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Since we will need to use Runge’s theorem to embed an algebraic surface to the projective space and
Runge’s theorem is not a standard topic in a one-variable complex analysis class, therefore we include it in
a write-up so that you can read this when you need Runge’s theorem. Basically we are following [NNO1].
Let’s state all the versions of Runge’s theorem before we begin to prove them:

Theorem 0.1. (Runge’s Theorem: First Form) Let Q be open in C and let K be a compact subset of
Q, then the following statements are equivalent:

1. p(H()) is dense in O(K).
2. No connected components of Q\K is relatively compact in Q.

3. For any a € Q and a ¢ K, there exists a f € H(f2) with:

[f(@)] > [flx

Here H(2) are just holomorphic functions on € and we will explain what is p and what is | |x latter.

Theorem 0.2. (Runge’s Theorem: Second Form) Let ' < Q) be two open sets in C, then (Q,) is a
Runge’s pair iff no connected component of Q\' is relatively compact.

We will define what is a Runge’s pair later but simply speaking, what this is saying is that holomorphic
functions in €', the smaller open set can be approximated using restrictions of holomorphic functions on a
larger open set.

Theorem 0.3. (Runge’s Theorem: Classical Form) Let 2 be open in C and let C\Q2 = |J,.4 Ca be
the decomposition into connected components. The A’ < A be set where A’ = {a € A : C, is compact.},
and for each « € A’, choose a point a, € Cl,.

Then for any f € H(f2), it can be approximated uniformly on any compact subset of € by rational
functions all of whose poles are contained in the set {as }aea’-

A corollary of this theorem is:

Corollary 0.4. Let Q be open in C. Then the set of restrictions to §2 of polynomials in z is dense in H(f2)
iff C\Q has no compact connected component.

Before we begin our study on Runge’s theorem, let’s examine some preliminaries:

ou s
1 The & = ¢ Equation
In our proof of Runge’s theorem, one important tool is to understand the so called inhomogeneous version
of Cauchy’s Integral formula. To be able to set this up, we will have to examine the following partial
differential equation on an open subset ) of C:

ou
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where f is a smooth function on 2, or we can write is as f € C* (). Here the differential operator F
just means:

0 1,0 .0
== —is)
0z 2 0x oy
This equation is sometime called the ¢ equation and as you will see later, a lot of complex geometry
actually hides behind this equation. Turns that we won’t be able to solve it in the full generality without
Runge’s theorem, however the study of this partial differential equation helps us prove Runge’s theorem,
which in turn solves the equation.
We will need the following fact on smooth functions which basically comes from the existence of a partition
of unity:

Theorem 1.1. Let € be open in R™ and let X < Q be a closed subset which is contained in some U open
in Q. Then there is a ¢ € C*(2) with 0 < ¢(x) < 1 for all x € Q such that ¢|x =1 and ¢|g\p = 0.

In fact ¢ can be chosen to be 1 on a neighborhood of X and if X is compact, ¢ can also be chosen to be
compactly supported.

What this function is telling us is that we can create a bump function which takes exactly the value 1
on some closed subset.
We will also need the following theorem on some integrations:

Lemma 1.2. Let R be a closed rectangle in C and let f € C*(R) with values in C, which means that there
is an open neighborhood of R where f is smooth as a function from that open neighborhood to R?. Then

we have the following integral formula:
0
ff—fdz ANdz = —J fdz
82: OR
R

Here since dz = dx + idy and dzZ = dx — idy, we know that dz A dZ = —2idx A dy. Therefore you can
just think of this as the Lebesgue integration with the standard planar Lebesgue measure.

Proof. Suppose that R = [a,b] x [c,d], then we know that:

f dzAdz-(fi)L(L(;];Jr (;—fd )dy

We know that if we compute:

d b
of
—dxd
L L oz vy
It’s just:
d
| £0.0 - raay

Let call the boundary of R, positively oriented by ~1,---,74, in counter clockwise. Recall that if we

parametrize the left and right vertical side of the rectangle by ¢ — b+ ti and t — a + (d + ¢)i — ti,
then we know that:

f(z)dz = ich f(b,t)dt, L4 f(z)dz = —i J;d fla,d+c—t)dt

Y2

Notice that for the second term, we do a change of variable by y = d + ¢ — t, we know that dy = —dt and

the integral is:
d
ffad+cft Jfay =—iJ fla,y)dy



Therefore we know that:

f Lb %dxdy = f f(b,y) — fla,y)dy = 1L2 f(2)dz + 1L4 f(2)dz

i
d b

zf J a—fdxdy
e Ja Oy

Since we are dealing with continuous functions on compact subset, we know that we can either use the Fubini
from multivariable calculus or the Fubini from Lebesgue integration and switch the integral order and get:

ff dydx_zjf % 4yda

Then I will let you do the parametrization and see that this is indeed:

