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This is the second chapter of the notes series on étale cohomology. This chapter mainly focus on pre-
liminaries we need before we discuss étale fundamental groups. The first section should have been on the
sheaf of relative differentials, however, since this part of discussion is given in the FOAG series, we decide to
omit it. We will provide a write-up latter following the treatment of the stack project, with a more general
perspective.

1 Unramified Morphisms

Proposition 1.1. Let f : X Ñ Y be a morphism locally of finite type and x P X is a point. We denote the
image of x by y “ fpxq, then the following condistions are equivalent:

1. myOX,x “ mx and the residue field kpxq is a finite separable extension of the residue field kpyq.

2. pΩX{Y qx “ 0.

3. The diagonal morphism ∆ : X Ñ X ˆY X is an open embedding in a neighborhood of x.

Proof. For 1 ñ 2, recall that to compute ΩX{Y , we only need the local information of the morphism f , so
we can assume that f is SpecB Ñ SpecA where B is a finitely generated A-algebra. Then we know that
ΩX{Y restricted to SpecB is ΩB{A which is a finitely generated B-module, then we know that pΩX{Y qx, say
x correspond to the prime p in SpecB, then this stalk is ΩB{A bB Bp. By our assumption on the maximal
ideal we know that:

OX,x bOY,y
kpyq “ kpxq

Then we know we have the following commutative diagram:

kpyq Aq A

kpxq Bp B

where the square on the right is a localization diagram and the square on the left is a cofibered prod-
uct(becausemyOX,x “ mx). Then we know that ΩB{AbBBp » ΩBp{Aq

and ΩBp{Aq
bBp

kpxq » Ωkpxq{kpyq “ 0
since kpxq is a finite separable extension of kpyq. Therefore we have:

pΩX{Y qx bOX,x
kpxq “ ΩB{A bB Bp bBp

kpxq » Ωkpxq{kpyq “ 0

Since pOX{Y qx is finitely generated over OX,x, we can apply Nakayama’s lemma and conclude it is 0.
Now assume 2, we know that the diagonal is always a locally closed embedding, i.e. we can factor the

morphism as:

X V X ˆY Xclosed open

Suppose we denote the closed embedding by i We know that ΩX{Y » i˚pI{I2q where I is the quasicoherent
ideal sheaf of OV defining the closed embedding. Then recall that if we want to prove ∆ is an open embedding
in a neighborhood of x, we only need to proveX ãÑ V is an open embedding in a neighborhood of x. It suffices
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to prove I∆pxq “ 0. Then we know from pΩX{Y qx “ pi˚pI{I2qqx » I∆pxq{I2
∆pxq

“ 0, i.e. I∆pxq “ I2
∆pxq

, now
if we can use Nakayama’s lemma, since I∆pxq is contained in m∆pxq, we conclude I∆pxq “ 0. So we only need
to prove that I∆pxq is finitely generated over OXˆY X,∆pxq. Recall that by a local computation, the morphism
∆ is just given by B bA B Ñ B where B is a finitely generated A-algebra, then the kernel is I, and if B is
generated by a1, ¨ ¨ ¨ , an, we know that I is generated by ai b 1, 1b aj . This is because B bA B is generated
by bb 1´ 1b b, but we know that if b “ fpa1, ¨ ¨ ¨ , anq where f is a polynomial with a coefficients, we know
that b b 1 ´ 1 b b “ fpa1, ¨ ¨ ¨ , anq b 1 ´ 1 b fpa1, ¨ ¨ ¨ , anq, then we are done.

Now assume 3, we want to prove 1. Recall that since what we want to prove are just the stalks at a
point, we can just consider the fiber of y, i.e. we can consider:

f´1y Speckpyq

X Y
f

and we only need to prove that mx “ 0. Moreover, after this base change, we can consider the new diagonal
morphism, and we have a Cartesian diagram:

f´1y f´1y ˆk f´1y

X X ˆY X

Moreover, since we know that after we restrict to an open neighborhood of X, X Ñ X ˆY X is an open
embedding, we know that f´1y Ñ f´1y ˆk f´1y is also an open embedding after we restrict to an open of
x in f´1y.

Therefore, we can assume that Y “ Speck and ∆ is an open embedding. Now if k is algebraically closed,
then for any closed point t of X, we have a k-morphism Speck Ñ X with image t, let Γt be the graph, then
we have a Cartesian diagram:

Speck Speck ˆk X

X X ˆk X

Γt

∆

Since ∆ is an open embedding, Γi is also an open embedding, therefore Speck Ñ Speck ˆk X » X is t is an
open embedding, this shows that every closed point of X is also open, therefore Γpt,OXq “ k, therefore we
know that X is a disjoint union of copies of Speck as every point of X is a closed point. To see why, suppose
that x P X, then we can pick an affine open SpecA of x and A is finite type over k, therefore we know from
Nullstellensatz that closed points in SpecA are also closed points in X, then we know that the closure of x
has a closed point, which is a contradiction since the closed point is open.

