X—->X
is induced by a linear map
g:C—>C
of the form
9(2) = az + B,
where a € C is such that
alh c A
The map f is biholomorphic if and only if
ah =N

Proof. =: We will use 7 : C —» C/A and 7’ : C — C/A’ to denote the two projections. Let’s first assume
that we have g(z) : C — C which is az + 8 where aA < A’. Note first there is a continuous map from C/A
to C/A’ by the universal property of the quotient topology. Indeed, since:

alz+AN)+pf=az+ar+ 0

with aX € A/, we know that [az + aX + 8] = [az + ] € C/A’. Therefore we know that g is constant over
the fiber of m, which induces f uniquely from the quotient topology.

We now need to prove that f holomorphic. Recall that the complex structure on a complex tori is given
by the fact that m and 7" are local homeomorphisms. Then we know if we are given a point in C/A’, the
chart (V) looks like:

YV o>yp(V), [z]—z+ )\,

where X, is the unique A, € A’ such that z + A, is in ¢(V) (it’s unique because v is a homeomorphism).
We pick charts (U, ¢) for f~1(V) similarly, but we make a restriction that U are so small that the sum or
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difference of any two distinct elements in U should not be in A’. Then we know that the map f in charts
looks like:
2 (2] = [az+ B] = az+ B+ Aozt

Now I claim that for distinct 2,2’ € U, Aaz48 = Aasr 4, this is because if they are not equal, we will have:
z—7 = )\aerB - Acvz”rﬁ e N

which contradicts our assumption that z — 2’ is never an element in A’. Since for different z, A,,1 3 actually
doesn’t on z, we will denote this A,.4g directly by A. This shows that f is holomorphic because in charts
we chose above, f looks like z — az + 5 + A.

<: Conversely, we assume that we have f, then consider the following diagram:

C — C/A
f
, ~

C — C/N

Consider 0 € Z, then we pick /8 in C to be an arbitrary lift of f([0]). Notice that C is simply connected, then
we know that if we consider f o, we know that:

0= (fomu(m(C,0)) = m(m(C,8)) =0

Then we know that the lifting criterion gives us a unique continuous lift g : C — C such that 0 is mapped
to 8. I claim that ¢ must be holomorphic. Indeed, holomorphicity is a local property, and if we consider the
diagram:

C —— C/A

|

P

N , v

C —— C/N

We for any point p € C downstairs, we can pick a small disk U’ such that 7’ : U’ — «/(U’) is biholomorphic
by the complex structure of C/A’. We consider g~ (U’), we know that for each point ¢ in g~1(U’), we can
again choose a small disk U such that 7 : U — 7(U) is a biholomorphism, then we get the following diagram:

)

U—"— (U
A
U —— «'(U)

We know that f o7 is holomorphic and 7’ is a biholomorphism, therefore g is holomorphic.
Then we prove that ¢ is in fact linear. First notice that for any elements A € A, we know that:

g(z+ ) —g(z)e N

Notice that g(z + A) — g(2) is continuous but A’ is discrete, therefore g(z + \) — g(z) is a constant, which
means:
9(z+X) —g(2)' =0

This implies that ¢’(z) is an elliptic function with out any poles, which means that it’s a constant a, which
means that:
g(z) =az+0b, beC

However we assumed that ¢g(0) = 3, thus b = 3, thus g(z) = az + 8.

In other words, we show that the all holomorphic functions from C/A to C/A’ comes from some linear
function g on C. This is some surjective result. However, this is clearly not injective since az and az + X’
for a nonzero X' € A’ clearly induces the same f.

11



Finally, if aA = A’, consider the function:
9(2) :C>C, z+— az
This induces a holomorphic f: C/A — C/A’. We can consider the function:
"(2):C—>C, =z lz
g : ) o
. This induces another f’' : C/A’ — C/A. Clearly f'f([2z]) = f'([az]) = [2] and ff'([2]) = f([12]) = [z],
therefore f, f’ are indeed inverses, thus biholomorphisms. O

Problem 2.21. Show that every torus C/A is isomorphic to a torus of the form:
X(v)=C(Z+Zy), Im(y)>0

Then give a criterion when two X (), X (7') are biholomorphic.

Proof. Suppose that A is a lattice spanned by wy,ws with Im(z—;) > 2, then let v = Z—; and consider the
following diagram:

C——— C/A

|
z
2z 2 I
W?J 1
~

C—— C/ZZy

Notice that since w%A = 7 @ Zry, from the previous problem, we know that this linear map on C induces an
biholomorphism between C/A and X (7).

Finally, we know that X (v) ~ X (v') iff there a complex number a such that a(Z @ Zv) = Z ®+'Z, this
tells you that «, ay is another integral basis of Z @ «'Z, this tells you there is:

A= <‘c’ Z) € GLy(Z)

such that A(a, ay)” = (1,7') or in other words:
ac +bya =1, + =ca+day
Solve for 7/, we see that:

_ dy+c
by+a

Notice that the matrix that defines this linear fraction transformation is again in GL2(Z). I claim that this
matrix can be chosen to lie in SLo(Z). A priori, we know that this matrix has determinant 1 or —1, so we
are just saying that we want the determinant to be 1. Indeed, since they are keeping the orientation of 1, -,
we know that it has to be determinant 1.

Conversely, if we have some matrix A = (Z 2) in SL3(Z) such that:
,_a+by
Cctdy

Then we first know that the lattice (1.7) is the same as the lattice A’ = (a + by, ¢+ d7y). Then we know that

if we set a = ﬁ, we know that aA” = (7/, 1), thus we are done.
Therefore if we consider the usual action of SLy(Z) on the upper half plane, we know that X (v) is
biholomorphic to X () if v and +" are in the same orbit. O
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Problem 2.22. Let
A = Zwy + Zws

be a lattice in C. An elliptic function is a meromorphic function f on C such that
fz+w) = f(2)

for all w e A and every z € C where f is holomorphic.
For zg € C let
P(Zo) = {zo+t1w1 + towo ‘ 0<t1 <1, 0< 1ty < 1}

and assume that the boundary dP(zy) does not contain any pole of f.

4. (a) Prove that

J f(z)dz=0.
0P(z0)

(b) If 0P(zp) does not contain any zero of f, prove that the interior of P(2) contains equally many
zeroes as poles of f, all counted with their multiplicities.

5. Assume that 0P(zp) does not contain any zero or pole of f, and let
214y 2n (resp. wi,...,wy,)

be the zeroes (resp. poles) of f in the interior of P(2g), counted with their multiplicities. Prove that

Proof. We omit the details first and second part of this problem. For the first one, just use doubly periodicity
and the fact that on the opposite sides, the orientation is different. For the second part, consider the integral

of:
1

270 Jop(z0)
For the last part, we consider the following integral:

1 n
3mi = 2 (zi —wi)

6P(z0) i=1

Then it’s only left to prove that this is indeed in A. Notice that after we parametrize the above integral it
now looks like:

1t (2o + wit 1 (! "(zg + wy + wat
P (ZO + (.dlt)Math + 7J‘ (ZO + wy + (,UQt)f ( 0 ! 2 )OJth
2mi Jo f(z0 + wit) 2mi Jo f(z0 + w1 + wat)
1 ! fl(Zo + wo + wlt J (Zo + w2t)

—— | (20 + +wa + wit — — | (20 +wot) 7 wadt
27 JO( 0 2 ! )f(zo + wy + wit) wid 0 2 f(z0 + wot) 2

Using the fact that f/(z) and f(z) are still doubly periodic, we know that we can simply the above formulation
as:
wa [P (20 +wit) wi f'(z0 +wit)

— wodt
2mi Jo ' flzo0 + wit) omi fzo +wat)

Notice that f'(zg +wit)/f(z0 +wit) and f'(z0 + wat)/f (20 + wat) are all closed loops in C where the integral
is it’s winding number, therefore it’s a integer. This show that this lies in miw; + mows. O
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3 Lecture 3

Let f be a nonconstant map of Riemann surfaces f : X — Y. Then from last time, we saw that locally
around a point a € X, f looks like f(z) = z*. This k is called the local multiplicity of this given point a € X.
We now prove a few corollaries of this result:

Corollary 3.1. Let f: X — Y be a nonconstant holomorphic map, then f is open.

Proof. Suppose that U c X is open, we want to prove that f(U) is open. We know that for each f(a) € f(U),
since it locally looks like z*, we know that there is a small open Uy of a, which can be taken to be a small
disk, such that f(Up) is open, we are done. O

Corollary 3.2. Let X,Y be Riemann surfaces with X compact. Then if f : X — Y is a nonconstant
holomorphic map, then f is surjective and Y is compact.

Proof. We already see f is open. Since X is compact and Y is Hausdorff, we know that f is closed. This tells
us that f(X) is open and closed. Since Y is connected, f(X) =Y. Since X is compact, Y is compact. [

Corollary 3.3. If X is a compact Riemann surface and f is a holomorphic function to C. Then f has to
be constant. In other words, O(X) ~ C.

Proof. Since C is not compact, we know that f can not be nonconstant from the previous corollary. O

Corollary 3.4. Let X be a Riemann surface and let f : X — C be a nonconstant holomorphic function,
then | f| has no maximum.

Proof. f is open since it’s nonconstant, then we know that if f(X) < B(0,r) for some r > 0, then we
know that no f(z) is allowed to be on the boundary, therefore f(X) < B(0,r). This tells you that if M

is the maximum value, then f(X) < B(0,M), but we also know that f(X) < B(0, M) which means that
|f(2)] < M for all z, a contradiction. O

The above result tells you that the structure of holomorphic functions on a compact Riemann surface
is very boring as they are just the complex numbers. This generalizes our intuition that functions defined
on all of P! should be constant. However, if we think about the meromorphic functions on X, for example
on P!. Things become much more interesting. Our next goal is to find out what is M(X) for a compact
Riemann surface. Let’s start by studying what is M(P').

Corollary 3.5. Every meromorphic function on P! is rational. That is, if f is a meromorphic function on
PP, then there are two polynomial g, h, such that f = {. In particular, M(PY) ~ C(2).

Proof. Apparently, any rational function is a meromorphic function. Conversely, if f € M(P'), then we
already showed that f induces a unique holomorphic map to P':

f:P' P!

Notice that the inverse image of oo is a closed subset of a compact subset, which is compact. Then we know
that it’s also discrete since f is meromorphic, thus f ~1(o0) is finite. This implies f has only finitely many
poles.

Now we can assume o0 is not a pole of f, otherwise, we can just consider 1 and if we prove 1 is a rational
function, then so is f. Let a1,--- , o, € C be the poles of f. Then consider the restriction of f to C, and we
know that at each a,,, it has a principal part:

—1
p,,(z) = Z Cyy, (Z — Gy, )J
j=—kv

Notice that each p, is a well defined meromorphic function on P* where p,(c0) = 0. Then consider:

f=p1— - —Dn
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We know that this will be a holomorphic function on P!, which is a constant ¢, therefore:
f=pi+-+p+c
This is indeed a rational function. O
We can also study the automorphisms of P!:
Proposition 3.6. The automorphisms of P!:
Aut(P') = {f : P! - P': f is biholomorphic}
is isomorphic to the projective linear group of rank 2 PGL4(C) over C.

Proof. *** the idea to choose the charts like P/K is correct, but need to be more careful when chooing
a b
d

meromorphic function on P*. Clearly, we know that when the function is a meromorphic function on C:

KFirst, given a matrix A =

) € GLo(C), we get a map f(z2) = ZZZIZ where ab — be # 0, we get a

az+b
M —
cz+d
Let’s first assume that ¢ # 0. Clearly we know that z = %d is an order 1 pole of this function. This gives a
holomorphic function to P! if we define z = %d is mapped to c0. Then consider the map:

P! - p!

where for z € C, we define it according to the above meromorphic function. We will define co is mapped to
2. Notice this definition actually covers when ¢ = 0 since we can think that if ¢ = 0, then %d is 00, therefore
we are mapping oo to o0.

This is holomorphic since we know that the map maps (C\{_Td} to C, and we clearly know that in charts,

it looks like fzzidb, therefore is holomorphic. We know that if ¢ = 0, then this is a linear function, then we

know that =% = oo and we know that the map maps to C to C holomorphically. On P'\{0}, we know that
it maps everything to P!\{b}. We now can pick the a chart for the domain looks like P\ K where K is a
closed ball in C whose radius is large enough that for any z not in this ball, az + b # 0. Then we know that
in this chart, the maps looks like:

z
a+ zb’
and this are indeed holomorphic. This proves the case when ¢ = 0.

If ¢ # 0, we know that this is a meromorphic function from C to C, which is a holomorphic function from
C to PL. Now we consider the chart P*\{0} for the domain, and we know that it’s mapped to P'\{%}. We
can also choose the charts for the domain as P!\ K such that every z outside K is not a root for a + bz and
¢ + dz. Then we know that on charts for the codomain, the maps looks like:

Z —

a
z— —+b
z

c+dz a+ bz
z —>
a+ bz’ c+dz

—

these are all holomorphic. Therefore this linear fraction transformation map is holomorphic.

Since ad — be is not 0, we know that the matrix has an inverse A~!, then it’s easy to check that the linear
fraction transformation defined by A~! is the inverse using the Riemann Extension theorem. Finally, we
know that if we multiply the matrix A by any nonzero constant, we get the same map, therefore we obtain
a map:

PGLy(C) — Aut(P")

Conversely, suppose that f is an automorphism of P!, if the f(o0) = o0, we know that f gives an
automorphism of C, and from complex analysis, we know that an automorphism of C is az + b for some
nonzero a € C. Then we know that f is indeed just az + b.
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Now assume that oo is mapped to 0, then we know that after composing with the automorphism * % is

z?
of the form az + b, which means that f(z) = —5 for a # 0.
Now suppose that a € C is mapped to co. In this case, we know that oo is mapped to some 3 € C, then
we know that if we consider the restriction of f to C it gives you an automorphism function:

f:C\{a} = C\{B}

Notice that we can consider translations to get an automorphism g of C* where z = 0 is a pole. Recall that
from complex analysis, such a automorphism can only be 1 for some v # 0. This means that:

f) =gz +a)+p= Ly p= I

Then to make f on P! continuous, we can only set oo to v and a to co. This is the f we started with.