Similarly, we can compute:

L peae+ [ fe)ae)

¢ 71 V3

Using the above lemma and the theorem on bump functions, we get:

Proposition 1.3. Let R, R’ be a closed rectangles and let R’ < R. If f € C®(R\R') again with values in C
then: 5
Jf—{dZAdzzf fdz+ | fdz
D 0z oR OR!
R\R'

Proof. Clearly if f is smooth on R, then we know that we can apply the previous lemma to:

ff “—dz A dZ — Jf dz ndz = — fdz + fdz
OR OR'

However, we only assumed that f € C®(R\R'), therefore we need to do some work here.

By our assumption, there is some open U > R\R’ such that f is smooth on U. Recall that using the
theorem about the bump function, there is some function a € C*(U) such that a = 1 on R\R’ and « is
supported in U, then if we consider the function g(z) which is defined by g(z) = a(z) - f(z) if z € U and is
defined to be 0 outside U. Notice that this definition actually glues to a function g on all of C and you can
check that g is actually in C®(C), then we can apply the previous lemma to g and get:

ff Do ndz = ff—dZAdz—fj—dZAdz——J gdz—i—f gdz

0z 0z 0z 5 R
R\R'

However, we know that on R\]%’, g(z) = f(2) since a = 1, then we actually just have:

Jf —dz AdZ = fdz + fdz
R oR'

R\R/

Here is another little lemma we need:

Lemma 1.4.

ff E ‘dmdy<oo

|z]<1

In other words, é e L1(D(0,1)).



Proof. Notice that the interval [0,1) is just a measure 0 set in D(0,1), we we know that the integration can

be rewritten as:
Jf —dxdy

D(0,1)\[0,1)

Then recall that we have the Lebesgue integration change of variable formula, where we have a
diffeomorphism: '
(r,0) : (0,1) x (0,27) — D(0,1)\[0,1), (r,0) — re'

2
ff —dxdy = J f dfdr = 27

D(0,1)\[0,1)

Then we have:

O

Then we can state the theorem that gives us the inhomogeneous Cauchy’s integral formula we need to
prove Runge’s theorem:

Theorem 1.5. Let f € C(C) (a compactly supported smooth function on C with values in C), then for

any w € C, we have:
J.J- dz A dzZ
T omi 0Z z —

Writing it in a different form:

Notice that this integral actually makes sense since % is continuous and compactly supported, thus is

integrable on C. We also know ﬁ is integrable on C by the previous lemma we proved, therefore their
product is integrable, or in other words even in L*(C).

- [[%:

We now that we can consider the diffeomorphism which translates x and y such that after we do this
diffeomorpohism, we get:
ﬂ of (z + )1d d
—(z+w)—-dz
0z P4
C

Since f(z + w) is still compactly supported, we can choose a closed rectangle R such that f(z + w) has
support contained in R and 0 € R.
Then we again choose a € small and a rectangle R, with sides length of € centered at 0. Then notice that:

Hé (2 + w) dd Ha fz:w)dxdy
C

Indeed, we know that since - is holomorphic on C\{0}, then aa% = 0 for z # 0. Then we know that since:

Proof. Again if we want to prove:

dxdy

i(M) a?f<w+z)+if(z+w)-1

0z z 0z z

We know that these two functions agree when z # 0. However we know that {0} is only a measure 0 subset,

therefore it doesn’t affect the integral. Therefore let’s just compute SSC f (ZJ“") Ydxdy.
Recall that the function:
f(z+w)l i(f(z+w))|
z 0z z

| 0z

| a.e. |

e L'(C)

>~



We can also think about the function:

0z) = 2 LEE Dy

where 1 is the indicator function. Then we know that g.(z) converges to @

therefore since:

almost everywhere on C,

Using dominated convergence theorem, we know that:

JJ ¢ f z:—w dxdy = lin(l)ffge(z)dxdy
c

Then for each g.(z), we know that the integral is:

[t~ [ &5 ] £

R\R. R\R.
Then using the previous result, we have:

ﬂ 0 f”w)d Adz— 2o LR(f(w+z))dz+J CUCREAPE

27 z OR. z
R\R.

Notice that by our choice of R, we know that:

—f CACREI R
oR

z

Therefore the above integral is just:

H ¢ f”‘” )dzAdz—,leWdz

21 z
R\R.

