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In this whole notes series, we will basically be following Lei Fu’s book on étale cohomology theory which
covers a large part of Grothendieck’s SGA. For the notations, it will be consistent with the note series on
Vakil’s FOAG, so we don’t specify them here.

This is the first chapter of the notes, and it basically deals with Descent Theory, which is the content
in SGA 1 Chapter 4. Before we head to the real topic on descent theory, let’s spend some time discuss
some basic facts that we will need. We start with the notion of flatness. At first sight, this is just a notion
related to the exactness of tensors. However, it turns out is just the right assumption we have to make
if we want some nice geometric property to hold. For example, it’s a natural question to ask what is the
right assumption such that SpecA — SpecB maps the generic points of irreducible components to generics
of irreducible components, or in the algebraic point of view, the inverse image of minimal primes are still
minimal primes. It turns out that a lot of these good properties are facilitated by the notion of (faithfully)
flatness.

1 Flat Modules

Let A be a ring, we say an A-module M is flat if the function —®4 M is exact on the category of A-modules.
We also say that M is flat over A or M is A-flat. We will now state a few propositions on the basic properties
of flat modules without proof, they are just meant to be a reminder:

Proposition 1.1. If A — B is a ring map, and M is flat over A, then B®,4 M is flat over B.
The slogan here is: Extension of flat modules over any ring map is flat.

Proposition 1.2. If A — B is a ring map such that B is flat over A via this map, and N is flat over B,
then N is flat over A.

The slogan here is: Restriction of flat modules via a flat ring map is flat.
The following are some equivalent characterizations of flat modules:

Proposition 1.3. Suppose A is a ring and M is an A-module, then the following are equivalent:
1. M is flat over A.
2. For any A-module N, Tor{ (M, N) = 0 for i > 0.

For any finitely generated A-module N, Tor? (M, N) = 0 for i > 0.

For any A-module N, Tor{' (M, N) = 0.

For any finitely generated A-module N, Torf(M ,N)=0.

For any ideal I of A, Tor{"(M, A/I) = 0.

For any finitely generated ideal I, Tor{'(M, A/I) = 0.
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For any ideal I of A, the canonical map:
I®M —- M

is injective.



9. For any finitely generated ideal I of A, the canonical map:
IQM— M
is injective.
Recall that if M is flat over A, N is any A-module with submodules N’, N”, since — ® 4 M is exact, it

preserves injective maps, therefore we can view M ®4 N, M ® 4 N” as submodules of M ® 4 N. We have
the following two canonical isomorphisms:

Proposition 1.4.
M®s (N AN")Y~(M®aN')n(M®sN")
M®a (N +N")=(M®&sN')+(M®&aN")
where the intersection and summation is done inside M ® 4 N.
The slogan here is: For flat modules, tensor commutes with intersection and summation. The

proof of the second is quite easy and for the proof of the first isomorphism, we need to consider the following
SES that express the intersection as a kernel:

0O>NAN'"->N@®N' - N -0
I will let you figure out the details.

Proposition 1.5. 1. Let A be a ring and S be a multiplicative set, S~ A is flat over A and if M is flat
over A, STIM is flat over ST1A.

2. Let A — B be a map of rings, let S7'A — T~'B be the induced map of localized rings, if N is a
B-module such that it’s flat over A, then T~'N is flat as A-module and then as an S~ A-module.

3. Let A — B be a ring map and N be a B module, suppose that for every maximal ideal n of B N, is
flat over A, then N is flat over A.

Proof. The first assertion is our slogan that extension of a flat module over any ring map is flat.
The second assertion is checked by:

T'N®s M ~T'BRp (N®a M)

Then you see that this is just a composition of two exact functors, thus exact. Then by assertion 1, we know
that S™IT~1N is flat as an S~'A-module. But S™!7T"!N ~ T~!N as we know that inverting S~! after we
invert T~! is inverting something we already inverted, thus is doing nothing.

The last assertion is basically the statement that exactness can be checked at only maximal ideals. If we
want to check the following sequence is exact:

0>M @ uN->M}NN > M @4 N —0

Notice that this is actually a sequence of B-module maps, therefore to check it’s exact, we only need to check
it on each maximal ideal of B, then notice that (M ®4 N), ~ M ®4 (N,,), we are done. O

Remark 1.6. The second assertion in the above proposition has important geometric consequences. As the
ring map between localizations S™'A — T~! B are always given by localize at a prime. For example for any
prime ¢ of B, we can consider it’s inverse image p, then we have an induced map A, — B,;. Then we know
that if N is a B-module that is flat over A, N, is flat as both an A and A, module. We will use this later.

Remark 1.7. One special case of the last assertion is id : A — A, then it implies that to prove an A-module
M is flat, it suffices to prove M, is flat over A,, for all maximal ideal m in A.

Proposition 1.8. 1. If A is a ring and M is a flat A-module, if a is not a zerodivisor of A (not of M),
then the canonical map:
xa: M —> M

is injective. In particular, if A is an integral domain and M is flat, then M is torsion free.



2. Let A be an integral domain such that A,, is a DVR for every maximal ideal m, then an A-module if
flat iff it’s torsion free.

Proof. We need to be careful with the first assertion, as it states that a is not a zero divisor of A, not of M,
therefore we don’t directly get xa : M — M is injective, the only thing we can conclude is:

xa:A— A

is injective, but recall that we can tensor with M and still get injective, we are done.

For the second assertion, if M is flat, then the first assertion shows that it has no torsion. Now suppose
that it has no torsion, we want to prove it’s flat, recall that it suffice to prove M,, if flat over A,, for every
maximal ideal m. Let I be a nonzero (if it’s zero then there is nothing to prove as I ® M,, = 0) ideal of
A, since A, is a DV R, I is principle, say it’s generated by some element r € A, then we have a canonical
isomorphism of A,,-modules:

A, — 1T a+— ar

This is obviously surjective, it’s also injective because A, is an integral domian an r is not 0. So we have
an isomorphism:
My, ~1®a4a,, Mn m—rQ

Then we want to prove that:
I ®Am Mm - Mm

is injective, but this is:
M,, — M,, T —re

this is injective as we assumed that M has no torsion and A is an integral domain. O

2 Faithfully Flat Modules

Let’s start with some general category theory:
Let C,D be two categories and F' is a functor between these two categories, we say that F is faithful if
the induced map on the Hom sets is injective for all objects X,Y in C:

Home (X,Y) — Homp (F(X), F(Y))

If for example F is an additive functor between additive categories, this implies that F'(u) = 0 implies
u = 0 for v € Home(X,Y). In this case F(X) = 0 implies X = 0 since we know that F(idx) = 0 then
idx = 0.

The functor F': C — D is said to be fully faithful if:

Home(X,Y) — Homp (F(X), F(Y))

is not only injective, but is an isomorphism for all X,Y. It’s called essentially surjective if for any object
Z in D, there is some object X in C such that F(X) ~ Z. We know that a functor is an equivalence of
categories if it’s fully faithful and essentially surjective.

Theorem 2.1. Let C, D be abelian categories and let F' be an additive functor, the following are equivalent:
1. F is exact and faithful.

2. A sequence:
M/ N M N M//

is exact iff:
FM' — FM — FM"

is exact.



3. F is exact and the condition F(X) = 0 implies X = 0.

If furthermore there exists a family of nonzero objects {Z;} in C such that for any nonzero object X
in C there is some Z; and some object Y in C such that there is a monomorphism ¥ — X and an
epimorphism Y — Z;, then the above three conditions are equivalent to the following;:

4. F is exact and F(Z;) # 0 for all Z;.

Proof. Let’s first prove 1 = 2. FM' — FM — FM" is exact, then the composition is 0, therefore since F
is faithful, we know that M’ — M — M" is 0, i.e. Im < Ker. Then:

F(Ker/Im) ~ FKer/FIm ~ KerF/ImF = 0

Again because F' is exact, then F'(Ker/Im) = 0 implies (Ker/Im = 0 because F is faithful, then this implies
that M’ — M — M" is exact.
Then for 2 = 3, since F(X) = 0, then:

0— F(X)—0

is exact, then we know:
0->X—-0

is exact, therefore X = 0.

To prove 3 = 1, suppose that F'(u) = 0 we want to prove v = 0. Notice that ImF(u) = 0, then since F’
is exact ImF'(u) = F(Imu) = 0, therefore Imu = 0 therefore u = 0.

3 = 4 is obvious. To prove 4 = 3, for each nonzero object, we need to prove F(X) # 0. Choose such a

Y, then since F' is exact, we know that:
F(Y) — F(Z)

is still an epimorphism, therefore F(Z;) # 0 implies F(Y) # 0, then F(Y) — F(X) is a monomorphism,
since F(Y) # 0, then F(X) # 0. O

We discuss this abstract result because we want to apply it to modules:
Corollary 2.2. Let A be a ring an M is an A-module, the following conditions are equivalent:
1. The functor N — M ®4 N on the category of A-modules is exact and faithful.

2. A sequence of A-modules is exact:
N/ N N N N//

iff the following sequence is exact:

N @& M-—->NsM—>N'"®@sM

3. M is flat an M ®4 N = 0 implies N = 0.
4. M is flat and M ®4 A/m is not 0 for all maximal ideals of A.

Proof. Recall that for each nonzero A-module M, choose a nonzero element z in M, we take I to be the
annihilator of x, then we have a monomorphism:

A/l - M
Then consider a maximal ideal containing I, we have an epimorphism:
A/I - A/m
we are done. O

Definition 2.3. If an A-module M satisfies the above equivalent conditions, we say that M is faithfully
flat, which is saying that the corresponding tensor functor is faithful and is exact.



Corollary 2.4. Let (A,m) — (B,n) be a map of local rings and let M be a finitely generated B-module,
then M is faithfully flat over A iff it’s flat over A and nonzero.

Proof. We need to prove that M ®4 A/m is not 0, but recall that m is mapped to n, therefore we only need
to prove that:
M®p B/n+#0

But since M is finitely generated over B, we can use Nakayama’s lemma, and we know this M ®p B/n is 0
iff M =0. O

Remark 2.5. The above corollary is actually quite powerful, as it will usually used together with the notion
of supports, because if you localize a finitely generated module at the support, you get a finitely generated
nonzero module, and if it’s flat, then it’s automatically faithfully flat. We will see applications of this later.

Proposition 2.6. Let A — B be a homomorphism of rings, if there is a B-module that is faithfully flat
over A, then SpecB — SpecA is onto.

Proof. Recall that it suffice to show that for any p € SpecA, the fiber is not empty, or B ®4 A,/pA, is
Nonzero.
Now if M is a B-module that is faithfully flat over A, then we know that:

M ®a Ap/pAp

is first, flat over A,/pA, (as this is an extension of rings), then it’s also a fiathfully flat module over A,/pA,
(this is a field, therefore it’s equivalent to flat and nonzero), but notice that M if faithfully flat over A and
A,/pA, is not 0, therefore M ®4 A,/pA, # 0, we are done.

Notice that M ®4 A,/pA, is a B®a A,/pA,-module, therefore the ring is not 0. O

Remark 2.7. This proof shows that why the property on modules, which seems to have nothing to do with
the ring morphisms, can affect the morphism of rings, and thus, morphisms of schemes.

Simply speaking, one simple information of rings that modules can tell us is whether a ring is 0 or not.
To be more specific, if a ring is 0, then the modules over it are all 0-modules. Therefore, if you have a
nonzero module over a ring, then the ring can not be 0. This can give you important geometric information,
especially on the fibers, just as in the above proof.

Corollary 2.8. Let ¢ : A — B be a ring map and let M be a finitely generated module over B that is
flat over A. Suppose that SuppM = SpecB, then for any p € SpecA and any prime ideal g € SpecB that
is minimal among those lying above pB, we have ¢~ !¢ = p. In particular, if for any minimal prime ¢ of B,
¢~1q is also a minimal prime ideal.

Proof. 1 will let you prove the assertion in the ”in particular”.

To prove the main assertion. We know that M, is faithfully flat over Ay-1,. This is because first it’s
nonzero (the support condition), then it’s flat over Ay-1, by a previous remark, finally, it’s also finitely
generated over By. Then this is enough for M, to be faithfully flat over Ag-1,.

Then the map SpecB, — SpecA,-1, is onto. Now we know that pAy-1, is one prime ideal in SpecAgs-14,
then the inverse image of pA4-1, is nonempty. However, we know that ¢ is already minimal over pB, therefore
the preimage is a single prime ideal gBy, then it follows that o g =np. O

Remark 2.9. The support condition in the previous result is easily satisfied if M = B, then we know that
if A — B is flat then in particular, we know the inverse image of a minimal prime is going to be a minimal
prime.

Now we give some condition for a ring map A — B to be faithfully flat over A:
Proposition 2.10. Let ¢ : A — B be a map of rings, the following conditions are equivalent:
1. B is faithfully flat over A.

2. B is flat over A and SpecB — SpecA is onto.



3. B is flat over A and for every maximal ideal m of A, there is a maximal ideal n of B such that
¢~ In =m.

4. B is flat over A and for any A-module M, the canonical A-module map:
M—->M®sB m—m®1l
is injective.

5. For every ideal I of A:

is injective and ¢~ (IB) = I.
6. ¢ is injective and coker¢ is flat over A.

Proof. 1 = 2 follows from B itself is a fully faithful module over A.

For 2 = 3, let m be a maximal ideal of A, we know from SpecB — SpecA is onto that there is a prime
of B such that the preimage is m, then take any maximal ideal that contains that prime, we are done.

For 3 = 1, recall that we need to prove that for any maximal ideal m of A, B/mB is not zero. We know
that there is a n maximal ideal of B such that ¢~!'n = m, then we know that B/n is a quotient of B/mB
which is not zero, therefore B/mB is not 0. This proves the equivalence of the first three conditions.

Then let’s prove 1 = 4, since B is fully faithful over A, to show that:

M->M®sB m—>m®1
is injective as an A-module map, we can base change to B and show that:
M®srB—->M®s By B mPr—mOlr
is injective. But the advantage of tensoring with B is that we can easily construct a left inverse:
M@&1B®sB—->M®aB m@b @by— m®bibs

This argument is pretty interesting as you notice that there is no natural way to define even a map M ®4 B
to M.
Then let’s prove 4 = 5. The injectivity of I ® 4 B — B is just the fact that B is flat over A. Then let
M = A/I, 4 implies that:
A/l - A)I®p a—a®l1

is injective. This map is just A/I — B/IB, therefore it’s injective, this implies that the inverse image of IB
is I (do you see why).

Then let’s prove 5 = 3. Again, B is flat follows from I ® 4 B — B is injective for all ideals I of A. To
prove the inverse image condition, notice that for any maximal ideal m of A, we consider mB, we know that
it’s inverse image is m, then take any maximal ideal containing mB, we are done.

Finally, let’s prove that 4 = 6 and 6 = 4. Let’s first do 4 = 6. We need to prove ¢ is injective, then
let’s just take M = A, then we have a SES:

0— A — B — coker — 0

We want to prove coker is flat, then for any A-module M, we need to prove Tori (M, coker) = 1. Consider
the associated LES:
0 — Tor{!(M, B) — Tor{"(M, coker) — M — M ®, B

Since B is flat over A, we know Tori (M, B) = 0, therefore Tori' (M, coker) is the kernel of M — M ®4 B,
which is 0 since the map is injective.

Then we do 6 = 4. We again consider the above associated LES, this times we know that Tor‘l4 (M, coker) =
0, this proves that Torf(M, B) =0and M — M ®4 B is injective. O



For later use, we will need the following two standard results on completions. Here we don’t want to
spend too much time on completions but you can check the corresponding sections in the FOAG note series
and there will be a write up following Mustumura’s Commutative Algebra:

Proposition 2.11. Let A be a Noetherian ring and I an ideal of A, A the I-adic completion of A, then A
is flat over A via the canonical ring map A — A. Moreover, it’s faithfully flat over A iff I is contained in the
radical of A.

Proof. See the write up on completions for the proof and more on the notion on completions of rings. O

Proposition 2.12. Let A be aring, I an ideal of A and M an A-module. Suppose one of the two conditions
holds:

1. I is nilpotent.

2. I is contained in the Jacobson radical of A and M is finitely generated.
Then the following conditions are equivalent:

1. M is free over A.

2. M ®4 A/I is free over A/I and Tor{ (M, A/I) = 0.

3. M ®4 A/I is free over A/I and the canonical map:
M/IM @1 @y I [T"+Y) — Gy (I M /I M)
is an isomorphism.

Proof. Let’s first think a little bit about what is the canonical map. Recall that tensor product always
commutes direct sums, therefore we are actually defining a morphism:

v o(M/IM ®a/r I"/I"Y) — @) I"M /T M
This can be defined component by component, i.e. we need to define:
M/IM ®a); I" /1" — I"M /I M

we define it by m ® ¢ — im, this is defined by the universal property but we still need to check it’s well
defined. Say m = m/, we know that the difference is in M, then the multiplication is in I"+*'M, or if i = 4/,
we know that the difference is in I™*?, then the multiplication is also in I”*t'M, we are done.

It’s easy to notice that this morphism is always surjective, but it’s not always an isomorphism. As an
example, if M = A, we know that this is an isomorphism, as we have a canonical isomorphism A/T ® 4 /I
/1 ~ /11 But for arbitrary M, this isomorphsim is clearly not available, therefore there is no
reason to expect this is an isomorphism for arbitrary M.

Then let’s prove this proposition. 1 = 2 is clear as free objects are flat. 1 = 3 is also clear as if
M = ®jesA, then we only need to prove( there are some identification issues, but all not hard):

®jes A/T @) I /T ~ @je I /T

which is clear.

Then let’s prove 2 = 1. Let’s first assume [ is nilpotent and we do not assume any Noetherian condition
on A or finite condition of M. Now let’s assume {x)}rea is a family of elements, such that there image in
M/IM generate M /IM and is a basis. I claim that {x)}\ea also generates M. To see why, let N be the
submodule generated by {x)}xeca, then we consider N + I M, since we know that {x)}rca generated M/IM,
we know that M = N + IM. Now we want to consider:

IM+N M
Q=M/N=——— =13

) =1Q



where the equality w ~ ] (%) is done inside %, therefore we know that @ = IQ. Notice that I"™ = 0 for
some n, then we know that @ = 0. Now if we assume that M is finitely generated and I is in the Jacobson
radical, we can apply the Nakayama’s lemma and still conclude that Q = 0. In both case x) generate M.

Let L be the free A-module indexed by A € A. And let L — M be the obvious surjection, we take R to
be it’s kernel, therefore we have a SES:

0-R—->L->M-0
Take the LES associated to Tor’(—, A/I), we get:
0— R/IR—L/IL— M/IM — 0

By definition, we know that L/IL — M/IM is actually an isomorphism, therefore R/IR = 0, i.e. R = IR,
then either from [ is nilpotenet, or from Nakayama’s lemma, we conclude R = 0.
Finally, let’s prove 3 = 1. Let’s keep the notation above, then we have a commutative diagram:

L/IL @)1 (®FpI"/I") —— @ (I"L/I"*1L)

| !

M/TM @1 (@0 I"I"+1) —— @o(I"M/I"+1 M)
I will let you find out why two horizontal arrows and the first vertical arrow are isomorphism, therefore the
following is an isomorphism:
©7_o(I" L/ L) — @y (I"M/I"+ M)

I claim that this implies R < n®_,I™L. This is because let’s first consider L/TL — M /IM, which is an

isomorphsim, then suppose r € R, then we know that R}rLIL is in the kernel, this implies that:

R+ILcIL=RclIL

Then we consider IL/I?L — IM/I?M, we know that since R is in IL, the RIEILQL is in the kernel, but the
kernel is 0, therefore R is in I2L, then you can keep going. Then either you assume I is nilpotent, which
implies the intersection is 0. Or you can assume that if I is in the Jacobson, we know that mf:o I"L =

INY_,I"L, but then by Nakayama’s lemma, ()_, I"L = 0, we are done.

The following is a corollary of the above result:

Corollary 2.13. Suppose that m is a maximal ideal of a ring A and M is an A-module. Suppose one of
the following conditions holds:

1. m is nilpotent.
2. A is Noetherian local and M is finitely generated.
Then the following are equivalent:
1. M is free.
M is projective.
M is flat.
Tor{"(M, A/m) = 0.

S ol R

The canonical map:
M /mM @4 jm (5 _gm" /m" 1) — @_gm™ M /m" ' M

is an isomorphism.
If (A, m) is a local Noetherian integral domain with residue field & and fraction field K, M is finitely
generated, then the above conditions are equivalent to:



6. dlmK(M ®A K) = dlmk(M ®A k‘)

Proof. Since m is a maximal ideal, A/m is a field, then we know that M/mM is always free over A/m,
therefore the freeness condition in the previous result can be ignored. Then from 1 to 5, the equivalence is
just the previous result.

Then since 1 = 6 is obvious even without the extra assumption, we only have to prove 6 = 1. As you
will see in the proof, the assumption that R is a domain is just for the existence of K, and we don’t use
particular properties of domains. Now suppose 6 holds, let x) be a collection of elements in M whose image
in M/mM is a basis of M /mM, then by Nakayama or by m is nilpotent, we know that x, also generates
M, we keep the notation of the above proposition and have a SES:

0>RROAK >LRQsQ K ->M®sK —0

Since L ®4 K and M ®4 K have the same dimension (the same cardinality even), then R®4 K = 0. But
since R is a submodule of L, it has no torsion, therefore R ®4 K implies R = 0. O]

Remark 2.14. The above proposition and corollary, especially the corollary is quite typical, and is what
we will try to generalize that in the next section.

If you try to think about it, it says that under some conditions on the ideal, for example if you work with
a local ring and you consider the maximal ideal, which is a local notion, then to prove M is free, you only
need to prove a sequence of isomorphism. That is to say, the behavior at the maximal ideal determines if
the module is free or not. Later, we will see a similar version of this kind of statement, but for flatness, not
for freeness, this is why the title of next section is called the local criteria for flatness.

3 Local Criteria for Flatness

Proposition 3.1. Let A be a ring, I an ideal of A and M an A-module. If Tor{ (M, A/I™) = 0 for all n > 0,
then the canonical map:

M/IM @1 (©F_oI"/I™) — @7 (I"M/I"*' M)
is an isomorphism. The converse is true if I is nilpotent.
Proof. First suppose the Tor functor vanishes for all n > 0. Then for each n, we have a SES:
0— I"/I" — A/T" T — A/I" -0
Then consider the associated LES of Tor, we know that we have:
0> MaI"/ " > M®a AT > M @4 A/T" — 0
Notice that the last arrow is the map: M/I"" 1M — M/I"M and the kernel of this map is I"M/I"*1 M,
then the canonical map to the kernel is an isomorphism, therefore we have the following:
M@y I/ 1" - "M /T M
Notice that M @4 I"/I" ! ~ M /IM ®4,; I" /1™, this is because:
M@ (I"/I™) = M @4 (A/I @41 I" /1)

Therefore, the canonical map M/IM ®a/r @a,(1" /1"t — I"M/I"*'M is an isomorphism for each n, we
are done.

For the converse under the assumption that I is nilpotent. Notice that if we write out more terms in the
LES, we get:

Tor{! (M, A/I"Y) = Tor{ (M, A/I") — M @ I" /" - M ®4 A/T" - M @4 A/ -0

Then if the canonical map is an isomorphism, then we know that M x 4 (I" /1" 1) will be the kernel, therefore
the map is injective in particular, therefore Tori' (M, A/I"*+1) — Tor: (M, A/I™) is onto for all n. Now since
I is nilpotent, we know that A/I"*! is A for large n, but notice that Tor‘f‘(M, A) =0 for all M, then we are
done. O



Proposition 3.2. Let A — B be a map of rings and let M be an A-module, the following conditions are
equivalent:

1. For every B-module Tor{!(M, N) = 0.
2. M ®4 B is flat over B and Tor{!(M, B) = 0.
Proof. Let’s prove 1 = 2 first. Take N = B, we get Tor‘f(M, B) = 0. Then let’s assume that:
0->N —->N->N"-0
is a SES of B-modules, since Torf (M,N") = 0, we know that tensor with M gives you an exact sequence:
0>MUN > MI4N->MRUN'" -0

But this is:
0> (M®aB)®s N' - (M®4B)®z N - (M ®4 B)®s N" — 0

This shows M ®4 B is flat over B.
Conversely, let L — B be a surjective map of B-modules where L is free over B and we still let R be the
kernel, then we have a LES:

Tori (M, L) — Tor{(M,N) > M@4 R —> M@sL—>M®sN —0

Notice that the first three terms, can be thought as tensor with M ®4 B over B, but M ®4 B is flat,
then we know that M ®4 R — M ®4 L is injective. Recall that Tor commutes with direct sums, then
Tor{ (M, L) ~ @Tory (M, B) = 0. Combine all these, we get Tori' (M, N) = 0. O

Corollary 3.3. Let A be aring, I an ideal and M an A-module, then the following conditions are equivalent:
1. Tor{! (M, N) = 0 for all A/I-modules N.
2. M x4 A/I is flat over A/i and Tor{'(M, A/I) = 0.
3. Tor‘{l(M ,N) =0 for any A-module N annihilated by some power of I.
If these conditions are satisfied the canonical map:
M/IM @a1 (@r_oI"/T") — @5 (I"M/I" T M)
is an isomorphism.

Proof. 1 and 2 are equivalent by the above result and 3 = 1 is obvious.
To prove 1 = 3, say IV is some A-module, annihilated by some power of I. From 1 we know that:

Tor (M, I"N/I"*IN) = 0
for all n > n. Then we know that first Tor{(M, N/IN) = 0. Then consider the following SES:
0— IN/I?N — N/I*’N — N/IN — 0

Then take the LES associated to Tor{'(M, —), we get Tor{ (M, N/I?N) = 0, then keep going and use
induction we get the desired conclusion.
Finally, the last assertion follows from 3 because in particular 3 implies:

Tori (M, A/I") =0

Now we are finally able to say something about flatness:
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Proposition 3.4. Again, let A be a ring, I be an ideal and M is an A-module, then consider the following
conditions:

1. M if flat over A.
2. M ®a A/I is flat over A/I and Tor{ (M, A/I) = 0.
3. M ®y A/I is flat over A/I and the canonical homomorphism:
M/IM @1 (@I /™) — G (1" M/ I M)
is an isomorphism.
4. For any n =n, M ®4 A/I"™ is flat over A/I".