Consider the matrix:
B v+ pa
1 o

Since v is not 0, we get a matrix in PGL2(C). These two constructions are clearly inverses of each other. [

Now after we are finished with the study of meromorphic functions on P!, we want to study it for a
general compact Riemann surface X. To do this, we will need some topological preparations.

Let X and Y be topological manifolds, the most important part is locally compact and Hausdorff. Recall
that we say a space is locally compact if it has a neighborhood U such that U is closed. Clearly, every
topological manifold is locally compact.

We say that a continuous map f : X — Y is proper if f~'K is proper for every compact K — Y.

We say that f: X — Y is a local homeomorphism if for any x € X, there is an open neighborhood
U, of x such that f(U,) is open in Y and f : U, — f(U,) is a homeomorphism.

We say that f is a covering map if for all y € Y, there is an open neighborhood V of y such that
it’s evenly covered by f in the sense that f=1(V) = [ljer Uj is a disjoint union and f : U; — V is a
homeomorphism. In this case, we say X is a covering of Y.

Remark 3.7. 1. #J is locally constant on Y which means that #f~1(y) is locally constant on Y. Then
if Y is connected, then #f~! is constant.

2. In general we will assume that Y is connected and we say that a covering is finite if f~1(y) is finite
and we say that this is a n-sheeted covering if the number #f~1(y) = n.

3. Let f: X - Y and f : X — Y be two coverings, we say that they are isomorphic as coverings if there

is a homeomorphism ¢ : X — X such that the following diagram commutes:

X —7 X

N

Example 3.8. Consider the space D*, the punctured unit disk, I claim that any n-sheeted covering of D*
from a connected space is isomorphic to z — 2™.

This is easy to prove this once we know that 71 (D, 0) = Z, therefore we know that any n-sheeted covering
should correspond to a index n subgroup of Z (since Z is abelian). Then recall that there is only one index
n subgroup in Z, which is nZ. Therefore if we find one degree n cover, then we are done. Clearly z* is such
a cover.

Lemma 3.9. If f: X — Y is proper with X, Y locally compact Hausdorff, then f is closed.

Problem 3.10. Let F' be closed in F, we want to show that f(F') is closed. Recall that our space X is
locally compact, therefore to prove f(F) is closed, I claim that we only need show that for all compact sets
K of Y, K n f(F) is closed. Indeed, if y ¢ f(F), we know that we can find a compact neighborhood of y,
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say K, then since K n f(F) is closed, we know that K\{K n f(F)} is open in K and it contains y. Since y
is contained in the interior of K, we know that we know that the interior intersect K\{K n f(F)} is open in
the interior, therefore open in the whole space since the interior of K is open in Y. Then we are done.

Then notice that f(F) n K = f(F n f~}(K)). Since f~'K is compact and X is Hausdorff, then it’s
closed, then F' n f~1(K) is a closed subset of a compact subset, which is again compact, then it’s image is
compact, since closed since Y is Hausdorff.

Proposition 3.11. Suppose that p: X — Y is a local homeomorphism with Y connected and X, Y locally
compact and Hausdorff, then P is a finite covering map iff it’s proper.

Proof. =: Let K be a compact set in Y and consider p~' K. Suppose that we are given an open cover
of K, say by O,, we need a subcover. Now fix y € K, we know that since this is a finite sheet cover,
f~'y = {z1,-+ ,2,}. Notice that we can choose an open cover U of y such that it’s inverse image are
Vi,---,V, and each of them is homeomorphic to U. Notice that for each z;, there is some O, such that
2 € Og,. Then consider O,, n V; which is not empty and we consider it’s image W; in U, which is again
open. Now let W, = W n -+ n W, which is open and nonempty. Then we know that p=*W, "' V;  O,,.
This implies that p~'W,, is covered by On, U -++ U O,,,. Now consider W, for each y, since K is compact,
we know that we can choose finitely many Wy to cover K. Then we know that p 1K is covered by finitely
many p~'W,, each of them covered by finitely many elements in O,, therefore we get a finite subcover of
p K.

<: Now assume that p is proper, and we want to show it’s a covering. Since p is proper and we know
that in a Hausdorff space a single point is closed and compact, we know that p~! of a single point y € Y is
closed and compact. Recall that p is a local homeomorphism and X is Hausdorff, we can find a finite open
cover of p~! each of them is homeormorphic to some open neighborhoods of y. Clearly, since they are local
homeomorphisms, each such open up stairs only contain one point in p~'y. Therefore p~'y is finite. Now
by shrinking these neighborhoods, we can assume they are disjoint from Hausdorffness.
Let’s call these neighborhoods upstairs Uj,---,U], the neighborhood down stairs Vi,---,V,, and we
consider the closed point X\ u; U/. Recall that since X,Y are locally compact and Hausdorff, we know that
p is closed, therefore F' = f(X\ u; U/) is closed and doesn’t contain y. Notice that V' = Y\F is now an open
neighborhood of y and we know that p~*V = U] U--- U U.,. Now define V.=V nViy n---nV, and V is
going to be evenly covered by p~1V n U/. O

Using these topological consequences, we now talk about branched and unbranched coverings.

Definition 3.12. Let f: X — Y be a nonconstant holomorphic map between Riemann surfaces. A point
x € X is a branch point or ramification point if there is no neighborhood U, of = such that f|y, is
injective.

If f has no branch points/ramification points, we will say that f is a unbranched holomorphic map.

Remark 3.13. First, I claim that if f is a holomorphic function betwen two compact Riemann surfaces, then
it is a local homeormorphism iff f has no branch points. Indeed, we know that if f is a local homeomorphism
then we know that locally near at point, it’s bijective. Conversely, from last time, we know that, for each
x € X, we can choose local charts for x and f(z) such that the holomorphic function locally looks like
z + zF. Then we know that if f has no branch points, then k has to be 1, which means that locally it’s a
homeomorphism.

If we consider the set A of all the branched points, I claim that if f is not constant, then it’s closed and
discrete. It’s clearly closed no matter if f is constant or not since if we assume that = is outside A, then
by definition, there is a open neighborhood of x such that f is injective there. Then we know that for all
points ' in this neighborhood, z’ is not a branch point. We also know that A has to be discrete if f is not
constant. Again this comes from the local behavior of f. If x is a branch point, we know that locally f looks
like z — z* for some finite integer k. We know that for z # 0, the map is indeed locally injective since the
complex derivative is nonzero.

Now let’s assume that f is also a proper map. For example if we are looking at maps between two
compact Riemann surfaces, then every holomorphic map is proper. Then we know that f(A) = B is also
closed and discrete since f is open (nonconstant). B is called the set of all critical values of f. This tells
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you that if we consider Y’ = Y\B and let X’ = X\ f~!(B), then we know that if we restrict f to X’ and Y,
it’s now a proper local homeomorphism, which gives you a finite sheeted cover. Indeed, f is still proper since
we know that if K is compact in Y, then we know that it’s inverse image if compact in X but is contained
in the open subset X', therefore K is still compact in X’.

Let’s call the restriction f’ : X’ — Y, which is proper holomorphic and unbranched. Moreover I claim
Y’ again connected. Indeed, suppose that Y’ is not, then we know that we can separate it into two disjoint
nonempty open subsets U and V. Now for each p € B, we know that there is a coordinate disk D,, of p such
that this disk doesn’t intersect with any other points in B. Then consider D\{p}, it’s connected, since the
punctured disk is connected, then we know that it’s has to be contained in either U or V. Then consider:

By ={pe B:D,\{p} cU}, By ={peB:D)\{p}cV}

We will let you check that U’ = U u By and V' = V u By are going to be open, therefore we know that
Y now is separated into U’, V'’ both are nonempty opens, a contradiction.

This implies that f’ : X’ — Y’ is a finite sheet covering of a connected space, which means it has a
well defined degree or sheet of covering. Say it’s a n-sheeted covering, we know that every point p € Y’ are
assumed exactly n times.

We will now extend the above statement to include the critical points. In other words, we want to say
that in some sense, the critical points are also taken exactly n times, but with a different meaning. Suppose
that f : X — Y is a proper holomorphic nonconstant map between Riemann surfaces, we will use v(f,x)
to denote the local multiplicity of f at x. Recall that this is defined using the local behavior of f and is
characterized by there is an open neighborhood U of x and V of f(x) such that every y € V not equal to
f(x) has exactly k values in U. We will say that f takes the value ¢ € Y counting multiplicity m times

on X ifm=23 .. v(f ).

Theorem 3.14. Suppose that X, Y are Riemann surfaces and f : X — Y is a proper nonconstant holomor-
phic map. Then there is a natural number n > 0 such that f takes every value ¢ € Y counting multiplicity
n times.

Proof. Let n be the number of sheets of covering we defined above. We already know that for y € Y’, we
exactly have n preimage in X’, each with multiplicity 1. Therefore, we only need to consider the critical
points. Let b € B be a critical value, and let f='b = {z1,---,2,} be the preimage. Indeed we know that
since f is proper, the preimage is closed and compact. Moreover, it’s also discrete, therefore is finite. Let
k; be the multiplicity v(f,z;). Notice that by the local behavior of holomorphic functions, we know that
there are neighborhood U; of x; and V; of b such that for every c € V;\{b} we know f~'c n U; has exactly
k; elements. Notice that we can find a V' < Vi n--- n V. such that fFWVeclu---ul,.

Indeed, this is the same trick we used before when we want to prove a proper local homeomorphism is
a covering. We know that we can first take f(X\(U; u --- u U,)), which is closed, then it’s complement is
going to be open, which contains b. Then we know that if we let V/ = Y\ f(X\(U; v --- L U,)) and let:

V=V'aVin---nV

We now see that the inverse image of V is contained in Uy U --- U U,..

Now consider V' n Y, notice that since B is discrete, we know that V' n Y’ is not empty and we know
that for every c € V. nY’ where ¢ # b, we have k; + --- + k, elements. On the other hand, we know that
f~'c has n elements for all ce Y. O

Corollary 3.15. Let X be a compact Riemann surface, then every nonconstant meromorphic function
f: X — P! has as many 0 as poles, counting multiplicity.

Proof. Recall that the multiplicity of the pole is equal to the order of the pole. Indeed, we know that after
we choose a coordinate chart of X, we can assume that the function f(z) has the Laurent expansion:

f(z) = Z ez’ e #0

v=—Fk
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Then we know that if we consider the chart of P! which is P™\{0}, we know that the function looks like:

Then we can prove that z = 0 now is an order k zero, which means that we can find another holomorphic
coordinate change such that the function looks like z — z*, therefore the multiplicity of the pole is the order
of the pole.

The order of zeros is just the multiplicity of these zeros. Then we know that since f is a map between
compact Riemann surfaces, it’s automatically proper, then by the above theorem, we know that f takes the
value 0 and oo the same number of times counting multiplicity, which means that the order of zeros plus the
order of poles has to be equal. O

Those above theories are indeed very good, but it still didn’t answer the question of what is M(X) for
a compact Riemann surface. In next section, we will use these results to study meromorphic functions on
the tori T = C/Q2 where Q is a lattice. Turns out that the theory on T actually generalizes to all compact
Riemann surfaces X.

4 Lecture 4

Recall that we have studies a bit of elliptic functions in the homework problems. We will now dive deeper
and see more properties they have.

Definition 4.1. Recall that let © be a lattice in C, then a meromorphic function from C to P! is elliptic
with respect to this lattice Q if f(z + w) = f(2) for any w € Q.

Clearly, if z( is a pole of such a function, then so is f(zp +w) for any w € Q just from that fact that poles
in dimension 1 case are defined using limits. Then we can consider the following diagram:

C f pt

1
-
-
-
-
-

T =C/Q

Again, since f is holomorphic and C — T is a covering map and a local biholomorphism, we know that
the uniquely induced map is automatically holomorphic. Therefore every elliptic function on C correspond
to a holomorphic function from T to P'.

Note that T is compact since we know that every element in C can be written as the sum of something
in the fundamental parallelogram and something in the lattice, therefore we know that 7" is the image of the
fundamental parallelogram in C, which is compact. Then we know that the function f : T — P! is now a
holomorphic function between two compact Riemann surfaces, therefore it’s automatically proper, thus we
can apply the results we obtianed in the last section:

Definition 4.2. The order of an elliptic function f : T — P!, denoted by ord(f), is the number of solutions
of f(z) = o0 on T counting multiplicity.

Notice that if ord(f) = 0, then this means that the image of f in P! is just a compact subset of C, which
means that it’s bounded. Then we know that f considered as a function on C is bounded and entire, then
Liouville’s theorem tells you that f is constant.

We will later use P to denote the fundamental parallelogram of 2. Sometimes we will assume that P
to have vertices t,t + wi,t + wa,t + w1 + wo where t is a complex number chosen such that there are no
zeros and poles of f on the boundary of P. Notice that even if translating the parallelogram with vertices
0, w1, ws,w1 + wy by t did have an effect if we think in terms of C, however, if we think of f as a function
on T'. Then notice that the image of this translation is still all of 7. The only difference it makes is that if
now we consider the zeros and poles in the translated parallelogram, none of their differences is in €2, while
if you don’t have this property if you don’t do the translation.
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This translation makes it easier for us to think of the class of zeros and poles of f in T since after the
translation no distinct zeros or poles are getting mapped to the same class in 7. Recall that they only have
finitely many poles and zeros in the parallelogram without the shifting, so we can indeed choose a t. Then
if we compute the integral, we know that the residue inside P sums to 0.

Corollary 4.3. There is no elliptic functions with order 1.

Proof. If there is, then we know that the function only has one pole inside P, which means that the sum of
the residue can not be 0. O

Corollary 4.4. If an elliptic function has order N > 0, then it takes every value in P! exactly N times
counting multiplicity in 7.

Proof. Note that f is a holomorphic function from 7 to P! with both compact. Then we can think of it as
a branched covering where N is the number of sheets. O

Corollary 4.5. If f, g are two elliptic functions of the same zeros and poles counted with multiplicity, then
I claim that f = Ag where A € C is a nonzero constant.