However, notice that:
fwsz) ) [ fwes) = f) s fw) [ ) = fw),

OR. z OR. z OR. z

Ha fZZ“" dzdy—hm—f f”w Ferw) = W) 4 orif(w)

z

This gives us:

Notice that since we assumed that f is smooth on C, then we have a bound M > 0 such that:

[z +w) = f(w)

z

| | <M

Then we know that we have:

i [ LEFW =) limj Mdz =0
€ JoR. Z € Jor
Therefore we eventually get:
o flz+w) 7
|| £ ety = mrw)
C
which is exactly what we desired. O



This let’s partially solve the ¢ equation:
Theorem 1.6. Let f € C°(C), then if we define:

H Lo iz

(w) = f(w), YweC

Then v € C*(C) and we have:
ou

oz

Proof. Again, we can change variable and obtain:
1
u(w) = — JJ Mdz Adz
2m z
C

Qu _Ldw_ou
oz 2'0z oy

The recall that:

Let’s first compute what is $%. For A > 0 a real number, we consider:
w(w +h) —u(w) _ L-J.[f(z—i—w-l—h)—f(z—i—w)dz/\dE
h 2mi

Again, we if we tale the limit and let h — 0, using dominated convergence theorem, we know:

ou . u(w+h) —u(w
%(w) B illlg%) h " omi Jf 7dz nE

Similarly, we know that:
=5 Jj fdz ANZ
of of

Notice that since a5y or and in fact all the partials of f are smooth and compactly supported, we know that
all the partials of u exists, therefore u is in fact smooth on C. Moreover, we know that:

2mﬂ dz/\dz—f()

O

Note that all the above computation are for a function with compact support, i.e. a function f € C°(C)
and the assumption of compact support is essential in our proof. In order to solve the &z = f for some
feC®(C) or feC*®(Q) for some open subset ) of C. We will need Runge’s theorem. However, the above

partial results indeed gives us something useful:

Theorem 1.7. (Inhomogeneous Cauchy’s Integral Formula) Let  be open in C and K a compact
subset of €, let a € CF(€2) be such that o = 1 on a neighborhood of K then for any f € H(Q) (again defined

via partition of unity) we have:
1 Ja
3 ||
C

1
dz A dZ
—w



Proof. We again do the change of variable so that the integral is:

o ff dz Adz

Now consider the function ¢(z) which is defined to be f(z)a(z) when z € Q and 0 when z ¢ Q. Notice
that since « is supported on a compact subset of {2, we know that this definition actually glues to a smooth
function with compact support on C. Moreover, we know that if w € K, we have:

1 _
f(w) = =5 ff dz AdZ = 57 ff dz AdzZ
Now note that when z € w:
P(z) = a(2) f(2)
This implies:
o0 o of
2@ = 206 + L )az)
Notice that by our assumption, f € H (), therefore we know that if z € Q:
of
=0
LIRS
Then we know that the above integral now equals to:
f(w) 27_” Jf Tm Jf dz A dz
This is the desired form in the statement. O

Remark 1.8. This is called inhomogeneous Cauchy’s integral formula not just because it looks like some
modification of the usual Cauchy’s integral formula. Notice that since a(z) is always 1 on a neighborhood
of K, we know that for each z € K, (2—% = 0, therefore we know that this integral can actually be done on
the region:

Supp(a)\K

You can imagine that this is a strip which is sort of a thickened line rather than just a line which is used in
the usual Cauchy’s integral formula.

Using this result, we can go and study the first form of Runge’s theorem:

2 Runge’s Theorem: First Form

Let Q be an open subset of C and let K be a compact subset in €. For any continuous function ¢ on K, we
set:

|6l = sup |o(2)|
zeK

Let H(£2) be the set of all holomorphic functions on Q. We can define a topology on H(2) by declaring
that a basis of f € H(f) is given by:

Bex ={9e H(Q) : [f —glx <¢}

here notice that for each compact subset K and each € > 0, we obtain a B, x and the basis is obtained
when K ranges over all compact subsets and € runs over all positive real numbers. This is indeed a basis,
since we know that the intersection:



B€17K1 N B€2,K2 = B€3,K1UK2

where €3 is the minimum of €1, e5. This tells you that the for any finite intersection, there is a smaller
element in the system that is contained in the intersection. Then we define the topology on H(2) to be
those generated by these basis at each point.