Without any extra assumption, we always have 1 = 2 = 3 = 4. Moreover, if I is nilpotent or A is
Noetherian and M ®4 N is separated with respect to the I-adic topology any finitely generated A-module
N, then 4 = 1.

Proof. 1 = 2 is just the fact that extension of scalar preserves flatness. 2 = 3 is the above corollary. Now
let’s prove 3 = 4. Consider the ring A/I"V, we know that in this ring, the ideal I/I" is nilpotent. Also
consider the module N = M /TN M, we know that:

M/INM M/IN M
(I/TNYM/INM ~ (IM + INM/INM) M/(IM + INM) = M/IM
and
ATV )(1/IY) ~ AJT
Moreover:

(I"/IN)(M /TN M) (INM +1"M)/(INM)  INM +1"M "M "M

(I"+1/INY(M/INM) ~ (INM + I"*1M)/(INM) ~ INM + I"1M ~ I"FIM A I"M  I"+F1M
Therefore, the canonical isomorphism:

M/IM @ )1 (@5 I"/T") — @ o(I" M /1" M)

implies that we have a similar result for M /IY M ®(a/1N)/(r/1N) -+, then we can quote the first result in
this section, since I/I is nilpotent, we know from this isomorphism that Tor?/! N(M JINM, A/T) = 0.
A/TN

Now again, we consider M /TN M, A/IV /I/IN and Tor;”" (M/IY M, A/I), T claim that condition 2 of

the previous corollary is satisfied by these three objects M /I M, A/IN /I/IN and Torf/IN(M/INM, A/I)
and thus we get condition 3, i.e.:
AN N
Tor;"" (M/I"M,N)=0

for any A/IV-module N that is annihilated by some parts of I/I"V, but notice that I/I" is nilpotent, then
N is any A/I™-module. But this is what you need for M /I M to be flat over A/IV, we are done.

Then let’s try to prove 4 = 1 in the assumption [ is nilpotent or M ®4 N is separated. The case for
I is nilpotent is easy if you take n to be large enough. So the real issue is the separatedness condition.
Recall that if M is an A-module, then it’s separated with repsect to the I-adic topology. Recall that being
separated in the I-adic topology can be interpreted as:

0

(N I"(M®aN)=0

n=0

Now to prove M is flat over A, we need to prove that for any two finitely generated A-modules N, N’ and
an injective map of A-modules i : N — N’, we get an injective map:

M®sN—>M®aN'
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Since we know that I (M ®4 N) = 0, it’s enough to show that the kernel is contained in each I" (M ®4 N),
for all n > 0. Notice that I"(M ®4 N), as a submodule of M ®4 N, is he same as the image:

Im(M ®4 I"N - M QN)

Similarly, suppose that V is a collection of submodule of N such that it forms a basis at 0 with respect to
the I-adic topology, then we consider:

W=Im(M®4V > M®4N)=ker(M®@4 N — M®4 (N/V))

(The reason the kernel is the image is because tensor is right exact) Since V' forms a basis, for each such V|
we know that there exists a ng such that for all N = ng I™"N < V. Then notice that we know that the image
of M@aI"N € M®4 V. Then if we can show that the kernel is in all of the images of M @V — M &4 N,
we are good.

Recall that we assumed that N is finitely generated and A is Noetherian, we can use the Artin-Rees
lemma to pick V to be N’ n I""N for n = 0 since we have an injection N < N’. Then we have the following
commutative diagram:

M®sN —— M®a (N'/(N nI"N'))
M®s N ——— M®a (N'/I"N')

We want this diagram because on the right hand side, the stuff you tensor is A/I™-module, then we know
that it’s:
M/I"M &yr» (N'/(N A I"N')) — M/I"M ® sy;n N'/I" N’

What is important is that N/(N n I"N’) — N’/I" N’ is injective, then we know that the tensor morphism
is injective, therefore we know that the kernel of M ® 4 N — M ®4 N’ is contained in the kernel of
M®s N —>M®y (N'/(N~I"N")), we are done. O

Combine all the above results we have, we get one important result:

Theorem 3.5. Grothendieck’s local Criteria for Flatness Let A — B be a map of Noetherian rings
with I an ideal of A such that IB is contained in the Jacobson radical of B and M a finitely generated
B-module, then the following are equivalent:

1. M if flat over A.
2. M ®, A/I is flat over A/I and Tor{'(M, A/I) = 0.
3. M ®a A/I is flat over A/T and the canonical homomorphism:
MIM @)1 (Sl /T™) — @ (1M /T M)
is an isomorphism.
4. For any n = n, M ®4 A/I" is flat over A/I"™.

Proof. All the role that B plays here is for us to check the condition that M ® 4 N is separated with respect
to the I-adic topology for this I for any finitely generated A-module N. Notice that M ®4 N is a finitely
generated B-module, and IB is contained in the Jacobson radical of B, then M ®4 NN is separated with
respect to the I B-adic topology, or more precisely:

0

— 8

()" (M ®a B) =

n=0 n

(IB)"(M ®4 B) =0
0

We are done. O



Remark 3.6. Since IB is contained in the Jacobson radical, we can use the Krull Intersection theorem
and Nakayama’s lemma to conclude that for any B-module X, X is separated with respect to the I-adic
topology, I will leave the details as an exercise.

Proposition 3.7. Let (A,m) — (B,n) be a map of local rings, and u : M — M’ a map of B-modules
between finitely generated B-modules with M’ flat over A. Then the following two conditions are equivalent:

1. w is injective and cokeru is flat over A.
2. M®4 A/m — M’ ®4 A/m is injective.
Proof. 1 = 2 is to think about the SES:

0—> M — M — cokeru — 0

Since cokeru is flat, then consider the LES of Tor, we get the desired injection.
Suppose that M ®4 A/m — M’ ®4 A/m/' is an injection. Consider the following diagram:

M/mM ®a/m (@r_gm" /m"*1) —— M'/mM’' @4/ (©7_gm"/m" ")
|

l :

o0 (mnM/mn+1M) @101020 (mnM//mn+1M/)

n=0

Since A/m is a field, then tensor with everything is exact, therefore the top horizontal map is injective, and
since M’ is flat over A, we know that the right vertical map is an isomorphism. Moreover, we know the left
vertical map is surjective, which implies the bottom horizontal map is injective, therefore u is injective.
Therefore, we have a SES:
0— M — M' — cokeru — 0

Consider the LES of Tor(—, A/m), you will be able to prove cokeru is flat. O

Proposition 3.8. Let (C,l) — (4, m) — (B,n) be a sequence of maps of local rings and let M be a finitely
generated B-module. Say A is flat over C, then the following conditions are equivalent:

1. M is flat over A.
2. M is flat over C and M ®¢ C/1 is flat over A ®¢ C/I.

Proof. 1 = 2 is just our early slogan that restriction along a flat map and extension by scalar.
To show 2 = 1. Suppose that M is flat over C' and M /IM is flat over A/IA. By the local criteria for
flatness, we know that it suffice to prove the following is an isomorphism:

M/IM Q@upa (Br_ol™ A/I" T A) — @ ol" M /1" M

Recall that A, M is flat over C', then we know that we have we have the following isomorphisms again by
the local criteria:
ANA®cu (@7=l"/I") — @ l"A/I" T A

M/lm @ (@r—ol"/I"™) = @y_ol" M /1" ' M
Then consider:
M/IM ®apa (A/TA@c (Bl /1"1)) = M/IM @apa (Bl AJI" T A) — @F_ol" M /1" M

Notice that the first arrow is an isomorphism and the composition of two arrows is also an isomorphism,
therefore the second arrow is also an isomorphism. O
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4 Constructible Sets

We also do a little review on constructible sets in this section since we have already discussed it in the FOAG
notes sereis, we don’t use the notion of constructible sets a lot in the following study of étale cohomology
besides some side topological applications in next section on flat morphisms. So this discussion is here just
for completeness. A more important notion is called constructible sheaves, which we will discuss later.

First, suppose that X is a topological space, we say that a subset of X is locally closed if it’s the
intersection of an open and a closed subset. We say that a subset of X is constructible if it’s the union of
finitely many locally closed subsets. It’s easy to prove that if Xy, X5 are locally closed, then their union,
intersection and X; — X5 are all locally closed. Another common way to define locally closed subsets is to say
that it’s the algebra generated by all open subsets of X. I.e. the collection of subsets such that all open sets
are in it, and it’s closed under finite intersections and complements. (This is not a sigma algebra as sigma
algebra is closed under countably many intersections.) We have already proved that these two definition
are equivalent in the FOAG series. In this discussion, we will give the proof of Chevalley again, but with a
different approach:

Proposition 4.1. Let X be an Noetherian topological space. A subset Y of X is constructible iff for any
irreducible closed subset F' of X such that Y n F is dense in F', then the set Y n F' contains a nonempty
open of F.

Proof. Here we assume we work with Noetherian topological spaces because we want to use Noetherian
induction.
Suppose that Y is constructible, and Y n F' is dense in Y. Recall that Y n F' is also constructible,
therefore:
YﬁF:(UlﬁFl)U“‘U(UnﬁFn)

for open subsets U; and closed subsets F;. Notice that we can replace every F; by F; n F and assume F; c F.
Since F' is the closure of Y n F' and taking closure commutes with finite unions, therefore we know that in
the end:

F = (UlﬂFl)U“'U(UnﬁFn)

Recall that each U; n F; is a closed subset in F', which is irreducible, therefore F' = U; n F; for some Fj,
but we know that the closure of U; n F; is inside F; and F; — F, we know that F' = Fj, then we know that
YnF=U;,nF.

Conversely, suppose that Y n F' contains a nonempty open of F' for all F. We will use Noetherian
induction, therefore consider:

F={ZcX:Z+,Zisclosed and Z nY is not constructible}

If we assume Y is not constructible, then F is nonempty since Y is inside F. Since X is Noetherian, we
know that F contains a miminal element, say Zj, and if Zj is not irreducible, we know that it’s a finite
union of irreducible components, again because we work in Noetherian spaces. I claim that there is at least
one of the components is in F, which is a contradiction to the minimality of Zy, therefore Z; is irreducible.

If Zo nY is not dense in Zj, then by minimality of Zj, we know that Y n (Y n Zy) is constructible.
However, notice that Y n (Y n Zp) is just Y n Zy. This contradicts Zy € F, therefore Y n Z; is dense, then
by our assumption, there is a nonempty open subset of Zy contained in Y n Zy. Again, by minimality of Z,
we know that Y n (Zy — U) is constructible and Y n Zy = U u (Y n (Zy — U)), but this implies that Y n Zj
is constructible, a contradiction, therefore Y is constructible. O

Theorem 4.2. (Chevalley) Let f be a morphism of finite type between Noetherian schemes, then f(X)
is constructible.

Proof. Since f is finite type and X, Y are Noetherian, we can cover Y by finitely many affine opens V;, and
then cover f~!V; with finitely many affine opens U;;. We know that X = Uij f(Uij), therefore we only need
to prove each f(U;;) is constructible. Since f(U;;) is in V;, which is open, then we only need to show that
the image in V;; is constructible, therefore we can assume we deal with X = SpecB and Y = SpecA.
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Recall that any irreducible closed subset of SpecA is of the form V(p) for some prime p. Then we know
that f(SpecB) n V(p) can be though as the image of:

SpecB/pB — SpecA/p

We know that if the image is dense in SpecA/p, the morphism A/p — B/pB is injective, therefore by the above
proposition, to prove f(SpecB) is constructible in SpecA, we need to prove that if SpecB/pB — SpecA/p is
dense in SpecA/p, i.e. A/p — B/pB is injective, then the image contains an open subset, and we can take it
to be a distinguished open. Therefore it can be translated to the algebraic problem: If A — B is an injective
map of rings between Noetherian rings where A is a domain and B is a finitely generated A-algebra, then
there is a nonzero a € A such that every prime in D(a) is the inverse image of some prime in B.

Let’s write B = A[x1,- -+ ,2,] where we can assume that the first  variables are algebraically independent
over A and the remaining variables are algebraic over A[zy,- - ,x,], i.e. choose a maximal set of algebraically
independent subset. Then we know that for each r + 1 < j < n, we have a relation:
where pj; € Alz1,--- , 2] and pjo # 0. Let’s first assume that r + 1 < n, i.e. there is at least one x; such
that it’s algebraic over A[zy,- -, z,].

Then consider the element H;;T +1Pjo, i-e. the product of all the top coefficients of the relations of x; for
j = r+1. This is a nonzero polynomial in A[z1,--- ,z,], and we take a to be any of the nonzero coefficients
of this polynomial. It turns out this a and D(a) works. Suppose that p € D(a), consider p’ = p[xz1, -, 2n],
and this is a prime ideal of A[z1,- - ,z,] because the quotient is A/p[z1,- - ,x,], which is still a domain.
The key here is that H;-L:r f1pjo ¢ p’ since by definition, the coefficients of the polynomials in p’ are in
p. This consider A[zy,---,x,] — B, we localize both rings at p’, then this time, the relations for z; for
j = r+ 1 can be made monic, then we know that B, is monic over A,/, then we can apply the lying over
theorem saying that there is some prime g of B, whose inverse image is p’, then consider:

A— A[:Ela' e axr]
since the inverse image of p’, by definition is p, we know the inverse image of ¢ in A is p, we are done. [

Remark 4.3. Perhaps what a lot of people think when they see constructible sets is that this is a notion
that is not a clear as opens and closed subsets. Yes it is, but this is not something mysterious and you see
by these two results above, at least for schemes, the way you prove something is constructible is to translate
that to something you know, i.e. irreducible closed, density and affine opens. So, don’t be scared by this
notion of being constructible, they are actually not so bad.

Corollary 4.4. Let f : X — Y be as in the above theorem, if Z is constructible of X, then f(Z) is
constructible.

Proof. Recall that Z is a finite union of locally closed subsets, therefore we only have to prove this for locally
closed subsets. But if it’s locally closed, we can assume Z = U n F, and therefore, we can consider the
canonical locally closed embedding composed with f:

Z—->U—>X->Y

Recall that since X is Noetherian and any open embedding is locally of finite type, then the open embedding
is finite type, then the composition of three finite type morphisms is finite type, then consider the image of
Z under this map, we are done. O

Proposition 4.5. Suppose that X is a Noetherian topological space such that every irreducible closed
subset has a unique generic point, let U be a constructible subset of X and let « be a point in U, then U
contains an open neighborhood of z iff every generalization y of x is in U.

Proof. Suppose that U contains a neighborhood of x, then we know that for each generalization of x it must
be in this neighborhood, therefore we are done.
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Conversely, we want to prove that if every generalization of x is in U, then U contains a neighborhood of
x. Again, we assume for the sake of contradiction that U doesn’t contain any open neighborhood of x, then
the following collection is not empty:

F={xeZcX:Zisclosed and U n Z doesn’t contain a neighborhood of x in Z}

This is because we can take Z = X. Again since X is Noetherian, we pick a minimal element, say Zj.
I claim that Zj is irreducible, since if not, first assume z € Z; n Z5. By the minimality of Zj, we know
that for Zy, Zs, there are Vi,V such that V; n Z; = U n Z;, then we know that (V3 n Vo) n (Z1 U Z3) =
((VinWVa)nZy))u(VinVa)nZs) = ((Un Zy) nVa) u (U N Zy) nVy), each of which is a neighborhood
of z, therefor the intersection is also a neighborhood of z. Now suppose that x € Z; — Z5, again by the
minimality of Zj, there is a V; neighborhood of x such that Z; n V3 < U n Z; then we know that U n Zj
contains (V3 — Z2) n Zy of x, this is a contradiction. Similarly if it’s in Zy — Z1, we get a contradiction again.
Therefore Z; must be irreducible. Let y be the generic point of y, then since x € Z, we know that y is a
generalization of z, therefore y € U. Then U n Zj is dense in Zj, therefore by our previous result, U n Zj
contains a nonempty open V of Zj, but since Z; is in F, we must have x ¢ V, then consider Zy — V', by
minimality of Zy, we know that there is a W neighborhood of  in X such that Wn (Zy—V) c Un (Zy—V).
I claim this implies that W n Zy < U n Zy and it contains z, this contradict Z, € F, contradiction. O

Corollary 4.6. Let X be a Noetherian topological space such that every irreducible closed subset has a
generic point. A subset U of X is open if and only if the following two conditions hold:

1. U contains generalizations of points in U.
2. For every z € U, U n T contains a nonempty open subset of 7.

Proof. Again the only if part is clear. Then suppose the above two conditions hold, we will first prove that
U is constructible. Suppose that F' is an irreducible closed subset of X with generic point z, then if U n F
is dense in F', we know that x € U n F, then condition 1 implies « € U, then condition 2 implies that U n F’
contains a nonempty open of F, then the above proposition tells us U n F' contains a nonempty open of F,
so U is constructible.

Then to prove U is open, we need to prove for each x € U, there is a neighborhood of = contained in U.
But this is again true by 1 and the previous proposition. O

5 Flat Morphisms

Since we have already discussed a lot of flat morphisms in our discussion in the FOAG notes series, we
only gather and prove, as a reminder, some results we will use later. Let’s begin our discussion by a simple
proposition:

Proposition 5.1. Let f: X — Y be a finite type morphism between Noetherian schemes. Let x € X and
y = f(x), then the following conditions are equivalent:

1. f maps every neighborhood of = to a neighborhood of y, i.e. f is open at x.
2. For every generalization y’ of y there is a generalization 2’ of  such that f(z') = y'.
3. The morphism SpecOx , — SpecOy,, induced by f is surjective on the underlying topological space.

Proof. 1 will leave it for you to prove that 2 and 3 are equivalent, which should be obvious.

Then let’s prove 1 = 2. Assume that y € y/. Consider the inverse image f~1(y’), which is also a closed
subset, therefore is a finite union of irreducible components because X is Noetherian. Let F' be the union of
irreducible components that don’t contain x. Then X — F' is a neighborhood of x, then by our assumption
on 1, we know f(X — F) is a neighborhood of y, hence 3/ € f(X — F). This implies that there is some
x1 € X — F such that f(x1) is y’. Then z lives in one of the components of f~!{y’} that contains x, say the
component is C. Then let 2’ be the generic point of C, I claim f(2’) = y'. We know that z; € {«’}, hence
f(x1) =y € {f(2)}, but notice that by definition 2’ € f~1{y’}, therefore f(2') € {y/}. Therefore v’ = f(a').
We are done.
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Conversely, let’s prove 2 = 1. Let U be a neighborhood of z, we know that f(U) is constructible, then
suppose that y = f(x) is in f(U), we know that for each generalization of y, say y’, there is a generalization
of z, say 2/ in U such that f(2’) = y'. This implies f(U) is open. O

Remark 5.2. This proposition is an excellent example of why we say that the stalk at a point isn’t just
about the information at that single point, but actually contains much more information on the surrounding
geometry. For example, if you are willing to add the condition of finite type and Noetherainity, it tells you
whether a morphism is open at a point or not.

The following theorem is key for flat morphisms:

Theorem 5.3. Suppose that f: X — Y is a morphism of finite type between Noetherian schemes and let
F be a coherent O x-module with SuppF = X. Suppose that F, is flat over Oy, y(, for all z € X, then f is
open.

Remark 5.4. Before we prove it, you should find that this is a quite surprising result. The reason for being
surprised is very well grounded, since typically, a module over a ring can be quite arbitrary, and people in
general don’t think an arbitrary module have any important effect on the geometry. However, what you see
here is that the notion of flatness, especially faithfully-flatness of modules plays very well with the geometry
of morphisms. One special case is when F = Ox, and you will see later that we have a special name for it.
This remark echos with one of the previous remark on why faithfully flatness is related to surjectivity.

Proof. Recall that since we have a morphism of local rings Oy, f(,;) — Ox . for each x € X. And we know
that 7, is flat over Oy, f(,) and is finitely generated. Then we know that since F, is not 0, it’s faithfully flat
over Oy, f(z), then we know that this implies that SpecOx . — SpecOy, sy is surjective on the underlying
topological spaces. This plus the above proposition shows that f is open at x € X for all =, then f is
open. O]

The following lemma are useful, which is closed related to the generic flatness. We discussed that in
the FOAG series, and you can see that note series for more information.

Lemma 5.5. Let A be a Noetherian integral domain and B is a finitely generated A-algebra. Suppose M
is a finitely generated B-algebra then there is a nonzero element f € A such that My is free over Ay.

Proof. Let’s assume that M is not 0, then we know that any nonzero finitely generated module over a
Noetherian ring has a filtration:
0=MycMyc---cM,=M

such that M;/M;_1 = B/p; for some p; € SpecB. Recall that if we have a SES:
0-M —->M-—->M" -0

where M', M" are free, then M is also free. Then using induction, if we can prove that there is some f; such
that (M;/M;_1)y is free over Ay, for each i, we take f =[], f; and we are done.

Therefore, we can assume that M is some finitely generated A-algebra B over A such that it’s also a
domain, and we want to find some f such that By is free over Ay. Let’s first assume that A — B has a
nontrivial kernel, then we know that if we invert f, By is 0, then the assertion is trivial. So let’s assume that
A — B is injective, i.e. A is a subring of B. Let K be the field of fractions of A, then we have the following
diagram:

A— B

[

K—5 S'B

where S is all the nonzero elements of A, and S™'B is contained in the field of fractions of B. Recall
that the S™'B is a domain, and it’s finitely generated as a K-algebra, then we know that dimS—'B =
trdeg, S™'B < 0. Say n = dimS~!B. Let’s first take a look at what happens if n = 0. We know that from
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Noether normalization that S~!B is just a finite K-algebra, and assume that a basis consists of elements in
B, say b, - ,b.. Then consider:
A" —> B

that maps e; to b;, tensor this with K we get an isomorphism, but notice that we know that tensor by K
over A is flat, therefore we know that the kernel and cokernel of A” — B is 0 after we tensor with K. This
implies that the kernel and cokernel are both 0 after we invert at some element, this is because the kernel
and cokernel are finitely generated. So we are done with the base case and we will use induction to handle
the general case where n # 0.

Now assume that n # 0, by Noether normalization again, we know that there are n algebraically inde-
pendent elements y1, -+ ,y, € S~'B, such that S~1 B is algebraic over K[yi,- - ,¥y,], bu multiply y;’s with
the numerators, we can assume that y; € B.

Now think about A — Afyy, - ,yn] — B, we know that y1, -+ ,y, is a maximal set of algebraically
independent elements of B over A since if there is one more, this contradictions 1, -+ , ¥, being a transcen-
dence basis. Then since B is finitely generated over A[y1,- - ,yn], we can assume that they are x -« 2p,.
Then consider the following diagram:

A— A[y17 7yn] —— B

i I !

K —— Kly1, -+ ,yn] — S7'B

we consider the generators in B as elements in S~! B, since we know that S™1B is finite over K[y1, -+ ,yn],
we know that z; satisfy some monic polynomial over K[y, - ,yn]:
:ZZ;L + aidi_ll’gli_l +--+ap=0

Then by localize at the product g of the denominators of the coefficients of a;;’s for all 7, we can assume
that B, is integral over Agfy1, - ,Yn].

Then denote C' = A[y1, - ,yn], we can assume that B is finite over C. Since B is a finitely generated
module over C, we can assume there is a maximal class of elements that is linearly independent, say they
are by,--- , by, then we consider the SES:

0->C">B->B -0

Where B’ is a finitely algebra over C, which is torsion. Then we again split B’ using the filtration, but since
B’ is torsion, we know that if we tensor the filtration with the fraction field of C, everything is 0, therefore
we know that in the filtration no subquotient is C, they are all C'/p for some nonzero prime of C. Now
consider K ® (C/p), which is K[y1, - ,yn]/p ®4 K, notice that p®4 K is not zero then we know that the
dimension of K[y1, - ,yn]/p®a K is less than n, then the induction hypothesis implies that there isa f € A
such that B} is free over Ay, but notice that C' = A[y1,- - ,yn], which is already free over A, then Cy is
free over Ay, this implies that By is free over Ay. We are done. O

Lemma 5.6. Let A be a Noetherian ring, B is a finitely generated A-algebra, ¢ a prime ideal of B, p is the
inverse image of ¢ in A. Suppose that M, is flat over A, there is a g € B — ¢ such that (M /pM), is flat
over A/p and Tori' (M, A/p), = 0.

Proof. By the above result, we know that there is a f € A—p such that (M /pM);y is flat over (A/p);. Recall
that M, is flat over A, therefore it’s flat over A as A — A, is also flat. Then we consider Tor{ (M, A/p),,
since we know that Tor functor commutes with flat base change:

Tor{! (M, A/p), ~ Tori"(M ®p B,, A/p®p B,) = Tor{(M,, A/p) =0

Then consider the SES:
0—-p— A — A/p — 0
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consider the LES of Tor, we get:
0—>T0rf‘(M,A/p) > MR@rp—>M->>M®sA/p—0

Since recall that M ®4 p is also a finitely generated module of B, then Tor‘{l(M ,A/p) is also a finitely
generated B-module, then since Tor‘lq (M,A/p); = 0 and Tor‘f‘ (M, A/p) is finitely generated, we have some
¢ € B — ¢ such that Tor{ (M, A/p)g = 0, then we can take g = fg'. O

Lemma 5.7. Under the condition of the above lemma, for every prime ¢’ of B that contains ¢ but not g,
Mg is flat over A.

Proof. Apply the Grothendieck’s local criteria to A — By with I = p and M = M.

Then we know that if we want to prove M, is flat over A, we need to show that My ®4 A/p is flat over
A/p and Torf(Mq/,A/p) = 0. But these are all just further localizations for the localization at g since ¢’
doesn’t contain g, we are done. O

Remark 5.8. You probably are confused why we need the above two lemma, and here is a partial answer.
Notice that in this proposition, we are considering primes ¢’ that are in V(g), but not containing g, which
means that it’s in D(g), i.e. we are looking at primes in D(g) n Z. For each prime ¢’ in this subset M is
flat over A, which implies that it’s also flat over A, where p’ is the inverse image of ¢’. Then if we consider
the primes ¢’ of SpecB where M, is flat over A, where p’ is the inverse image of ¢’. Say this subset is
called U, then we know that the above two lemma tells us if g € U, then U n g contains a nonempty open
of Z. And if you remember where we used this conditions, this together with the condition that U contains
generalizations, can be used to show that U is open. And suppose that ¢’ ¢, we know we have:

M Mq Mq//

A B B BII

q q

I will let you figure out why this implies My~ is also flat over A (hint: B, — By is flat and you can see
the proof of the following theorem for more information), then U obviously contains generalizations. This
proves U is open.