Proof. We can consider the elliptic function i, which has no poles and no zeros. The fact that it has no
poles means that it’s constant. The fact that it has no zeros means that the constant is not 0. O

We have proved the following theorem in the previous homework and we are just restating it below:

Theorem 4.6. Let f be an elliptic function and let [a1], - -, [a,.] mod Q be the distinct zeros of f counted
with multiplicity ki,--- , k. and let [B1], - ,[B-] be the distinct poles of f with multiplicity Iy, -- ,ls re-

spectively. Then we have:
Z kiozl — Z lj,Bj eN
i=1 j=1

Now we have discussed the general theory of elliptic functions, we can ask that if we can produce a
concrete elliptic function. We have already seen that a degree 1 such function can not exist. So our next
goal is to produce a degree 2 such function. To do it, turns out that producing an order 3 function first is
helpful.

Lemma 4.7. The series Y, L converges iff s > 1.

n>=1 ns

Proof. Clearly if s = 1, then we already know that Z% doesn’t proof, then for smaller powers, we know
that # > %, therefore they don’t converge. If s > 1, recall that we can use Cauchy condensation to test if
a decreasing series converges or not, and in this case we get it converges iff the following series converges:

1 —s
Z2k2ﬂ222k k
k k

We know that this converges iff 1 — s < 0 or in other words s > 1. O

The reason we mention this elementary lemma is because what we will need below is a 2 dimensional
generalization of the above proof:

Lemma 4.8. If s € R and ) is a lattice, then the series:

converges iff s > 2. Here Q* = Q\{0}.
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Proof. Consider the following set for an integer r > 1:
P, = {aw; + bws | a,b € R,max{|al, |b|} = r}

Notice that we have:
Q* = UT>1Q N P

Then we know that we will group the summands in the order of r > 1 and we know that each 2 n P, has 8r
points. Let M, m be the maximum and minimum of |w| for w € @ N P;. Then we know that for those points
in Q N P,., the maximum and minimum moduli will be rM and rm. Therefore we know that all the moduli
of the points in 2 N P,. will be:

Then if we define:

We have: 1 1
ps—1 <o, <8r(rm)~ % =8m™*° 1

8r(rM)=° =8M~*

/’-AS
We also know that )., o, is what we are looking for. We know that it converges iff T%l converges iff s—1 > 1
that is iff s > 2. O

Using the above lemma, we can produce an elliptic function with order N > 3. Consider the summation:

)= 3 oo
we)

Proposition 4.9. For N > 3, we get an elliptic functions of order 3 with a pole of order 3 at each lattice
points.

Proof. Let K be a compact subset of C\2, then we know that for all but finitely many w € €2, they don’t lie
in K. Since finitely many terms in the summation doesn’t affect the convergence. Let’s assume that for all
w € Q, we have |w| = 2|z| for all z € K.

We will show that this series absolutely and uniformly converges. Here absolute convergence makes
switching the order of summation possible and we need uniform convergence to conclude that the limit is
holomorphic on all of C\Q.

Notice that we know:
| 1 < 1 1
su < —
ZGE w—z 2N |w|N

Then we know that since > converges when N > 2, we know that:

1
| Z N| = Z 2N |w| N
we)

weQ

1
we [w|

This shows that this series converges absolutely. Moreover, since we know that W is a majorant of
W, then we know that this series converges uniformly, which implies that Fyy(z) is indeed holomorphic

on C\Q.
Now we prove that Fiy(z) is doubly periodic, we know that for each w’ € Q, Fy(z + ') is

1
Z /_ N
S tw w)
Recall that since this series is absolutely convergent, we can switch the order of summation in the series so
that >, m =Y G t)N as we know that each term showing up in the latter summation is also
in the first summation.

Now clearly, we know that this Fiy(z) has a pole of order 2 at every lattice point because if w’ is such a
point, after we subtract ——, the rest of the summation is going to be holomorphic at w’ and of course,
it’s still going to be absolutely and uniformly convergent by exact the same argument as above, therefore we
know that F(z) — ﬁ is holomorphic at w, therefore the order of the pole of Fy(z) at w’ is N. O
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Notice that since the only poles of the elliptic function are at lattice points with order 3, we know that
after we pass to a holomorphic function T to P!, we know that this function indeed has order 3.
Now we begin to look for order 2 elliptic functions.

Definition 4.10. The Weierstrass p function is defined to be:

weN*
Note:
1 1 2wz-— 22
(z—w)? w? w?(z-—w)?

This implies that for any z in a compact subset of C\{2, we can assume that this has order of magnitude
ﬁ for all but finitely many w € Q*. Then the exactly same proof as above shows that that p(z) is a
meromorphic function with an order 2 pole at each lattice point.

Proposition 4.11. p(z) is doubly periodic with respect to .

Proof. Notice that this is not immediately clear from the definition of p(z) so we will need to do something.
First, since the series defining p(z) is absolutely convergent, which allows us to rearrange the summation,
therefore we know that p(—z) = p(z). This shows p(z) is an even function.

Recall that since this series also converges uniformly on every compact subset, we know that we can
compute the derivative term by term, which measn that:

¢'(2) = -2 Z ﬁ

weN

We already proved that this is an elliptic function therefore we know that:
Oz +w)—g(x) =0, we®

Then we know that o(z + w) — w(z) = C for all z € Q\Q and some constant C € C.
Notice that if we let 2 = —%, then we know:

o) —p(-2) = ()~ p() =0=C

O

We will use M(Q2) or M(T) to be the set of all elliptic functions with respect to Q. Clearly, the summation,
difference and product and division still remain elliptic, we know that M () is actually a field. Now I claim
that we have:

M(Q) = C(p(2), ¢'(2))

That is to say that any elliptic functions can be written as a rational function with C coefficients in terms
of p(z) and ©'(z). To prove this, we need to study further properties of p(z).

w1 w2 w3 _ witws

Theorem 4.12. If P is a fundamental parallelogram (possibly translated) such that 0, %, %, %
are in the interior of P and there are nonzeros and poles on the boundary of P. Then the only zeros of of

¢ (2) are 5, 2, % each with multiplicity 1. In particular, 0 is not a critical value of ©'(z).

Proof. Notice that since the order of ¢'(2) is 3, there should be 3 zeros of ©/(z) in this fundamental paral-
lelogram. Notice that since ’(z) is odd and doubly periodic, we know that:
wi

o(5) = (=5 = —¢/(F), i=123
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Notice that %- are not poles of ¢’(z), thus we know that:

1 Wi
bl W}
0'(5)
Notice that we have three of them, therefore each of them has to be multiplicity 1 as the sum of all multiplicity

should add up to 3. O

Notice that the zeros of @'(z) are the branch points of p(z) and we will call the images e; = (%) for
1 =1,2,3 and these are going to be the critical values of p(z) in C (we already know that oo is also a critical
point of p(z)). We also know that ey, es, e3 must be distinct, otherwise, we know that (z) — e; would have
two solutions each of them with order 2, therefore this will make the function p(z) of order at least 4, which
is a contradiction.

You probably notice that these values are defined using a basis of ). So the question is that if we choose
a different basis of the lattice 2, do we get different ey, ez, e3. The answer is, if we only care these three
values as a set {ej, ez, e3}, then it doesn’t depend on the choice of basis.

Note that if we let S be:
w1 %) w3
L]0 [2]0 (2]

where each bracket is the set of equivalence classes mod . Notice that this is the set of all zeros of ¢’ (z)
on C. Then if we consider the image ¢(.5), which is independent of the choice of basis, we recover {e1, es, e3}.
Therefore this set only depends on the lattice, not on the basis.

s-1

Corollary 4.13. For each point ¢ € P!\{ey, e, e3,00}, the equation p(z) = ¢ has 2 simple solutions in 7.

Proof. We know that besides the critical point 00, we only have three others, which are e, es, e3. Then we
know from the branched covering that besides the critical points, the rest should be a 2-sheeted covering,
therefore we know that the inverse image has exactly 2 points. O

Theorem 4.14. If f is an even elliptic function then there is some rational function R;(z) € C(z) such that
f = Ri(p(z)). Therefore we know that:

MTQ) = C(p(2))

Proof. Let f be a nonconstant elliptic function, otherwise there is nothing to prove. Now let’s assume that
the order of f is N > 0. Notice that if we consider the zeros of f, there are only finitely many in the
fundamental parallelogram P and no zeros or poles of f are on the boundary. Notice that if £ € C is a
critical value of f with f’(z) = 0. Since we know that there are only finitely many zeros of f/(z) in P, we
know that there can only be finitely many k € C such that k is a critical value. Therefore, we may choose
two complex numbers ¢, d € C with ¢ # b. Such that f(z) = c and f(z) = d only have simple solutions.
Moreover, we can choose ¢,d such that the solutions f(z) = ¢ and f(z) = d has no solution that is
congruent to 0, -, %2, W mod (). Indeed, we can assumed that 0, %5, %2, % are in the interior of P
such that we know that if some z is congruent to one of them, we know that z has to be 0, %, %2, %
plus some w € () since if you subtract an element in P with something in the interior of P, you never get
something on the lattice. Therefore when we choose ¢, d we still only to avoid at most 3 more elements in C.
Since f(z) is even, we know that a complete set of solutions of f(z) = ¢ looks like:

{ala —a1,0a2, —a2, " ,0n, 70‘"}

where no a; is congruent to 0, %, %2, % We need to explain this a bit. Suppose that a; is a root of

f(2) — ¢, we know that since f(z) is even, then —ay is also a root of f. However, we don’t know if —a4 is in
P or not, so we would like to do a translation by lattice points so that —a; lies in P. Notice that after the
translation, the point can not be a;, otherwise we will have 2a; is congruence to 0. This implies that either
a; = 0 or ap is congruent to 0, g+, <2, “’1;“’27 but any of these violates our assumptions. Moreover, we don’t
have to worry about that there are two ways to translate —a; to P since if there are such two ways, the two

points will differ by something in the lattice, therefore they are the same point in 7', therefore we only need
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to record one of them. For notation simplicity, we will still use —a; to denote the translated point, but it is
actually in P and we actually further think that it’s in 7.

In particular, we see that the order of an even elliptic function has to be even.

Similarly, we know that a complete set of solutions of f(z) = —d looks like:

{b17 _b17 b27 _b27 e 7bn7 _bn}

and no solution is congruent to 0, %, %2, %

Then let’s consider the elliptic function:

. And again every solution above is considered to lie in T'.

What is important is that subtracting a finite complex number doesn’t affect the poles of f, but it does
affect the zeros of f, therefore we know that g(z) is an elliptic function which has only simple zeros and
simple poles. We know that it has simple zeros at:
{ala —a1,0a2, =042, ,0an, 70’”}
has simple roots at:
{blv _blv b27 _b27 Tt 7bn7 _bn}
Recall that we said that p(z) only has critical values at points congruent to 0, %, “2, % Then we
know that:
p(z) —pla),  p(z) —pb)
all have simple roots at +a; and z = +b;. Therefore we know that if we consider;
[ 121 (p(2) — p(ai))
[T (p(2) = o(b:))

We know that it has simple zeros at ta,; and simple poles at +b;, which is the same as ¢g(z). Then by what
we have proved, there is a nonzero A such that:

f(2) —c _ | iza(p(z) = pai)(p(z) — p(=ai))
f)=d  TTTZi(p(2) — o) (p(2) — (b))

h(z) =

Then we know that we have:

which is still a rational function in @(z). O

Once we are done with even function, we also know how to deal with odd functions: if f(z) is an
f(2)
©'(2)
g/((zz)) = Rs(p(z)), which implies f(z) = ©'(2)Ra(p(z)). Then for a general elliptic function f(z), we know
that we always have:

odd elliptic function, we know that is even, then we know that there will be Ry(p(z)) such that

f(z) = f(2) +2f(*2) G *2f(*2)

where the first term is even and the second term is odd. We then conclude that for any elliptic function
f(2), we can write it as R1(p(z)) + @' (2) R2(p(z)).

All of the above discussion are good. However, recall that T is a Riemann surface, which is a dimension
1 complex manifold. Then if we think of M(T), which is it’s field of meromorphic functions, which is just
M(Q). We should better expect that it’s also a dimension 1 object, in the sense that it can be generated by
only one independent variable. Here we know that M(Q) = C(p(z), 9'(2)). Therefore we better hope that
there is some algebraic relation between p(z) and ©'(z). it turns out that there is indeed such a relation,
which carries more meaning than just matching with our intuition. In order to show the algebraic relation,
we need to study the following function:
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Definition 4.15. The Weierstrass ¢ function relative to 2 is:

1 1 1 z

@R =+ LGt
weN*
Notice that if we do the algebra we find that:
1 1z He@-w+zz-—w) 22
2w w w? (z — w)w? w2z —w)

Then we know that on any compact set of C\(2, it going to have magnitude of ﬁ therefore it converges
absolutely and uniformly, therefore defines a meromorphic function on C\€2.