This topology is in fact metrizable: Recall that for any open subset of C, here we use €, there exists a
sequence of compact subsets K, such that K, is contained in the interior of K, 1 and u, K, = . Then
for f,g e H(R), we define:

Ny gl
d(f,g)—nZ:“12 L+ |f —glk,

Clearly that by our definition for each n, %

to check this is indeed a metric and this metric in fact define the same topology. To see why, we only need to
show that at a point, they give equivalent basis. Given a compact set K and €, we know that it’s contained
in some Ky in the sequence, then we know that if we consider B, , we can consider {g : d(f,g) < ¢/n}. We
know that if g is in {g : d(f,g) < € - 27V}, then we know that:

, therefore the above series indeed converges. It’s easy

Zg—nw < 9N
p” L+ |f -9k,

\f—9|Kn

P .
TH gl < € this implies:

In particular, we know that

€
If —gley <€ +€f—glk, = |f —glky < T

Then we know that if we take € to be small enough, we have 1%, < e. Conversely, if we suppose that:

22—71 ‘f_g|Kn <€
— 14+ |f —glk,

Then we know that there is at least one N such that |f — g|k, < €, then we know that we can just take

By e
This metric also makes H(2) complete. Indeed, if we assume that {f,} is a Cauchy sequence, which
means that for any 272M there is N such that all m,n > N we have:

d(f _f ):iQ—i ‘fn_fm‘Ki <2—M
Then this implies that:
<27M_ ym,n

1+|fn_mei

This implies that we must have W
n m M

if K is a compact subset of €2, we know that when we take M to be large enough K ¢ Ky € Kpy1 < -+
and we have:

ZQMfi |fn_fm|Ki

< 27M which roughly means that | f,, — fi|x,, <2~ ™. Now

|fm - fn|K < 27M

Therefore we know that for any € > 0, there is a IV such that for all m,n > N, we have:

|fm - fn‘K <€

Therefore we know that f, converges uniformly on each compact subset of €2, which means that the limit
function is also holomorphic. Therefore we know that this is indeed a complete metric space.



The above topology on H(2) is often called the topology of uniform convergence on compact sets. It’s
called this name because if we consider a sequence of holomorphic functions {f,}, then it converges to an
element in H () iff this sequence converges uniformly on any compact subset of Q. I will let you to fill in
the detials, and it shouldn’t be too hard given our above discussion.

Now let K be a compact subset of C, we use O(K) to denote the space of continuous functions ¢ on K
such that there is an open subset U of C which contains K and a function f € H(U) with f|x = ¢. That is
to say that f is the restriction of some holomorphic function on a larger open subset.

Finally, we will use C'(K') to denote the space of all continuous functions on K with the norm ||¢|| = |¢|x.
Then this makes C(K) a Banach-space over C (since uniform limits of continuous functions on K is still
continuous). We will consider O(K) as a subspace of C'(K) with the same norm. However, it’s usually not
closed.

Finally, if €2 is open in C and K is compact in 2, we denote by p = po g the restriction map:

p:H(Q) = OK), p(f)=flx

Then we have the first form of Runge’s Theorem:

Theorem 2.1. (Runge’s Theorem: First Form) Let Q be open in C and let K be a compact subset of
Q, then the following statements are equivalent:

1. p(H()) is dense in O(K).
2. No connected components of Q\K is relatively compact in .

3. For any a € Q and a ¢ K, there exists a f € H(£2) with:

[f(@)] > |flx

Before we do the proof, it’s good to have a feeling about what exactly is relatively compact. Recall that
given any topological space X, a subset A is relatively compact in X if the closure of A in X is compact.
And we usually write it as A € X. In our case, if {2 is an open subset of C and A is a subset, we know that
the closure of A in € is just the intersection of the closure of A in C with Q. This implies that if A is not
contained in €2, then A is not relatively compact. We must have A is compact and contained in € to make
sure A is relatively compact. The following two pictures might help:

7& i compact

approaches
o0 U, is not

not relatively comypact ;
relatively compact

Figure 1: Connected components of Q\K. On the left, K has no hole. On the right, the hole in K produces
a relatively compact connected component U;.

Proof. Let first deal with 1 = 2: Recall that a set in  is relatively compact if it’s closure is compact.
Suppose that Q\K has a component U which is relatively compact. let’s prove that U — K. To see why,



let a € OU and for the sake of contradiction, we assume a ¢ K. Since it’s not in K, there is a disk D around
of a such that D ¢ Q\K and since a is in the boundary of U, we know that there is a point in U such that
it’s also in the disk. Consequently, D u U is connected, but U is already the connected component, therefore
U c U, which means that D n K = (J, therefore a ¢ oU.