We will need the following theorem later, which is always called the generic flatness theorem:

Theorem 5.9. Let f: X — Y be a finite type morphism between Noetherian schemes and F is a coherent
Ox-module, then the following hold:

1. If Y is integral, then there is a a nonempty open of Y, hence dense such that for all x € f~'V, F, is
flat over Oy, f(4)-

2. In general, the set U of points x € X such that F, is flat over Oy, s, is open.

Proof. Let’s first prove 1. Pick any affine open SpecA of Y, we know that A is a domain, and we know that
we can cover the inverse image with finitely many SpecB; where B; is a finitely generated A-algebra. Then
we know that we can assume F|gpecn; is M; for some finitely generated M; over B;. We know that there
is a f; € A nonzero, such that My, is free over Ay,, thus flat. We take f = [] f;, then consider the inverse

image, which can be covered by Spec(B;)s and Flspec(s,), is (M), where (M;) is free over SpecAy. Then
we know that if we localize (M;); at g, which is a prime in (B;), we can do this in two steps. First, we can
first localize at the image of Ay — p, i.e.:

(Ml)f ®(B7‘,)f (Bi)P
But we have a canonical isomorphism:

(M) ®p,y, (Bi)p =~ (Mi)f ®a, Ay
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Therefore, this is free over A,, which is flat over A, then consider:
A, - B, — B,
We know that (M;) ®s,),; (Bi)p over M, is flat over A, and (M;), is a further localization of this, i.e.:

(Mi)q = ((Mi)f ®(By)s (Bi)p) ®(B1), B,

And we know that B, — B, is flat, then we know that (M;), is flat over A,. This is because we have the
following result if A — B — C'is a sequence of rings such that C is flat over B and M is a B-module flat
over A, then M ®p C is flat over A. For example we know that:

— Q@AM C)~(—R®aM)®pC

we know that this is a composition, where the first is exact and second is also exact, we are done.
Then let’s prove 2, I will let you figure out why we can assume that X = SpecB and Y = SpecA, then
this is just the previous remark. O

Definition 5.10. A morphism f : X — Y of schemes is called flat at z € X if Ox , is flat over Oy y(,)-
It’s called flat if it’s flat at every x € X.
It’s called a faithfully flat morphism iff it’s flat and surjective on the underlying space.

Example 5.11. For example, if f : SpecB — SpecA is a morphism between affine schemes, then it’s
faithfully flat iff B is a faithfully flat A-algebra.

First, let’s assume that f is faithfully flat. Then we know that suppose ¢ is a prime of B, whose inverse
image is p in A, then the assumption tells you that A, — B, is flat, since A — A,, is flat, we know that B, is
flat over A for all primes of ¢, this tells you that B is flat over A. We also want to prove that B is faithfully
flat over A, notice that SpecB — SpecA is surjective implies that for all maximal ideals of A, say m, the
fiber, i.e. Spec(B ®4 A/m) is not empty, this plus B is flat over A implies that B is faithully flat over A.

Then if B is faithfully flat over A, we know that SpecB — SpecA is surjective. We also know A, — B,
is flat, then f is faithfully flat, we are done.

Remark 5.12. What we discussed in this section tells you that if f is a finite type morphism between
Noetherian schemes, the locus where f is flat is open. And if we know that f is flat, then f is an open

mapping.

6 Descent of Quasicoherent Sheaves

From this section, we can really touch on the real topic of this chapter, i.e. descent theory. In the later
study of étale cohomology, you will find that descent theory is a very powerful tool. Let’s start from descent
of quasicoherent sheaves first.

A morphism of schemes f : X — Y is called quasicompact if the inverse image of any quasicompact
open in Y is still quasicompact and it’s equivalent to the inverse image of any affine open in Y is quasicompact
in X, or there is an affine cover of Y such that the inverse image of each affine open is quasicompact in X.
For the notation we will use, suppose that g1, g2 : B — C' are two maps of sets, we define:

ker(B 2 C) = {be B: gi(b) = g2(b)}
92
and if f: A — B is another map of set, we say that the sequence:

AL BS o

92

g
is exact if f is injective and imf = ker(B = (). Now we can state the most important theorem in this
g2
sections:
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Theorem 6.1. Let g : S” — S be a quasicompact faithfully flat morphism and (We usually abbreviate this
as qcfp where this ”p” comes from the French word ”plat” which is the English word "flat”) let §” = S’ xg5’,
for any 1 <17 < 2, let:

p;i:S" =8 xg8 -9

be the projection to the i-th factor, and for all 1 <i < j < 3, let:
p” . S/ XSS/ XSS/ . Sl XSSI — S//
be the projection to the (i, j)-th factor, then:

1. Let F, G be quasicoherent Og-modules and let 7', G’ (resp. F”,G”) be their pullback on S’ (resp. S”),
then the sequence:

# ¥
Home, (F,G) & Homoe, (F',G") p:;* Homo,, (F",G")

P2

is exact.

2. Forany 1 <i <3, let m; : S xg5 xg8 — S be the projection to the i-th factor. Let F’ be a
quasicoherent sheaf on S’ such that there exists an isomorphism o : p¥F’ — piF’ satisfying:

Pis(0) = p33(0) o pis(0)
Here we will identify pf;(o) with the morphism:
i F — i F'

Similarly identity p3;o as a morphism 75 F" — 7&F’, thus the composition makes sense. Here the
identification is done via the canonical transformations:

* *

Pizgopr =7

% % % % * *

P12 ©OP1 =T, P12 OPy = To
%

* * * * *
Po3 OP1 =Ty, Po3OpPy = T3

Then there is a quasicoherent Og module F and an isomorphism 7 : g* F ~ F’ such that the diagram:

. piT * T/
pig*F —— piF

Zi lo

k% k T/
P59 F —— D5
Py T
where the vertical isomorphism is the canonical isomorphism coming from p; o g = ps 0 g. Moreover F
is unique up to a unique isomorphism.

We say that g satisfies descent for morphisms if the first assertion holds. We say f satisfies effective
descent if both 1 and 2 holds. We also say that any isomorphism o : pfF’ — piF’ satisfying pi;(c) =
Pis0 0 piyo is a descent datum for F'.

Remark 6.2. Let’s first make sense of some of the statements above. First, consider this diagram:

S x5 s S

W s

§ i 8

since p1 0 g = p2 o g, then we know that F”,G” is independent of you use p; or ps to pullback F',G’.
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Then we need to interpret what are these p;;. Especially the projection to (1,3), it’s quite confusing if
you think $” = S§” x S" or S’ x S”. Just like p1,po are defined when we think of the two S’ as the same
object, we will want to define p;; by thinking of S” as the same object. What is good for the interpretation
is to think of the triple fiber product, which is defined by the obvious universal property, i.e. it has three
projections p; to the three factors S’ and any morphism to S” is equivalent to three morphism to S’, such
that after you compose with g, they agree. Then using the projections p1, p2, p3, and universal properties of
S”, we know that p;, p; gives a morphism to S”, this morphism is called p;;.

Remark 6.3. Let’s give a remark here about why we want such a complicated theorem. First, the morphism
is assumed to be quasicompact and faithfully flat, which is going to be satisfied by étale covers of S (we
will make this term precise later, but you can see directly that the surjective condition is satisfied by the
”covering” conditions), so we are really proving something more general in this theorem. This is the main
motivation why we want this result.

By bringing something we haven’t yet seen to this discussion, we can further justify this result. Later,
suppose that you have this S, you will have something called the étale-site of S. And you will want to ask a
question: how can we give a sheaf on this étale site, and it turns out this this result will be crucial. We will
give me explanation when we discuss étale-sites. You will later see that this result actually gives you some
functor is fully faithful.

Example 6.4. Before we prove this, let’s look at this example, which very important because it’s going to
be used in the proof and because it serves as a very important motivation. We will prove, or review that
any Zariski-open cover satisfies effective descent.

Suppose that S is any scheme, and suppose that we have an open cover U; of S, then let’s consider the
map:

s=[Jvi—s

We know that this is may not be quasicompact, but nevertheless, we will see that this satisfies the effective
descent. First, let’s consider what is S’ xg S’ — S, we see that it’s just:

P1
Uij UnU; — Hj Uj

| I

Then I will let you see that the first assertion is just the assertion that Hom(F, G) is a sheaf. And the second
assertion is just the fact that a collections of sheaves defined on an open cover glues to a global sheaf iff they
are isomorphism on each intersection, and the isomorphism satisfies the cocycle conditions.

Now let’s try to prove the general theorem:

Proof. This proof is divided to two parts: the first part is to reduce the proof to the case where S’ =
SpecA’, S = SpecA and A’ is a faithfully flat A-algebra. Here we do not make any assumption on the
finiteness of f or on Noetherianity of S, S, so it will be a quite general result and some of our result in the
previous section fails, for example f can not be assumed to be open anymore. After we are done with the
reduction, let’s prove the result for affine opens.

Now let’s begin the reduction. First, suppose that we cover S by SpecA; for i € I. And we cover each
f~'SpecA; by SpecA;j and since we assumed f is quasicompact, let’s assume that for each i, we can take
j € J; where J; is a finite set. The advantage of the fact that J; is finite is we can consider the following
morphism for each i:

fi: ]_[ SpecA;j — SpecA;

Jje€Ji

Since j is finite, then we know that the disjoint union on the left hand side is still affine, which is not true
if we consider an infinite disjoint union. Then we know that the top morphism is affine and faithfully flat.
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Then we can consider the following commutative diagram:

[, ; SpecA; ; —— [1; SpecA;

| |

S — 5

Notice that the two vertical maps are induced by Zariski open embeddings, which is a Zariski open cover.
We already know from the preceding example that the two vertical morphisms satisfies effective descent.
And we want to prove is that if we assume that f; : [| e, SpecA;j — SpecA; satisfies effective descent, then
S' — 8’ satisfies effective descent. This step of reduction is given by the following lemma: O

Lemma 6.5. Let f : S — T and g : R — S be two morphisms of schemes. Suppose that g satisfies
descent for morphisms and suppose for any morphism ¢’ : R’ — S’ obtained from g by base change with
an arbitrary morphism S’ — S and any pair of quasicoherent sheaves £, F' on S/, the map induced by
¢ : Hom(&', F') — Hom(g'*E&’, ¢'* F') is injective, then f satisfies descent for morphisms iff f o g satisfies
descent for morphisms. The diagram is given below:

Proof. To prove this, consider the following diagram:

RXSR<I~>R><TR*I€~>S><TS
SO @ | 1| |p2
\\% g pgp g

T

where [ is given by the following diagram:

RXSR

therefore you see that ¢; ol = r;. Similarly we have:

RxyR—%2 4 R

thJ{ \\\k\\g \)
R S xr S 3 S
\ l’“ l

S —T

Then given quasicoherent sheaves £ and F on T'. Let’s first assume that descent for morphisms holds for f,
we want to prove this also holds for f o g under the assumption that it holds for g. To prove it for f o g, we
need to look at the following sequence:

*

Homy (€, ) — Homp(g* f*€, g* *F) =3 Homp.c, n(E", F)

q2
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Then we need to prove that if we have a morphism h” : g* f*€ — ¢g* f*F such that ¢fh” = ¢ih”, then there
is a unique morphism h : £ — F such that g* f*h = h”. Since we assumed ¢fh” = ¢¥h”, then we know that:

Tikh// — l*qikh// — l*q;h// — T;kh//

So by descent for morphisms of g, we know that there is a unique morphism A’ : f*£ — f*F such that
g*h’ = h”. Now think about the morphism k, I claim that it factors as: R xp R - R X7 R — S xr S, as
shown in the following diagram:

Rxr R—a— R

| ~

q1 ~o g
+ hR
R Rxrp S 4\# S

IS

id

id ~ ]l% \\‘\\A

SXTSTS
g J/pl l
S—1T

and if you look at the two dotted arrows, you can put these two dotted arrows in:

RXTS ***** )SXTS Rxr R —— R
l lpl i 5‘]
+ +

R g— S Rxp S —— S

and you can check by universal property that these two squares are all Cartesian. Therefore, the two dotted
arrows are all base change of g, and therefore by our assumption, should induce injective maps on the hom
set upon pullback, then so is the composition, i.e. pullback by k. Then consider k*p¥h’ = ¢fg*h' = ¢fh" =
gih" = g¥g*h' = k*pih/, then this implies that pfh’ = p5h’. Then since we assumed f satisfies descent for
morphisms, there is a unique h : £ — F such that f*h = I/, hence this h will be the unique morphism such
that g* f* = h”, thus descent for morphisms holds for g o f.

Conversely, if we assume f o g satisfies descent for morphisms, if b’ : f*E& — f*F satisfies pfh’ = pih/,
then I will let you show that h” = g*h' satisfies ¢fh” = ¢&h”, by the descent for morphisms of g o f, there
is a unique h : £ — F such that g* f*h = h”, since we also have descent of morphisms of g and g*h’ = h”,
then f*h = h'. Therefore f satisfies descent for morphisms. O

Lemma 6.6. Any affine faithfully flat morphisms of schemes satisfies descent for morphisms.

Proof. This is a result of the previous lemma. Suppose that f : X — Y is an affine morphism which is
faithfully flat. Consider the following diagram:

L1; SpecB; —— |1, SpecA;

| |

x —1 .y

where SpecB; are affine opens in Y whose inverse image is SpecA;. Then notice that the two vertical
morphisms satisfies effective descent, and in particular descent for morphisms. Also, for each SpecB; —
SpecA;, we know from the affine case that descent for morphisms holds, and it also holds for the disjoint
union by our lemma below. Then if we can prove [ [, SpecB; — Y satisfies descent morphisms, since the
base change of | [, SpecB; — X will be Zariski covers, thus satisfies descent for morphisms, we can conclude
f satisfies descent for morphism by the composition satisfies descent for morphisms. Then we only need to
show that any base change of [ [, SpecB; — [ [, SpecA; is injective when pulling back morphisms.
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Notice that the base change is still an affine morphism which is faithfully flat. And we want to prove
the pullback morphism is injective for all faithfully flat affine morphisms. Notice that we can consider the
following diagram:

Hom(E, F) Hom(f*&, f*F)

l l

H'L Hom(&|speca,s Flspeca;) — Hz Hom(f*E|specn; s f*Flspecs;)

our the lower arrow is injective since it’s injective on each component by our affine case assumption, and the
two vertical maps are injective because Hom is a sheaf. Then the top arrow is injective. We are done. [

Lemma 6.7. Any pullback of affine faithfully flat morphism of schemes is still affine faithfully flat.

Proof. We know that any pullback of affine morphism is affine. And I claim that an affine morphism is
faithfully flat iff there is an affine open of the target such that the induced morphism from the inverse image
gives you a faithfully flat ring map for each such affine opens in the cover. I will let you prove this easy
assertion. Moreover, we know that surjectivity is preserved by pullback.

Then consider the pullback, which is locally of the form:

A@BO%C

[

A+«—B

since surjectivity is preserved by pullback, we only need to show that A ®p C is flat over C, but this is
trivial. O

In conclusion, we know that any base change of affine faithfully flat morphisms satisfies descent for
morphisms.

Lemma 6.8. Let f: S — T and g: R — S be two morphisms of schemes. Suppose that g satisfies effective
descent and suppose that any morphism obtained from g by base change satisfies descent for morphisms.
Then f satisfies effective descent iff f o g satisfies effective descent.

Proof. We again need the following diagram:

RxSRiz%RxTR—k%SxTS
NOri. @ a2 p1| |p2
N

T

Now suppose that f satisfies effective descent, g satisfies effective descent and any base change of g satisfies
descent for morphisms, then we want to show g o f satisfies effective descent.

Suppose that we have a quasicoherent sheaf £” on R together with an isomorphism ¢’ : ¢F&" — ¢5&”
subject to the cocycle conditions:

T3¢’ = Tisp 0wy
with 7;; being the projections R xr R x7 R to the ij-th factor. Notice that we can pullback the cocycle

condition along R xg R xg R — R x7 R x1 R, and we get a cocycle condition for g. Let’s try to break this
down in details. COnsider the following diagram:

RXsRXSRTRXSR
T13
I

RXTRXTR%RXTR
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ie. after we pullback 7f5 by R xg R xg R — R xp R xp R, we get 1i51*¢'. Similarly, we will get
Tol* ¢ o Ti51*¢’. Therefore this descent datum after we pullback is a quasicoherent sheaf £” on R, together
with an isomorphism:

1o rfe" —rit”
such that we have cocycle conditions:

$ 7% /o %%/ % 7%/
Til™ 9" = Tosl™p o 5l

Then we know that by the effective descent for the morphism g, there is a sheaf £’ on S together with an
isomorphism X : g*&" — &” such that [*¢' o rfN = r5N. Let’s put this aside first which will be used later.

Now I claim that there exists a morphism ¢ : p¥& — pi&’ such that ¢iN o k*p = ¢’ o gfN. Le. the
following diagram commutes:

* % o k*e * ok o
ayg — 439

af A'i iq;‘ by

Recall that k is a composition of two pullbacks of g, each of which satisfies descent for morphism by our
assumption. Moreover, since the base change of something which is a base change of g is still a base change
of g, we know that the composition also satisfies descent for morphisms. Then if we consider the morphism:

(@GN) o ogiN 1 gt — g5

and for notational benifit, we will write it as k*¢ to indicate this morphism is indeed what we use to find .
You can also think of this is a morphism from k*p¥&’ — k*pi&’. Since k satisfies descent for morphisms, if
we want to prove this morphism indeed comes from something on p*&" — pi&’, we only need to pull it back
along two projections of:

(Rx1 R) Xsxr5 (RX7 R) —— RXrR

| |

RxpR——— Sxp 8

and prove that we get the same element after pulling back. This is a place where a lot of identifications are
being made, so please read a few more times if you find it confused.

The first step is to identify (R X7 R) Xgx,5 (R X7 R) ~ R Xg R x17 R xg R, where a Z-valued point
(w, z,y, z) is mapped to (w,y, z,x). To see why, what is important is how you think about these two fibered
products. Since we want to represent everything as 4 Z-valued points, we want to represent the universal
property of the two fibered products as 4-maps from Z to R satisfying some conditions. For example:

Hom(Z, (Rx7R)xsx,s(RxTR)) ~ RxgRxpRxgR) = {(a, ) : « € Hom(Z, RxrR), f € Hom(X, RxpR), koo = kof5}

We know that @ = (x1,22) where z1,20 € Hom(Z, R) so is § = (x3,24), and ko« = (g o x1,9 o xa),
ko B = (gowxs,goxs), therefore we know that Hom(Z, (R X7 R) Xgx,s (R X7 R) is (21, 2,3, x4) where
all z; € Hom(Z, R) such that:

fogoxi=fogows fogoas=fogowsy gowi=gowxs gowy=goury
Similarly we know that we can wirte Hom(Z, (R xg R) x1 (R xg R)) as (x1,x2,x3,x4) such that:
goxi =goxs goxs=goxy fogomsofogoms
Then the isomorphism we talked about is given by Yoneda’s lemma where we map:
Hom(Z, (R x1 R) Xsxrs (R x1r R)) > Hom(Z, (R x5 R) x1 (R xg R))

by (w, z,y,2z) — (w,y, z,2). I will let you check this is indeed a functorial isomorphism by finding it;s inverse,
then Yoneda gives you the isomorphism between the two fibered products. Again, let’s put this isomorphism
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aside and we will use it later, but notice that (R xg R) x1 (R xg R) has projections 7; for 1 < i < 4, which
is defined by first project down to the (R xg R) and then to R. This again gives the projections m;; for
1<i<j<4toR xp R. Then I claim that pullback along the first factor of (R x1 R) xgx,5 (R X7 R) is
identified as pulling back on 7'* from R xg R x7 R xg R to R x1 R. The reason is that if you consider:

RXsRXTRXSR:(RXTR) XSXTs(RXTR)HRXTR

and you want to prove it is m14. This seems like a very confusing work, but luckily Yoneda is here to help
again. Recall that if you have a morphism f : X — Y and you want to prove that f is actually g. Suppose
that g4 : Hom(U, X) — Hom(U,Y) is the map induced by g, and f, : Hom(U, X) — Hom(U,Y) is the
map induced by f, we know that f = g iff for every U, fy = g«. Then in our case, we have 74 and this
composition. For the projection 74, we know that:

T14x% :HOHI(U,R XS R XTR X g R) — HOIII(U,R X R)

we know that it’s given by (x1, %2, x3,%4) — (21,24). On the other hand, if we assume the composition is
f, then we know that what it does on the hom sets are:

T14% : Hom(U, R xg R X7 R xg R) = Hom(U, R x7 R) (z1,%2,%3,24) — (T1,%4,T2,x3) — (T1,74)

Therefore we are done. Similarly, you can prove that pulling back along the second factor of (Rx7 R) X sx,s
(R xr R) is pulling back along ma3. Then let’s consider:

Ta((@GX) e ogi V)l ((@N) T o o giN)
We know that 7f,¢5 = 7, n5,¢f = 7}, similarly 7i5¢3 = 73, 735¢F = 73, then we actually need to prove:
(FXY oty omtX = (rEN) 0wl o N
That is we need to prove:

% 1 %k *y/\—1 %/ * )/ *y\—1
mip’ =i N o (mEN) T omizp oy N o (7T )

Consider mf\ o (m¥X)71, I claim that it’s 7¥,¢/, this is because we actually have two projections from
RxgRxpRxgRtoRxg R that we denote by 712 and 734 (can you see why we don’t have other indices)
and this combined with our earlier identity:

raN = 1" orf )N
implies that after we pull it back using 7% and 734, we get our assertion, therefore we actually need to prove:
e’ = m3p 0 Thp o My

To check this, notice that we have a morphism R xg R x7 R Xg R — R x7 R X7 R x7 R defined by
(x1,-+ ,x4) — (21, ,x4). Sorry for the notation confusion, but if you recall that we have an identity:

* / * / ES /
T3P = Moz O TP

where here the projection is from R x7 x7R to R x7 R. We know that we can pull this back along my23
and 734 to obtain that:

T = w3 omisy’ miye’ = mip o iy
Plug the second term to the first one and then pull back along R xg R x7 R xg R —> R x7 R xp R x1 R,
we get the desired assertion. This completes the proof of the existence of ¢. This morphism ¢ is actually an
isomorphism. To see why, notice that we can apply the entire argument above to the inverse of (¢gf\)~! o
¢ o g¥XN, and conclude that there is a ¢ : pF&" — pF&’ such that:

k*ih = ((gGN) o ogfN) ™
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Therefore we know that k* (¢ o ¢) = id and k*(p 04)) = id, but since k* is injective, we know that since k*
always maps id to id, then ¥ o ¢ and ¢ o ¢ are identity.

Now I claim that ¢ satisfies the cocycle condition of f ,i.e. suppose that we now denote ¢;; by the
projections from S xS x7 S to S xS, then:

tlsp = tazp oty
To prove this holds, consider the map
Rxp Rxr R— S xp8xpS
If you pullback t¥5¢ and t3;p ot along the above map, we get:
Tisk®o  miskeomiyke

Notice that k*p = (g5 N) "1 oy’ o gF N, then we need to consider, for example:

(@3 N) " o’ o gfN)
Notice that 7i5¢5 = 7%, similarly, we need to prove:

RNV 0w o mEN = mEN L ol o mEN 0 mEN T o o mEN
Then after the cancellation, we just get:
i3’ = 5" o Ty

which is something we know. Then if we can prove the pullback by R xp R xp R — S xS xS is injective,
we are done. In particular, if we can prove it is something that satisfies descent for morphisms, we are done.
I claim that R x7 R x7 R — S X7 .5 x7 S can be written as the composition of three morphisms, each of
which being a base change of g. To see why, consider:

RXTRXTRH RXTRXTS Emd RXTSXT»S’;) SXTSXTS
For example, the arrow R x7 R X7 R — R x7 R X1 S can fit in the following diagram:

RXTRXTR%RXTRXTS

| |

R S

g

and it’s easy to see this is indeed Cartesian by checking universal properties. We want to prove that the
composition satisfies descent for morphisms, and we use the previous lemma to check further base change,
but again, further base change is still a base change of g, therefore the composition satisfies descent for
morphisms. Therefore, by our assumption that f satisfies effective descent, we have a quasicoherent sheaf £
on T and an isomorphism: X : f*& ~ &’ satisfying:
PiA = opiA

Pull this back by k, we get:

Gy A=k poqzg*A
Notice that ¢Fg*\ is from g* f*E to ¢g*&’, then we compose it with X' to get an isomorphism:

Nogih:g*f*& — &"

Then I will let you prove that X o g*\, ¢’ and £ gives the datum we need for an effective descent of g o f,
we are done.
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This is not the end of the story as we only prove half of the lemma, where we assume f satisfies effective
descent and we want to prove go f satisfies effective descent. The converse will be way easier. Now conversely,
suppose that given £ on S and an isomorphism ¢ : pf& — piR satisfying cocycle conditions, i.e. the cocycle
condition on S xS x7.S. To be specific we have an identity:

Pi3® = P33 0 Pia@

Let’s pullback this condition on along R xp Rx7 R — S x5 xS then we know that by effective descent for
fog, we know that there is a sheaf £ on T' and an isomorphism X' : g* f*€ — £’ such that ¢Z N = k*pogfN.