Then let D be the largest disk centered at 0 such that it doesn’t contain any lattice points. Then, for

w € Q*, we have:
1 -1 1

Z—w wl-—2
w

Notice that on D, Z has moduli less than 1, thus the above formula has a series:

-1

z z2 z3
—1+=+= +
w woow

" )
Moreover, we know that the above series converges absolutely and uniformly on any compact subset of
2
D. Recall that in (,(2), each term is Z5 - i

1
z—w)
everything is absolutely convergent, we can rearrange the summation and get:

. Then we can substitute using the above equation and since

This requires a bit more explanation. First, consider the double series:

_Zn
wg;* 22 Wt
This double series make sense for each z € D because we know that by the definition of a double series,
first do the summation inside, which gives you ﬁiw) and we already know that the summation of m
So for a single value z € D, this double series makes sense. The issue here is that we want to switch the
order of the summation from »; o« 2,55 =Z+ to D in>2 Dwek =Z+. For this to work, we will need the
Fubini theorem but for series. The condition is that the convergence is absolute in the sense that:

72'”
2 2l <
we* n=2 wr

Indeed for any compact K < D, we know that |Z| < r for some 7 < 1, therefore we know that:

Z —z" < 1 R2
S TLEIC,
e N w21l -7

Then we know that the double sum now is < 1R—_2T D e ﬁ < oo where |z| < R for all z € D. Then we
know that by Fubini, we can interchange the summation order. Therefore, we know that the formula:

1
Calz) = ;—G3z2—G4z3—-~-

makes sense for each z € D. Now again suppose that we work on a compact subset K of D, and we want
to ask is the above convergence uniform on K. I will let you show that one sufficient condition is that:

_Zn
2 2 supl oyl <o

which is something we already observed above, therefore we again know that the convergence is uniform.
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Definition 4.16. Given a lattice €2 and for each k£ > 3, we define the Eisenstein series of the lattice to
be: )
Gr() = ), —
weF
Notice that since the lattice is symmetric, for odd k, G (2) = 0. Therefore we know that for z € D, we
have:

1 0
_ = 2n—1
Ca(z) = ; 7;2 Gonz

This is the Laurent expansion of (q(z) around 0 due to the uniqueness of Laurent series. We will use
this to develop further theories next lecture.
Below are the homework of this week:

4.1 Homework

Problem 4.17. Suppose that X is a compact Riemann surface and {p;,--- ,p,} are finitely many points
on X. Define X' = X\{p1,---,pn} and suppose that f : X’ — C be a nonconstant holomorphic function.
Then the image of f comes arbitrarily close to any complex number.

Solution. We can assume that these points are poles. To see why, if p; is an essentially singularity, then
we can use the usual Casorati-Weierstrass theorem to conclude that even in a coordinate ball of p;, it comes
arbitrarily close to any complex number. If one of them is a removable singularity we just throw it away.
However, these points can’t all be removable singularities since if so, we will get nonconstant holomorphic
function from X to C, which has to be constant by what we discussed in lecture 3.

Therefore now assume that these are poles of f, which means that we get a nonconstant holomorphic
map from X to P!. Therefore it has to be surjective. Then we know that if now we go back to f': X’ — C
with p1,---,pn not defined on X’. Since f is surjective, everything zo in C comes from some element in
X which are not the poles. Then assume that it comes from some removable singularity p;, we know that
lim,_,,, f(2) = 2o, therefore f : X’ — C comes arbitrarily closed to z.

Problem 4.18. Prove tan : C — P! is a local homeomorphism.

Solution. Recall that tan is defined by % Moreover, we know that:

) et? _ g% e + e %
sing = ——, cosz————
2 21

For example we know that the only zeros of sin z are those zeros of the real sin z. Indeed if:

%

el? = olTe~Y — =% 2ix _

=e el = e eY

This implies that x has to be kx for k € Z. Similarly, we can conclude that the zeros of cos z are only those
real zeros.
This implies that the zeros of tan z are km, then if we consider the derivative of tan, we know that:

tan’ z = sec? z

Then we know that since when sin z = 0, cos z # 0, then we know that every 0 is a simple zero. We also know
similarly that every pole is a simple pole. Moreover, we know that besides the zeros of cos z, the derivative
of tan z is not 0, which means that if we consider:

2k+1
tmquL—E—kaeZ%ﬁC

This is already a local homeomorphism. Then if we consider the induced holomorphic map to P!. We only
have to show that written in coordinates, oo € P! is not a critical value to show it’s a local homeomorphism.

We consider for example the chart on P! which is P\{0}, then we know that the map looks like:

cos z
z— 1/tanz =

sin z
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(2k+1)m
2

Then we know that when z is close to , we know that the derivative of this function is not 0. Therefore

we know that oo is also not a critical point.

Notice that we know that since C is not compact, we we can not conclude that the map tan z from C to
P! is surjective. In particular, we can not just conclude from it’s a local homeomorphism that it’s a covering
map. However, we have:

Problem 4.19. Show that tan(C) = P!\{i, —i} and we have tan z : C — P!\{i, —i} is covering map.
Solution. Indeed, we know that +i is not in the image. Because if we try to compute:

sin z

=¢, cC
cos z

We are indeed solving for:

. . . c . .
sinz =ccosz < e* — e = (e + e %)
i

This is equivalent to:

2% (1 — g) —(1+ g)

Notice that e2¥* takes every complex value except 0. So if ¢ # +1, we know that there is a solution of:

(14+%)
(1-9)

If ¢ = 4, then clearly 0 # (1 + ¢) and if ¢ = —i, clearly there is no solution of e?"* = 0. This indeed shows
that tan(Z) = P*\{i, —i}.

Then we show that this is a covering map. Suppose that we have ¢ € P'\{i, —i} which is a complex
number, i.e. not co. Then if we consider it’s preimage, we know it looks like:

e2zz

20 + T2

where zg is a nonzero complex number. Recall that we already proved that tan z is a local homeomorphism,
therefore we know that there will be an open neighborhood U of zy such that tan z homeomorphically takes
that to an open neighborhood tan U of c. I claim that tan™! tan U is just:

U+ nZ

This is basically to notice that tan z is a periodic function with period 7. Then we know that if U is mapped
homeomorphically to 7(U), then U + wk where k € Z should also be homeomorphically mapped to 7 (U) as

we have the following composition:
—km

Tk + U 5 U "™ n(U)
The composition is still tan z due to the periodicity. In order to show that U + nZ is all the inverse image.
Suppose that X is mapped to some element in 7(U), that means that some Y € U makes tan X = tanY,
but this already implies that X = k7w 4+ Y since the periodicity. Then we are done.

Then we need to worry about the point co. We know that the inverse image of o is {w ke Z}.
But this time in the new coordinates, instead of looking at tanz, we are using the chart of P1\{0} and
think of the function as ﬁ Then you know that for a fixed point in {w : k € Z}, there is again a
neighborhood U such that it’s homeomorphically mapped to tan(U). Then I again claim that U + 7Z gives
the even cover of tanU. Indeed, we only have to show that tan~!tanU is U + 7Z, but this is again the
periodicity of tan.

Problem 4.20. Suppose that X is a compact Riemann surface such that there exist a meromorphic function
on X with exactly one pole of order 1, then X is biholomorphic to P!.
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Solution. Suppose that this meromorphic function is f and I claim that if we think of this function as
f: X — P!, then it’s a biholomorphism. I claim that this f is a biholomorphism. We already know that it’s
holomorphic, therefore we will only show that it’s bijective.

Recall that this f is already surjective since X is compact and f is nonconstant. Then we only need
to show that f is injective. But this is clear since we know that for the point co of P!, it’s preimage is a
single point with multiplicity 1, which means that this branched covering has order 1. This means that for
every point in P!, the preimage is a set of points with total multiplicity 1, and in particular, it only can be
a singleton. We are done.

Problem 4.21. Determine the branch points of the map:

1 1
:C — P — —(z+ -
i szt
Solution. Notice that at the point 0, we have a pole of order 1 and for other nonzero points z, we know
that the value of f(z) is in C.
So now, assume that z # 0, we will need to find points such that f'(z) = 0.

Recall that:
1 -1

+ —_
2 222
If we set this to be 0, we know that we get:
2
z¢=1

We know that we only have z = +1 two solutions. Therefore we know that z = +1 are branch points of
f(2). When z is closed to 0, we know that we can consider the chart P*\{0} and the function in this chart

looks like:
2z 2

=2z
22+1 22 +1

You can compute that the derivative is not 0 at z = 0, thus we only have 2 ramification points, which are
*1.

Z —>

Problem 4.22. The degree of a nonconstant holomorphic map f between two compact Riemann surface
is defined to be the number of sheets of the associated unbranched covering, which is usually denoted by
deg(f). Prove that if f: X - Y and g : Y — Z are both nonconstant holomorphic maps between compact
Riemann surfaces, then the degree of g o f is deg(f) - deg(g).

Solution. It’s clear that the composition is still holomorphic so let’s first first that go f is also nonconstant.
Indeed, we know that if we consider the two associated unbranched covering:

f:X/_>Y/, g:Y”_>Z”

Notice that Y’ is just Y with a few points taken out and Y” is also a few points taken out with both f and
g surjective on X’,Y"”, then we know that by possibly taking out some more finitely many points on Y”, the
composition can easily be seen to be nonconstant.

Then consider the composition g(f(z)) and we know that it’s derivative is computed by:

(9o f(2) = g(f(2)f'(2)

Then we know that for the composition, we get a branch point z of g o f if z € X is a branch point of f or
if f(2) is a branch point of g. Say this set is A’, with image in Z to be B’. Assume that the branch point
of f: X > Y is A, then we know that this A might have a few more points than A, but only finitely many.
Then we know that we have a unbranched covering:

gof:X\(go f)~'(B") > 2\B'

We know that for each z € Z\B’, we know that it’s preimage in Y does not contain any critical point of
f. Since we know that f(A’) Y already contained all the critical points. Therefore we know that if we
assume:

g 2 ={y1, " Ydea(o)}
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We know that:
(g © f)il(z) = f71y1 Uoeen v fﬁlydeg(g)

Notice that since y; are not the critical points of f, we know that each of f~1y; will have deg(f) points and
for different y;, the preimage will be disjoint. Then we know that we have deg(f) - deg(g) number of sheets
for the covering, which is the degree.

Problem 4.23. Let X be a compact Riemann surface and let ¢ : X — X be a biholomorphism with
o(a) # a for some a € X. If X admits a meromorphic function f : X — P! which is holomorphic as a
function to C on X\{a} with a a degree k pole of f, then o at most have 2k fixed points.

Solution. Notice that we can consider the meromorphic function:

9(2) = f(z) = foo(z) : X\{a,0 a} > C

This gives a holomorphic function to P! and we know that we get two poles at a,c 'a each of them with
order k. Indeed, we know first that for f o o, 0~ 'a is a pole of order k. Indeed, we know that the order of
the pole is just the local multiplicity, which is characterized by the number of points in the inverse image,
which is preserved under any biholomorphism.

Then we know that this is equivalent of saying that there is a local coordinates on the source such that
La is mapped to 0 and f o o(z) at 0~ 'a can be written as z — zik since f is holomorphic at o~ 'a, we
know that locally we can write f — f oo as zik + ¢(z) where z is holomorphic at z = 0. Then we know that
f — foo still has a pole of order k at 0~*(a). Similarly, we know that the order of pole at a is also k. Then
we know that the degree of g(z) : X — P! is 2k. This means that g~1(0) at most has 2k points. Now notice
that if b is a fixed point of o, then g(b) = 0, thus b is going to be a zero of g, i.e. b€ g~1(0), which implies
that there are at most 2k such b.

1

o—

5 Lecture 5

In this section, we pick up on what we left off last time and study Weierstrass Zeta function ((z) further.
Recall that from last time we already showed that if D is the largest open disk centered at the origin
such that D doesn’t contain any lattice points, then:

1 22 23
=gt D)
We can also write it as:
((z) = -1 i Gop 2"
: 4 2n
where forn >4, G, = X, .o % and it’s called the Eisenstein series. The above two series both converge

uniformly to ¢((z) on any compact subset of D.
Recall that the initial definition of {(z) is:

1 1 1 z
O I T
weNF

Since this converges uniformly on any compact subset of C\{2, we know that we can compute it’s deriva-
tives term by term and I will let you check:

—('(2) = p(2)

However, we know that in D, we can also compute the derivative of ( using the series involving the
Eisenstein series, and it’s:
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1
22

—('(2) = S5 + D, (20— 1)Gan 2™ 2
n=2

If you write this series out for the first few terms, you have:

1
p(z) = o) +3G42? +5Gez* + - -

Then we know that we can compute the derivative of p’(z) by further differentiating term by term:

o(z) = =+ 6G4z 4+ 20Gg2> + - -
Note:
4 24G
(¢'(2))? = % 74 —80Gs + 2°p1(2)

where ¢1(2) is a holomorphic function in D such that ¢1(0) # 0.
Then we can compute the series of (p(2))* which is:

4 36G
4(p(2))? = = + 2 L 4 60Gs + 2%pa(2)

where ¢o(2) is also a holomorphic function on D.
Finally, we have:

60G
60G4p(2) = e L 22p3(2)

with 3 also holomorphic on D. Then we know that an obvious algebraic relation is:

4(p(2))* = (9'(2))* + 60Gap(2) + 140Gs = 2*(p2 — 1 + ¢3)

Notice that the stuff on the left hand side is still elliptic and the only poles are possibly at the lattice
points. However, since 22(¢2 — 1 + ¢3) is a holomorphic function at z = 0, we know that we have no poles
at 0, which means that there will be no poles for the left hand side on the entire complex plane. Therefore
4(p(2))3 — (9'(2))? + 60G4p(z) + 140G is a constant. Let z — 0, we find that this constant is 0. Therefore
we have the algebraic relation:

4(p(2))* — (9'(2))? + 60G4p(2) + 140G = 0
Usually people will just write go = 60G4 and g3 = 140G so we have the following differential equation:

(¢'(2))* = 4p(2)” — g2p(2) — g3

Remark 5.1. This differential also tells us something why @(z) is called the elliptic function. Notice that
if we write p(z) simply as w(z), then we know that we can always locally take the square root of (w’(z))?
and we know that by choosing a local branch of the square root function, we have:

w'(2) = £1/4w? — gow — g3

This is just:
dw dw

— = +V4w? — gow — g3 = dz =
+/4w? — gow — g3

dz
We know this at least holds locally for an open neighborhood of z, therefore we know that locally we can
integrate with respect to z and get:

w(z) dw
zZ—zZy = f

w(zo) i'\/ 4w? — gow — g3
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Notice that this is the integral, at least locally, is the famous elliptic integral which people use to compute
the arc length of an ellipse.