Now let zg € U and let f(z) = (2771’20) which is holomorphic on Q\{zp} > K, which implies that f||x €
O(K), then suppose that 1 is true for the sake of contradiction, then there will be a sequence of function
{fn} in H(Q) such that after you restrict them to K they converges uniformly to f|x. However, by the
maximum principle, we know:

Sup|fn _fm| = Sup|fn - fm| < Sup‘fn - fm‘
T oU K

However, we already know that on K, f,, uniformly converges to f|x, therefore supy |fn — fm| goes to 0 if
m,n goes to infinity, therefore we know that f,, also converges uniformly on U, to a holomorphic function
g € H(U). Note that we are using the assumption that U is relatively compact to apply the maximum
principle which is only valid if the open set is relatively compact.

Now think about (z — zp) f,, which converges to 1 uniformly on U — K, then again by the maximum
principle we know that (z — z) f,, converges to 1 uniformly on U. This implies that:

(z—20)9(2) =1,VzeU

But this absurd since we know for z = zg, the function is 0. This contradiction tells you 1 = 2.

Then we deal with 2 = 1. Let p(H(f2)) and we know F < O(K) < C(K). Then by the Hahn-Banach
theorem applied to C'(K), we know that E is dense in O(K) iff the following holds:

Let A be a continuous linear functional on C(K) then if A|g = 0, we have A|o(x) = 0. For those that are
not too familiar with functional analysis, we state the version of Hahn-Banach we are using here.

Theorem 2.2. (Hahn-Banach Theorem) Suppose that X is a normed vector space (not necessarily
complete) over C with Y a subspace. If f : Y — C is a continuous linear functional then f extends to a
continuous functional on X.

One consequence of this theorem is what we are using above in the proof:

Corollary 2.3. Let M be a subspace of a normed vector space X over C and let zp be a point in X not in
M. Then there is a continuous linear functional A € X* such that:

Al =0, Azo) =1

The way you prove this corollary using Hahn-Banach is to define a linear functional f : M + Czg by
f(m + awg) = a, then you check that this is a continuous functional on M + Czg then use Hahn-Banach to
extend to to X. Then we go back to the proof:

This corollary above says that if every continuous linear function A defined on C'(K) which is zero on F
is also 0 on O(K), then if F is not O(K), then we can create a counter-example using the above corollary,
which is a contradiction.

Now suppose that A is a continuous linear functional on C(K), we can define a function:

‘I)/\(U)) = )‘(d)w)

where ¢y, L and z € K. I claim that ®, is in face in H(C\K) and @g\") (w) = nIN(@w,n) Where

Z—Ww

~

Pwn = [E=ma s To see why, for any a ¢ K, we can choose r > 0 such that D(a,r) n K =, therefore we

know that: 1 1 )
¢7U(Z) = = w—a

Z—w z—al—

zZ—a

We know that for |w —a| < r and z € K, the series:



converges uniformly for all z € K, then we know that the following series converges uniformly to ¢,,(z) for
|lw—a| > r:
(w—a)"

Puw(z) = Zm

n

Then we know that since A is continuous and W is in C(K) since a ¢ K, then we know:

M (2)) = D (w—a)"A((z —a) ")

n

Therefore we know that at least in |w — a| < r, we have a power series representation:

Oy (w) = D (w—a)"A(¢an)
Then we know that ®y € D(a,r) with ®™(a) = n!\(d,.,). Since this holds for each a ¢ K, we know that
(I))\ € H(C\K)
Suppose that A is a linear functional on C'(F) with A|g = 0. I claim this implies that ®5 = 0 on C\K
if O\K has no connected component that is relatively compact in €. To show this, let U be a connected
component of C\K. Let’s discuss this case by case:

1. Suppose that first U is unbounded. Choose R > 0 such that K < D(0, R) and let w € U with |w| > R,
since U is unbounded, we can choose such a w.s Now consider ¢,,(z) = —1— then we know that this is:

zZ—w

bu(2) 11 —1iz” i P

wlZ2) = — = — _ = — -

wE -1 w wn wn+1
n=0 n=0

g

Notice that for all z € K, this series converges uniformly to ¢, (z).
Then by uniform convergence, for z € K:

Mouw(2)) = = 3 M)

Notice that 2" € C(K) is in E since 2™ is holomorphic on . Then by our assumption, we know that
A(z™) = 0, therefore:

Pr(w) = AM¢w(2)) =0, |w|>R
Then we know that @5 = 0 on U n {w : |w| > R}. Since U is unbounded, this is a nonempty open
subset. Since U is connected, we know that ®, is 0 on a nonempty subset of a connected subset U,
then the analytic continuation implies ®5 = 0 on U.