Now consider [ o k, I claim it factors through the image of S in S xp S via the diagonal morphism, i.e.
the following diagram holds:

RxgR—— RxrR—— Sxp 8
\ S
You can check this by check that both maps are induced by the same maps to both factors in S x.S. Then
let’s try to pullback ¢g¥\ = k*p o ¢f N via [, then we get:

Since we know that [*k* can be written as (R xg R — S)*A*, and I claim A*p = id. To see why, we need
to think about the triple diagonal:
A315—>SXTS><TS

Then if we pullback the cocycle condition on S xS xS along Az, we get:
A3pisp = Afpisp o ASpiae

But notice that p;j o Az = A, therefore we just get A*¢* = (A*p)2, but since A*¢p is an isomorphism, we
know that A*p = id. Then we know that we have:

raXN =rfN =idorf)N

Then as we assumed that g satisfies effective descent, then in particular if satisifes descent for morphisms,
therefore therewill be a unique A : f*& — & such that ¢g*\ = ). This A is again an isomorphism because
we know that we have:

T;)\/_l —r— 2*)\/—1

Then there is a unique v : & — f*& such that g*y = N ~!, then we use ¢g* is injective and it take identity
to identity.
F*p3A = 59"\ = k*poqi f*X = k* (p o pi'A)

Since we already know k satisfies descent for morphisms, this implies:
P3A = opiA
This shows that f satisfies effective descent. O

Lemma 6.9. Suppose that f; : S; — S; satisfies effective descent, then:
[1r:1Isi—11s:

also satisfies effective descent.
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Proof. The key here is to notice that the fibered product:

[1,(8 xs, 87 22 11, 1

11 pll l]_li fi

/

Then we know from the disjoint condition that the descent for morphism condition is just the descent
condition of each S; — S; and we can then works factor by factor.
For effective descent, we know that the triple fibered product and ; is just

[ (S xs. 8 xs, ) =[] Si

%

Then we know that we can still take advantage of disjoint union and use the effective descent on each
factor. O

Lemma 6.10. Suppose that U; covers a scheme X, and f : ¥ — X is any morphism of schemes, with
Ff~'U; = V;, then we have the following Cartesian diagram:

[LVi— 1L U
| |
YﬁX

Proof. We can check the universal property directly:

[LVi— 11U

S

f

the key here is to notice that the inverse images of U; under Z — [ [, U; are all disjoint, therefore Z is also
a disjoint union of open subschemes, and I will let you do the remaining details. O

Combine all these lemma above we can successfully reduce the proof to the affine cave:

Proof. Again, consider our commutative diagram:

[, ; SpecA; ; —— [1; SpecA,

| |

R —

We already know that the two vertical morphisms satisfy effective descent. Then if we assume that the result
holds for faithfully flat morphisms between affine schemes, we know that it should also hold for the disjoint
unions, which is the top morphism. And we have already proved that it’s affine and faithfully flat. Then
we know that any base change of this morphism satisfies descent of morphisms. Then we know that the
composition [ [, ; SpecA; ; — S satisfies effective descent iff [ [, ; SpecA; ; — [, SpecA; satisfies effective
descent, which i 15 true under our assumption, then we know the compomtlon satisfies effective descent.
Then notice that for any base change of ]_[ SpecA . — 5§’ it’s still induced by Zariski open embedding
and is a cover, therefore we know that the base Change Satlsﬁes effective descent, therefore we know that
Hi, j SpecAm — S satisfies effective descent iff S” — S satisfies effective descent, we are done. O
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Then we only need to prove this for the affine case:

Proof. Suppose that S = SpecA, S’ = SpecA’ where A’ is a faithfully flat A-algebra. Let’s first deal with
the descent for morphisms part. Suppose that M, N are A-modules such that F = M G = N. We set:

M=M@sA, N =NRQUA M =MQUARQQPUA N =NQ A @, A4

Since we know that the fibered products S” = 5" x5 5" is just SpecA’ ®4 A’ with projection to SPecA’ the
usual ring map. We know how to pullback quasicoherent sheaves. For F = M we know that it’s pullback to
SpecA’ is M @4 A’ and it’s further pullback to SpecA’®4 A’ is just (M@AA’)®’ (A®AA") ~ MRA'R®a A
In conclusion, the sequence of hom sets we are interested in is:

HOHIA(M N) —> HOIDA/(M®AA N@A A/> HOHIA/®AAI(M®A A/ @A AI,N®A A/®A A/)

Let’s first prove the injectivity of the first map. Recall that since A’ is faithfully flat over A, one characteri-
zation of faithfully flat is flat plus the canonical map M — M ®4 A’ is injective for all A-modules M. Then
consider the following diagram:

M ——- N

[ [

MR A —— Ny A

We know that if f,g : M — N give you the same morphism after we tensor with A’, then we know that
the two morphisms M — N — N ®4 A’ are also the same, but since N — N ®4 A’ is injective, i.e. is a
monomorphism, we know that this implies f = g.

The hard part is to show that it’s exact in the middle. Suppose that v € ker(Homa/(M',N') —
Hom 4~ (M"”, N")). What this means is that suppose that we have:

u’:M@AA’—>N®AA/

then we get the same map after we tensor with ® 4/(A’ ®4 A’) where we view A’ ®4 A’ as an A’-algebra via
A’ maps to the first or second factor. Then we know that the difference between the two tensor products is
that if we assume that A’ maps to the first factor, then the image of v’ is u®4 A’, i.e. if we assume v’ maps
m®a —ni®aj+- - +n,ay, then v/ @4 A’ maps m®a' @a” — (n1 ®aj + +nk®a Y®a". But if we
assume A’ maps to the second factor, then we know that the image of ' maps m®a' ®a” to >, m; ®d’ ®a3’
where m;, a;' comes from the image of m ® a” under u and these two images are not necessarily the same.
We now assume that these two maps are the same and we want to show that if we assume this, then v’
comes from something M — N by tensoring with A’. This is shown in the following diagram:

M®a A u N®aA

(M4 A)R@a (A R4 A (N®4A)Qa (A ®aA) (M4 A)Ra (A R4 A) (N4 A) Q4 (A ®aA)

\></

M®A AR A ———XNRs A R@a A

where we have two sets of tensors with A’ ®4 A’ because the ring map A’ — A’ ®4 A’ are different.

I claim that it suffices to prove that u' maps the A-submodule M of M’ to the A-submodule N of N’
(they are submodules again because A’ is faithfully flat over A). This is because if v’ comes from M — N,
then we know that m ® a’ is mapped to n ® a’ and the importance is that we get rid of the annoying
linear combination and I will let you check that no matter A’ maps to the first or second factor, we have
m®Ra ®a’ — n®a ®a”, thus v’ is indeed in the kernel. Then suppose that v’ maps M to N, i.e. if you
have something m ® 1, the image under v’ is n ® 1 for some n. Then I can define u: M — N to be m — n
and it’s clear that this is a map of A-modules such that u®4 A’ = u’.



Notice that since we assumed that v’ is in the kernel, therefore, we know that any m € M, the image
u/(x) is in the kerne of N’ 3 N” as shown in the following diagram:

M@y A u—— N@y A

1 il

M®sA ®sA N®sA @44

Notice that the two arrows at the bottom are equal to each other by assumption, and since we are considering
m® 1, it’s image in M ®4 A’ ®4 A’ are all m ® 1 ® 1 no matter which map to M” we are using.
So, to prove that u'(x) is actually in N, it suffice to prove that:

N_’N/—>N”

is exact, because we have:
M— M —= M"

|

N—— N —= N”

and if N - N’ 3 N” is exact and the image u/(z) is in the kernel, then there is something n in NV such that
u'(x) = n. Therefore, with all the reductions we did above, the content of descent for morphisms is just: for
any A-module N, N - N’ 3 N” is exact.
To prove this is indeed exact, consider ¢ : N’ — N’ defined by (n®d') — n®ad ®1 —n®1®d, then
we only need to prove:
0>N->N %N

is exact. Here comes a really smart trick where since A’ is faithfully flat over A, we can check exactness after
tensor with A’, i.e. we need to check the following is exact:

0> N@UA >NRUA QA "B N A @4 A @4 A

The advantage of this is that we can construct the following diagram and give a homotopy between identity
and 0 quite easily:

0—— N@AA/ Emd N@AA/®AAI M N@AA/®AA/®AA/
- id Dl/ 7"d Dz/ i‘d
:/0 l “ + i N
0—— N@AA/ Emd N@AA/®AA/ —_— N@AA/®AA/®AA/

where D; is defined by D1 (2 ®a1 ®asz) = x®ajaz and Dy is defined by D2 (2 ®a1 ®az®as) is 2 ® a1 ® azas.
To check this is indeed the homotopy we want, for example x ® a1 ® as is mapped first to z® a1 @ 1 Q as —
r®1®a; ®as, then mapped to r® a1 ®az —r ® 1 ®arjas. On the other hand, we know that it’s mapped
to x ® aias, then mapped to x ® 1 ® ajas. N

Then let’s prove this for effective descent. Let’s first prove the existence of F. Assume that F' = N’
for some A’-module N’. By assumption, we have an isomorphism o : pfF — piF, which is given by an
isomorphism of A’ ® 4 A’-modules:

a: N ®a (A@A) > N ®@a (A4 A)

where the two ring morphisms A’ to A’ ® 4 A’ are defined by mapping to the first factor or the second
factor. This notation is quite cumbersome, since we know that both are isomorphic to N/ ® 4 A’ as an
A’ ® 4 A’-module, the only difference is they have different a’ ® 4 A" actions. If A’ — A’ ®4 A’ maps to
the first factor, then we know that a1 ® as(n ® a) = a1n ® asa, but if it maps A’ to the second factor, we
know that a; ® az(n®a) = asn® aya. So for convenience, we can use the following notation to indicate the
different A’ ® 4 A’ actions:

a: N4 A - A ®sN
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Then let’s set:
N={zeN:ialz®1l)=1Qx}

This N is an A-module as you can check that it’s closed under addition and multiplication by elements in
A. We know that this is not empty as at least 0 is in N.
Then consider the following exact sequence:

NqM%A@N

where 7 is given by y(z') = a(2’®1), i.e. the composition of & with N’ - N'®4 A’ and §(2’) = 1®2a’. And
0 is defined by N’ — A’ ®4 N. We know that since A’ is faithfully flat over A, N < N’ is indeed injective.
And suppose that a(2’ ® 1) = 1 ® 2/, then by definition, it comes from N, thus this is indeed exact. Since
A’ is fully faithfully over A, we again base change to A’ and know that the following is exact:

1d
N@aA — N @4 A {%d A QN @4 A

Now, I claim that A’ — A’ ®4 A’ defined by @’ — 1 ® o’ makes A’ ®4 A’ a faithfully flat A’-algebra. This
is because we know that any base change of a faithfully flat algebra is again faithfully flat. Then recall that
in the proof of descent for morphisms we constructed an exact sequence:

N >N Q@ (ARsA) 3N Q4 (A @4 A') R4 (A @4 A")

Simplify the notation using similar idea we know that the above sequence of A’® 4 A’-modules can be written
as:
N 5> A@AN 3 (AR@UN)®a (A @44)~A @44 R@4N

where A’ ®4 A’ action on the last object is given by:
(a1 ®az)  (d®d"®n) =a;-d ®a" ®asn
Then we actually get a sequence:
N - A Q1IN 3 A 1A Q4N

where the first arrow is given by x — 1 ® x and the two arrows later are defined by a ® z — 1 ® a ® = and
r—ae®1RQx.
Then consider the following diagram:

®1d
N@yA —— N @4 A %; A" @4 N @4 A
902 !
O‘l pis(a)
¢ v
N’—>A’®N’$§A’®AA’®AN

where { s {(0’ ®2') =d’ @1 @z and n is n(a’ ®z') — 1 ®a’ @ x. This p3;(«a) is defined by tensor o with

A4 A ®s A asan A’ ®4 A’ algebra where the ring morphism is defined by a1 ® az — 1 ® a1 ® az. I will

let you do the corresponding identifications, but in the end, this p¥;a is a1 ® n ®@ az — a1 ® a(z ® az).
Now I claim this square commutes. The reason is because we assume that:

PT:;(U) = ng(g) OPTQ(U)

Here since we use a to represent the module isomorphism corresponding to o, let’s see wht this equation
means for . We already saw what is pi;a. I will let you prove that pf;a and pfya can fit in the diagram:

*Dz

N QuA @4 A 2% A @, N @4 A
*a

NQuA @A 5% A @4 AQuN
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where piya (2’ ®a1®az) = a(z'®a1)®az and piza(z’@a;®az) = 3 a;®a1 @z where Y a;®1z); = a(z'®az).
Therefore our assumption is just the following two sequence is equal:

£ £
N@sA@uA 225 A@u N @4 A 225 A/@u A @4 N

*
P13

N ®s A ®sA A R4 A ®sN

le. a1 @ a(r ®az) = pisa(a(r’ ®ar) ® az).

Then to prove community, for example if we want to prove the square with v®id and ¢ is commutative.
We saw that 2’ ® @' — a(2' ®1) ®d' = piha(z’ ®1®d') — pia(pHhoe@d ®1®d)) = piha(@ @1®d) =
2.a; ®1®a. On the other hand we know that 7' ® a’ — a(2’ ® a’) — ¢(a(2’ ® a’)). Suppose that
al’ ® d) = Za; ® ﬂc;, then we know that the result is Zj a; ® 1 ® x; To prove the other square is
commutative, we know that 2’ ® a’ is mapped to 1 ® 2’ ® ¢’ then it’s mapped to 1 ® a(z’ ® a’). On the
other hand we know 2z’ ® @’ — a2’ ® a’) — 1 ® a(2’ ® a’). Any way, this is indeed commutative, then by
the universal property of kernels, we have a induced map:

Y®id

NRsA — > N@s A — A Qs N®a A

I o®id |

~ E v
N — A QN’ AR A RN

n

any 5-lemma tells you that § is an isomorphism from exactness of the two rows and the fact that o, pi;a
are isomorphisms. The corresponding isomorphism between g*F ~ F " is the isomorphism 7 we want, where
F =N.

Finally, we need to check that we have ¢ o pf7 = pi7. The key fact we need to check this is that
Bz ®1) = x for any x € N. To see why, first notice that pF /3 can be identified with:

NR®sA @A >N @A 12Q0a1®az— a1f(z®1)®az = (a1 ®a2)(fz®1)®1) = (a1 ®az) - (z®1)

Then we know the composition is:
*
N@AA @A 22 N @y A —2y A/ @y N

and we know that z®a; ® as is mapped to (a1 ®as) - a(z®1) = (a1 ®az)-1®x On the other hand we know
that p7 is identified with N®4 A’ ' @4 A" > A @4 N, Qa1 ®az— a1 ®az- (B(z®1)) =a; Qaz -z,
thus indeed commutes.

Therefore in the end we only need to show that S(xz ® 1) is indeed x. To see this is true, we use the
commutativity of the left square where we have:

1®[/(rzR])=alz®])=1®x

But if you notice that the image of 1® S(z ® 1) and 1 ® x under the map A’ ®4 N’ — N’ by multiplication
z and B(1 ® x) respectively, therefore we are done.

There is still the question of why F is unique up to a unique isomorphism. Suppose that H is another
sheaf of Og-modules with an isomorphism 7 : g*H — F’ satisfying the desired conditions, then we have the
following diagram:

p¥r pFn
pig*F —— piF «—— pig*H
| | |
o~ o o~

< < <
k %k * ! k %k
P59 F —— 3 F «—— p39*H
P T pa T

This implies that pf(7~! o7) = p¥(7~! o 7), then we know from the descent of morphisms property that
there is a unique morpihsm f : F — G such that ¢* f = 77! o 7, and this f is an isomorphism since we can
apply the same argument to 7! o 7, therefore we know done.

This concludes the proof of descent of quasicoherent sheaves. O
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After we have done with such a long proof, let’s see some corollaries of it:

Corollary 6.11. Let g : S’ — S be a qcfp morphism and let h: S’ x5 S’ — S be the canonical morphism,
if G is a quasicoherent Og-module, then we have an exact sequence:

G — 9x9%G = heh*G
where the two morphisms ¢g4¢g*G =3 hyh*G are the canonical morphisms:
997G — Gxpixp} 9*G = hyh*G
where p; are the two canonical projections to S’.

Proof. Let’s first explain how this morphism g¢.+¢*G — g«pixpy¢™G is defined. First, notice that we have an
adjoint pair (p¥, p;«), then we have a the canonical unit morphism:

9*G — pixplg*

Then apply g4« to this morphism, we are done.

To prove this sequence is exact, we can actually prove something stonger. Recall that exactness of a
sequence of sheaves is equivalent to the corresponding morphism on each stalk is exact. Since we know that
stalk is a filtered colimit, this preserves exactness, therefore we can actually prove that for each open U of
S we have an exact sequence:

G(U) = (9x9*G)(U) =3 (hh*G)(U)

is exact, which is stronger than just saying the sequence is exact.
Recall that the morphism ¢~ 'U — U is still qcfp for each open U of S. And we still have a Cartesian
diagram:
h U —— ¢g7'U

! |

iU —— U

Therefore, we can apply descent for morphisms for each U and Oy, G|y, i.e. for each U, we have an exact

sequence:
Homy (O, Glv) — Hom(Oy-17, g*G|,-1) = Hom(Op-1p, R*G|p-11)

But this is the sequence:
g(U) - g*g*g(U) 3 h*h*g(U)

O

Corollary 6.12. Let g : S’ — S be a qcfp morphism and let F be a quasicoherent Og-module. Let F', F”
be the pullback of F to S’ and S” = S’ xg S’. Denote by Quot(F) (resp Quot(F’), Quot(F")) the set
of isomorphic classes of quasicoherent quotient sheaves of F (resp. F’, F”), then the following sequence is
exact:
* p¥
Quot(F) £ Quot(F') = Quot(F")
P2
Proof. Notice that g : 8" — S is faithfully flat, then so are the two projections, as the pullback of g. In
general, we know that the pullback functor is only right exact, but here I claim that pulling back along any
flat morphism is actually an exact functor.
To prove this, we can actually work with arbitrary sheaf of Og-modules, not necessarily quasicoherent
sheaves. We only need to prove that if 7 < G is an injective morphism of quasicoherent sheaves, g* F <— ¢*G
is also injective. We need to check that the morphism on the stalks is injective, i.e.:

(9*F)s — (9" Fs)
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is injective for all s’ € S’. Recall that this can be identified with:
Fs®os, Ossr = Gs ®og, Osr s

This is the morphism Fs < G, tensor with Og ;Ogs &. Since we assumed that this morphism is flat, then
Og s is flat over Og s, we are done. Therefore, we know that the pullback of a quotient object is a quotient
object and the pullback of a subobject is a subobject.

To prove this, suppose that G’ is a quotient object of F’ together a surjective morphism F' — G’ (this
surjective morphism is part of the definition of a quotient object!) such that p¥G’ ~ piG’ ie. we are
assuming G’ is in the kernel. Suppose that the isomorphism is o, then we will have the following diagram:

piF — pig’
N
F Ul
N

psF — p3g’

This is because p¥G’, piG’ represents the same isomorphic class of quotient objects of F means that there is
a o such that he following diagram commutes:

Y ———— p39’
F

The only thing we need to pay attention to is that the morphisms p}F’ — pfG’ are the pullback of the
surjective morphism F' — G’ we started with.

Now let F” be the pullback of F to S’ xg S’ x5 S’ via the canonical morphism to S. Then we can
pullback the above square via p;; for 1 < ¢ < j < 3 and obtain:

PiopTF' —— piopid’ Paspi F —— pispid’ Pispi F' —— piapi F'
N < <

Pl F" p;z(o)J P33 F" p;‘i»,(a)l PisF” p;‘z,(o)J
N~ ~ ~

Plops F' —— plops G’ 2 N W S Pisps F' —— piaps G’

This implies:
Pis(0) = p33(0) o pia(o)

Then from effective descent, we know that there is a quasicoherent Og module G with an isomorphism
7 : ¢*G ~ G such that we have the following diagram:

Pi9*G —— pig

[

*
p2g*G 2 pEG!

Pig*G —— pi¢d’ PiF
Py T |
l: al ~
pyT ”

P39*G 24% p3F

This implies that p¥(77! o f) = p¥(r7! o f) where f : 7/ — G’ is the surjective morphism we started with.
Then effective descent implies that there is a morphism h : F — G inducing 7! o f after pullback using g.
Since g is faithfully flat I claim that F — G is surjective (flat is not enough here, we must need faithfully
flat, i.e. surjectivity on the underlying topological space). I will let you check this. But this implies G is
indeed a quotient object of F such that it’s pullback is G'.
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We still need to prove this is the unique isomorphic class. Suppose that H is also a quotient object of F
with ¢ : F — H such that we have the following diagram:

f/
g*/ J{ch*)h
gH — G —— g%G

Consider the composition of the two isomorphisms below, since we know that g*h, g*q pulls back to the
same morphism via p; and their pullback are still surjective morphisms, we know that the pullback of the
composition of the two isomorphisms are equal, therefore it’s g*¢ for some isomorphism ¢ : H — G, then
we know that ¢g*(t o ¢ = h) then again using descent of morphism we know that ¢ o ¢ = h, i.e. we have the
following commutative diagram:

]:

q h
_
H t~ g
therefore H and G are in the same isomorphic class, we are done with injectivity. O

Similarly, the same line of argument can be used to show the following, where quotient objects are
replaced by subobjects:

Corollary 6.13. Let g : S’ — S be a qcfp morphism and let F be a quasicoherent Og-module. Let F', F”
be the pullback of F to S’ and S” = S’ xg S’. Denote by Sub(F) (resp Sub(F’), Sub(F"”)) the set of
isomorphic classes of quasicoherent subsheaves of F (resp. F', F"), then the following sequence is exact:

*
Sub(F) > Sub(F) 2 Sub(F")

Dy

Proof. Basically the same as the quotient case, the only thing to pay attention to is that here we will use
the fact that if g is injective, then if:

gof=goh
it implies f = h. I will let you fill the details. O

Finally, we can also say something for closed subschemes:

Corollary 6.14. Let g : S — S be a qcfp morphism, let S” = S’ xg S’. Denote by Sub(S) (resp.
Sub(S”), Sub(S”)) the set of closed subschemes of S (recall that two closed embeddings give you the same
closed subscheme iff there is an isomorphism that commutes with the two embeddings and this is true iff the
two closed embeddings are defined by the same ideal sheaf), then the sequence:

9>X< / p;k "
Sub(S) = Sub(S5") = Sub(S")
Dy
where g*, p¥ denote base change of closed embeddings.
Proof. Recall that by the previous result on subsheaves, we know that there is an exact sequence:
g* Py
Sub(Og) = Sub(Og/) Z’,* Sub(Ogn)
Py

Recall that subsheaves of Og is in one-to-one correspondence with the closed subschemes, and if you consider
the following diagram:

XXSS/‘—>S/

| |

X——F
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where X < S is defined by the ideal sheaf Z, i.e. there is an SES:
0->7Z—->0g—>0x—0

Then I claim that the closed subscheme X xg S is defined by the following SES, or in other words, the
pullback of the above SES:
0—>g*I—> OS/ — OXXsS’ —>0

We already saw that pullback along a faithfully flat morphism is exact, therefore we only need to prove that
g*T — Og defines X xg S’ — S’. Let’s check this locally, i.e. if we can find an affine open cover of S’ such
that on each affine open, the ideal sheaf g*Z is equal to the ideal sheaf defined by the closed embedding
X xgS" — 5’ we are done. Recall that we can first cover X by affine opens, say SpecA;, then in the inverse
image of SpecA; in S’, we cover each of them by SpecB;;. I will let you find out why B;; is flat over A,.
Then we know that the closed embedding is defined by:

SpeCBij/IiBij —> S’pecBij

l |

SpecA;/l; — SpecA;
or in other words, we have a SES:
0—I;B;; —» B;; — Bij/IiBij — 0
But since B;; is flat over A;, we can identify the above sequence with the following SES:
0— I;; ®a, Bij = A; ®a, Bij — (A/L;) ®a, Bij — 0

But this is just the pullback ¢*Z on SpecB;;, therefore the two ideal sheaves are equal to each other, we
are done. Similarly, you can also pullback a closed subscheme along p; and conclude that this is compatible
with pulling back ideal sheaves along p;. Therefore we have a commutative diagram:

Sub(S) —— Sub(S") —= Sub(S”)

Then since the row down below is exact, the row up top is also exact. O

Remark 6.15. We also have similar results for open embeddings, but we will have to wait for later results
to prove it.

Proposition 6.16. Let g : S’ — S be a qcfp morphism and let F be a quasicoherent Og-module. Then
g*F is locally of finite type (resp. locally of finite presentation, resp. locally free of finite rank) iff F is so.

Proof. 1 will let you show that even if you don’t assume quasicompactness or faithfully flatness, pullback of
a finite type or finitely presented or locally free of finite rank sheaf is also of the same property. It’s the only
if part of the statement that needs quasicompact and faithfully flat.

Now assume that g*F is finitely type. We want to prove that F is finite type, i.e. we need to show
that there is an affine open cover of S such that F restricted on each of that is finitely generated. We again
consider the usual diagram:

g/
[L;; SpecA;; —— 11, SpecA;
ozl ﬁl
g —2 8
We know that the pullback of F to L[ij A;j is still finite type. And pulling back F to ]_[ij SpecA;j is first
pulling back to [[; SpecA; and then pulling back along [[;; SpecAj; — []; SpecA;. Now we know that
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B*F on each SpecA; is just F|speca,, then if we can prove S*F|speca, is finite type, then F is finite type.
Therefore, we have transferred the question downstairs to the questions upstairs.

Now notice that ¢ is actually [[; g; where g; : [[; SpecAj; — SpecA; is an affine morphism (since
quasicompact therefore for a fixed i, we only have finitely many j) which is quasicompact and faithfully
flat. Then we can actually prove that if S’ = SpecA’, S = SpecA where A’ is a faithfully flat A-algebra.
Notice that a*g*F is finitely generated on each SpecA’Z-j, we know that on [ [, ; SpecAgj, the restriction is
still finitely generated.

To see why, if we have X = [ [} SpecA; and we have a quasicoherent Ox-module F such that on each

SpecA;, F is ]\7z Then I claim that F on X is ]_HL M;. This is because we are considering disjoint unions,
so there is no intersection overlapping issues, therefore we only need to prove that [ [T M; restricted to each
SpecA; is isomorphic to M;, but this is just the following algebraic statement:

L1 0,0, 40~ 1[0 0114, 40
J

J

But notice that for j # ¢, M; Q1 4, A; = 0 as we know that for each m ® a, we can think of it as
(0,--,a,-+-,00)m®1 = 0. Therefore, the coproduct is just M; R, 4, A; which is isomorphic to M;, I will
let you prove it.

Moreover if each M; is finitely generated over A;, then | [} M; is finitely generated over [ 1, 4i, and the
generators can be given component-wise. Therefore, we have reduced the question to:

S = SpecA’ — S = SpecA

where A’ is a faithfully flat A-algebra and if we assume that M is an A-module such that M ® 4 A’ is finitely
generated over A’, then we want to prove M is finitely generated over A. We know that any A-module M
is a filtered colimit of it’s finitely generated submodules, i.e. we have an canonical isomorphism:

MZH_H)IM,\
A

where \ goes over all finitely generated submodules of M. Recall that tensor product commutes with filtered
colimit, therefore:
/T ’
M®sA = hTH}MA ®a A
Since we assumed that M is finitely generated over A’, we can assume that these generators are m; ®
1,---,m, ®1, therefore, we know that there are some A such that the following map is surjective:

My@a A > M®@s A

Since A’ is faithfully flat over A, we know that M, — M must also be surjective, therefore M is finitely
generated as well.