We just show that the points (p(z), p’(2)) lie on the points defined by an algebraic equation:

y? =4a® — gow — g3

Notice that if we compute the discriminant of the right hand side, we get:

A =16(g5 — 2793)

Note that if we consider this polynomial 423 — goz — g3 as in C[x], then we know that it has three solutions
e1, ez, es. The reason why we call them eq, e, e3 is because they are exactly just the critical values of p(z).
Indeed, if p(z) = e;, then by the equation it satisfies, we know that p’(z) = 0, but we know that the places

Wi

©'(2) are exactly at %. Therefore we know that if you ask what z such that p(z) = e;, we already know that

z = 9. Recall that we already know that e;, ez, e3 are distinct since g is of order 2 and we already know

that ©'(z) = 0, therefore each of p(z) —e; has a double root at %-. Let’s order e; in the way that p(%5) = e;.

Proposition 5.2. Given any lattice 2, the above A associated to this lattice is not 0. Equivalently, the
three solutions eq, e, e3 of this cubic polynomial are mutually distinct.

Proof. Let hj(z) = p(z) —e; for j = 1,2,3. Notice that these h;’s are still elliptic and they have the same
poles as p(z). This implies that it assumes 2 zeros on the torus with multiplicity considered.
Note that we have: s ' o,
n() = () = /(2

This implies h; has a double 0 at w; and no other zeros. Therefore for ¢ # j, we know:

) =0

hj(%) =e;—ej#0

We are done. O

Remark 5.3. Put p(x) = 423 — gox — g3, then we know at least formally:

9'(2) = /p(p(2))

In the next lecture we will ue this relation to give a biholomorphism from C/Q to X where X is the Riemann
surface in P! defined by the equation:

y? = p(x)

Conversely, one can show that if p(x) is any cubic polynomial with distinct roots, then there is a lattice
Q in C such that the associated Weierstrass p(z) satisfies:

(¢'(2))? = p(p(2))
But again, we will do that latter.

Now we want to study the so-called Weierstrass ¢ function. Let’s recall some back grounds on the
infinite product first.

Definition 5.4. Recall that if {b,} is a sequence of nonzero complex numbers, we say that the infinite

product:
[ [0

n

converges to a complex number p if:
1. p#0.

2. imy_ o0 Hﬁf b, = p.
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Remark 5.5. It’s clear that if [ [ converges then we know that:

N
br,
lim by = lim 1_][\,"71 =
N—w N—o [TV b,

If we define the sequence {c,} by b, = 1 + ¢,, then from the above remark, we know that if the infinite
product converges, then lim, .., ¢, = 0. Recall that since for large N, by is close to 1, we know that we
can choose a branch of the log function such that it’s defined for all of complex numbers with positive real
parts. For example, we can use the principal branch:

Logz = log |z| + iargz, —7w<argz<m

Proposition 5.6. If we keep our assumption that b,, # 0, then [[_, b, converges iff > Logb,, converges

and:
0 0
H b, = exp (Z Logb,,)

In particular, if > Logb, converges to c € C, then the limit of [ [ b,, is not 0 as it’s e°.

Proof. This is basically just applying the definition. Notice that we can always ignore finitely many terms
both in the product and in the summation. Therefore we will assume that all b,, are in the domain for Log.
Then clearly we know that if the series converges then apply exp gives that the product converges.

Now assume the infinite product converges to p # 0, then we know that let’s consider the tail sums:

N N
Z Logb,, = Log( H br)
n=m n=m

We know that if we denote Hivzm by, by Qm,n, from the fact that the infinite product converges to p # 0,
we know that:

N m
Qun = ([ [ou)/[ T )

When we say that m, N are larger than some large number ngy, we know that the fact that p # 0 makes the
quotient:

N m
([ Tew)/ (] Ton)

as close to 1 as possible (which also justifies why we can apply the branch Log to @, ~), therefore we know
that:

LOng,N — 0

Then, we know that using the Cauchy sequence criterion, the series converges. O
Remark 5.7. The proof above shows one reason why we want the limit p to be a nonzero number.

Definition 5.8. We say that Hf b, converges absolutely iff the associated series Zf=1 Logb,, converges
absolutely.

Proposition 5.9. The product [[_, b, converges absolutely iff >, |c,| converges.
Proof. Recall that when |z| is small, we have a very useful inequality:

2|

5 S |Log(1 + z)| < 2|7|

Recall that for |z| < 1, we have the following expansion of Log(1 + z):

22+z3
L2 4z
2 3
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Then we know that when |z| < 1, we have a Taylor series of w =2—-z+ %’Z — -+, This implies that
when z is small, the moduli of the quotient is about 2. Similarly, you can show that |Log(1 + z)| < 2|z| also
holds.

Then we know that if we assume [, b, converges absolutely, by definition the series Y. Log(b,) =
> Log(1 + ¢,,) converges absolutely, which means that:

100

.
5 D lenl < ) Log(1 +¢y)

n

converges absolutely. Converse, if we know QZZJ |cn| converges absolutely, then:

0 e}
2 [Log(1 +¢n)| < 22 |enl
n n

converges absolutely. O

Sometimes, we will need to allow some terms in the product to be 0, and if there are only finitely many
such elements, i.e. if there is a IV such that for all n = N, b, # 0. We will define Hf converges if H;L.OZN b,
converges to a nonzero p € C. Then the value of Hf=1 b, is defined to be:

b -by-1 [ [ bn=b1--byoap

n=N

Now if { f,,} is a sequence of holomorphic functions on some open U < C. Again, we write it as f,, = 1+ F,.
Suppose that for any z € U, only finitely many f,,(z) is 0. Then we can define the infinite product:

[ 122 =T+ Fu(2))

n

We will say that this infinite product of functions converges uniformly on U if P, (z) = Hg fn(2) converges
uniformly on every compact subset of U. What we will typically assume is that for any compact subset K < U
and for all z € K, there are only finitely many f,, such that f,(z) =0 for any z € K.

Definition 5.10. Using the above assumption, for K < U, we say that the infinite product converges
uniformly on K iff the associated logarithm series:

Z Log(by,)

converges uniformly.

Then recall that in this case:

[T 7(2) = exp(X Log(fu(2)))

Since Y7 Log(fn(z)) converges uniformly, we get that the series is also holomorphic, therefore after we
post-compose with exp, it still should be holomorphic, therefore this definition of uniform convergence still
gives that the function defined by the uniform infinite product is holomorphic. We will say that the infinite
product of function converges absolutely and uniformly if the associated series in logarithms converges
absolutely and uniformly. That is to say:

S [Logfu(2)]

n

converges uniformly. Clearly, if }} |Logf,(z)| converges uniformly, then so does ), Logfy(z), therefore
the function defined by the infinite product is still holomorphic.
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Proposition 5.11. Using the above assumption, | [,, fn(2) converges uniformly absolutely on U iff the series
> Fn(2) converges absolutely and uniformly on U.

Proof. Given a compact subset K of U, we know that since there are only finitely many bad f,,, we can just
ignore them since finitely many terms doesn’t impact uniform convergence. This means that we can assume
that on K, f,(z) are all nonzero. Then let’s first assume that the infinite product absolutely and uniformly
converges, which is also nonzero on K. This means that, by the definition we gave above, the following series

converges uniformly: Z
|Log(1 + F,(2))]

n

Using the uniform Cauchy sequence criterion, we know that this is equivalent to say that the tail:

N
S [Log(l + Fo(2)

n=m

uniformly converges to 0. Then in particular we know that |Log(1 + F),(2))| converges to 0 uniformly, which
implies that F),(z) converges to 0 uniformly on K. Now consider the following tail term we are interested in:

N
D 1Fa(2)

n=m

We know that the previous inequality:

% < |Log(1 + 2)| < 2|2]

We know that:

N N N
1
3 D IF() < Y [Log(l+ Fu(2))] €2 3 [Fu(2)]
I will leave the rest of the proof to you. O

Remark 5.12. I will let you show that if an infinite product is absolutely and uniformly convergent, then
we we actually don’t care about the order of the product. We can freely arrange the product and get the
same holomorphic limit function in the end.

Moreover, using the fact that:
[T £4(2) = exp(> Logfu(2))
and the series ) Logf,(z) converges uniformly, we know that we can do the logarithm derivative of [ [, fn(2)
via:
log H fu(z) = Z Logfn(z)
n n

where we choose a branch of log locally for [ ], fn(2), then we know that if we compute the derivative, we

know that:
(UL fn(2) _ 5 fa(2)

Moreover this still converges uniformly, thus the logarithmic derivative is still going to be holomorphic.

Now we are ready to define the Weierstrass o functions. Let §2 be a lattice Zw; + Zws in C. We define:

o(z) ==z (1— i)-ef’szZ

wle—o:)[* w
Remark 5.13. Note that you can tell from out construction of o(z) that we want a function such that it’s
holomorphic on all of C and all of it’s zeros are simple and are at the lattice points. As you will see in the
following discussion, the exponential factor we put later is for the infinite product to converge absolutely
and uniformly.

34



Now let K < C be a compact subset and if we just ignore finitely many terms in the product, we can
assume that:

lw| > 2|z], Ywe* VzekK

z 22
Now let’s denote g, (z) = (1 — Z)ew '3
Clearly, we know first that when |w| — oo, this g, (z) converges to 1 on K uniformly. Therefore for large
w, we can apply the principal branch to all g, (z) for all z € K and we have:

z 22

z
Lo z)| =|Log(l— =)+ —+ —
Logg. (2)] = [Log(1 — 2)+ = 4+ )
Again, since we assume 2|z| < |w|, we know that we can use the Taylor series of Log(1 — Z) where:

22 23 2

+ tom o t)

z z
Log(l— 2)= (2 + 2
og( w) (w 2w?  3wd 4wt

Therefore we know:

23 2 1,23 1 1 23
|L0g(gw(2>)|=|ﬁ+@+“'|<§|E|'|1+§+1+“'\<\

Since Y} .o ﬁ converges and |z| < R for some R > 0, we know that the series with |Log(g.,(2))]
converges and uniformly on K. This implies that the function defined by x [ [ .o« 9. (2) is holomorphic on
C and we don’t care about the order of multiplication. This also shows that the only zeros are the lattice
point, since we know that if we take out the term g, (z), we can still run the same argument above and the
limit is not going to be 0 since the series of logarithms converges.

Since we know that this infinite product absolutely converges, we don’t care the order in which we do
multiplication, therefore if we replace z with —z, we have:

w3

—0(2) = o(—2)
Therefore we know that ¢ is an odd function with simple zeros at all lattice points.
Recall that we can compute the logarithmic derivative of o(z) and we have:

a'(z) =%+ Z 9w (2) :1+ Z 22

o(z) e 90(z) 2 A (z-w)w?
Notice that the summation on the right hand side is just {(z).

Remark 5.14. Notice that we already know that the series defining ((z) converges absolutely and uniformly,

therefore we know that the summation doesn’t care about order. But a priori, when we are doing the

summation of g‘;ji((zz))/, we have to choose an order of summation, even though in the end, it turns out the

order is not relevant.

Note that in general, there is no reason for {(z) and o(z) to be elliptic. For one thing, we know that one
of them only has degree 1 poles at the lattices and another one only has degree 1 zeros at the lattices and
there are no order 1 elliptic functions. However, we know that:

('(2) = p(2)

which is an elliptic function. Therefore, we know that for each w € 2, we have:

(C(z+w) —w(2) =0

Therefore we know that for each w and all z € C\Q, we have ((z + w) — w(z) = n(w) for some constant
n(w) that only depends on w (note that C minus the lattice points is still connected).
Notice that if we compute:

C(z+w1 +OJ2) = C(Z) +17(UJ1 +w2)
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On the other hand, we also have:

C(z +wi +w2) = ((z +w1) +n(ws) = ((2) +n(w1) +n(wa)

Therefore this 1 : Q — C is Z-linear. This implies that if we denote 71 = n(w1) and 73 = n(w2), we know
that:

n(w) = n(mwy + nwe) = mn(wy) + nn(ws) = mny + nny
Theorem 5.15. (Legendre’s Relation) Using the above notation, we have:
Nwe — Now1 = 271

Proof. Let’s permute the fundamental parallelogram P a bit and suppose that 0 is contained in the interior.
Then since ((z) is meromorphic with a degree 1 pole at 0 and residue 1, we know that:

J €(2)dz = 2mi
oP
We can try to write this integral in terms of:

(z)dz + (2)dz + (2)dz+ | ((2)dz
71 72 73 Ya
where ~; is the curve that parametrizes the bottom side of P and we go counter-clockwise to get the other
Vi
Notice that:

(2)dz=—| ((z+we)dz=— (2) + nedz
73 71 71

This implies that:
J C(z)dz + j C(z)dz = —win
7 3

Similarly, we know that:
(2)dz+ | ((2)dz = wam
72 Y4
Therefore we get:
Won — wiNe = 274

Next we will study how o(z) behaves under translation. We will need the relation:

We know that:

o'(z 4+ w)

s = () () =

o(2)

Then by choosing appropriate branches of log functions, we can at least locally conclude that:

+n(w), YweQ*

dlog(o(z +w))  dlog(o(z))
dz B dz
Then at least locally we can do an integration to conclude that:

+n(w)

log(o(z +w)) =logo(z) + nw)z+C CeC

We exponentiate it to obtain:
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U(Z + W) _ en(w)z+c
o(z)
Therefore we want to figure out what is €.
First, we want to conclude that C'is a constant that only depends on w and doesn’t depend on z. However,

the above argument is not ideal since we know that for one reason, our log functions are not defined globally.
To resolve this problem we know that we can define:

oz +w)

Notice that this is defined and holomorphic for all z that are not the lattice points. Moreover, we know
that for such z, F,(z) # 0. Then we know that if we consider:

F!(2) _ o(z4+w) d(z)

F,(z) o(z+w) o(2)
Therefore we know that F/ (z) = 0. Since C minus the lattice points are still connected, we know that

this implies F,(z) is C for all z not lattice points. Moreover, this C clearly doesn’t depend on z, thus denoted
by C,, therefore:

o(z+w) =Cue™o(z)

Then our job is to figure out what is this C,.