2. The let’s see what if U is bounded. We claim that U is not contained in 2. In face, since we know
that 0U — K which is given in the proof of 1 = 2. Hence if U — § we know that U < Q. Moreover,
we know that if U < 2, then we know that since U is disjoint with K, then it has to be a connected
component of Q\K as U is even a connected component of C\K. Therefore we know U is compact and
is contained in Q and since U is a connected component of Q\K, we know that it’s in fact relatively
compact in €. This contradicts to the hypothesis. Thus U is not contained in €.

Now let a € U which is not in 2, we have for n = 0:
2" (a) = nA(dan) = 0

This is because that for a ¢ €2, we know that:

_

(z —a)ntl

is in H(€2). Therefore we know that ¢, , € E, therefore A(¢q,n) = 0.

However, if ® is holomorphic on U < C\K then it’s holomorphic on U, which implies that if all of it’s
derivative is 0 at @ € U with U connected, then ®|y is 0.

¢a,n =

11



This case by case discussion shows that 2 implies that ® is 0 on C\ K.

Then let f € O(K) and let W be an bounded open set containing K and let F' € H (W) such a holomorphic
function such that F|x = f. Let’s choose o € C(W) such that o = 1 on a neighborhood Wy of K, then
using the inhomogeneous Cauchy’s integral formula, we have:

1

Z—w

f(w) = F(w) = %1 Jj %F(z) dzdy, Ywe K
w

Then since we assumed that a is constant on Wy, we know that the above integral can be further written

as:
1

Z—Ww

fw) - rw) - = [[ Zre)

W\W,

dxdy, Ywe K

Now if we take {R,} to be a finite set of rectangles whose interiors are disjoint which cover supp(«)\Wy, and
if ¢, is a point in R, N supp(«), then we know that as the maximum of the diameter tends to 0, the sum:

LS () F(G) ——m(R,)
T 0z G —w

is going to converge to the integral where R, is the planar Lebesgue measure. Notice that this convergence
is uniform in each w € K.
Indeed, let’s compute what is the difference:

1 o 1 o 1

;| Jj EF(Z) P wdxdy - Z,,: g(Cu)F(Cu)mm(Ruﬂ
W\W,

Notice that for each v, we know that:

1

Cu_w

o @IF@) dudy

w(r) = [ Licorer -t
R,

On the other hand, since R, covers all of support(a)\Wy such that R, n (support(a)\Wp) # &, we know

that: 5 ) 5 .

a a

JJ gF(z)Z_wd:cdy =ZV:JI gF(z)Z_wdxdy
WA\Wo R,

Therefore the absolute value of the difference is at most:

Y[ 1Ere— - Zere
v R,

= w)\dmdy

Now we know that since K is compact and suppa\Wj is also compact, then the distance between K and
suppa\Wy is positive, that is to say that there is some § > 0 such that for all x € K, y € suppa\Wj,
d(z,y) = 6. Then we know that if we set v to be small enough, then we can assume that for all € R, and
w € K, the distance is at least positive value 6. Then if we consider the function:

8ozF(Z) 1

0z zZ—w

9(z,w)

We know that once we choose R, to be small enough, we can assume that each R, is contained in a closed
subset S of W\Wj such that S is still has positive difference to K. Then we know that the function g(z, w)
is uniformly continuous on S, then we know that for any € > 0, we can find small enough R, such that:

oo 1
=reE

1
) <e, VzeR,,wekK
w

oa
- g(CV)F(gu)CV —
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Then we know that: ) ) 5 .
oo [0
jfwégfwz> O GF(G) ey < R,

Z—w ¢ —w
R,

Therefore the summation of all the integrations becomes at most:

m(S) —0

€
™

% Zy: em(R,) <

Here we know that S is a compact subset thus it’s Lebesgue measure is finite. This shows our claim of
uniform convergence for all w € K.
This uniform continuity implies if we define a function:

1
Cu_w

gll(w) = 7 %(CV)F(CV)

m(R,)

We know that it converges to f(w) uniformly for w € K, or in other words in C'(K), therefore we know that:

1

Cu_w

M) =tim 1 3 S () PGIN (R

Now we notice that the function defined on S by:
1

Z—w

)

2= AMw—

Is exactly the function ® we define before, which is continuous on S, then we find the limit of the Riemann
sum above is just:
Jj a—OCF(Z)CI>(Z)d,z
0z
S

However, we already know that for z € W\W, < C\K, ® is 0, therefore the integral is 0, therefore A(f) = 0,
we are done. This proves that if A\|[gz = 0 then A|o(x) = 0, thus we are done with 2 = 1.