Now since finitely presented is also a affine local property, using the same argument as above, we again
reduced to the case where S’ = SpecA’ — S = SpecA where A’ is a faithfully flat A-module. Now if
M ®4 A’ is finitely presented, it’s finitely generated, therefore M is finitely generated, then we have a SES
of A-modules:

0->R—>L->M-—>0

where L is a free A-module of finite rank, then since A’ is faithfully flat over A, we tensor A’:
OHR@)AA/HL@AA/HM@AA/HO

Recall that finitely presented module is always finitely presented, therefore R ®4 A’ is finitely generated,
therefore R is finitely generated, we are done.
Finally to prove the statement for locally freeness, we need the following lemmas: O

Lemma 6.17. Let M be an A-module, then the following statements are equivalent:
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1. M is locally free of finite rank on SpecA.
2. M is a finitely presented projective A-module.
3. M is a flat A-module of finite presentation.

Proof. Let’s first prove 1 = 2. Since M is locally free of finite rank. There is a finite affine open cover {U;}
of SpecA such that M|y, is free of finite rank. Then consider the canonical morphism:

g: HUi — SpecA

which is quasicompact and faithfully flat. It’s obviously quasicompact, and we know that for each = € | [, U3,
the stalk of the structure sheaf at x is the same as the stalk of the structure sheaf of X at x, therefore
obviously flat over itself. Then since this morphism is obviously surjective, it’s indeed qcfp.

If you consider g*M I claim that it’s N where N is finitely presented and more over it’s free of finite
rank. This is because N is actually a finite product of N; where each Nj is free over A; of finite rank. Then
we know that M is finitely presented by the previous proposition. Since M is finitely presented, for any
A-module N, we have a canonical isomorphism:

Homo (1\7, N) ~ Homm, N)
This is not true if M is not finitely generated, the key here is that there is always a morphism:
(HOIHA(M, N))f - HomAf(Mf,Nf)

which is defined by sending g : M — N to the localized map gy : My — Ny. This is not always an
isomorphism, but when M is a finitely presented A-module, this is indeed an isomorphism, the reason is we
have an exact sequence:

A A" M 0

and you notice that two terms in the sequence are free. For a free A-modulea M, you can check that for any
A-module N, the morphism (Hom4 (M, N)); — Homa,(My, Ny) is indeed an isomorphism, which is easy
to check. Then we can use five lemma to conclude our assertion. o

Then since M is locally free, we know that Home, (M,—) is exact, therefore Hom(M, —) is exact,
therefore Hom(M, —) is exact. Therefore M is projective.

2 = 3 is easy, recall since M is finitely presented and projective, we know that M @ R = A®™ for some
finite n and some finitely generated A-module A. This proves M is flat as A®™ if flat and tensor commutes
with tensor. N

Finally to prove 3 = 1, we assume M is flat and finitely presented, we want to show M is locally free.
For each p € SpecA, we know that M), is flat and finitely presented over A, this implies that M, is actually
free of finite rank. This is because we have:

0— Ry — L, — M, — 0

where L, is a finite rank free A,-module. Since M, is flat, we know that Torly(M,, k(p)) is 0, then we have
a SES:
0 — R,/pA,R, — L,/pA,L, — M,/pA, M, — 0

We can pick L such that L,/pA,L, — M,/pA,M, is an isomorphism, therefore R, = pA,R,,, therefore since
R, is finitely generated, R, = 0.
This implies that there are some x1,--- , 2, € M so their images in M, forms a basis. Then consider the
homomorphism:
¢ : Ak — ]\47 €, — I;

We know that we have an exact sequence:

0 — ker¢p — A¥ — M — cokerg) — 0
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We localize at p, we know that ker¢, = coker¢, = 0. Since we know that M is finitely generated, so is
the coker¢, then we know that it vanishes at p implies that there is a distinguished open around p such
that coker¢ vanishes on that distinguished open ny geometric Nakayama’s lemma. Replacing SpecA by that
distinguished open we can assume coker¢ = 0, therefore ¢ is an epimorphism, then since M restricted to that
distinguished open is still finitely presented, we know that the kernel is also finitely generated, but we know
that at p, the kernel vanishes, therefore there is a smaller distinguished open such that ker¢ also vanishes,
we are done. O

Then we go back to the proof of the last assertion of the previous proposition:

Proof. We can again assume S” = SpecA’, S = SpecA such that A’ is a faithfully flat A-algebra where M is
an A-module such that M ® A’ is locally free of finite rank, therefore by the previous lemma, M ®4 A’ is
flat over A’ and finitely presented. Therefore we know that M is finitely presented over A and also flat over
A since A’ is faithfully flat over A, we are done. O

7 Descent Properties of Morphisms

Let’s begin this section with a definition:

Definition 7.1. Let f : X — S be a morphism of schemes, we say that f is surjective (resp. injective) if f
is surjective (resp. injective) on the underlying topological spaces.
f is called radiciel if f is universally injective, i.e. it remains injective upon any base change.

Proposition 7.2. Let f :— S be a morphism, the following conditions are equivalent:
1. f is radiciel.

2. For any algebracially closed field K the map X (K) — S(K) induced by f is injective where X (K), S(K)
are the K-valued points, i.e. Hom(SpecK, X), Hom(SpecK, S) respectively.

3. f is injective and for any x € X the residue field k(z) of X at x is a purely inseparable algebraic
extension of the residue field k(f(z)) of Y at f(x).

4. The diagonal morphism A : X — X xg X is surjective.
In particular any radiciel morphism is separated.

Proof. This is going to be quite a long proof. Let’s first start by 1 = 2. Suppose that ¢1,ts : SpecK — X
such that f oty = fota. Consider the following diagram:

SpecK

where the dotted arrow is the graph Ty, : SpecK — X x g SpecK and f’ is the base change of f. We want
to prove t1 = ty, and it suffice to prove I'y, = I';,. But notice that f' oI'y, = Idgpecr. Since f’ is injective
on the underlying topological space, we know that I';,,I';, have the same image in K xg X. Since SpecK
is just a single point, we know that the image is also a single point, say z’. Then we know that:
UY e T
K > k(') = K

are the identity. This implies that 1“51, are isomorphisms and are inverse of (f’)f, thus they are the same,
therefore I'y, = I'y,. We are done.
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Then let’s prove 2 = 1. We need to prove that for any morphism S’ — S, the base change of f is
injective. Consider the following diagram:

S xs X 2 X

|
b
N
s —2 S
Suppose that z7, 2/, are two points in S’ x ¢ X such that their images is s’ in S’. We know that the ring map
k(s") — k(z)) is always injective, then since k(z3) is flat over k(x), we know that:

k(o) — k(21) Qp(a) k(2)

is also injective, therefore k(21) ®p(y) k(z2) is not 0, which means it has a maximal ideal m, i.e. we can
consider the algebraic closure K of (k(71) ®y(s) k(72))/m, and we have:

k(s") —— k(zh)

| |

k(z)) —— K

But this implies that we have two morphisms s; : SpecK — X x ¢ 5" with images «}, we know that after we
compose it with S’ xg X — S’, we get the same morphism, i.e. f’'s; = f’sy. Therefore:

fg/Sl = gf'é’l = gf/52 = f9/52

By our assumption, we know that ¢’s; = g’ss. Also, since f's; = f’so, we know from the universal property
of fibered product that s; = s9, so in particular, z}j = %, therefore f’ is injective, we are done.

Then let’s prove 1 < 3. Before we proceed, we need be clear that purely inseparable extension only shows
up in characteristic p > 0 as for p = 0, every field is perfect, therefore there is no nontrivial inseparable
extension. And as you will see later, étale cohomology is most interesting when we deal with characteristic
p>0.

Suppose that f is universally injective first, then in particular f is injective,let x € X and s be it’s image
in S, then we know that f~!s only consist of one point in X, i.e. . We again, consider the base change of
f: X —>Sbyg:5 — 5. Now for any point s’ € S’ whose image is s € S, we consider the fiber flfl(s’), since
the inverse image of s is only one point x, I claim that points in this fiber is in one to one correspondence
with points in Speck(z) ®k(s) k(s"). To see why, we know that since the image image of s is only z, the
fibered product can be computed affine locally, i.e. Suppose that SpecA is an affine neighborhood of s and
SpecB is an affine open in the inverse image of SpecA that contains z, the fiber can be computed affine
locally, i.e. suppose that SpecA is an affine neighborhood of s, SpecB is an affine neighborhood of x in the
inverse image of SpecA, then we know the fiber is Spec(B ®4 k(s")). Then consider:

B®ak(s') ~ k(s") ®xs) (k(s) ®a B)

Now I claim that the underlying topological space of k(s") ®y(s) (k(s) ® B) is in one to one correspondence
with Speck(s’) ®y(s) k(). To see why, first notice that the ring k(s) ®4 B only has one prime ideal. The
reason is f is injective, thus the fiber of s is . Then we know that the nilradical of k(s) ® 4 B is this prime
ideal m. For notation simplicity let’s denote k(s) ®4 B by C, and denote the unique maximal ideal by m.
Then we know that:

0 — Rad(k(s) @4 B) — k(s) ®4 B — (k(s) ®4 B)yea = C/m — 0

Then if C/m ~ k(x), we know that we tensor ®js)k(s’), we know that the surjection C Q) k(s) —
k(x) ®p(s) k(s") has kernel that is contained in the nilradical (it’s the nilradical tensor with something), thus
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the underlying topological space is the same. Therefore we only need to show C/m is indeed k(z). First, we
have such a diagram:

k(s) «— A

Therefore we know that the dotted arrow has kernel m since the kernel is a prime ideal and m is the unique
prime, then C'/m — k(z) is injective, and since C'/m is a field, we know that it’s generated by the image of
C. However, we know that the image of C' contains the image of B, which is enough to generate k(z) as a
field, therefore, we are done.

But this implies that if f is universally injective, for any field &’ containing k(s), the scheme Spec(k(z)®j )
k') only has one point. Conversely, if this is true, it’s obviously that f is also universally injective. Therefore
to prove 1 < 3, we only need to prove that the condition that for any field k¥’ containing k(s), the scheme
Spec(k(x) ®p(s) k') only has one point is equivalent to k() is an algebraic purely inseparable extension of
k(s). For convenience, we will denote k(s) by k and k(z) by K.

First we assume Spec(k(x) ®ys) k') only has one point, now if we assume K is not algebraic over k, there
is an element ¢t € K which is transcendental over k, which means that if we consider:

k(t) @k k[T] ~ k(t)[T]

Let’s consider m = (T'—t), since t is transcendental over k, we know that m n k[T'] this is because elements in
(T'—t) are of the form g(T—t) = g7 — gt where g is a polynomial in k(¢)[T], then since ¢ is transcendental over
k, for any polynomial f with coefficients in k, f(¢) # 0. I will let you prove that this implies k[T] nm = 0.
Also we know that the 0 prime ideal in k(¢)[7T7] also intersect k[¢] at 0, therefore we know that if we consider
the morphism:

Speck(t)[T] — Speck|[T]

There are at least 2 points in the fiber of the zero prime ideal. The fiber is the spectrum of:
k() @k K[T] @pr) K(T) ~ k(t) @y K(T)
Then consider the inclusion &(t) ® k(T) — K ®j, k(t), the morphism:
SpecK ®y, k(T) — Speck(t) Q k(T)

is surjective, this is because K ®y, k(T is actually faithfully flat over k(t) ®x k(7). This is because we know
that the field extension k(t) — K is faithfully flat, then consider the base change:

SpecK ®j k(T) —— Speck(t) ®x k(T)

J |

SpecK ——— Speck(t)

and we know that base change of a faithfully flat morphism is always faithfully flat. Therefore, surjective,
therefore SpecK ®j, k(T') have at least 2 points, thus a contradiction.

Now suppose K is algebraic over k but not purely inseparable. We then know that there is a subfield
extension of K /k, say F'/k such that F is separable over k. Then let k be an algebraic closure of k, we know
that:

Spec(F ®y k)

contains at least 2 points. To see why, let’s assume F' = k(a) where « is separable over k with minimal
polynomial f with degree at least 2. Then we know that F = k[z]/f then F ®; k = k[z]/f, we know that f
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doesn’t have repeated roots, therefore it splits to at least two distinct linear factors, therefore we know that
we at least have two maximal ideals, i.e. at least two points. Then consider again:

SpecK ®, k — SpecF @y k

Again, consider:
SpecK ®j, k —— SpecF ®y, k

| |

SpecK —— SpecF

this tells you that SpecK @y, k — SpecF @y, k is surjective, therefore SpecK @y, k at least has two points.

Now conversely, suppose that K/k is algebraic an purely inseparable, then for any ¢ € K we have " ek
for some large integer m, where p is the characteristic of k. Now let k&’ be a field containing k, consider
K ® k'. Suppose that t' € K ®j, k’, it’s a finite linear combination of Y’ a; ® b; where a; € K, b; € K/, then if
we consider ¢?” | we know that since the characteristic is p, we get rid of the intersecting terms and know that
for larger n t'*" is in k’. Notice that for any prime p in K ®, k’, we must have pn k" = 0 as this is the inverse
image of p in k', which is prime, therefore 0. Then suppose that t' € p, then t’?" € k/, therefore t?" = 0,
therefore ' = 0, therefore all the elements in p are nilpotenet. Therefore any prime ideal is contained in the
nilradical, therefore this ring only has one prime ideal as the nilradical is the intersection of all primes.

Finally let’s prove 2 < 4. First assume 2, then suppose that z € X xg X, let K be the algebraic closure
of k(z), we then have a morphism ¢ : SpecK — X x g X with image z, then consider:

SpecK

S

XxsX —3 X

J{Pl f

x— 5

Then we know that fopyot = fopyot,sopyot =p;ot. Let ' = pit = pot, then we consider:
pi(At) = (piA) =t = p;t
Then again by the universal property of fibered product, we know that:
t=At

In particular z is in the image of A.

If we assume 4, let t1,t5 : SpecK — X be two morphisms such that ft; = fto, then by the universal
property of fibered products, there is ¢t : SpecK — X x g X such that p;t = t;. Let z be the image of t. Then
since A is surjective, there is some x € X such that A(z) = z, and since we know that A is surjective, it’s
a closed embedding, therefore A% : k(z) — k() is an isomorphism. So there is a morphism #' : SpecK — X
such that At’ = ¢, but then:

ti = pit = p At =+’

thus tl = t2. O
Remark 7.3. Notice that in 2, we assumed for all algebraically closed field, but actually in the proof, we

didn’t use that the field is algebraically closed. In fact using the same argument, you can prove the same
assertion with algebraically closed replaced by separably closed.

Now we officially start the descent property for morphisms, which is different from the descent for
morphisms we discussed before. The key issue here is the following. When we discussed fibered products for
the first time, we have seen that lots of properties of morphisms are preserved by base change. But there
are essentially two problems towards this direction: First, some properties are not preserved by base change,

44



thus we have created lots universal properties. Second, we know that if a morphism has some property,
then it’s pullback has this property, but we haven’t discussed when can we deduce the morphism has such a
property from the fact that it’s pullback has that property. We will have partial answers to these questions
in this section.

Proposition 7.4. Consider a Cartesian diagram:

S'xg X — X
7
s —2— 'S
where g is surjective, then:
1. f is surjective iff f’ is.
2. If f’ is injective, then so is f.
3. f is radiciel iff f’ is.

Before we prove this, recall that injectivity is not something that is preserved by base change, therefore
2 in the above proposition is something we didn’t expect. And usually, we say that if f is something then
S’ is also something. But here we have some if and only if statement, which is due to the surjectivity of g as
you will see in the proof:

Proof. Let’s first prove 1. For any s’ € S’, consider:

S’XSX4>X

~ | T~

Speck(s') —— Speck(g(s'))

where the dotted arrow is given by the universal property of fibered products, then I will let you prove that
the square in the front face is also Cartesian, which is the result of the fact that if in the following diagram:

A——C —— F

L

B——D—F

the larger rectangle is Cartesian and the right square is Cartesian, then the left square is also Cartesian.
Then consider the morphism f'~1s’ — f~!gs’, as the base change of Speck(s’) — Speck(g(s')), is surjective
since k(g(s")) is faithfully flat over k(s’). So we know that f'~1s’ is not empty iff f~1(g(s’)) is not empty,
therefore f is surjective iff f/ is surjective since g is surjective.

Then to prove 2 if f’ is injective, then f’~!s’ has at most one point, then since f'~'s’ — f~lgs' is
surjective, we know that f~1(g(s’)) has at most one point, then since g is surjective, we know that f~1(s)
for any s € S is at most one point, therefore f is injective.
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For 3, if f is radiciel, we know that f’ is also radiciel since each base change of f’ is a base change of f.
Then suppose that f’ is radiciel, we want to prove f is also radiciel, consider:

XXSS/XST

Nl

; ; |
S’ g S

\ /gT/

S/ XsT

Then we know that all the four squares on the side are Cartesian by essentially the same argument as in the
proof of 1, but here we also require the bottom to be Cartesian, in this case g is also surjective, then we
know that T'xg X — T is injective if X xg S’ xgT — S’ xg T is injective, but this as a base change of f”,
it’s injective, we are done. O

Proposition 7.5. Consider a Cartesian diagram:

Xxg8 -2 X

A

S’ T S
assume g is quasicompact and surjective, then f is quasicompact iff f’ is.

Proof. We know that quasicompactness is preserved by base change no matter what kind of g we use. So
the important direction here is how to use f’ is quasicompact to show f is quasicompact. However, we still
include the direction where we assume f is quasicompact.

First assume f is quasicompact. To prove f’ is quasicompact, we know that we can do this by findding
an affine cover of S’ such that the inverse image under f’ are all quasicompact. We can first cover S by
affines, say SpecA;, and cover the inverse images in S’ by affines, say SpecB;;, which gives us an affine cover
of S’. Suppose that the inverse image of SpecA; in X is covered by SpecCiy, then we know that the inverse
image of SpecB;; can be covered by Spec(B;; ®a, Ci) where 4, j are fixed and k can vary in a finite index
set, thus we are done.

Conversely, suppose f’ is quasicompact, let V' be a quasicompact open of S, since g is surjective we know
that V = g(g~ V) so:

V=g V) =g gV
to see why the last equality holds, we know that if ¢ is surjective, then this is easy to show, however, if g is
not surjective, we don’t get this equality simply from this diagram is commutative, we do need to use this
is a Cartesian diagram. I postpone the proof to a later proposition, here we first assume this.

Since g, f’ are quasicompact, f'~tg~1V are quasicompact, then we know that ¢'(f'~tg=1V) is also qua-
sicompact as ¢’ is continuous, therefore we know that f is quasicompact. O

Proposition 7.6. Consider a Cartesian diagram:

Xxg8 -2 X

7| Iy

S s S

Assume g is a quasicompact and faithfully flat, then f is of finite type if and only if f’ is so.
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Proof. Recall finite type is locally of finite type plus quasicompact. We already saw that if g is faithfully
flat and quasicompact, then ¢ is quasicomapct and surjective, therefore we know that quasicompactness of
/', [ is solved. We only have to think about how to deal with locally of finite type. We know that f being
locally of finite type implies f’ is locally of finite type, since pullback preserves locally of finite type. The
proof is essentially the same as quasicompactness.

Now suppose [’ is locally of finite type and quasicompact, we know that f is quasicompact and we want
to prove it’s locally of finite type. I claim that it suffice to assume that S’ = SpecA’, S = SpecA, X = SpecB
where A’ is a faithfully flat A-algebra, then we need to prove that if A’®4 B is a finitely generated A’-algebra,
then B is a finitely generated A-algebra. Let’s first assume this claim is true. Recall that B is a filtered
colimit of all finitely generated A-subalgebras:

B = lim B,
A

where A runs over the filtered system which indexes all finitely generated A-subalgebras. Then we know that
By A ~ li_r)n/\ B, ®4 A’, since we know that B is finitely generated, then we know that there is one A such
that:

Bx®4 A" —> B A

is surjective, then we use A’ is faithfully flat over A, we are done and conclude that By — B is also surjective.

Then let’s prove the claim. I claim that this is eventually will be the following algebra question. Suppose
that By, -+, B, are finitely generated A-algebras, then [ [} B, is also a finitely generated A-algebra using
the product algebra structure. Conversely if [ [ B, is a finitely generated A-algebra, then each B; is a
finitely generated A-algebra. I will let you prove this easy fact. Using this fact, notice that if we cover S by
SpecA;’s then from g, f are quasicompact, we know that we can cover the inverse images by SpecB,;;, SpecC;y,
respectively where for each fixed ¢, we can make 7, k to be in a finite index set. Our job is to prove that Cjy,
for each k is a finitely generated A;-algebra, by the above discussion, it’s equivalent to prove that | [, Cy is
a finitely generated A;-algebra. Then consider the following Cartesian diagram:

Hijk SpecCi, ®a, Bij —— Hik SpecCiy

| ]

[ L;; SpecBi; _ Mo, [1; SpecA;

This is Cartesian because fibered product always commutes with disjoint union. Then we know that our
assumption is that for each fixed i and for all j,k, Ciji ®4, B;; is a finitely generated B;;-algebra, then we
can assume that for each fixed 4 ]_[ijk Cir ®4, B;j is a finitely generated ]_L.j B;j-algebra. Then we can fix i
and consider the fibered product:

ij SpecCi, ®a, Bij — [ 1, SpecCix

J |

[, SpecBi; — 9 SpecA;

where | [; SpecB; is affine and is a faithfully flat A;-algebra say is SpecA;, [, SpecCiy is also an affine
scheme, say is SpecB;, then the assumption is that the fiberd product is a finitely generated Aj-algebra, we
want to prove B; is a finitely generated A;-algebra, this is our claim, we are done. O

We then want to say more about the descent property of morphisms, especially topologically proper-
ties. We are interested because some important properties of morphisms, for example properness, involves
topological properties, so we begin this discussion by the following results:

Proposition 7.7. Let g : Y/ — Y be a flat morphism and let Z be a subset of V. Assume there is a
quasicompact morphism f : X — Y such that Z = f(X), then g=}(Z) = g~1Z.
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Proof. Clearly g='Z is a closed subset containing g~*Z, therefore clearly g=1Z < g~ (Z).

Conversely, we need to show that if ' € g~1(Z) then it’s in g~1Z. Let’s choose an affine open SpecA’ = U’
of ¢/ and an affine open U = SpecA of g(y') = y such that g(U’) = U. We know that v/ € U’ n g~} (U n
ZnU)=U ng ' (ZnU). This is because we have a standard fact from topology that for any subset Z

=Y —U e . .
and an open U, we know that Z~ nU = Z n U  where the superscript indicates the closure is taken in U or
in Y. Therefore we know that U n Z n U is actually U n ZU, i.e. the closure of U n Z in U. Since we know
=Y —F=U . . a5 - . .
that ye UnZ" , we know that y € U n Z , which is the same. To prove y € g~17, since v’ is already in U’,

it suffices to show that 3’ € g—lZJ =g 1Z nU nU’'. Notice that Z n U is the image of the quasicompact
morphism f~'U — U induced by f. We are therefore in the case where SpecA’ = Y’ , SpecA =Y and A’ is
a flat A-algebra. Since f: X — Y is quasicompact and Y is affine, we can cover X by finitely many affine
opens and by replacing X by the disjoint union, we can also assume X is SpecB:

SpecA =Y
]
X = SpecB SpecA’ =Y’

What is f(X)? Since it’s induced by A — B, we know that if we denote the kernel by I, I claim that
f(X) = V(I). First, notice that V(I) contains f(X) since everything in f(X) must contain the kernel. Now
we need to prove that everything in V(I) is in the closure, i.e. if you have a prime p o I, then any open
that contains p we have that open intersect with f(X). We can assume that this open is D(f) where f ¢ p.
I want to show there is a prime g such that f ¢ ¢ and ¢ is the inverse image of some prime in B. Think
about Ay — By, we only need to show that By is not 0. If By is 0, then f™ = 0, i.e. f € I, which means
that f € p, a contradiction, we are done.
Then we know that ¢g=(f(X)) = g~V (I) = V(IA"). Now consider the following Cartesian diagram:

X = SpecB — SpecA =Y

[ d
X' = SpecB®y A’ LA SpecA’ =Y’
since ¢ is flat, we know that A’ — B ®4 A’ is the tensor product of A — B, therefore the kernel of
A" —> B®y A’ is TA'. Therefore f/(X') = V(IA’) so we have:

g7 =g f(X) = f/(X)

The key equality is g1 f(X) = f'¢'"}(X) = f/(X’). We here run into a similar equality as what we saw in
a previous proposition, here we prove this equality in the assumption that this is Cartesian. This affine case
is general as the general case is reduced to the affine case. Suppose that p is a prime in B and ¢ is a prime
in A’ such that their inverse images in A is z. I want to find a prime 7 in B ®4 A’ such that it’s inverse
image in B is p in A" is ¢. To see how this is done, consider:

B A k(x)

Then notice that k(p) Q) k(q) is not 0, then it has a prime, say 7, then let the inverse image in B ®4 A’
be 7/, then I will let you prove that this 7/ is the prime we are looking for.
Then back to the proof, this shows ¢g71(Z) = g=1Z = V(I A’), we are one. O
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Remark 7.8. Note that the only place we used flatness is to prove that the kernel of A’ — A’®4 B is I A’.
This result has in fact a lot of useful corollaries:

Corollary 7.9. Let g : Y/ — Y be a quasicompact flat morphism and let Z’ be a closed subset of Y’
satisfying Z' = g=1g(Z’), then Z' = g='(g(Z’)). Moreover the subspace topology on g(Y”’) induced from Y
coincides with the quotient topology induced from Y.

Proof. First, recall that the quotient topology on ¢(Y”’) is defined by an subset of g(Y”’) is closed iff it’s
inverse image if closed.

Let’s prove the first assertion, notice that by the previous result, we know that if we define Z = g(Z’),
then we can consider the canonical reduced closed embedding:

Z'>Y' - X

Recall that all closed embeddings are quasicompact, then the composition is quasicompact, with image Z.
Therefore we can apply the previous proposition and deduce that:

9 (2)=9g"9(2)=9g9(Z2)=2Z"

To prove the second assertion, we need to prove that any subset of g(Y”) that is closed under the subspace
topology is closed under the quotient topology and vice versa. Notice that since g is continuous in the first
place, suppose that a subset in g(Y”) is closed under the subspace topology, it’s inverse image in Y’ is
closed, then it’s closed under the quotient topology. Then suppose that now Z is closed under the quotient
topology, then it’s inverse image in Y” is closed. Now apply the first assertion to Z’ = ¢~ 'Z, we know that
97 = g (g971Z), ie. g7'Z = g7'Z. hence we know that Z = Z n g(Y”), therefore Z is closed with
respect to the subspace topology. O

Corollary 7.10. Assume g : Y’ — Y be a quasicompact faithfully flat morphism then the topology on Y
coincides with the quotient topology induced from Y”.