Let’s first assume that 4 is not in w. This implies (%) # 0. Consider z = =? and we can use the fact
that o is odd to conclude that:

w W w
0(5) = Cpe "2 —0(5)

Since o(%) # 0, we conclude that:

nw

This implies C,, = —e 2
Then we know:

o(z 4+ w) = "2 g(2)
Now for any w € €2, we define:
o(z+w) 4w w
€(w) = ————e "*T2) = Cez

o(2)

We already know that if § ¢ Q, then e(w) = —1. Moreover, this €(w) only depends on w and not on z.
Notice that:

o(z+2w) o(z+2w) o(z+w)

o(z)  olz+w)  o(2)

Then we know that:

€(2w) = e(w)?
So if w/2 lies in £, then we know that €(w) = w(w/2)?. Then if w/4 still lies in 2, we know e(w) = €(£)*.
Then until we get 5% doesn’t lie in 2, and we know that ¢(w) = 1. Therefore we know that:
e(w) = +1

If w/2 ¢ Q, then it’s —1 and if w/2 € Q, it’s 1.
Then we conclude that:
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o(z+w)
o(z)

We also have a formula for e(w) if w = mw; + nws, then:

= " %) e(w)

e(w) — (_l)mn+m+n

Now using all of the above discussion, we can answer the following question: is there an elliptic function
f e M(Q) with [a1],---,[ar] as zeros and [b1],- - ,[bs] as poles with multiplicity k1,--- , k. and Iy,--- 15
respectively.

Notice that these points must satisfies the following necessary conditions:

1Yk =X ; l;j using the the summation of the order of all the zeros and all the order of poles should
equal to the order of the elliptic function.

2. [a1],- -, [ar] and [b1],- -, [bs] should be disjoint.

3. We already saw in the first homework that:

Zaiki ~ Ebjlj mod
i J

It turns out that these conditions are all sufficient:

Theorem 5.16. If the above necessary conditions are satisfied, there is an elliptic function, unique up to
scalar multiple, with the prescribed zeros and poles with no others.

We will prove this in the next lecture.

6 Lecture 6

Let’s pick up the proof of the theorem from last lecture.

Proof. Recall that one of the necessary conditions is:
Zaiki ~ ijlj mod
i J

Since we assumed that [a;] # [a;], we can at least assume that their representative a; are all distinct are all
from one fundamental parallelogram (possibly shifted a bit). let’s use uq,--- ,u, to denote the zeros with
repeats, for example, u; = ug = - -+ = uy, if some zero is with multiplicity k. Similarly, we will let vy,--- v,
be the poles with repeats. Then we have:

Zui =Zvi+w, weN
i J
Then if we replace u; with u; + w, we can assume that:
Su= Yo
i i

Define:
o(z—uy) - o(z—up)

f(z) =

Notice that this is a meromorphic function that has simple zeros at each point in 2 4+ u; and has a simple
pole at each point in Q + v;. Moreover, f(z) doesn’t have any other zeros or poles. Therefore we know that
replacing vy with u; + w doesn’t harm this definition of f at least in terms of where the simple zeros and
poles are. We only need to show that f(z) is elliptic then we are done.

o(z—wv1) oz —vp)

38



Recall that: o,
o(z +w;) = —o(2)emE+T) | W = wi,we

Then we know that if we shift f by w;, we get:

Y ) = U(Z_ul)'"U(Z_“n)eij(urv,-) _ o(z—wuy) o(z—up)
fz+wi) o(z—wv1) oz —vp) o(z—wv1) oz —vy)

The last equality holds since }3;(u; — v;) = 0. This shows f(z + w;) = f(z), thus f(z) € M(Q). O

Recall that if two elliptic functions have the same zeros and poles, then they differ by a constant multiple.
This tells us that, at least if we are satisfied with constant multiple differences, the above proof of the theorem
gives us a recipe for how to construct elliptic functions explicitly:

Corollary 6.1. For any a € C not in {2, we have:

— ofa) = _o(z—a)o(z+a)
p(2) — p(a) o2(z)o(a)?

Proof. Notice that the two zeros of p(z) are given by —a and a. If a is not the mid lattice points, then
we know that [—a],[a] are distinct and if a is a mid lattice point, [a] = [—a] and it have a double zero.
But recall that from the above proof, we don’t care if it’s a double zero or simples zeros, we only need to
pick the representatives such that the summation of the representatives of zeros is equal to the sum of the
representatives of poles. We know that it has double poles at 0, therefore the representatives of poles we
choose will be 0,0. Then we know that —a, a will be a good choice of the zeros. Therefore:

e L CR

To figure out the constant C, we multiply both sides by 22 and we know that we have:

a(z—a)a(z+a)_22 A — ola
cPE I — () - o)

Recall that by construction of o(z) and p(z), we know that lim,_,go(z)/z = 1 and lim,_,q2%p(z) = 1,
therefore we know that:
o(z—a)o(z+ a)

_ 2: . _n - _
Co(a)” = lim C 2(2) lim p(2) —p(a) =1

This implies:

O

To proceed further we will have to introduce the minimum amount of several variables complex
analysis since our next topic will be to study the Riemann surface defined by an algebraic equation.

Recall that in one variable complex analysis, if we assume that f : @ — C is continuous on an open
subset  of C and it’s 1st-order partials all exist (may not even be continuous), then if we set:

R VL. ) S O T PR

L@ =5 @-ig @), Zw =55 @+ @)

Then f is holomorphic on € iff the Cauchy-Riemann equation, i.e. g—g(a) = 0 holds on €. See the
remark in the first section for more discussion on why we don’t need the partials to be continuous. A
similar definition will be given to several variable complex functions, though it will be equivalent to this
more convenient definition:
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Definition 6.2. Let €2 be an open subset in C", we say that:

f:9-C
is holomorphic on Q if for every a = (a1, ,a,) € Q, there is a neighborhood U < 2 of a and constants
o for o= (ay, - ,ap) € Z2, o5 € Z>o such that:

f(z) = an(zl —a1) o (zp —an)®™, VzeU
We say that f is holomorphic at a point p if there is a neighborhood U, of p such that f is holomorphic
on U,.

Since we work with multi-index series, therefore we will need to specify an order of summation if we don’t
assume absolutely convergent. The following remark deals with this issue:

Remark 6.3. Given any multi-index series:

an(zl - al)al e (Zn - an)an
«

We can show that if it converges (it doesn’t need to be absolutely convergent and the convergence can be
in any order) at (ws,- - ,wy,) where w; # a; for all 4, then it converges absolutely and uniformly on any
compact subset of the polydisk:

{zeC":|z; —aj| < |w; —a;],1 <j<n}

Indeed, when z is in this polydisk, we know that:

«, 121 — a1 |2 — ap|

Dleallzn = @]z = anl = 3 leallun = a1 [+ fw, — an

(e @

‘wl _al‘ |wn_an‘
Recall that since we assumed that:

an(wl —ap) (W —ap)*" < 0
«

we know that the absolute value of every term is bounded by a common M > 0, which implies:

Mleallzr = arl® [z — agl < MY 0§ orge
@ «

where 7; = “Zf:‘ﬂ.
Note that;

L |
St =[5 -1 <
1—r;
o i=1 n i=1 v

Therefore we indeed have absolute convergence. To show it also converges uniformly on every compact subset
of the polydisk, we only need to give an uniform error term of the sum of all absolute values which means
that for example, we can try to give estimates to:

e (o7 « an ‘Zl 70,1| ‘anan|

Z lcallzr —ar]™ o |zn — an|* < Z lcallwr = a1 -+ Jwp — an|

a,a; =N a,a; =N

lwi — a;| |wy, — an|

Again, the second term can be estimated by:

a1 «
M Z ity

a,a; =N

which is uniform.
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Remark 6.4. If we assume that f is holomorphic in 2, then for any a = (a1, - ,a,) € ©, we know that
there is an open neighborhood U of a such that there are constants ¢, and:

f(z) = an(zl —a1)® - (2n —an)®, VYzeU

Then we know that in this neighborhood U, we can pick any z in U which makes the series converges in some
order of summation. Then by what we discussed above, we have a smaller neighborhood where the series
actually converges absolutely. Then we know that actually for any z € €0, this series converges absolutely
since 2 is open. Therefore, we know that the order of the multi-index summation is not that important as
only as we assume that there is some convergence order at each p € Q.

Remark 6.5. Using the notation and assumptions from the previous remark, we know that if we fix all z;’s
in the series and only let of of them vary, we still obtain some absolutely and uniformly convergent series in
one variable. Then from the theory of one variable complex analysis, we can do differentiation term by term
and the result still converges absolutely and uniformly, possibly on a smaller neighborhood to the derivative
of f with only one variable varying.

However, if we only let one of the variable vary and take the derivative, this is nothing by the partial
derivative of f with respect to this variable. Then I will let you see that we can repeat this process and let
other variable vary to get the following result:

o = 23D° f(a)

where a! = a1!- - ;! and:
olel

Da - @@
aal 21 aanzn

, Jal=a1 4+ +ay

The following theorem establishes the connection between this definition and the C-R equation:

Theorem 6.6. Let 2 = C™ be an open subset and let:
f:Q-C

be a continuous function such that the partial derivatives exists and:

of _1af of

7z = 2 Tl 70

then f is holomorphic on €.

Proof. Let r > 0 be a small positive real number such that the closed polydisk P = H?zl D(a;, ) is contained
in Q.

Now we know that if we fix zo, -, 2, where z; € D(a;,r) and only let z; vary, we get a one variable
holomorphic map since we assumed the C-R equation holds and f is continuous, which means that we can
use Cauchy’s formula and for each wy € D(aq,7):

1
f(wl’Z%... ,Zn) = — Mdzl, C, = a]D(al,r)
21 Jo, 21— wi

Then we can do this to f(wi,- -, 2z,) where we only let zq,- - , 2z, vary and fix other variables, which means
that we have:
f(zla”' 7Zn)

1
Flwny = ywn) = chnmfcl (21—wl)"'(Zn—wn)dZIMdzn

since w; € D(a;,7), we know that |w; — a;| < r and we have:

1 1 1
L . - L . L . - Wi —a.,;
Zji—wj o zj—ajta;—w; 11— 22
J J
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Since |[Z2=21| < 1, we know that we can write it in a power series:
J J

1 o (wj —a;)"

Zj — Wy o (Zj — aj)’”

Notice that for a fixed w; this converges uniformly on the compact subset C;. Then we know that we

can do the similar power series expansion for all other — Ew and since we know that integral and uniform
i

convergence series can interchange, we get f(wy, -+ ,wy,) =
1 @ f(zlv"'vzn)
- e wy, — aq oo (w, —a a"f ...J le"'dZ
(271'1)” a1€zz;>0 omgz:;o( ) ( ! ”) C C,, (Zl - al)al to (Z’rl - an)a "

If we denote: ) i )

215"y %n
c = —_— P dzl DY dz
*(em)r Jcl Ln (71— a1)™ - (zn — an)® "

We have the following series converges to f(wi,- - ,wy) for w; € D(a;,7):

Flwr, - wn) =Y Y ea(wr = a1)® - (wy — an)™

QAn

According to our remark of being holomorphic, we only need to give one order of summation where the
series converges to conclude a function is holomorphic. The above convergence gives one order, thus f is
holomorphic. O

For several variable holomorphic functions, some standard one variable results hold while other won’t
hold any more. For example the following properties are still true:

1. Weierstrass’ Theorem on uniform limits of holomorphic functions and Montel’s Theorem on
locally bounded holomorphic functions.

. Open mapping property of nonconstant holomorphic functions.

2
3. Principle of analytic continuation.
4. Cauchy’s formula for polydisks.

5

. Cauchy’s inequalities.
However, for several variables, we have the following very interesting result:

Theorem 6.7.7(Hart0g’s Theorem) Let B; be an open ball in C" for n > 2 and let B be another open
ball such that By < Bj, then if we define 2 = B;1\Bs, then any holomorphic function on {2 has a unique
analytic continuation to Bj.

This result tells you that a holomorphic function with several variables doesn’t have any isolated singu-
larities. Therefore our notion of meromorphic functions and a lot other notions need to be modified. We
will do this later.

Other familiar results such as Riemann Mapping Theorem also fails. We will mention more in case we
need to use them. For a detailed study, please go to a book on several variable complex analysis as we can
not provide a full study here.

However, with our limited understanding of several variable holomorphic functions, we are able to study
the object of our interest, the Riemann Surface of an algebraic function.

Now we will mainly consider polynomials in C[z, y] with 2 variables and say p(z,y) is such a polynomial
that is irreducible. We will have a few ways to determine if a polynomial like this is irreducible when we
need it. For now, let’s just assume that this is irreducible. Let’s assume that the y-degree of p(z,y) is n,
which means that we can write:

p(z,y) = ao(x)y" + - + an_1(2)y + an(z)

We know that intuitively, if we set p(x,y) = 0 and look at the solution sets, this should give us at least
locally an algebraic expression of y = y(z). To make this precise, we consider the following result:
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Theorem 6.8. (Implicit Function Theorem of Holomorphic Functions) Let f(z,y) be a holomorphic
function defined on the polydisk {(x,y) € C? : |z| < r1,|y| < r2}. Assume that f(0,0) = 0 but %(0, 0) #0.
Then there is some ¢ > 0, > 0 such that for any = € D(0, €), there is a unique solution y = y(z) such that
f(z,y) = 0 with |y(x)| < d and the function = — y(z) is holomorphic.

Proof. Since we know that for holomorphic functions, the partials are automatically continuous, then since
2—5(0,0) # 0, we can assume that there is some § > 0 such that f(0,y) # 0 for 0 < |y| < §. This is possible
since we know that if we assume that no matter how small 6 we choose f(0,y) = 0 for some y with |y| <4,
then by the principle of analytic continuation, we know that f(0,y) = 0 for all y, which is false since we
assumed that %(O, 0) # 0.