Then we deal with 3 = 2, and 2 = 3 which are easier. For 3 = 2, let U be a connected component which
is relatively compact in €2, then again we know that U < K, then using the maximum principle, since U is
relatively compact, then for a € U and all f € H(Q):

[f(a)l < sup [f(2)] < |flx
zeoU

which contradicts 3.
To show 2 = 3, let Q\K = u, U, be the decomposition of Q\K into connected components. By assump-
tion, we know that no U, is compact contained in .
Now let a € Q and a ¢ K. Let p be the value of v for which a € U,. Then let L = K U {a}. Then we
know:
L = Uy, U, v U, \{a}

Now since the closure of U,\{a} is the same as that of Uy, thereofre we know that L is again compact and
the complement has no connected component that is relatively compact in 2. Then since 2 is equivalent to
1, we know that:

{fle : f e H(Q)}

is dense in O(L). Now the function ¢ defined by ¢ = 0 on K and ¢(a) = 1 is clearly O(L) since a ¢ K.
Then there is a f € H(Q) such that:

1

|f - ¢|K < 5

which means that: )
TORSTR
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This means that |f(a)| > 1 but clearly for z € K, we know that:

1
)<
Therefore:
[f(a)] > 1/2> [f|x
Thus f is the function we desire, thus we are done with 2 = 3. O

Remark 2.4. Let’s make a remark about the above proof and in fact the picture we gave above will be
even more instructive with a small modification:

; € L
r7lativel compact Q0 only al\annulus lies in €2
K \/ K
"4
U
approaches [ )
. o0 9 1s not center disk
not relatively campact . :
relatively compact not in 2

Figure 2: The third picture is different.

Notice that the first two pictures are still the same with what you saw above. However, if we declare
that in the third picture, the hole in the center of {2 is not entirely in 2, only the annulus is in 2 while the
closed square in the center is not in €2, then this time, the annulus is still not relatively compact as if you
take the closure, the boundary in the inside is not going to lie in 2. And in this case, our intuition doesn’t
call the connected component on the inner side a ”"hole” since it’s just an annulus.

This sort of picture is actually very natural and the generally patter for when you can approximate
functions in O(K) uniformly by restrictions of holomorphic functions of € is determined by if there is a
“hole” after you take out K. Indeed, if there is a hole, you never can approximate uniformly with a very
simple counter example:

1

Z—w

where w is the point at the center of the hole. Indeed, if you can approximate this function by holomorphic
functions f, uniformly, we can integrate along the inner boundary:

dz = 271

0 = lim fndz —
" Jok oK W
this is a contradiction. I will let you think about why this issue doesn’t exist for the third picture with the
annulus.
This being said what the above proof shows that in fact ﬁ is the key obstruction here for the uniform
approximation.

This version of Runge’s theorem is already enough to give the general solution of the equation ‘;—g = f.
However, to give other versions of Runge’s theorem, we still need to learn more about some topology. These
will also help our later study.
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3 Some Topological Results

In this section we will prove some topological results that are useful for other versions of Runge’s Theorem.

Proposition 3.1. Let X be a locally compact Hausdorff space and let K be a connected component of X
which is compact. Then K has a fundamental system of neighborhoods which are both open and closed in
X.

Proof. See [NNO1]. O

Proposition 3.2. Let Y be a locally compact Hausdorff space, let X be a closed subset of Y and let K be
a connected component of X which is compact. Then there exists a fundamental system of neighborhoods
U of K in Y such that:

@U)nX=¢g
where (0U) is the boundary of U in Y.

Proof. See [NNO1]. O

The following definition fixes the possible "holes” Q\K might have:

Definition 3.3. Let 2 be an open subset in C and let A be a subset of C, we define the topological haul
of A with respect to € to be the union of A with the components of Q\A which are relatively compact in €.
We will denote it by: o

A= Aq
We use the subscript if there are confusions about with respect to which open set.

Proposition 3.4. Let ) be an open set in C and let K be a compact subset of 2. Then K is still compact
and there are only finitely many connected component of Q\K and non of them is relatively compact.