Proof. Since g is faithfully flat, it’s surjective, therefore g(Y') =Y. O

Corollary 7.11. Suppose that g : S" — S is qcfp, then let S” = 5" x g S" and let O(S) (resp. O(S"),0(5"))
be the set of open subsets of S (resp. S’,5”) and let F(S) (resp. F(S"),F(S”)) be the set of closed subsets
of S (resp. S’,S5”). Then the following sequences are exact:

0(8) — 0(8") 2 0(8") F(8) - F(S') 3 F(S")

Proof. Let’s prove the assertion for closed subsets. First, injectivity, suppose that Z;, Z, are closed subsets
of S such that the inverse images coincide. Therefore let Z' = g~1Z;, then we know that Z; = gg~'Z; since
g is surjective. Then we know that Z; = Z5. Therefore the morphism is injective. Then suppose that Z’
is closed in S’ such that the inverse image under pi,ps are the same, say is Z”. Then we know that if we
denote h = g o p;, we know that if we denote Z = h(Z"), then h=1Z = Z” i.e. h='h(Z") = Z", then we
know that this implies that:
Z" = h~'h(Z")

But h=th(Z") is p; 'g~*h(Z"). Consider g~ h(Z"), I claim it’s Z’, since we know that g~'h(Z") contains
Z' but if it strictly contains Z’, we know that p; 'g~'h(Z”) will be larger than Z”, which is a contradiction.

Then for the assertion, we only need to use the fact that taking complements is injective, and g, p; are
surjective. O]

Remark 7.12. Here the result for open subsets resolves the problem we had before when we discussed
the exact sequences for closed embeddings. Since open embeddings are essentially just giving open subsets,
therefore this results for open subsets implies the corresponding exact sequences for open embeddings.
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Corollary 7.13. Assume g : Y/ — Y is qcfp, let Z be a subset of Y such that Z is the image of a
quasicompact morphism (for example Y is Noetherian and Z is constructible as it’s a finite disjoint union
of locally closed subsets), then Z is locally closed iff g1 Z is so.

Proof. First, assume that Z is locally closed, then no matter what ¢ we use ¢~ 'Z is also locally closed. For
the converse, consider the Cartesian diagram:

1Z — 7
Y —— Y
Notice that g~'Z — Z is also quasicompact and faithfully flat. Since we know that ¢7'Z = g=1Z, if we
assume ¢~ 'Z is locally closed we know that ¢='Z is U n g=1Z = U n g~ 'Z, therefore it’s open in ¢~ 'Z,

then we know that Z is open in Z since we know the topology in Z is the same as the quotient topology,
then Z is locally closed. O

Corollary 7.14. Consider a Cartesian diagram:

S/XSX%X

]

s —2 58

such that g is qcfp, then if f’ is an open mapping (resp. closed mapping, quasicompact locally closed
embedding (i.e. locally closed embeddings with quasicompact images), homeomorphism), f is so.

Proof. Let’s be clear with the terminology first, here by a quasicompact embedding, I just mean that f is a
quasicompact morphism such that the underlying map on topological spaces is an embedding of topological
spaces.

Let’s first deal with the open or closed mapping stuff. Recall that pullbacks doesn’t preserve open or
closed mapping, this is why we don’t put iff here. Recall that for any Cartesian diagram we know that
g f(Z) = f'g"1Z, then if Z is open (or closed) and f’ is open (or closed), then we know that f'g’~1Z
is open (or closed). So g~!f(Z) is open (or closed), recall that the quotient topology is the same as the
subspace topology, therefore f(Z) is open (or closed). Therefore f is open (or closed).

Then suppose that f’ is a locally closed embedding, we know that first f is quasicompact and injective
from previous results since g is surjective. Now to prove f is an embedding, we need to prove that f : X —
f(X) is a homoemorphism where f(X) is endowed with the subspace topology. Now I claim that if for any
closed subset Z of X, we have f~1f(Z) = Z, then f is an embedding. To see why, we need to show that the
inverse of f is continuous, i.e. we need to show that every closed subset Z in X, f(Z) is closed in f(X), i.e.
f(Z2) = f(Z) n f(X), since f is injective, this is equivalent to f~1f(Z) = Z.

Now suppose that Z is closed in X, then we know from f is quasicompact that

9 f(2) =97 f(2) =972
Then since f’ is an embedding, we know that:

TR =g

Then we know that:
g2 =T 2) = NPy Z) =g 2

since g is surjective we know that f~'f(Z) = Z, we are done.
Finally, suppose that f’ is a homeomorphism, we know that f is an embedding, it’s also surjective since
g is surjective, therefore f is a homeomorphism. O

50



Remark 7.15. Note that this corollary doesn’t say any thing about open embeddings or closed embeddings
or locally closed embeddings of schemes, everything here are merely topological statements and at this point
there is no reason to generalize it to scheme embeddings using what we discussed before. However, there
will be a discussion in the next section.

Corollary 7.16. Consider a Cartesian diagram:

S/ ><S X */> X
g
b
s —2 48
such that g is qcfp. Then f is universally open, universally closed, universally a homeomorphism iff f’ is.

Proof. The only if direction is easy. So let’s assume [’ is for example universally open, then we use our old
diagram:
X Xg S’ Xg T

e

; ; |
S’ g S

\ /gT/

S/ XsT

We then know that again gt is qcfp, then T x5 X — T is open iff X xg S’ xgT — S’ xg T is, but this is
true since f is universally open, we are done. The other assertions are proved similarly. O

Corollary 7.17. Consider a Cartesian diagram:

S/XSX*,}X

b

s —2—s
such that g is qcfp. Then f is separated or proper iff f’ is.

Proof. Again, we know that pullbacks preserved separatedness and properness. Then let’s first assume f’ is
separated, we have the following Cartesain diagram:

X xg8 —25 (X xg ) xg (X xg5)

ls !

X A X xg X

You can check this is Cartesian by directly verifying the universal property: two morphisms a,b from Z to
X and (X xg8) xg (X xg S") which are equal after we compose the morphism to X xg X are first a
morphism a : Z — X and two morphism by : Z — X xg 5',by : Z — X x5 5 such that after you compose
the projection to S’, we get the same morphism, moreover, after we compose with the projection to X and
then with X — S, they are the same. Unpack these, you get essentially these are just two morphism a, b to
X xg S’ which are given by a1, as, by, bs such that a; = by,as = b, i.e. just two morphisms a, b such that
their composition to S are the same, therefore just a morphism to X xg S’, we are done.

Then notice ¢’ is qcfp, then A at the bottom is a closed embedding if it’s a closed mapping, if the top is
a closed mapping, but the top A is a closed embedding of schemes, therefore is a closed mapping.

Then if f’ is proper, then it’s finite type, separated, universally closed, then we already saw f is so, we
are done. O
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8 Descent of Schemes

Recall that in the previous section, we discussed when open, closed mapping and quasicompact embeddings,
but these are all topological properties, not embedding of schemes. Here in this section, our first goal is to
study these schemes embeddings.

Proposition 8.1. Let g : 8" — S be a morphism of schemes.

1. Suppose that g is surjective and the induced morphism of sheaves of rings Og — ¢+Og is injective,
then ¢ is an epimorphism in the category of schemes.

2. Suppose g is surjective and the topology on S is the quotient topology induced from S’. Let S” =
S’ x5 8" and p1, p2 be the two projections to S’, h : S” — S be the canonical morphism. Assume

9%}
Ogs — 905 3 hyOgn

9575

is exact (i.e. the sequence we get using the difference g*pli — g*pg) is exact as a morphism of sheaves.

Then for any scheme Z, the sequence:

Hom(S, Z) 75 Hom(S’, Z) pﬁf Hom(S”, Z)
p20
is exact where ¢* maps a morphism f : S — Z to fg and p¥ map a morphism f : S’ — Z to
fpi: 8" — Z.

Proof. To prove the first assertion, i.e. g is an epimorphism, we need to prove that if f1, fo : S — X are two
morphisms of schemes such that:
ficg=faoyg
We want to prove f; = fo. First we know that as a morphism of topological spaces, we know that since g is
a surjective morphism of topological spaces, then f; = f3 as morphism of topological spaces. Then we need
to prove:
fi:0x = (f1)«O0s = f§: Ox = ()05

Since f; 0 g = f2 0 g, we know that:

13 gt fi 2) 9"
Ox B (10205 "3 (£1)20:05 = Ox B (£).05 27 (£)40.08

Recall that pushforward is left exact, therefore pushforward of an injective morphism is still injective, i.e.
still a monomorphism, therefore this implies flh = th

To prove the second assertion, first g is surjective and from our assumption on the sequence of sheaves,
Og — g+Og: is injective, therefore by 1, ¢ is an epimorphism, therefore:

Hom(S, Z) &5 Hom(S', Z)

by precomposing with g is injective. Then let f’ : S’ — Z be a morphism of schemes such that f'p; = f'ps.
We want to find a morphism f : S — Z such that fg = f’. Let’s first do this by finding f as a map
of topological spaces which is why we want the topology on S’ to be the quotient topology. Consider the
following diagram:

S' x5 8 —— 8

b

s —2 58
Then suppose that s, s4 are in S’ such that g(s]) = g(s}), then from the fact that this diagram is Cartesain,
we know that there is a point s” € S’ xg 8" = §” such that p;(s”) = s;. Then in the following diagram:

S” &; S’ — Z
p2
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We know that f/(s]) = f'p1(s”") = f'p2(s") = f/(s}), then consider the universal property of the quotient
morphism in the category of topological spaces:

s 1.z

21
gl ot
0
S
This implies that there is a unique continuous morphism of topological spaces f such that this diagram is
commutative. Then using this f we have such a diagram:

[:O0sw —— [ip5Osr

The two small triangles on the left are commutative be cause f,Og is canonically equal to fyg+Og and thus
we can just define Oz — fyg+Og to be the same as Oz — f,Og/. Another two squares are commutative
because we again have canonical identifications and the two horizontal morphisms on the top and bottom
are just f:kpf I claim that the row in the middle, obtained by using the difference fy g*ph1 — [+ 0% pg composes
to 0. Or in other words, we need to show that the two composition are equal:

f : f ;
Oz = [49x0s B fuhyOsn = Oy — f2g:05 B fuhOgn

Since we have this commutative diagram, this equality follows from f'p; = f’ps. Then recall that f is a
left exact functor, then we know that we have an exact sequence:

f£O0s — f494O0s =3 fuhsOgn

Then the universal property of kernels gives you a morphism Oz — f,Og, together with the topological
map f, we get a map of ringed spaces f such that f’ = fg, then we need to prove this is a morphism of
schemes, which means that we need to prove it’s a map of locally ringed spaces, i.e. the morphism on the
stalks are all morphisms of local rings. For any s’ € S/, the composite of the homomorphisms:

OZ,fgs’ g Os,gs/ — OS’,S’

is a morphism of local rings since f’ is a morphism of schemes. But notice that Og 4y — Og/ ¢ is also
a morphism of local rings. Then I claim that for the maximal ideal of Oz f4s, if it’s not mapped to the
maximal ideal of Og g4, it’s mapped to an invertible element in Qg ¢ which contradicts the fact that the
composition is a local morphism. O

Corollary 8.2. Let g : S’ — S be qcfp and let S” = S’ x5 .5’, the for any scheme Z, the following sequence
is exact:

Hom(S, Z) — Hom(S’, Z) = Hom(S”, Z)

Being faithfully flat means g is surjective, being quasicompact plus faithfully flat means that the topology
of S is the same as the quotient topology induced from S’. Moreover, recall that we have prove that for qcfp
g and any quasicoherent Og-module G we have an exact sequence:

G — 9x9"G 3 hsh™G
Now let G = Og, we have an exact sequence:

Os — 9x0g — hyOgn
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Where the first morphism is given by Og/ s Qg+ and the adjoint property, I will let you prove this is exactly
the induced morphism of sheaves of rings. Then for g.Og — h4+Ogr i claim that it’s just g. (pf) To see
why, before we apply g, we know that this is defined by identity and adjoint property of (p¥, (pi)«):

(pi)*9*Os — (pi)*9* O35

which is just Ogsr — (p;)«(p;)*Og induced by the identity pfOg — p¥Og and similarly this is p?, then we

apply gs.
This discussion plus the previous result, we get the desired exact sequence on hom sets.

Corollary 8.3. Let g : S — S be a qcfp morphism and let S” again be S’ xg S’. Suppose that X,Y are
two S-schemes let X' = X x5S, Y' =Y xg8 and X" = X x5 5", Y" =Y x5 S”, then the sequence:

Homg(X,Y) — Homg (X', Y’) = Homgn (X".Y")
is exact.

Proof. Let’s first be clear about what are the morphisms between these hom sets. They are given by the
following diagram:

X' —=Y"—= 5
IR
X —Y —— ¢

[

X Y S

Since S — S is qcfp, we know that X’ — X is also qcfp. Then we know from the previous corollary that
the following two sequence are exact:

Hom(X,Y) — Hom(X’,Y) = Hom(X",Y)

Hom(X, S) — Hom(X’,S) = Hom(X", S)

But these two exact sequences implies that:
Homg(X,Y) — Homg(X’,Y) = Homg(X",Y)

is exact. This is because for example we first need to prove the first map is injective, but this is just
a restricting Hom(X,Y) — Hom(X",Y) to Homg(X,Y) and Homg(X’,Y), therefore is indeed injective.
Then suppose that we have an S-morphism in Homg(X’,Y") such that after we pull it back use two diffrent
projections we get the same morphism, again, by thinking these are objects in Hom(X’,Y), Hom(X",Y"), we
know that there is a morphism ¢ in Hom(X,Y") such that after we compose with X’ — X get the morphism
we started. The only issue is that this morphism may not be an S-morphism. T prove this is an S-morphism,
we need to prove that after we compose t with Y — S, we get X — S. I will let you prove it but the hint is
to use the second exact sequence.

Note that the last sequence can be identified with the exact sequence we are interested in. For example
we have an isomorphism:

HOHIS/ (X/, Y/) = Homg (X/, Y)

which is define by X’ — Y’ — Y where X’ is a S-scheme by S’ — S, I will let you prove this is indeed an
isomorphism which is just the universal property of fibered products. Similarly we have:

Homgr (X", Y") = Homg(X",Y)

the morphism is defined similarly. Then I will let you check after this identification, we get the sequence we
are interested in. O

Now we are able to prove our promise about open, closed embeddings or isomorphisms in the beginning
of the section:
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Corollary 8.4. Using the notation of the previous corollary let f : X — Y be an S-morphism and let
/' X' = Y’ be the base change of f. Then f is an isomorphism iff f’ is.

Proof. We still use the diagram from the previous corollary. Since f’ is the base change of f, then if f is an
isomorphism, f’ is of course an isomorphism.

Conversely, suppose that f’ is an isomorphism, let ¢’ be it’s inverse, which is still an S-morphism.
Then consider the further base change to Y” — X’ along to projections, then I claim that we get the same
morphism, since it’s the inverse of f”, therefore we know that there is an S-morphism ¢ : Y — X such that the
pullback to X', Y is ¢’. Since we know that ¢’ f’ = Idxs and the morphism Homg (X, X) — Homg/ (X', X') is
injective, we conclude from the fact that base change commutes with composition that go f = Id x, similarly
we get fg = Idy. So f is an isomorphism as we find it’s inverse. O

Corollary 8.5. Use the notation of the previous corollary, then f is a closed embedding, open embedding
or a locally closed embedding iff f’ is so.

Proof. We again still only need to assume f’ is something and then prove f is also something. Let’s first
deal with closed embeddings, i.e. assume f’ is a closed embedding. Recall that we have a SES of closed
embeddings:

Sub(Y) < Sub(Y’) =3 Sub(Y")

Recall ' : X’ < Y” as a closed embedding of Y”, we know that it’s pullback along two projections are equal.
Therefore, we know that by this exact sequence, there is a closed embedding fy : Xg — Y such that it’s
pullback f§: X — Y’ is the same closed embedding as f’, i.e. there is an isomorphism ¢’ : X’ — X, such
that f' = f} o ¢'. This implies we have the following diagram:

Xy ¢ X" Y e S

X! X’
L
f
Xo X —=3Y S

fo

Now use the fact that pullback commutes with composition of morphisms, we have:
0 opi(¢) =f" = fipi(¢)

where p} represent pullbacking along the two projections. Then since f is a closed embedding, then we know
that p¥¢’ = pi¢’ because closed embeddings are monomorphisms. However being equal after pullbacked
along p; implies that there is a ¢ : Xy — X such that it’s pullback to X{j, X’ is ¢/, and I will let you check
this is also an isomorphism using the exact sequence. Moreover, we also have of¢ = fy, therefore f is also
a closed embedding. We are done.

Using similar arguments and the SES for open embeddings, we can prove if f’ is an open embedding then
f is also an open embedding.

Finally, the argument for locally closed embedding is just the fact that locally closed embeddings are
compositions of a closed embedding with an open embedding. O

Proposition 8.6. Let g : S’ — S be a qcfp morphism, again let S” = S/ xg 5" and §” = §' xgS5' x5S, let
p1,p2 and p12, P13, pe3 be the projections. Suppose that X’ is a S’-scheme provided with an S”-isomorphism
o :pf X' = pi X' satisfying p¥s0 = pazo*pi,0 where pf X' is as in the following Cartesian diagram:

p;le Xl

o

S pi S/
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and p;o are defined by:

p;
p;kX/ J p,sz/ S/l/
| Lk
piX/ — pTX/ S//

If X' is affine over S’, then there exists an S-scheme X and an S’-isomorphism 7 : g* X ~ X’ where ¢g* X is
defined similarly such that the diagram commutes:

% % PIT .y
p1g*X —— piX

% l"

pyg*X —— piX’
Py T

This S-scheme X is unique up to a unique isomorphism and X is affine over S.
Any S”-isomorphism o : p¥ X’ ~ pX X’ such that pf;0 = pazo™*p¥,o is called a descent datum for the
S’-scheme X'.

Proof. Let " : X’ — S’ be the structure morphism and let A" = f;,Ox/. Then we know that since f’ is
affine, then A’ is a quasicoherent Og/-algebra. Now I claim that the descent datum of X’ defines a descent
datum for A’ this is the key of this proof.

To see why this is true, consider for example:

p>1kX/ fi S//

l JIH

x L g
Since f’ is affine, we know that p¥ X’ — S” is also affine, then recall that A" on S is f,Ox/ then we know
that X’ — S’ is actually SpecA’ — S’ and since Spec commutes with base change, we know that p¥ X’ — S”
is actually Specp¥ A" — S”, therefore we have isomorphisms 6, : p¥ A" ~ ( f{)*Op;k , then we know that we
have isomorphism:

0 (f1)x0" 0,
o piA ~ (f{)*opr/ 12 (f{)*a'*opgx, = (fé)*O@X, ES pE A

Thus ¢ = 05" o (f])s0f 0 ;. For notation simplicity, we will denote (f])sc? by of, which is just the
isomorphism of Ogr-algebras induced by o. One important property of this Spec is that it commutes with
base changes, therefore we know that if you pull this back along p;;, we just get the isomorphism induced
by p;"jm since 6#;’s also commute with base change, we know that pullback of these morphism indeed satisfies
the cocycle condition.

Then we know from descent of quasicoherent sheaves that there is a quasicoherent Og-module and an
isomorphism:

Tig* A~ A

such that the desired commutative diagram holds. Now we want to show that A is an Og-algebra, i.e. it
has an algebra structure, which is a morphism:

AR®o. A — A

such that it satisfies some properties, for example, associative law, commutativity and distributive law. First,
the morphism Og — A comes from the descent of Ogr — A’ and so does A ®p, A — A descent from the
morphism A’ ®o, A" — A’. Finally to prove it has desired properties, we know that these are still just to
prove some commutative diagrams, which still from the descent property. Then take X = SpecA, we can
use the correspondence property between affine schemes and quasicoherent sheaves of algebras to check X
satisfies the desired property. O
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Corollary 8.7. Let g: S’ — S be qcfp, S” = 5" xg 5, if X, Y are two S-schemes with X/ = X x5S Y’ =
Y x5, X"=XxgS5"Y"=Y xg5”. Suppose f: X — Y is a S-morphism, then if f’ is the base change
of f, then f’ is affine iff f is.

Proof. Suppose f’ is affine, then f’ is quasicompact and separated, then we already know that f is also
quasicompact and separated, so fxOx is quasicoherent over Oy . Since the base change is flat, we know that
we have an isomorphism a* f,Ox ~ fiOx: by the flat base change theorem(see the FOAG notes series for
further information):

X’*>Y’

b

Then we know that there is a canonical Y-morphism X — Specf+Ox , and we can pullback it along Y’ — Y
which gives:
X' —— Specfi,Oxr —— Y’

s | |
X — SpecfiOx —— Y

since o* fOx is isomorphic to f;Ox/. Since f’ is affine, we know that X’ — Specf;Ox is an isomorphism.
But this implies X — SpecfyOx is also an isomorphism since Y/ — Y is qefp. O

Corollary 8.8. Under the assumption and notation of the previous corollary, f is integral, finite or finite
and locally free iff f” is so.

Proof. Let’s prove the integral case first as the other cases are similar. For the terminology we used above,
locally free means that f.Ox is locally free over Y.

First, f’ being an integral morphism means it’s affine, therefore f is also affine, to prove f is integral we
can assume Y = SpecA, X = SpecB. We can also assume Y” is affine Y/ = SpecA’ such that A’ is faithfully
flat over A(again by taking disjoint unions). Then we know that A’ ®4 B is integral over A’. Now we know
that B = hm B; where B; are all the finitely generated A-subalgebras, then since tensor commutes with
filtered cohmlt we know:

A'®4B=1limA ®a B;
3
since A’ is flat over A, we know that A’ ®4 B; — A’ ®4 B is injective. Then since each A’ ® 4 B; is finitely
generated algebra over A’ and integral over A’, it’s finitely generated as an A’-module. Then we know that
B; is finitely generated since A’ is faithfully flat over A.

Then finite is similarly proved. Finally for locally closed, we need to prove that that B is flat and of

finite presentation, but these are all similar to what we have seen before. O

Definition 8.9. A scheme is called quasi-affine if it’s isomorphic to a quasicompact open subscheme of an
affine subscheme. A morphism f: X — Y is called quasi-affine if there exists an affine open covering {V;}
of Y such that each f~'V; are quasiaffine.

One immediate property of quasi-affine morphism is that it’s quasicompact. One thing that is not so
easy to notice is that quasiaffine morphisms are also separated. To see why, we can assume that the target
is affine, i.e. we have a morphism X — SpecA such that X is a quasicompact open subscheme of an affine
open SpecB. Then we have the following diagram:

Specl'(X,0x) ——— SpecA

I claim that X — Specl'(X,Ox) is an open immersion, which proves X — SpecA is separated as open
embeddings are separated. To see why, suppose that X < SpecB is an open embedding and X is quasicom-
pact, then we know that we can find D(b1),---, D(b,) such that X = D(b1),---,D(b,). Let b} € I'(X, Ox)
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be the images of b;, let X;; be the open subscheme of X where b, doesn’t vanish. Then if we consider a
similar diagram:

Specl’'(X,0x) ———  SpecB

If we restrict this to D(a;), we get:

Specl'(X,O0x), SpecD(b;)

\/

Since X, if affine, we know that X, — F(Xa;,ox) induced by the ring map on global sections is an
isomorphism. However, I claim that:

D(Xa, Ox) < D(X,0x)

is an isomorphism. First, this map should be obvious, induced by universal property of localization. It’s also
clear that this is an injective map. Suppose that ‘n is mapped to 0, since a; is invertible in the image, we
know that x restricted to X, is 0, this implies that za = 0 as we know that if x is a point on X where a}
doesn’t vanish, x vanishes, if a; vanishes, we are done. The key is how to prove this is surjective: since X is
quasicompact, we can use the second version of the qcgs lemma discussed in the FOAG series, I will let you
check the details.

But this proves that X,, — Specl'(X, Ox),; is an isomorphism, which proves that X — I'(X,Ox) is an
open embedding. We are done.

The following result, which is essentially a summary of the above discussion, gives you another charac-
terization of quasi-affine morphisms:

Proposition 8.10. A morphism f: X — Y is quasi-affine if and only if it’s quasicompact, separated, and
the canonical Y-morphism X — Specf,.Ox is an open embedding.

Proof. First the if part of the proof is easy and I will let you do it.
For the only if part, we can reduce to the affine case, which is just prove the canonical morphism
X — Specl'(X,Ox) is an open embedding, which is the above discussion. O

Corollary 8.11. Using the notation and assumption of the previous corollary, f is quasi-affine iff f’ is
quasiaffine.

Proof. If f is quasi-affine, then consider the following diagram:

X' —— Specf,Oxr —— Y’

| | d

X —— SpecfiOx —— Y

Then using the previous characterization of quasi-affine morphisms, we are done.
Now assume that f’ is quasi-affine, we know that X’ — Specf}Ox: is open embedding, then since Y’ — Y
is qcpf, we know that X — Specf;Ox is also an open embedding, we are done. O

Corollary 8.12. The descent property of schemes holds as well with affine replaced by quasi-affine.

58



Proof. The diagram becomes:
R —
-o —— SpecfOx

J |

" !
SN ——— S
Then we can apply the affine case to Specf;Ox: and obtain:

R —

| l

<o —— Specfi,Oxr —— SpecA

| | |

S 8 s

then pullback X', we get the same open subscheme, then the descent property for open subsets gives the
desired X — SpecA. T will let you check the details. O

9 Quasi-finite Morphisms

In this section we spend a little bit of time discussing quasi-finite morphisms.

Definition 9.1. Let (A,m) — (B,n) be a map of local rings, we say B is quasi-finite over A if B/mB is
finite dimensional over A/m.

Lemma 9.2. Let f : X — Y be a morphism of finite type and let x € X, the following conditions are
equivalent:

1. z is isolated in f~!f(x).
2. Ox; is quasi-finite over Oy, f(y)-

If these conditions hold, we say that f is quasi-finite at x, in particular, being quasi-finite at a point means
f is finite-type in the first place.