Then we know that since f doesn’t vanish on the compact subset {0} x {y : |y| = 6} since f is continuous,
there will be a € > 0 such that f(z,y) # 0 for |x| < € and |y| = §. Then for any fixed x with |z| < €, we can
consider the integral:

L fy (z,y)
2mi Jy=s f(2,9)
Since f(x,y) doesn’t have a pole on |y| = § and this function is holomorphic, then we know that this is just
how many zeros the function f(x,y) have for |y| < ¢ and this fixed  which implies that in particular this is
going to be an integer n(x) for each x.
Notice that:

F(z):C—C, xHi fy(x’y)dy
2mi ly|=8 f(xay)
is continuous since we know that for a fixed y with |y| = § and each = with || < €, we can assume that
|x] = € < e and the function:
fy(z,y)

f(z,y)

will be uniformly continuous on this compact set |z| < ¢’ and |y| = e. However, we know that for each z,
the function F'(z) only takes integer values, therefore F(x) is constant. Notice that F(z) is the number of
zeros of the function f(0,y) within |y| < §, which is 1 by our choice of §. Therefore we know that for each
x such that |z| <€, f(z,y) only has one zero for |y| < §. Moreover, it can be computed by:

1 f y(x, y)

y(z) = i M:ﬁymdy

Clearly, this is a holomorphic function in z. O

Using this theorem, we can obtain the following useful lemma:
Lemma 6.9. Let p(z,y) = ag(z)y™ + - - - + an(z) be an irreducible polynomial in C[z, y] such that ag(a) # 0
and there is no b € C such that p(a,b) = %’(a, b) = 0. Then there is a € > 0 and n holomorphic functions:
yr(x), - s yn(2)
in the disk {x € C: |z — a| < €} with the following properties:
1. yi(x) # y;(2’) for ¢ # j and for all z,2’ € D(a, €).
2. If n € C is a number such that F(z,n) = 0 for some |z — a| < €, then n = y;(x) for a unique 1.

Proof. If p(a,b) = 0, then we know from the assumption that %(a,b) # 0, then since the polynomial

p(a,y) = 0 has exactly n roots by, -, b,. I claim that these by, - - , b, are all distinct. Indeed, we know that

if some b; = b;, then b; is a repeated root of p(a,y), which means that g—’;(a, b) = 0, which is a contradiction.
We know that we can find a small enough e such that:

y1($>7 e ’yn(‘r)

are simultaneously defined for all y;(x) where |x — a|] < € with y;(a) = b; and p(z, y;(z)) = 0 and we know
that the y;(x) are in |y — b;| < § and for different 4, thus |y — b;| < ¢ are disjoint. This proves 1.

2 is also easy to see since F(x,n) = 0 has at most n solutions and we have already given that the n
distinct solutions are y;(z) for 1 < i < n. O
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We will continue this discussion in the next lecture.

7 Lecture 7

First, we make a topological remark on the holomorphic implicit function theorem we derived last lecture.
Notice that the function = — (x,y(x)) actually gives a local homeomorphism between (0, €) near x = 0
and the sets {(z,y) € C: f(z,y) =0, |z| <¢,|y| <} near (z,y) = (0,0). Indeed, we consider = — (z,y(z)),
which is bijective, it’s clearly is injective. To show it’s surjective, we know that if (x,y) is a point such
that |z| < € and |y| < € such that f(z,y) = 0, then since y is the unique solution then it should be y(z),
therefore (z,y) is the image of x. Clearly this is continuous since x +— x and x — y(z) are both continuous,
then we know that it has a clear continuous inverse which is the projection to z-axix, therefore it’s indeed a
homeomorphism.

We will later use this discussion and apply it to the result of the lemma we gave in the end of last lecture.

Proposition 7.1. Suppose that P(x,y) = ao(z)y™ + a1(z)y" ! + .-+ + an(x) € C[x,y] is an irreducible
polynomial. Then there are only finitely many a € C such that there is a common solution y € C for
Pa,y) = 2L(a,y) = 0.

Proof. Let’s set Qo(x,y) = Q(z,y) € Clz,y] to be %(m,y), i.e. the y partial of P(x,y). Then if we treat
everything in C(z)[y], we know that we can do Euclidean division algorithm in C(z)[y] and we know that
there is a Q1 (z,y) such that:

P(z,y) = ho(z,y)Q(z,y) + Q1(z,y)

where ho(z,y), Q1(z,y) € C(z)[y] which means that they are actually some polynomial in y with coefficients
which are rational functions of x, therefore we know that by clearing out the denominators, there is some
bo(z) € C[z] such that we have:

bO(w)P(xay) = bo(.’ﬂ)ho(l’,y)Q(iﬂ,y) + bo(.’ﬂ)Ql(ZE,y)

where by (z)ho(x,y) and bo(z)Q1(z,y) are now in C[z,y]. For notation simplicity, let’s just assume that
there is some bg(x) € C[z] and ho(x,y), Q1(x,y) € C[z,y] such that we have:

bo(x)P(x,y) = ho(x,y)Q(m7y) + Ql(‘r’y)

Recall that since we are doing Euclidean division, the y-degree deg, Q1 (z,y) of Q1(w,y) should be at least 1
less than deg, Q(x,y). Then since we are only multiplying them with some by(x) to clear denominators, this
doesn’t change the y degree.

Notice that if deg,Q(z,y) = 0, which means that it’s only a polynomial in C[z], then we know that
Q(z,y) is a unit in C(x)[y], therefore Q1 (z,y) is 0, therefore in this case we may assume it’s y degree is —oo.
However, if deg,Q(x,y) = 0, we know that:

P(z,y) = ao(z)y + a1(x)

This implies that Q(z,y) = ag(x), therefore is a is a complex number such that P(a,y) = Q(a,y) = 0, then
we know Q(a,y) = ap(a) = 0, but there are only finitely many such a, thus in this case, the assertion in the
proposition is trivially true. Then let’s assume that deng(x, y) = 1.

Then we know that we can keep doing this process until we have:

bl(x)Q0($7y) = hl(x’y)Ql(xvy) + QQ(J?,ZJ)

bT(x)Qrfl(xay) = hr(ﬂc,y)Q,«(m,y) + Qr+1(x7y)

such that deg, Q+1(7,y) = 0. Therefore it’s just Q,41(z) € C[z].

Now the claim is that @Q,y1(x) is not 0. Indeed, if Q,+1(x) = 0, we know that Q,(z,y) divides
b.(z)Q,—1(x,y), therefore an irreducible factor f(z,y) of Q,(z,y) with positive y degree (there is indeed
such a factor since we know that the y degree of @, is at least 1) divides Q,_1(x,y).
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Then if we consider:

bel(x)QT72<x’y) = hT*1<x’y)Qr71(mvy) + QT(:my)

Then since f divides Q,(z,y) and Q,—1(x,y), then it divides b,_1(2)Qr—2(x, y), which means that f divides
Qr—1(x,y). Then we can keep going until we have:

bO(I)P(‘Tay) = hO(I7y)QO(‘Tay) + Q1($7y)

where f divides Q1(x,y) and Qo(z,y), which implies that f divides P(x,y) but this will implies f is either
a constant or P(x,y) itself. However, since f is an irreducible factor of @, which can at most have y degree
deg, P(z,y) — 1 is never a constant or P(z,y), this is a contradiction.

Then we know that if there is a an a € C such that P(a,y) = 0 and Q(a,y) = 0 both hold for some
y, then we know that this implies Q1(a,y) = 0, then Q2(a,y) = 0, which does all the way to Q,+1(a,y) =
Qr+1(a) = 0. Since Qr+1(x) is not the 0 polynomial, it at most has finitely many roots, therefore we at most
have finitely many a. O

Then we will define a finite subset S = P! by:

S:SOU51U{OO}

where Sp = {x € C:ag(x) =0} and S; = {xr e C: Iy e Cs.t. Pa,y) = g—ly) = 0}. In other, we points in Sy
are those bad points such that the degree of P(z,y) drops and points in S7 are bad points in the sense that
the tangent line of curve defined by P(x,y) = 0 at (x,y) is "vertical” on the C? plane. Or in other words,
these points are where the statement in the implicit function theorem of expressing y in terms of functions
in x fails.

Proposition 7.2. Suppose that P(x,y) = ao(x)y"” + - - - + an—1(x)y + an(z) is an irreducible polynomial in
Clz,y] and we define:
V =V(P(z,y)) = {(z,y) € C* 1}

Then if we let:
m:V->C, (z,y)—x

be the first projection, then the map:
7T|7r_1(C\SO) : 7'('_1(@\50) i (C/So
is proper.

Proof. Notice that m—!(C\Sp) is rarely the whole space of V but for some special P(z,y), we could have
the fact that pi~1(C\Sy) = V. Indeed, we know that if 2 is a point such that ag(z) = 0, then if we set
P(z,y) = 0, we are only requiring a;(x)y" ! + -+ + a,(z) = 0. Now since we have already fixed x, a;(z)
are now just complex numbers. If a;(z)y" ! + --- + a,(z) still has positive degree y terms, then we indeed
know that there are y such that ag(xz) = 0 and P(z,y) = 0. However, x clears all positive degree y terms
but gives a,(x) # 0, then we know that there is not such y such that P(z,y) = 0. But this is not important,
as we are taking out Sy in case the bad situation happens.

To probe this proposition, we need to show that for each K < K\Sy which is compact, then the preimage
is compact. Notice that this 7 is clearly continuous since it’s just the restriction of the projection. Therefore
the preimage of K is closed in 7, then we only need to show it’s bounded to show it’s compact in 7#=1(C).
To prove this we need the following little lemma:

Lemma 7.3. Let ¢, -, ¢, be complex numbers and suppose that we have a polynomial equation:
w” + w4 e w e, =0

If not all of ¢; = 0, then |w| < max; |¢;|"/*.
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Proof. Let ¢ = max; |¢;|'/* which is a positive real number. Then set z = £ and if we divide both sides of

the above equation by ¢”, we get:

Cl Cn—1 Cn
2 =t — =0
C

on—1 on

Then we will need to show that |z| < 2, indeed: since we know that |c;| < ¢, then this implies that we have:
|27 < 2" 4+ 1

If we have |z| = 2, then we can divide the above inequality by |2™| on both sides and obtain:

1
tod gy <1

|~

1<

which is a contradiction. O

Using this lemma, suppose that now K < C\Sp is compact. First notice that it’s also compact in C since
we know that the inclusion map is continuous and the image of a compact subset is also compact. Since
each z € K makes ao(x) # 0, we can assume that there is § > 0 such that:

1
lao(2)| =6, Jai(x)] < 5

The later inequality holds because K is bounded. Then we know that if we consider the equation:

n an(z) =0 = y™ L@ n—1 G,n("l?)
ap(2)y" + - +an(z) =0=y +a0(x)y a0(2)

Using the above approximation since we know that the coefficients all have norm at most 5%, the above

lemma tells you that:
1
lyl < QW

This implies that the set 771(K) has bounded x and bounded y, which means that it’s bounded, thus
compact. O

Corollary 7.4. Using the notation from above:
7T|7r*1(C\S) : 77_1(@\5) i IP’l\S
is a m-sheeted covering map.

Proof. We have seen that this map is proper, and we know that since we have also taken out those points
op

x € C where there is a y such that P(z,y) = E(w, y) = 0, therefore we know that using the remark we gave
in the beginning of this section: One special case of that remark is when f(x,y) is given by an irreducible
polynomial P(xz,y) given above whose y degree is n. This puts us in the situation of the lemma we discussed
at the end of last lecture and we know that if we consider a point a € C where ag(a) # 0 and there is no b
such that P(a,b) = %(a, b) = 0. Then we know that if we consider the projection of the x coordinate from
V(P) to C, which is basically m we are considering in this corollary, then it’s a local homeomorphism. Indeed,
we have seen that there is a € > 0 such that the inverse image of D(a, €) is a disjoint union (y;(x) # y;(z’)
for all ¢ # j and all 2,2’ € D(a,€)). In fact, these disjoint unions are characterized by the following: first
P(a,b) = 0 has n-distinct roots by, --- ,b, where near each b; can choose a common € such that the first
projection restricted to V- n (D(a,d) x D(b;, €)) gives a homeomorphism to D(a, d).

Then go back to our corollary, we know that if we take out S7 and {oo} as well, then there will be so a € C
such that there exists a b such that P(a,b) = %—g(a, b) = 0, then we know that for each (a,b) € 7~ *(C\S),
we can pick a small open polydisk around it such that the projection restricts to a homeomorphism to an
open disk in D.

Recall that we discussed before that proper plus local homeomorphism plus locally compact Hausdorff
imply that the map is in fact a finite sheeted covering map. Again, since for each a € P*\S, there are n
elements in the preimage, we know that this is indeed an n-sheeted covering map. O
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Remark 7.5. Notice that P*\S is an open Riemann surface (Here open just means noncompact). Then
given this n-sheeted covering map 7, we can give 7~(C\S) a natural complex structure such that it’s also
an open Riemann surface (If it’s compact, then it’s surjective image is compact, which is not true).

Indeed, this can be done more generally: suppose that p : X — Z is a local homeomorphism where Z
is a Riemann surface and X is a real 2-dimensional topological manifold. Then there is a unique complex
structure on X such that p is holomorphic.

For an open subset U < X such that p restricts to a homeomorphism to it’s image V p|y : U — V and
V < V; where (V},;) is a chart for Z, we define a chart on U by:

pjo
;0 U S (V)

Notice that such U’s can cover X because X is a covering map. Then we will need to show that this definition
of charts is compatible. Indeed, if U, and U, are two such defined charts, then we know that:

pjop;t =tggopop oyt =y ot

This is holomorphic from the complex structure on Z.

In fact, we don’t even need to assume X is a topological manifold in the beginning, the covering map
naturally gives X a topological manifold structure. Moreover, you can check that suppose that you have a
topological manifold structure on X, then the charts must be compatible with those defined above, therefore
they belong to the same maximal unique structure. Similarly, the complex structure is unique if we want to
make p holomorphic.

Now, using the above remark, we know that if we call Y = 771(C/\S) = C2?, then we already have a
compact structure on Y and a holomorphic map:

7T:Y—>P1\S

However, we know that both Y and P!/S are not compact. Therefore we will want to complete Y to
obtain a new space X such that X is a compact Riemann surface and 7 will extend to a holomorphic map
to P1. There is another issue since we don’t even know if Y is completed while a Riemann surface has to be
connected. We will all need to show that Y, hence X is connected to finish off the proof.