Proof. See [NNO1]. O
Below are some useful properties of the topological haul:
Proposition 3.5. If A, B are both subsets of 2 with A c B, then:
AcB
Proof. 1f z ¢ B , we know that z is in some component of Q\B which is not relatively compact in Q. If z is in
A, then we know that z is either in A or is in some component of Q\A which is relatively compact. Since z is

not in B, we know that z is not in A, then if V' is a component of Q\A which is relatively compact, we know
that since z € W and z € V, then we know that W < V| however, this implies W is relatively compact. [

Proposition 3.6. If A, B are both compact subsets of Q with A ¢ 37 then:
Acn

Proof. There are two cases: if z € A, then we know that z € B. Since B < B, we know that:
BeB

This implies x € B

If z ¢ A, we know that is in some component U of Q\A which is relatively compact. Since we are in C,
we know that U is also open, then we have:

UcAcB
This shows that z € U which means that z is in the interior of B. O
Proposition 3.7. Let 2 be an open subset of C, then there is a sequence of compact subset K, such that:
1. K, < K,y
2. U, Kn=AQ.
3. K, = K.

Proof. Tt’s standard to construct a sequence of K, with the first two conditions. Then we take K,, = K [

15



4 Other Versions of Runge’s Theorem

With the topological results we discussed in the previous section. Now we can proceed with the second form
of Runge’s theorem:

Definition 4.1. Let Q,Q be open in C with Q' < Q. We call (2,Q’) a Runge pair if the restriction map:
re H(Q) — H(Q)
has dense image. We also say that Q' is Runge in  in this case.

Theorem 4.2. (Runge’s Theorem: Second Form) Let 2, ) be open sets in C, then (2,9) is a Runge
pair iff no connected component of Q\Q' is compact.

Proof. Let’s first assume there is no compact connected components of Q\§Y', let’s show (€, Q") *** 1o be
completed O

Theorem 4.3. (Runge’s Theorem: Classical Form) Let 2 be open in C and let C\Q2 = | J,.4 Ca be
the decomposition into connected components. The A’ < A be set where A’ = {a« € A : C, is compact.},
and for each a € A’, choose a point a, € Cy.

Then for any f € H(f2), it can be approximated uniformly on any compact subset of € by rational
functions all of whose poles are contained in the set {as }aear-

Proof. *** to be completed O

Corollary 4.4. Let Q be open in C. Then the set of restrictions to 2 of polynomials in z is dense in H ()
iff C\Q has no compact connected component.

Proof. *** to be completed O

5 General Solutions of g—; =f

Using the above discussion of Runge’s theorem, we now solve the d-bar equation.

Theorem 5.1. (Grothendieck) Let Q be an open subset of C and let f € C®(2). Then there is a
u € C®(§) such that:
ou

0z
Remark 5.2. It’s very interesting to see that this result is actually due to Grothendieck.

Proof. Let {K,} be a sequence of compact subsets of {2 such that K,, ¢ K;,H UK, =Qand K,, = K,,.

We know that for each n we consider K,,. We can choose a a,, € C(€2) such that it’s 1 in a neighborhood
of K, then we consider g,, defined by a,(2)f(2) if z € Q and 0 if otherwise. Then we actually see that now
gn(2) is in C(C) and thus we have u,, such that:

ouy,
oz 0
Notice that since g,(z) = f(z) on a neighborhood U,, of K,,, we know that if we are thinking of u, as a

smooth function on 2, then it solves the d-bar equation in a neighborhood of K,,. Similarly, we have u, 1
solving the equation in a neighborhood U, 41 of K, 1, therefore we know that on U,,:

0
S (tns1 — ) = f = f =0

Therefore we know that u,4+1 — u, is actually in H(U,,) and we know that it’s in O(K,,). Then by the first
version of Runge’s theorem we have h,, holomorphic in € such that:
1

|Un+1fun7hn‘[(< 27, Vn

\%

1
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Now consider:

18

Uvn:un+ (Ul+1*ul*hl)*h1*"‘*hn—l

n

Notice that the series converges uniformly on K,,, therefore we know that at least for points on K, the
function is well defined. Similarly, we can define U, 11,--- and so on.
However, notice that this definition actually doesn’t depend on n since for example:

0
Un =tn+ Y (wgr —w —hy) —hy == by
l=n
:un+(un+1_un_hn)+ Z (ul+1_ul_hl)_hl_"'_hn—1:un+1+ Z (ul+1_ul_hl)_h1_"'_hn
I=n+1 I=n+1

Note that the last term is actually U, ;1. Then we know that we can just call this function U and it’s well
defined on every K,,, thus on ).

Moreover, we know that, for each n, this series converges uniformly on K, therefore we know U — u,, is
actually holomorphic on Kn Notice that since each u,, and h,, are smooth on Q and the limit is uniform,
the limit function U is also smooth on €2. Then we know that:

U —u, U  du,
oz

oz =

-

Take u = U, we are done. O]
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