Proof. Consider the following diagram of fibers:

(@) —— Spec(k(f(x)))

| |

X ——Y

Let’s compute the stalk of the structure sheaf of f~!f(x) at 2, which can be done affine locally, and we can
assume that this is SpecB — SpecA where ¢ is mapped to p, and the fiber is B®4 k(p) = (B,/pA,B,), then
since taking quotients and localization commutes, we can conclude that the stalk at x is again B,/pA,B,.
Moreover, we know that in this case the fiber of an open neighborhood of x in the original fiber, therefore
x is isolated in the original fiber iff x is isolated in this new fiber. Then we know that by considering
[~ f(x) — Speck(f(x)), we have the same Ox 5/m ) Ox. 2 and Oy, p()/Mp2) Oy, f(z), S0 we can assume
Y = Speck for some k.

Now let’s assume 1 = 2. As we only care about Ox ,, we can replace X by an open neigborhood of x
and assume that X is only one point, therefore form f being finite type, we know that X = SpecB where B
is a finitely generated k-algebra, which only has one prime ideal. This is because of the Nullstllensatz, and
B/n is a finitely generated field extension of &, thus nit’s necessarily finite dimensional over k. Also we know
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that n is nilpotent, say n™ = 0. Then since B is Noetherian, we know that we can consider the following
filtration:

2

Bonon°>.---n"=0

and each subquotient is finite dimensional over B/n, hence finite dimensional over k, hence B is finite
dimensional over k.

Then let’s prove 2 = 1. We want to prove z is isolated, again, we can replace X by an affine niegborhood
of x, say X = SpecB where B is a finitely generated algebra over k. Suppose that g is the prime ideal
corresponding to the point z, then we know that B, is finite dimension over £, this implies that B, is of
finite length and Noetherian, therefore Artinian (in particular of Krull dimension 0), hence ¢ is a minimal
prime of B, therefore x is the generic point of some irreducible component of X. Moreover since B,/qB, is
finite dimensional over k, we know that B/q is finite dimensional over k as B/q — B,/qB, is an injective
k-linear map. Therefore B/q is a field, as it’s a domain that is finite dimensional over a field. So ¢ is a
maximal ideal of B as well, therefore z is a closed point of B and the irreducible component of B consisting
of x only has a single point z, therefore {z} is open, therefore x is isolated. O

Lemma 9.3. Suppose that A if a finitely generated k-algebra where k is a field, then the following are
equivalent:

1. SpecA is discrete as a topological space.
2. SpecA is finite as a set.

3. A has only finitely many maximal ideals.
4. A is a finite dimensional k-algebra.

Proof. 1 = 2 is easy as any SpecA is quasi-compact.

2 = 3 is trivial.

3= 1: Let mq,--- ,m, be all the maximal ideals of A. Then since any finitely generated algebra over a
field is Jacobson, i.e. for a prime p, p = Nyopm, we know that we can take these to be finite and we know
that p contains the product of these maximal ideals, then since all of these factors in the product are primes,
p contains one of the factors, thus p is also maximal, we are done.

Then for 1 = 4, we know that SpecA is a finite discrete topological space, therefore:

SpecA = SpecA,,, H e H SpecA,,

Since we know that A is finitely generated, then A,,, is finite dimensional over k, therefore A = A,,, x --- x
A, , is finite dimensional over k.
Then 4 = 2 if A is finite dimensional over k, then it’s Artinian, therefore SpecA is finite discrete. O

Proposition 9.4. Let f: X — Y be a morphism of finite type, then the following are equivalent:
1. For every y € Y, f~ly is a discrete topological space.
2. For any z € X Ox, is quasi-finite over Oy, f(y)-
3. For any y € Y, f~1y is a finite set.

Proof. The fact that 1 and 2 are equivalent is from the first lemma and 1 < 3 is from finite type plus the
previous lemma. O

Definition 9.5. A finite type morphism f : X — Y satisfying the above conditions are called quasi-finite.

Proposition 9.6. Consider the following Cartesian diagram:

XxyY —— X

b

y —9% v

where g is qcfp, then f is quasi-finite if and only if f’ is so.
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Proof. Let’s consider the following morphism:

1

Speck(y') —— Speck(g(y’))

XxpyV —— X

Y’ Y
We know that if g~ 'y’ — f~1(g(y')) is surjective, then if g~!y/ is finite, then f~1(g(y’)) is finite, which
proves that if f’ is quasi-finite, f is quasi-finite.

If f is quasi-finite. Then we still can use the above diagram, then we know that g1y is f~1(g(y)) x k(g(y))
k(y'), however, we know that f~'g(y’) is [ [, Am, for finitely many A,,, where each of A,,, is a finite
dimensional k(g(y’)) space, therefore the fiber g='y = [[, Am, ®k(g(yy) k(') therefore g~y is just
Spec][; Am; ®r(qg(y)) k'), therefore this is still a finitely generated and finite dimensional over k(y’), thus
A is a finite set, we are done. O

Lemma 9.7. Let (A,m) be a local Noetherian ring, and let M be an A-module such that M /mM is finite
dimensional over A/m, then M = lim M /mFM is finitely generated over A = lim, A/mkF.

Proof. Let {x:(LO), e ,a:,(co)} be a family of generators for the A/m-module M/mM. Recall that we have
morphisms: _ _
M/m' T M — M/m'M

which is surjective, then we can choose by induction xgi), - ,x,(f) in M /m**1M such that their images in
M /miM are x:(f*l), e ,a:,(clfl). Then for each i, consider the homomorphism:

(A/mH_l)@k _ ]\4/77,’/2'-"-1]\47 (al’... ’ak) —>Za_]],‘.§2)

I claim that this is a surjective morphism. To see why, we still can prove by induction, for example if we
want to prove the case for i =1, i.e.:
(A/m*)®* — M/m>M

is surjective. What we know is that (A/m)®* — M /mM is surjective, we know that:

M

(M/m?M)/(mM/m*M) = g Yy

= M/mM
Then we know from Nakayama’s lemma that since m/m? is the unique maximal ideal of A/m?, we know
that (A/m?2)®* — M /m2M is also surjective, let the kernel be R;, we have the following exact sequence of
all 4:

0— R; — (A/m™H® s M/m 1M — 0

Then use induction we can prove this for every i. What is important is that projective limit commutes with
direct sums so if we can prove it’s exact, then we have an exact sequence:

0 — lim R; — A%* — AT — 0

3

Then we know that M is finitely generated.

However, in general we only know that projective limit is left exact, not necessarily right exact. In our
case, it’s exact because we know that R; satisfies the Mittag-Leffler condition (see the short write-up on
Mittag-Leffler condition and inverse limit for more information). We are done O
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Lemma 9.8. Let (4,m) — (B,n) be a map of local Noetherian rings, let A = lim A/m¥ and let B =
lim B/n*, then:

1. B is quasi-finite over A iff B/n is finite dimensional over A/m and there is a positive integer n such
that n™ < mB < n.

2. If B is quasi-finite over A, B is finite over A.

Proof. Suppose that B is quasi-finite over A, then B/mB is finite dimensional over A/m, then so is B/n as
mB < n. Then we know that B/n is an Artinian ring, therefore n/mB is nilpotent, then there is a integer
such that our assertion holds.

Conversely, suppose B/n is finite dimensional over A/m and there is n such that n™ ¢ mB < n. We need
to prove B/mB is finite dimensional over A/m. Since mB > n", we only need to prove that B/n™ is a finite
length A-module (which implies B/mB, being a further quotient, is a finite length A-module, thus a finite
dimensional A/m-vector space as it has a finite filtration with each subquotient A/m), then using the usual
filtration we need to prove that n‘~!/n’ is a finite length A-module, but notice that it’s finite dimensional
over B/n as B is Noetherian, then it’s also finite dimensional over A/m, thus we are done.

To prove the second assertion, notice that:

B =lim B/n*
k

However I claim that:
lim B/n* ~ lim B/(mB)*
k k
This is because the two filtrations m*B and n* are cofinal and any two cofinal filtrations give isomorphic
completions. I will let you figure this out.
But using this, we know that from the previous lemma that lim B /mF B is finitely generated over A.
We are done. O

Proposition 9.9. Let A be a complete Noetherain local ring and Y = SpecA, let f : X — SpecA be
separated and quasi-finite and « € X a point over the closed point of Y, then Ox , is finite over A and the
canonical morphism SpecOx , — X is an open and closed immersion.

Proof. Consider the following commutative diagram:
f

N

SpecOx

X

SpecA

Since A is complete, then the previous lemma tells us that:
A= Oxy — Oxa

is finite as f is quasi-finite. Then we know that A — Ox , is also finite. To see why recall that Ox , — O;}@
has the kernel n;n® where n is the maximal ideal, since the morphism is quasi-finite, then in particular, it’s
finite type, since A is Noetherian, Ox , is Noetherian, then we know from Krull’s interection theorem that
nynt =0, thus Ox oz — (9;(7_@ is injective, thus as a submodule of a finite module over a Noetherian ring, it’s
also finite. Then we know that f o g is finite with f being separated, then from the cancellation theorem
of separated morphisms (as the diagonal is a closed embedding, in particular finite), then g is also finite, in
particular closed, therefore g(SpecOx ;) is closed in X.

On the other hand, since SpecOx , induces an isomorphism between the local ring of the unique closed
point and the local ring of x, we know that ¢ is an open embedding when restricted to a sufficiently small
neighborhood of the closed point in SpecOx . Something more general is true, suppose that X — Y is
a finite morphism of schemes, such that the induced morphism Oy, ¢,y — Ox, is an isomorphism, then

62



there is an affine open of x such that if you restrict the morphism to this open, the morphism is an open

embedding. The reason is just finite plus geometric Nakayama, I will let you figure out the details.
However, the only open neighborhood is SpecOx ., thus g is an open embedding which is closed, therefore

it’s both open and closed embedding. O

Besides the notion of quasi-finite, we have the notion of locally quasi-finite. As what you probably
have expected, this notion is invented in case we have a morphism f which satisfies all the conditions of a
quasi-finite morphism, except it’s not quasicompact. Let’s briefly discuss this condition as well, since we will
still run into this notion later.

There are several definitions of locally quasi-finite morphisms, the one given in stack project is the
following:

Definition 9.10. Suppose that f: X — Y is a morphism of schemes which is locally of finite type, then
for x € X, we say that f is quasi-finite at x if there is an affine open V = SpecR of f(z) and an affine
open U = SpecA of x such that the image of U is in V and the restricted morphism SpecA — SpecR, which
is finite type is quasi-finite at x in the sense of the definition given before.

We say f is locally quasi-finite if f is quasi-finite at every point of X.

Remark 9.11. Recall that to prove a point is isolated in a topological space, we can find an open cover of
the topological space and prove the point is isolated in each of the open cover. Then we know that even if
we assume [ is locally finite type, the discussion we had for quasi-finite morphisms still apply and you are
able to show that if f: X — Y is locally of finite type, then the following two conditions are equivalent:

1. For any y € Y f~ly is discrete.
2. For all x € X Ox , is quasi-finite over Ox .

However, since we loss quasi-compactness, we are not able to show that f~'y is finite. But, if it’s quasi-
compact, we can immediately conclude that this morphism is quasi-finite. Therefore, the main difference
between quasi-finiteness and locally quasi-finiteness is whether the morphism is quasi-compact or not, as
suggested before.

10 Passage to Limit

Throughout out this section, we will fix a scheme Sy, a direct set I and a direct system (Ax, ¢»,) where
Ay, X e I are quasi-coherent Og,-algebras and ¢y, : Ay — A, are morphisms of Og,-algebras. One
observation is that the direct limit A = lim, A\ exists and is quasicoherent. To show it’s existence, we can
define this sheaf to be the associated sheaf of the presheaf:

A1) = ling Ay (U)
A

This is obviously a presheaf and it even satisfies the identity axiom of a sheaf: suppose that the class
x € A\(U) on U restricts to 0 on a cover U;, then we know that on each U;, there is some p, such that
®au(z) = 0, this implies that the class « is also 0 on U. Then we sheafify it and define it to be A. I claim that
this satisfies the universal property of the direct limit with canonial morphisms Ay — A in Og,-algebras.
To see why, suppose that B is a Og,-algebra with morphism gy : Ay — B such that these commutes with
®u, then we know that there is a unique morphism from the presheaf to B, thus a unique morphism from
the associated sheaf to B.

We can also show that this is quasi-coherent. To show this, we give a second definition of this direct limit
which is obviously quasicoherent, and then we will show that this is isomorphic to the one we give above.
We define it to be the associated sheaf of a sheaf on the distinguished affine basis. The key to show that
it’s quasicoherent is the following algebra result and the fact that quasicoherent Og,-modules is equivalent
to the data on each affine and it’s distingsuihed opens such that the resitrction is localization: if (M, dx,)
is a direct system of A-modules, then we have a canonical isomorphism:

(lim M)y =~ lim(My) s
A A
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In other words, we know that localization commutes with direct limits.

It’s not hard to prove these two definitions are isomorphic, as we can construct a morphism from the
sheaf defined by distinguished opens to the presheaf and show that the morphism induced on stalks are all
identity.

Now we define Sy = SpecAy and S = SpecA, they are all Sy-schemes. By the universal property of
relative spectrum, we know that we have morphisms of Sy-scheme:

UA#:S‘M—>S>\, UA:S—>S>\

which are induced by ¢y, : Ax — A,,¢x : Ay — A. In this section, we will denote an object (for
example, a sheaf Fy) over Sy by a symbol with a subscript 0, the corresponding object over S using the
same symbol with a subscript A. If it’s over S, we will use no subscript. For example if F is an Og,-module,
it’s pullback to Sy is F) and it’s pullback to S is F. If f : Fy — Gp is a morphism of Og,-modules, then
it’s pullback to Sy, S are fy : Fa — Gy and f : F — G. if we have a Sp-scheme X, we will call the pullback
by Sy — Sp by X and X = X xg, S. Similarly, if fo : Xo — Yo is a morphism of Sp-schemes, we will use
I, f to denoted the corresponding morphism of X, X-schemes.

In this section, we will prove result of the following flavor: if we have some object over Sy which has
some properties after we pullback to S, the it’s pullback to Sy has the same property for sufficiently large
A. These sort of result are often applied in the following situations:

1. Let A be a ring and let {A,} be the direct system of subalgebras of A finitely generated by Z, then we
have A = lim A,. Note that A, are Noetherian, therefore we can use results in this section to reduce
the problem to Noetherian case.

2. Suppose that Sp is an affine scheme, let z € Sy be a point. If {S)} is an inverse system of of affine
opens of z in Sy, then if we denote S = SpecOg, 5, we have Og, , = li_r)nA I'(Sx, Os,). Then using
the result of this section, we can show that if the pullback to S has some property, then this property
holds in an affine neighborhood of .

The main theorem of this section is the following:

Theorem 10.1. Suppose that Sy is quasi-compact and quasi-separated, let fo : Xo — Sy be a morphism of
finite presentation, then if f is a morphism of one of the types listed below, then for sufficiently large A, fy
is of the same type.

1. Open embedding.
2. Closed embedding.

Separated.

> W

Finite.

o

Affine.
Surjective if we assume X, Sy are Noetherian.
Radiciel if we assume X, Sy are Noetherian.

Locally closed embedding if we assume X, Sy are Noetherian.

© »® N2

Quasi-affine.

10. Quasi-finite if we assume Sy, Xy are Noetherian.

11. Proper, if we assume Sy, Xo, X, S are Noetherian.
To prove this result, we will need some preparations:

Proposition 10.2. We will keep the notation of the preceding discussion:
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1. S is the inverse limit of the inverse system (S, uy,) in the category of schemes.

2. For any quasi-compact open subset U of S, there is a quasi-compact open Uy of Sy for some A such
that uy '(Uy) = U.

3. The underlying topological space of S is the inverse limit of the inverse system (S, ux,).
4. If Sy is quasi-compact and S = ¢J, then S, for sufficiently large A.

5. Suppose that Sp, Sy, S are Noetherian schemes, and let Eq be a constructible subset of Sy and let E
(resp. E) be the inverse images of Ey in Sy (resp. S). If E = & then E) is ¢J for sufficient large A.

Proof. To show 1, first, let’s show that S is the inverse limit of (S, uy,) in the category of Sp-scheme. Let
f:T — Sy be an Sy-scheme, we need to show the canonical map:

HOIIlS0 (T7 S) - l&l I{OIHS0 (T, S)\)
A
is bijective.
Since T' is an Sp-scheme, we know that:

Homg, (T, Sx) =~ Homog (Ax, f+Or),, Homs, (T, S) ~ Homog (A, f+O1)
However, since A is the direct limit of Ay, therefore we know that we have the isomorphism:

HOIHOSO (-’4’ f*OT) = l&l HOHloSO (-Aka f*OT)
A

You can check this identification is compatible with the morphism we care about, thus it’s an isomorphism.
Then we need to show that it’s the inverse limit not only in the category of Sy-schemes, but also in the
category of all schemes, i.e. the following morphism is bijective:

Hom(T, §) — lim Hom(T', S)

Note that we have:
Hom(T, Sy) = U Hom¢ (T, Sy)
feHom(T,Sy)

Hom(T,8) = |  Homy(T,5)
feHom(T,So)

where Hom; means morphisms of Sy-schemes when we view 1" as a Sp-scheme using f : T" — Sy. Recall that
inverse limit of sets or groups is compatible with subsets or subgroups, i.e. we have:

lim Hom(T', Sy) = lim U Hom (T, S») = U lim Hom ¢ (7', Sx)
feHom(T,So) feHom(T,So)

where the union is taken in @Hom(T ,S)), since inverse limit over an inverse system is always left exact.
Therefore to show the above equality, we only need to show surjectiveness, and I will let you prove it.
(Surjectivity may not always hold, union of subgroups is a special case. For an example, look at the remark
following this proposition.) I will let you show that the morphism Hom(7',.S) — lim Hom(7', S)) is compatible
with the subgroup divisions, therefore to prove it’s bijective it suffice to prove it for every f € Hom(T, Sp),
but we have prove it.

Now let’s prove 2: it suffices to show that there is a basis of S of the form qﬁ;lU \ where Uy are quasi-
compact subsets of Sy. Therefore we can assume that Sy is affine, say it’s SpecAyp, let Ay be I'(Sp, .Ay) and
A be I'(Sp, A), then we know that we can assume that S = SpecA and Sy be SpecAy. Then we know that
in SpecA, D(f) forms a basis while any f € A is the image of some f) € Ay, we are done.

To prove 3: There are two ways to prove it, one is quite abstract and another is more concrete. First,
we can show that the forgetful functor to topological spaces is right adjoint to the functor that gives a
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topological space the discrete scheme and right adjoint preserves limits, thus inverse limits. We will not
adopt this approach as we will never use it elsewhere and it’s a hard fact to establish.

Please note that even if we have an isomorphism in the category of scheme S — lim S\, which means
that there is a homeomorphism in the underlying topological spaces, this doesn’t imply in the category of
topological spaces, we still have this isomorphism since the at this point there is no reason to conclude
underlying topological space of lim Sy is the inverse limit of S in the category of topological spaces. So we
still need to prove this carefully. Recall that the morphisms uy : S — S gives a morphism of topological
space S — lim Sy where this inverse limit is in the topological spaces, not in the category of schemes. We
know that locally this morphism is:

SpecA — lim SpecAy

and we want to prove this is a homeomorphism of topological spaces. Recall that in the category of topological
spaces, the underlying set of the inverse limit is defined as that in the category of sets, the topology is the
subspace topology of the product space. Let’s first prove this is a bijection of sets. Suppose that we have a
system of prime ideals py in A such that (;5;5 (pu) = p, then we can consider the direct limit p = limpy. 1
claim that this is the unique prime ideal in A such that gb;l(p) = pa, thus proving it’s a bijection. I will let
you see this is indeed a prime ideal in A and it’s not hard to see the inverse image is indeed py. To show
uniqueness, consider:

A,\ — ]_[)\A)\ e H)\A,\/

Suppose that there is an ideal that contracts to py in each Ay, then it first contract to [ [, px in [], Ax,
therefore we know from the correspondence between ideals in quotients and the original ring that the unique
ideal in [ [, Ax/--- is lim py. Therefore SpecA — lim SpecA) is continuous and bijective. To show it’s an
isomorphism, recall that each D(f) for some f € A comes from some SpecAy, therefore we have the following
sequence:

SpecA —— lim SpecAx —— SpecA,

where the second map is induced by projection, and is still continuous. To prove a continuous bijection
SpecA — lim SpecAy is a homeomorphism, we only need to show that there is a basis of SpecA such that
each open in the basis is the inverse image of some open in LiilSpecAA. We take the basis of SpecA to be
the distinguished opens then there is a standard basis for lim SpecAy, which suffices.

Then let’s prove 4: again, we can assume that Sy is affine and is SpecAq, then since SpecA = S = ¢,
we know that in A, 1 = 0. Then by definition of A = lim A, we know that for sufficiently large Ay, 0 =1,
therefore Sy = 0.

Finally, to prove 5: we know that a constructible subset in a Noetherian space is a union of locally closed
subsets, then we can assume that Ey < Sp be UI'_,(U; n F;) where U; are open in Sy and F; are closed in
So, therefore U; N F; is closed in U;. Let’s give U; n F; the reduced closed subscheme structure in U; and we
have locally closed embeddings U; n F; — U; — Sy, then consider the morphism:

X():ﬁUiﬁFiﬁSO
i=1

Then we know that F) and F, as subsets of Sy and S are going to be the images of the morphisms in the
following Cartesian diagram:

X)\C—>S)\ Xe—¢5
X()‘—)So Xo 950

Recall that the construction of relative spectrum commutes with pullbacks, therefore Xg, Xy, X, just like
So, S, S is an inverse system. Then we can apply 4 and if £ = ¢J we know X = ¢, therefore X = ¢J for
sufficiently large A. The second part, i.e. when E = S follows from apply the first part to the complement
of Ey, which is still constructible. O
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Remark 10.3. To give you an example of the failure of right exactness of inverse limit consider the following

diagram:
0 AN Zj2* — 0
2x Jld l
0 z Z 7/22 —— 0
22 x |
2% If l
0 72,7 7)2 0

After you take the inverse limit, we get:
0->0—>2Z—>7Zy—0
Clearly, Z — Z is not surjective.
Proposition 10.4. Assume Sy is quasi-compact and quasi-separated, then:

1. Let Foy, Go be quasi-coherent sheaves on Sy. Suppose Fy is locally of finite presentation, then we have
a bijection:
lim Homog, (Fx,Gx) — Homog (F,G)
A

2. Fu,Go be quasi-coherent sheaves on Sy both locally of finite presentation. If there is an isomorphism
f:F — G, then for a sufficiently large A, there is an isomorphism f) inducing f.

3. For any quasi-coherent Og-module F locally of finite presentation, there is a quasi-coherent Og, -module
F locally of finite presentation for a sufficiently large A such that F ~ p3Fi.

Remark 10.5. Let’s first think about what is the canonical morphism:

lim Homo,, (Fx, 1) — Homog (F,G)
A

We first need to see why Homo,, (Fx,Gx) form a direct system. Clearly, the morphisms between different A
is induced by pullbacks. You might worry about first pullback by a morphism of schemes and the pullback
by another is not equal to, only canonically isomorphic to pullback by the composition thus one conditions
of the direct system fails. To solve this problem consider, we need to show the following diagram commutes:

HOHlOSA (‘F)\a g)\)

HOIIlOS)\ (Qszggbiufka ¢Z§¢§Hg)‘) — HomOs“ (¢z§f#a ¢Z§g,u) — HOIH@S)\ (‘/—-.Ea gf)
We will define the dotted morphisms to be the morphisms between A and the horizontal morphism:

Homog, (¢3,Fx: #3,9») — Homog  (Fy, Gy)

is defined by the canonical isomorphism of functors we use to identity the composition of pullback functors
first from Sy to Sy then along ¢, to S, and the pullback directly to S, from Sp. Then we only need to
show the square at the left bottom corner commutes and I will let you do it. We will postpone the proof as
it will be quite similar to one of the other proof we give later.
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Corollary 10.6. Let Sy be quasi-compact, quasi-separated, for any quasi-coherent Og,-module Gy, we have
a bijection:

im I'(Sx, Gx) — I'(5,6)
Proof. We just take Fy = Og,. O

Recall that if A is a ring and B is an A-algebra, then B is of finite presentation if we have an A-
algebra isomorphism: A[tq,--- ,t,]/I for some nonnegative integer n and I that is finitely generated over
Alty,- -+ ,t,]. Please note that n could be 0, then in this case, I is just a finitely generated A-ideal. Moreover,
if s € A, then we know that Ag ~ A[t]/(st — 1), therefore A, is an A-algebra of finite presentation.

Lemma 10.7. Let A be a ring, and (A, ¢»,) a direct system of Agp-algebra and let A = li_r)n)\ Ay.

1. Let By be an Ap-algebra, By = By ®4, Ax and B = By ®4, A. Let (Cy) be another direct system of
Ap-algebras such that we have a morphism of direct systems (Ay) — (C»). Let C =lim Cy. If By is
an Ap-algebra of finite type (resp. finite presentation), then the canonical morphism:

H_II}IHOIHAA (B)\, C)\) - HomA(B, C)
is injective (resp. bijective).

2. For any A-algebra B with finite presentation, there is an Ajx-algebra B) of finite presentation for a
sufficiently large A such that B ~ B ®4, A.