Before we do it, let’s briefly say something about the geometric picture. First, the reason we take out
So from P! is because if we allow ag(x) = 0, then the degree of the polynomial drops by at least 1, then we
know that at that point, the number of solutions of y € C such that P(z,y) = 0 is at most n — 1. However,
there is another way to look at it, which is as we approach the bad point =, some solutions of P(z,y) = 0
escapes to infinity. Indeed, this is why we have to stay away from these points to give a bound of y to make
7 proper. Given an example, think about:

Pi(z,y) =y —1

We know that as we approach the bad point z = 0, the solution y = % indeed escape to infinite, thus
damaging the properness of the map. We will address this problem later in the next section in a different
manner by introducing the projective space.

We are also taking out Sj, which are those points where we could have P(z,y) = %—}y)(o:,y) = 0. For
example, if we consider the complex parabola:

Py(z,y) =2 —y* =0
We find that when z = 0, we have Q(0,0) = %I; (0,0) = 2-0 = 0. Here we see that 2£(0,0) = 1, which
implies that the curve defined by P at (0, 0) is still regular, means it doesn’t have all zeros vanish. However,
we have a double root of y here. If you think about the graph of the real numbers parabola, you can find
that near (0,0), we don’t have a well defining covering map structure if we project to z-axis.
There is also another situation which is when the curve is actually singular, which means that:

oP,_ . oP

P(z,y) = a—y(x,y) = %(x,y) =0
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For example, if we consider:

P3(z,y) = 2* — 3

Then clearly all the partials vanish at (0,0). If you think about the real numbers curve defined by Ps,
you will notice that at (0,0), two lines intersects.

We will also have other singular cases, for example we can have:

Py(z,y) =y* —a°

We will have a cusp singularity at (0,0).

Therefore, our job latter is to try to fix the problems caused by these bad points. The way we do it is
introduced first by Riemann, which is to add some points to Y and get some space X that is not embedded
in C?. Let’s introduce this method first and we will come to a more natural way in the next lecture.

Let’s first deal with the question of how to complete Y. Now let a € S be a point then if a is a point in C,
we will take a small neighborhood A, where A, NS = {a}. If a = o0, then we will take A = {|z| > 1} U {0}
such that again A n S = {0}. Let’s just call these neighborhoods A for simplicity and we use A* to indicate
that this is a punctured disk where we take out a.

Then we consider the preimage of AX:

AN =T [ [ ] [ Uka

where each U; is a connected component of the preimage. Note that here this k is at most n and may
not be equal to n. Indeed, we know that take any p € A¥, the inverse image contains n points, each of them
lies in one of Uy,, therefore there are at most n of them. However, this k can be strictly smaller and one
example is given by:

":D(0,1) - D(0,1), z—2z"

Now if we restrict m to one of U;, we find that we get again a covering map. Indeed, we know that
restricted to U; is still proper and it’s again a local homeomorphism therefore it’s a covering map. Therefore
we know that:

*
7T’a = 7T|Uja - ACL

is a covering map for all 1 < j < k, and we know from covering space theory, there is a homeomorphism
@ja : Uig — A* and an integer k > 1 such that the following diagram commutes:

Ujg —— 2% 4 A*

\ Az bja ta

Let D be a small punctured disk around the point a, then we know that it’s inverse image is connected
in Uj, since we know that it’s inverse image in A* under z +— 2%« + a is connected.

If a = o0, we know that basically the same argument works since the set {|z| > 1} is homeomorphic to
A* for a punctured disk.

Then we will artificially add one point pj, to each Uj, to obtain Uj, = Uj, U {pja} and we clear that X
is obtained from Y by adding all p;, for all @ € S and all j. The topology on X is defined by:

1. U c Y and it’s open in the topology of Y.
2. For each point p;;, we define a neighborhood basis to be {p;,} U cpj_al O<lzl<i:in>1).

Then we define the map:

p: X —>P
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where p(y) = m(y) if y € Y and a point p,, is mapped to a. Clearly this is a continuous map and you can
check it directly. We can also give a complex structure on X by the cover:

U={Uj,} u{UcY:Uisachart inY via 7}
The chart on Uj, is defined to be:

(Pja : Uja/ g A

where we map pj, to 0 and other points are mapped to the ¢;, we defined before. Then you check that
this is indeed a homeomorphism. Then we need to check that this indeed gives compatible charts. Those
U in Y are already compatible since Y is a Riemann surface. Therefore we only need to check the map on
each U, n U. Clearly the map on the intersection is described by: if z — cpj_al(z) — w(npj_al(z) = zFia + q,
which is indeed holomorphic. Notice that this is fine since we are not dealing with anything that is near 0,
therefore z — zFie is a perfectly good biholomorphism.

One thing that we do need to be aware of, if a is 00, then we know that the transition map is now:

2 2R g ——
€27k
But this is again holomorphic since z is again not near 0.
Then if we consider the map:

p: X - P!

I claim that it’s holomorphic. Indeed, if we consider points in Y, we already see that it’s holomorphic.
For the newly added points p;,, we know that we can take the neighborhood to be Uj'-a, then this map in
coordinates looks like:

2 zRie 4 g ZH#
’ €2zkin

which are all holomorphic.

Moreover this p is proper. To see why, we already know that p : ¥ — P!\ S is proper. Then suppose that
we have a compact subset K in P!, then we know that K n P!\S is compact, then we know that the inverse
image of K in X is the inverse image of K n P'\S in Y, plus some finite sets of closed points, which is the
union of finitely many compact subsets, which is still compact. Therefore p itself is proper, therefore since
P! is compact, X is compact.

Then we know that this will be a n-sheeted branched cover since taken out S in P! we get a n-sheeting
usual covering.

It’s especially interesting to think about what happens to this map p : X — P! when we look at the
points around oo in P'. Essentially, what we did is just is that we added some new points to the part of the
curve V which stretches to infinity according to if they are connected. You could imagine that the curve
can go to infinity in different directions, and we are adding one point to to each of the directions. This will
appear again in the next lecture when we embed this curve in some higher dimension projective spaces.

Essentially the function p we constructed above comes from the projection of V' < C2 to the z coordinate.
Then let’s also study what happens to the projection to the y coordinate.

Proposition 7.6. Let pro : V — C be the projection where (x,y) +— y. Then the function:
f=praly - C
is holomorphic and can be extended to a holomorphic function:
f: X —>P
Proof. Clearly the projection on Y is holomorphic since in the coordinates of Y we defined before, this

projection is just:
z > y(z)

49



Then using the implicit function theorem, this is indeed holomorphic. We need to see how we can extend it
to X — PL.

Let a € S and let € X such that p(z) = a. Let’s choose local coordinates z around z and w around
a such that p becomes z — 2™, which is always possible since p is holomorphic an this is just the local
behavior of holomorphic functions. Then we I claim that by definitions of V(P) and f, we have equations:

an(w)
ap(w)

ay (w)
ao(w)

f2)" + fR)" o+ =0, z#0,w=p(z)

Here we are thinking of a; as meromorphic functions from P! to C! using the coordinates w on P! we just
choose. In other words, we are assuming that the coordinate z goes to (z,y) € Y and by p it’s mapped to
x € P!, then by the coordinate it’s mapped to w. Then when writing a,, in the w coordinates, we know that
a1 (w) is equal to aj(z), however, we know that the two a; carries different meaning. I hope this abuse of
notation won’t cause too much confusion.

Now we know that each a;(w) is meromorphic at w = 0. Indeed, if a € S is o0, then clearly we know that
as w — 0, which means that the point (x,y) in X are escaping to infinity, then clearly ag(z) goes to infinity
as a polynomial in z, then as w — 0, it also goes to infinity, thus it has a pole at 0. But if a # 0, then
clearly a;(w) should be holomorphic at w = 0. But no matter what, we know that we can assume ZOEZ)) is
meromorphic at w = 0. This means there exist constants C; > 0 such that:

) C.
|az(w)|\7lN7 v1<2<n
ap(w) "~ [wl
Then we know that via the lemma, we can estimate:
cl ¢

< i

[/(2)] <2 max. N S oK
for some C' > 0 and K € Zx,. This implies that f(z) is meromorphic at z = 0 at at worst it has a pole of
order K, therefore it actually extends to a function to P!. O

To conclude our previous work, we have constructed some compact space X with a complex structure on
it and two holomorphic functions f,p on X such that for all y € Y where we have:

P(p(y), f(y)) =0
Then recall that X and Y only differs by a finite set of isolated points, therefore if we define a function:

P:X - C, z~ P(px),f(z))

we can just extend the value 0 to the points p;, and this gives us a constant function P on all of X.
Finally, we only need to show that X is connected to conclude that X is a compact Riemann surface.

Proposition 7.7. The space Y is connected thus so is X. Therefore X is a compact Riemann surface with
meromorphic functions f : X — P! and p : X — P! we defined before such that:

P(p(z), f(z)) =0, VreX

Proof. Recall that X is only Y added finitely many points and each point has a neighborhood that looks
like a Euclidean ball, therefore we know that if Y is connected, then X is automatically connected.

To prove Y is connected, let’s assume it’s not and we will show that this contradicts the fact that P(x,y)
we started with is irreducible.

Suppose that Y is not connected and thus with a strictly smaller connected component Y;. We will
consider the restriction of 7 to Y7 and call it 7r;. Similarly we will use f; to denote the restriction of f to Y.

Again, since 7 is proper, m; is proper, and since Y7 is open in Y, 7 is again a local homeomorphism,
thus 7y is a r-sheeted covering map for some r < n. In particular, the map m; : Y1 — P\S is still surjective.
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Now take any x € P1\S and let e, (z) where 1 < v < r be the v-th elementary symmetric function with
respect to Y1, -, Yp:

eu<m) = eu(yl, T ayr)
where y1,- -+ , ¥y, are the values taken by f; on 7~ !(z).

This define a function:
e (x) : PN\S - C

Notice that if we choose coordinates z for € P'\S, we know that this function in local coordinates is in
fact defined by:
z ey (y1(2), 0,y (2))

where y;(z) are defined using the implicity function theorem which are all holomorphic. Therefore this
definition actually gives us a holomorphic function:

e, : Pl\S - C
I claim that this can be extended to a meromorphic function:
e, : P! > P!
To show this, note that by the definition of f; and m; we have:
P(z,y;) =0, <j<r

Then for a € P! that is not 00, we choose a coordinate x around a such that 0 — a. Note that if we
consider the map:
r—zxeP\S— (z,y,) €Y1, 2z#0

We can write this in coordinates by:
z = (2, yi(x))

where y;(x) is a holomorphic function in z. Then we know that in this coordinate we have:

Notice that for each z,y;, we know that x, y;(z) gives us a local coordinate of V' near that point where x # 0.
Then we know that f; in this coordinate can be written as:

firx '—’yz(ﬂﬁ)

Then we know that since:
ao() f1(yi(x))" + -+ +an(x) =0

for all such z in the coordinate, we know that we can use the lemma to bound fi(y;(x)) and thus f;(y:(z))
naturally extends to a meromorphic function at z = 0. Then we know that we have the following estimate
of e, (x) using the same coordinate:

lev (@) =1 D) il (@) filyi, (2))]

1 <-<iy

Since each f1(y;(x)) are meromorphic functions in x, we know that e, is also a meromorphic function in .
Therefore e, () extends to a € S where a # .

When a = o0, similar arguments works, we again choose a coordinate z around a such that 0 — a, for
example z — 1/z. Then we know that using this coordinate, for each z # 0, we get some point x in P! which
is close to oo, then we know that above this point, there will be y1,--- , ¥y, and we know that each of them
is a holomorphic function in x since in Y; we excluded the bad points which makes the implicit function
theorem false. Then we can essential estimate e, using the same argument as above and indeed e, extends
now to x = 0, which is the point a = o0.
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However, recall that we know exactly what is a meromorphic function:
P! - P!
and they are just given by rational functions! If we define Q(z,y) € C(x)[y] by:
Qz.y) =y —e(@)y "+ -+ (=1)ep(2) P! > P!

Then if x € P\S, I claim that the roots y1,--- ,y, of Q(x,y) are also roots of P(z,y) € C(z)[y].
Indeed, we know that:

Qz,y) =y —er(@)y"™ + -+ (=) er(2) =y —er(yr, - y)y ey )

Using the identity of the elementary symmetric functions, we know that:

T

+o ey ) = [ [ —w)

v=1

Yy —ei(y, L yn)y !

This implies that given any fixed zg € P!\S, we know that:

Q(wo,y) | P(wo,y)

Now if we do the Euclidean division in C(z)[y] and get:

P(:c,y) = A(z,y)Q(az,y) + R(x,y)

with deg, R(z,y) < deg,Q(z,y). Notice that for every xg € P'\S, we know that if we plug in zg, we get:

P(z0,y) = A(z0,y)Q(z0,y) + R(z0,y)

We know that even if we need to avoids the roots of the denominators of the coefficients of A(x,y) and
R(zg,y), we are only avoiding finitely many of them. Therefore we know that the above equation holds for
infinitely many xq € C.

However, we already see that for a specific zo, Q(zg, y) will divide P(zg,y) in C[y], therefore we know that
R(z0,y) = 0 as a polynomial. Therefore the coefficients of R(z,y) vanishes at infinitely many xg, therefore
each of them must be 0, therefore R(z,y) = 0, therefore we obtain the division in C(x)[y]. However, we
know that by Gauss’s lemma if P(z,y) is not irreducible in C(z)[«], it’s not irreducible in C[z,y]. O

Remark 7.8. In algebraic geometry, this space X is called the normalization of the algebraic curve

V =V(P).

8 Lecture 8

This section is basically about solving the d-bar equation, which connects to the famous Runge’s theorem.
Since Runge’s theorem is not the typical content for a standard course on one variable complex analysis, 1
pushed the stuff in this section to the write-up. You should read it before moving to the next lecture.

9 Lecture 9

From this section and going forward we will start working with cohomology. Let’s first do a introduction of
what that is via the famous Mittag-Leffler problem and it’s cohomological form.
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