Proof. Let’s first prove 1: We need to figure out what is the canonical morphism. Notice that B) also forms
a direct system and since it’s defined by tensor, we have a morphism of direct systems By — C'y induced by
that between Ay and C\. Then check that given an element in lim Homy, (Bx, C\), say represented by f,
then the result in Hom4 (B, C) is the map f : B — C such that by ® ay — f(by ® ay). Notice that as By
and B are defined in terms of extension of scalars in Ay, we know that we have canonical isomorphisms:

Homy, (By, Cy) ~ Hom 4, (Bo, Cy), Homy (B, C) ~ Hom g, (By, C)
Then the morphism we care about can be identified as:
lim Hom 4, (Bo, Cx) — Homa, (Bo, C)

Assume By is finite type over Ay, with generators x4, - -« , x,, let’s try to prove that the morphism is injective.
Suppose that we have a1, as : By — C) are Ag-morphisms inducing the same morphism By — C. Then
we know that aq(z;) = as(z;) in C for all i. Recall that C = li_r)nuz)\ C,,. There is 1 > X such that a4 (z;)
and as(z;) has the same image in C,,. This proves after passing to C,,, a1 = aq, we are done.
Then assume it’s finitely presented, let’s prove surjectivity. Since By is finitely presented, we have a
surjection of Ag-algebra:

F:Ao[tl,“- ,tn] —>BO

such that the kernel is generated by f;(¢1, - ,tn),j = 1,---,m. Now suppose that o : By — C is an
Ap-morphism, we have:

fj(aﬂ-<t1)a T 70‘7T(tn>) = aﬂ-(fj(tlz T ,tn)) =0eC

since f; is in the kernel. Then consider an(t;) € C, we can choose some large enough A such that an(t;) € C
is the image of yy, € C) for each i and f;(). Therefore we know f;(yx,, --,ys,) in C is the same as
filam(t1), -+ ,an(ty)) = 0, therefore we know that passing to a larger A, we get:

Fityn, - un,) =0€Cy, V)

Therefore we can define:
Aoty -+ ta] = Cx,ti =y,

which factors through By, we are done.

68



Now let’s prove 2: by assumption we have:

A[tla"' atn] — B

and the kernel is generated by f;(t1,--- ,t,) for j = 1,--- ,m. Consider the coefficients of these polynomials,
since we only have finitely of them we can choose large enough A such that we have fy, € Ax[t1,-,t,] whose
images in A[ty,--- ,t,] are f;. Then we know that if we let By = Ax[t1,- -, tn]/(Fars -5 fan):
B ~ B, ®a, A
O

Recall that a morphism f: X — Y is said to be locally of finite presentation if for every z € X that is
an affine open V = SpecB of Y around f(z) such that there is an affine open SpecC in f~'V around z with
C being finitely presented over B.

Proposition 10.8. 1. Local isomorphisms are locally of finite presentation.

2. If two morphisms f : X — Y and g : Y — Z are locally of finite presentation, then so is their
composition.

3. If f: X - Y is locally of finite presentation, then it’s preserved under any base change.
4. If g o f is locally of finite presentation and g is locally of finite presentation, then so is f.

Proof. The first three are easy to prove. To prove 4, we use the cancellation theorem: therefore we only need
to prove that if X — Y is locally of finite presentation then so is the diagonal morphism X — X xy X.

Indeed we don’t even need locally of finite presentation, since locally finite type suffices. Recall that
locally the diagonal is:

B®4B— B
where B is finitely generated over A, say by by,---,b,. Since we know that the kernel is generated by
elements of the form b ® 1 — 1 ® b, then it’s generated by b; ® 1,1 ® b;. So the kernel is indeed finitely
generated. ]

Lemma 10.9. Let C be a ring and I an ideal of C, suppose C/I is a C-algebra of finite presentation, then
I is a finitely generated ideal of C.

Proof. By assumption, we have a surjection:
w: Clty, - ,tn] = C/I

such that the kernel is finitely generated. Let ¢; € C, i = 1,--- ,n such that u(¢;) in C/I are the images of
¢; in C/I. Then if we define:
v:Clt1, -+ ,tn] = C

where ¢; — ¢; and let p : C' — C/I be the projection, then we have p o v = u. Therefore we know that the
kernel of u is v~1I. Notice that v is surjective, therefore we know that I = vv~'I, therefore since keru is
finitely generated, it’s extension is also finitely generated. O

Remark 10.10. This is a special case of one result we proved in the FOAG series, that is if B is a finitely
presented A-algebra, then it’s always finitely presented, no matter what sort of surjection we choose, the
kernel is always finitely generated.

Therefore if SpecB — SpecA is locally finitely presented, B is a finitely presented A-algebra and for any
epimorphism w : A[ty, - ,t,] — B, the kernel is finitely generated.

Proposition 10.11. Let A be a ring, and B a finite A-algebra. Then B is a finitely presented A-algebra iff
B is a finitely presented A-module.
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Proof. First assume that B is an A-module of finite presentation. Let x1,--- ,z, be generators in B as an
A-module. Recall that finite implies integral, therefore we have fi(¢), -, fn(t) € A[t] monic polynomials
such that f;(x;) = 0. Then consider the surjection:

A[tlv"' 7tn]/(f1(t1)7"' afn(t)n) — B

Notice that

Alty, - tn]/(fr(ta), - fu(8)n) = A[ta]/(f1(£) ®a Alt2]/(f2(1) @ - - - ®a Altn]/(fn(t))

Notice that each factor in the tensor is free of finite rank, then A[tq, - ,t,]/(f1(t1), -, fu(t)n) is in fact a
finite rank free A-module. Then we know that the kernel is a finitely generated A-module, say by g1, , gn,
then we know that:

B ~ A[t17"' ’tn]/(fl(tl)a"' 7fn(t)naglv"' 7971)

Therefore B is a finitely presented A-algebra.

Conversely, suppose that B is a finitely presented A-algebra, then we know that the kernel is also finitely
generated, but we know that A[ty, - ,t,]/(f1(t1), -+, fa(t)n) is already a finitely generated A-module,
therefore the ideal is also finitely generated as an A-module. O

Recall that a morphism f : X — Y is of finite presentation if it’s locally of finite presentation and
quasi-compact quasi-separated.

Proposition 10.12. Assume Sy is a quasi-compact, quasi-separated scheme:

1. Let Xg, Yy be Sp-scheme, Xy — Sy be quasi-compact quasi-separated and Yy — Sy be of locally finite
presentation, then the canonical map:

lim Homg, (X, Y)) —» Homg(X,Y)
By

is bijective.
2. Suppose Xy, Yy are Sp-schemes of finite presentation, if there is an S-isomorphism f : X — Y, then

for sufficiently large A, there is a Sy-isomorphism fy : X — Y) inducing f.

3. For any S-scheme X of finite presentation, there is a Sy-scheme X of finite presentation for a suffi-
ciently large A such that X ~ X xg, S.

Proof. To prove 1: again, we first explain what is the morphism lim, Homg, (X, Y)\) > Homg(X,Y). As
explained before, the direct system Homg, (X, Y)) is defined by pullbacks, and we know that given an
morphism X — Y}, we can pullback by S — S\ to get a morphis in Homg(X,Y"). This is well defined and
explained in the diargam below:

T T
RN

Before we start our proof, we notice that we have functorial isomorphisms:
HOHISA (X)\, Y,\) >~ HOHIX)\ ()(,\7 X)\ XSy Y,\)

Homg(X,Y) ~ Homx (X, X xgY)

Then we know it suffices to prove the following isomorphism:

li_r)nHoka(XA,X)\ xg, Yy) » Homx (X, X xgY)

70



We can further simplify it so that we only need to prove:
li_r)nHomXA(X,\,XA x g, Yo) — Homx (X, X x5, Yo)
Notice under these identifications, the morphism is still induced by pullbacks in the following diagram:

X — 5 Xxg, Y9 —— X

| J |

X“%X‘u XSOYO *>X'u

| I |

X)\ *>X)\ XSOY0*>X>\

I will let you check the details, but notice that in this case we can assume that the case X is just Sy (notice
that since Sy is qegs and X — Sp is qegs then X is qegs) and we only need to prove the following map is
a bijection:
li_H)lHOHlSA (S)\, Y)\) e HomS(S, Y)
A
Let’s first show it’s injective. Since morphisms of schemes are determined by it’s local behaviors, we know
that we can assume Sy is affine. Then let fy, f} : Sx — Y\ be two Sy-morphisms such that after we base
change by S — S\, we get the same S-morphism. It’s quite painful to write down the proof, not because
it’s particularly hard, but because of complication that occurs when you try to index different objects. Let’s
give a explanation of how this works and you can check the entire proof on Lei-Fu’s book. First choose an
affine open cover in Y) such that it covers the image of fy, f}, then we consider the inverse images of these
open covers and then their intersections, we can cover each intersection with again affine open covers, which
covers Sy. Then we consider their inverse images in .S, which covers S, which implies that for some p > A,
their images in S}, also covers S,. Since S, is also affine, we know that we can choose a finite subcovering.
Since we know that S, — S} is affine, then so is Y, — Y}, then we can assume that there is finitely many
affine opens Vlf,i =1,---,n in Y, and finitely many affine opens UZL,Z‘ =1,---,n in S, such that these
opens cover S, and:
Ui KV A ()7 )

Then to prove the desired morphism is injective, we only need to show that f,, f[,L restricted to U ;L — Vlf are
equal for all 4.
Consider all v > pu:
Homsu (Uz’ Vyl) = HomF(SV,O) (F(Vyzv 0)7 F(Ui’ O))

HomS(Uiv Vl) = HomF(S,O)(F(Viv 0)7 F(Uiv O))

We want to prove that if two elements in Hompg, o) (C(VE,0),T(UE,0)) induce the same element under
the map: ' ' _ _

h_n,l(HomF(SV,O) (F(Vula O)a F(U1i7 O))) - HomF(S,O) (F(Vla O)v F(UZa O))

V=
they are equal, or in other words the above map is injective. Notice that I'(V?,0) = I'(V}, 0)®r(s,,0)I'(S, 0)
and we know that since U, is quasi-compact and quasi-separated I'(U?, O) = h_H)1V>M (U, O), then we know
that this is indeed injective since we know that Y, — S, is locally of finite presentation, thus T'(V,¢, O) is
finite type over T'(S,, O).

Now let’s prove surjectivity: suppose that f : S — Y is an S-morphism. Recall that we have Yy — Sj as

the structure morphism of Yy. Then the following diagram helps to clarify what is going on in the book:

seSﬁVch%S

Wso<So —— Ws <Yy —— So
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Anyway, in the end, quasi-compactness tells us there are finitely many affines V§,i = 1,---,n in Yy and
finitely many affines W¢,i = 1,--- ,n in Sy, such that the images of V{ is contained in W{. Moreover,
quasi-compact opens U’ of S such that they cover S and f(U?) = V*. Since U* are quasi-compact, then we
know that there will be quasi-compact opens U}\ contained in W}\ such that U? = uf\(Ui) and Uf\' forms a
covering of Sy. Again we use the fact:

I(U",0) = lig T(U}, 0)

vz

and the finitely presented algebra, we know that for each 4, there is a y > X and a W/-morphism f. : U}, — V!
such that it’s base change gives f : U — V. Now by the injectivity we just showed, for different pairs of
(,7), we know that on the intersection, if we pass to a large enough v, the two morphisms will be equal.
Since we only have finitely many i, we know that there is a large enough v such that f for different i glues
on the intersection, therefore we are done.

Now we prove 2: First, since Xy, Yy are all finitely presented over Sy, we know that, the structure
morphism to Sy are both qcgs, then consider the following diagram:

We know that once we pass to large enough A, there will be fy, g inducing f,g. Since we know that fy o gy
induce f o g = Id, and the pullback is bijection, we know f) o g\ must also be the identity, so is gy o fx.
Finally to prove 3, we have already proved the case when everything is affine. Therefore the only problem
is how to assure that we can glue. First, we cover Sy by finitely many affines, which gives a finite affine
open cover of S, cover X by finitely many affine opens U? such that their image in S is contained in one of
the affines covering S. Now we know that for each i, there will be a S)-scheme U}\ such that U }\ xg, Sis
S-isomorphic to U?, since we have only finitely many 4, let’s take X large enough such that it works for all 3.
~ Then notice that U; nU ¥ in S is again quasi-compact, therefore we know that there will be quasi-compact
Uy’ in U such that Uy xg, S is S-isomorphic to U* n U’. Then use 2, we know that if we further enlarge
A, we can assume that there are isomorphism d)f\j U ;\j - U ff that satisfies the gluing cocycle condition,
therefore glues to a Sy-scheme X, and X xg, S is S-isomorphic to X. O

Remark 10.13. This will also be a good place to prove Prop 10.4 that we skipped before. You will find
that the proof is quite similar to what we did above.

Proof. Let’s first prove 1: to show that it’s injective, we can work affine locally as we know that morphisms
of sheaves is determined locally. Therefore we are reduced to the algebra question that if M is an Ap-algebra
of finite presentation, then the morphism:

lim Homa, (M ®4, Ax, N ®a, Ax) — Homa(M ®a, A, N ®a, A)

is injective. Let’s first prove that N ® 4, A is the direct limit of N ®4, Ax as an A-module. First, let’s give
the direct limit lim N ®4, Ax an A-module structure, or rather a map of abelian groups:

A®zIm N ®a, Ax — lim N ®a4, Ay

you can check the details, but obviously if we have some a € A and n®a’, the action is defined to be n® aa’
where we put a,a’ in the same Ay. To define a morphism N ®4, A — lim N ®4, Ax, we know that we just
define a map N — lim N ®g4, A obviously. Conversely, we define it by first on the level of abelian groups
using universal property of direct limits, then check it’s A-linear, then you check these are inverses of each
other. Then the proof of injectivity only uses the fact that M is finitely generated, I will let you prove it.

Then let’s prove surjectivity, which use injectivity. Again, let’s first check what happens in the affine
case. We can again identify the morphism by:

li_n>1H0mA0(M7N®AO A)\) — HOHIAO(M,H_IQN@AO A)\)
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Since M is finitely presented, we have:
Ay = A - M -0

Then we know that if we have an Ag-map M — lim N ®a, Ay, then we know that the images of Af® are

all mapped to 0, in particular, ej,--- ,e,, are all mapped to 0. Then I will let you check that the map
A — N ®a, A defined by the images of f1,---, f,, suffices when we pass to large enough A since we also
want the images of ey, - - - , €, to vanish.

Now we can cover Sy by affines to reduce the global situation first to affines. Then we need to show that
these locally defined morphisms glue, this is where we use injectivity and finiteness.
We omit 2,3 as it’s basically the same as the proof of the previous proposition. O

We briefly recall the notion of quasi-affine morphisms as we will prove something related to it below.
Recall that we say that a scheme X is quasi-affine if we have a quasi-compact open embedding of X to an
affine scheme. We can prove quite easily that X is quasi-affine iff the canonical morphism X — SpecI'(X, Ox)
is an open embedding. We can easily show that if X is quasi-affine, then it’s quasi-compact and separated.
We say that a morphism of schemes 7 : X — Y is quasi-affine if the inverse image of every affine open
subset of Y is a quasi-affine scheme. It’s easy to see that this is equivalent to the X — Specm,Ox over Y is
a quasi-compact open embedding. This implies that the notion is affine local on the target. Quasi-affineness
is also preserved by base change as if we have:

XXyW‘—>ZXyW*>W

| | I

X Z Y

then we know that if Z is affine over Y and X — Z is quasi-compact open embedding, then Z xy W — W
is affine and X xy W — Z xy W is also quasi-compact affine. Finally, we readily check it’s preserved by
composition as we have:

U/

X — U y v _—_.§

where U’ — V is affine. To see why, I define U’ to be Specj, f+Ouy and the morphism U — U’ is given by
the identity morphism on j. f«Op. I will let you check why U — U’ is an open embedding.
With these results, we can prove the main theorem of this section:

Proof. 1 open embeddings: suppose that f : X — S is an open embedding, then we know that since f is
still quasi-compact, we know that X itself is quasicompact, then by topological result, we know that there
is a large A and a quasi-compact open U, in Sy such that U is X in S. Then consider fy : Xy — S, we
know that it factors through U}, then we consider:

X — X S

L

X)\4>U)\‘—>S)\

I claim that X, — U, is an isomorphism, thus proving that desired result. Notice that all open embeddings
are locally of finite presentation and all U, are quasi-compact, then we know that we can use the result of
the above proposition. We know that there is a morphism ¢ : Uy — X, such that it;s pullback is the inverse
of X — X. Then we know that f og and go f is pulled back to identity, therefore there is some p > A such
taht f,,g, are inverses of each other, we are done.

2 closed embeddings: suppose that X — S is a closed embedding, then in particular, it’s qcgs, therefore
f+Ox is a quasicoherent Og-algebra. Moreover, we know that since fy : Xg — S is of finite presentation, so
is this closed embedding, therefore we know that this ideal is finitely generated, therefore we know that this
quasicoherent Og-algebra is finitely presented as a quasicoherent Og-module. Then we know that there is a
large enough A together with a quasicoherent Og,-module By such that u}By ~ f,Ox.
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Then consider the Og-algebra structure, which is:

[+O0x Qog [+O0x — f+Ox

which satisfies commutative, associative and distributive laws.
Then we know that the above morphism comes from pulling back:

B ®os, Bxr — B

Then since we know that if we pullback the commutative, associative and distributive laws of By, we get the
commutative, associative and distributive laws of f,Ox, therefore by passing to a larger A, we can assume
these diagrams also hold for By. Moreover, if we consider Og — f.Ox, there is also a A such that it’s the
pullback of Og, — By and the axiom of the unit also holds for this morphism. Therefore we can assume
that B, is actually an Og,-morphism.
Consider:
Og, — By — coker — 0

We know that since w3 is right exact, therefore we know that it’s pullback is also exacts, which is:
Os — f+Ox — uXcoker — 0

However since Og — f,Ox is surjective, we know that ujcoker = 0, then we know that by passing to a
larger A, coker = 0, therefore Og, — B, is also surjective. Then we know that the morphism:

Spt?CB)\ — S)\

is a closed embedding. Moreover, since relative spec commutes with pullbacks, we know that it’s pullback is
X — S. Therefore we know that it can be identified with fy : X — S) for sufficiently large A\, we are done.

3 separated morphisms: if X < S is separated, we know that X — X x ¢ X is a closed embedding. Then
we have the following diagram:

X — 5 X xg X X S

| ! Lo

X)\*>X,\XSAX)\4>X)\4>S,\

Notice that first Xox g, — Xo is qcgs, and Xg — Xox g, — Xo is locally of finite presentation since Xg — Sp
is. Then since Xy, Xoxg, — Xo are qcgs, it’s qcgs, therefore the morphism is qcgs. Then we know that
the system X, xg, X, is just like the original system S, the key algebra reason is that the direct limit of
M ®a, Ax is M ®4, A. 1 will let you check the details is you want. But this implies we can apply 2 to
X — X xg X, we are done. This also proves that for 5 affineness.

4 finite morphisms: f : X — S is a finite, then again consider f,Ox we know that it’s finite presented
as f is finitely presented, then we can again find B) and we can again identify f) with SpecB) — S). We
want to prove this is finite for large A. This problem is affine local, therefore we assume that Sy is affine.
That is we want to prove that if: Ay — B, is a ring map such that after we tensor with ®4, A, it becomes
finite, then it’s finite. We know that since By ®4, A is finite, we have an exact sequence:

An—>B>\®A)\A—>0—>O
We know that A” — B ®4, A is induced by some:
AY — B,

the we know that the cokernel is 0 after pullsback to A, therefore it’s 0. We are done.

6 surjective morphisms for Noetherian schemes Sy, Xo: First we notice that Sy, X, .S, X are all Noethe-
rian. Recall that finitely presented morphisms are of finite type, therefore we can apply Chevalley’s theorem
and conclude that if we denote fx(X) by Ey and f(X) by E. We know that E = X. Notice that fo(X) = Ep
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is also constructible, and we know that the its inverse images in Sy and S are )y, FE since we know that we
have a Cartesian diagram:

S —— Sy —— Sy

[

X — X, — Xy

and in a Cartesian diagram, images and inverse images commute. Then we know that if E is S, for large
enough A\, F) is S).

7 radiciel morphisms: we know that a morphism is radiciel iff it’s diagonal is surjective, then just like
how we prove separatedness, we apply the surjective argument to the diagonal morphism.

8 locally closed embeddings: recall that a locally closed embedding can be factored to a closed embedding
followed by an open embedding. Under the Noetherian conditions, they are quasicompact and quasiseparaed,
then consider the following diagram:

X clo. U open S

I

X)\4>U)\‘—>S)\

| |

Xg ——m S0

and we know that {U,>\} is also an inverse just like that of {S)}. Moreover we know that the square of
X, X,U,U), is again Cartesian, then we know that since the pullback of X, — Uy is a closed embedding,
then we can find a larger p > A such that it’s a closed embedding, we are done.

9 quasi-affine morphisms: recall that quasi-affineness can be checked affine locally on the target, therefore
we know we can assume S is affine. Here we again need the fact that Sy is quasi-compact, which will be
used later. Now by our assumption, we know that X — S is quasi-affine, since S is itself is affine, we know
that X is a quasi-affine scheme, thus we know that if we denote I'(X, Ox) by B, then the following canonical
morphism is an open embedding:

X — SpecB

Since X is quasi-compact, we know there are by,--- ,b, € B, such that X = D(b;) U --- U D(b,). Recall
that X — S = SpecA is finitely presented, then we know that for any affine open in X, the global section is

a finitely generated A-algebra.
X

SpecB

SpecA

Then we know that By, is a finitely generated A-algebra, say generated by generators ba ..., ljf,"? . Let C

b’_cil ? ing
i

be the sub-A-algebra of B generated by b;, b;;, then it’s obvious that C,, ~ Bp,. Then if we consider g: X —
SpecC' defined by X — SpecB — SpecC. We know that the image of g is contained in D(by) U -+ D(by,).
Then if we consider D(b;) in C, we know that g restricts to an isomorphism, therefore g : X — SpecC is an
open embedding. Notice that C is a finitely generated A-algebra, therefore there is a S-closed embedding;:

S~

X —— 8§ = SpecA

Then consider h : X — C <— A%, which is the composition of an open embedding and then a closed
embedding. Recall that we know that X in A% is C'n U where U is an open subscheme of A%, then we have
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the following diagram:
X - > U

l [

SpecC —— A%

where the morphism X — U is induced by the fact that the image of X — AY is contained in U. I will
let you check that X — U is a closed embedding. Therefore we know that h : X — A% is a locally closed
embedding. Then we know that the morphism £ is induced by some hy : Xy — A% and it’s a locally closed
embedding. Or if we draw everything in a diagram:

X AT s
XO go SO

Then we know that we can apply the conclusion of locally closed embeddings to X — A% and conclude that
there is a large A such that X\ — Ag is a locally closed embedding, therefore X is an open subscheme
of an affine scheme. This implies that f, restricted to the inverse image of one of the affine covers of Sy is
quasi-affine, then since we only have finitely many affines covering Sy, we can find a common .

10 quasi-finite morphisms: again, this question is affine local target since quasi-finite is affine local on the
target and Sy is quasi-compact. Then consider X — S, which is quasi-finite and affine. Recall that every
affine morphism of finite type is quasi-projective. To see why, if SpecA — SpecB is the affine morphism and
B — A is finite type, then we know that there is a closed embedding:

SpecA — A'g

Then we know that there is an open embedding A%} — P%, thus we have a locally closed embedding
SpecA — P%. Notice that this is quasi-compact as we know that we can cover P by A%’s such that their
intersection of each other are still affine. Then we know that a quasi-compact locally closed embedding can
always be factored into a open embedding composed with a closed embedding as we know that the scheme
theoretic closure can be computed affine locally, i.e. in the following diagram:

X ----- » X
[
U——Y

X is the scheme theoretic closure, we want to show that X — X is an open embedding. We know that the
image of X in X is contained in U n X, therefore we only have to show that for every affine SpecA in X
that is also contained in U, we know that the morphism is:

SpecA/T — SpecA — SpecA

therefore X is also defined by SpecA/I, therefore the morphism X — X is SpecA/I — SpecA/I which is
isomorphism. Therefore we know that SpecB — P% can be factored to:

SpecA <22 v Llosed, P

and we know that V is a projective B-scheme.

Then recall that by Zariski’s main theorem, if we have a quasi-projective quasi-affine morphism X — Y,
then it factors as an open embedding j : X < X followed by a finite morphism f : X — X. Then consider
the diagram:

X 15

— W

X
|
Xo

_

n
S
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Recall that we assume that S is Noetherian, then we know that X is also Noetherian and f being finite
implies it’s finitely presented, then we know that we have a A and a Sy-scheme X — Sy such that it pulls
back to f : X — S. Then we know that, by considering the system defined by pulling back X, passing to
a larger X if needed, we can also find a jy : Xy — X, inducing j. Then we know that the result of finite
and open embedding shows that X — X, is open embedding and X, — S, is finite. Moreover, since their
composition induce f, we know that they are f) by passing to perhaps a larger A, therefore we know that
f is the composition of an open embedding and a finite morphism, therefore quasi-finite.

Finally 11 proper morphisms: recall that proper morphisms are also affine local on the target, therefore
we know that we can assume Sy = SpecAy S = SpecA for a Noetherian rings A, Ag. Then we know that by
Chow’s lemma, there is a diagram:

X' X

~

SpecA

such that g : X’ — X is surjective projective and the composition X’ — SpecA is also projective.

Then we know that there will be large A and fy : X — Sy and gy : X} — X, such that fog is induced
by fx o gx. Since we know that X’ — SpecA is projective, we know that there will be a closed embedding
of A-schemes:

X — P} — SpecA

Then we know that this is given by some closed embedding:
Xy = P}, — SpecAy

and the composition is f) o g, for a large enough A. This implies that f) o gy is proper since it’s the
composition of a closed embedding and a projective morphism.

Similarly, we can prove that since g is projective and induced by gy, we can show that g, is projective for
large A, therefore proper. Morepver we can assume g is surjective by the result on surjectivity. Recall that
proper means finite type, separated and universally closed. Finite type is always true and separatedness can
be obtained by going to even a larger A by our previous result. Therefore only universally closed need to be
checked. Consider the following diagram:

X;\ gx X)\ fa

. e 7

Sx

we know that the top composition is closed since gy o fy is proper, and we know that since g, is surjective
the second morphism on the top row is surjective, then this implies - -- — Z is closed. O

Another big theorem we need to use later is the following version of Zariski’s main theorem:

Theorem 10.14. Zariski Let S be a Noetherian scheme, f : X — S a separated quasi-finite morphism,
then there is a finite morphism f : X — S and an open embedding j : X <— X such that f = fj.
Moreover, if Y is an affine scheme, say SpecA, we don’t have to impose Noetherian conditions.

This is not the version of the Zariski’s main theorem we discussed in the FOAG series, but by Zariski’s
main theorem, people could refer to different results, recall that we know the following version of the theorem:

Theorem 10.15. Zariski Let f : X — Y be a quasi-projective quasi-finite morphism of Noetherian schemes,
then we can factorize f as:

xLx Ly
such that j is an open embedding and f is finite.

The first version of the Zariski’s main theorem follows from the second version and what we discussed
above:

Proof. O
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