In general, we know that k is not necessarily algebraically closed, but we can consider base change to k,
i.e. after shrinking X, we have X Ñ Speck, now base change this to X ˆk k Ñ Speck, the diagonal of this
map is the base change of X Ñ X ˆk X, therefore this is also an open embedding, as shown in the following
diagram:

Xk Xk ˆk Xk

X X ˆk X

∆

∆

Then we know that by further restrict X, we can assume that Xk is actually a finit disjoint union of Speck,
therefore, X “ SpecA is also a finite set and A is a finitely generated k-algebra. Then we know that A is

actually finite dimensional over k, therefore if we tensor with k, we get a ring isomorphism Abk k » k
‘n

(this
isomorphism always exists as an isomorphism of k vector spaces, but not always as rings, here we have such
an isomorphism of rings since Xk is a disjoint union of Speck), so A bk k is reduced, hence A is reduced.
Then recall that X “ SpecA is discrete, then we can further restrict X such that X is a single point, then
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SpecA is a reduced ring with one single prime ideal, therefore A is a field, and k Ñ A is a field extension.
It’s of course finite as we have seen that A bk k is reduced, therefore A is separable over k.

To be able to define the object of this section, we need to introduce a new notion of morphism which we
skipped in the FOAG series, that is locally of finite presentation:

Definition 1.2. A ring A is a finitely presented B-algebra, or B Ñ A is finitely presented. If A has a finite
number of generators and a finite number of relations over B, i.e. we have a surjective morphism of rings:

Brx1, ¨ ¨ ¨ , xns Ñ A

such that the kernel is finitely generated over Brx1, ¨ ¨ ¨ , xns.
If B is Noetherian, then this condition is equivalent to A is finitely generated as a B-algebra as the finite

relations conditions comes for free.

Just as if a module is finitely presented, then it’s always finitely presented, we can prove that if A is
finitely presented, then it’s always finitely presented:

Proposition 1.3. Suppose that A “ Brx1, ¨ ¨ ¨ , xns{pf1, ¨ ¨ ¨ , frq suppose that Y1, ¨ ¨ ¨ , Ym also generate A
as an B-algebra, i.e. we have an surjection:

ϕ : Bry1, ¨ ¨ ¨ , yms Ñ A, yi ÞÑ Yi

Then the kernel is also finitely generated over Bry1, ¨ ¨ ¨ , yms.

Proof. We can mimic what we did when we prove finite presentation for modules implies always finitely
presented.

First, notice we have an surjection:

Brx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , yms Ñ A, xi ÞÑ xi, yj ÞÑ Yj

We know since we know that Brx1, ¨ ¨ ¨ , xns Ñ A is surjective, we can find lifts of Yi, say g1, ¨ ¨ ¨ , gm, then
we know that the kernel of the above surjection is:

pf1, ¨ ¨ ¨ , fr, y1 ´ g1, ¨ ¨ ¨ , ym ´ gmq

I.e. we have an isomorphism:

Brx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , yns{pf1, ¨ ¨ ¨ , fr, y1 ´ g1, ¨ ¨ ¨ , ym ´ gmq Ñ A

Now since Yi generates A, we know that there are hi P Bry1, ¨ ¨ ¨ , yms such that ϕphiq “ xi, i.e. a morphism
h : Brx1, ¨ ¨ ¨ , xns Ñ Bry1, ¨ ¨ ¨ , yns. Then we know that we have an isomorphism:

Brx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , yns{pf1, ¨ ¨ ¨ , fr, y1 ´ g1, ¨ ¨ ¨ , ym ´ gm, x1 ´ h1, ¨ ¨ ¨ , xn ´ hnq Ñ A

Then consider the morphism:

Brx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , yns{pf1, ¨ ¨ ¨ , fr, y1 ´ g1, ¨ ¨ ¨ , ym ´ gm, x1 ´ h1, ¨ ¨ ¨ , xn ´ hnq Ñ

Bry1, ¨ ¨ ¨ , yms{phpf1q, ¨ ¨ ¨ , hpfrq, y1 ´ hpg1q, ¨ ¨ ¨ , ym ´ hpgmqq

where yi ÞÑ yi, xj ÞÑ hj . This is an isomorphism as we have an inverse defined by yi ÞÑ yi, I will let you
check this is well defined.

Proof. The condition that A is a finitely presented B-algebra satisifes the affine communication lemma, i.e.
suppose that we have a morphism SpecA Ñ SpecB such that A is a finitely presented B-algebra, then for
any f P A Af is also a finitely presented B-algebra. Converse, if for all f P A Af is a finitely presented
B-algebra, then A is.
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Proof. The first half of the condition is easy, as suppose that A “ Brx1, ¨ ¨ ¨ , xns{pf1, ¨ ¨ ¨ , frq, then for any
f P A we know that:

Af “ Brx1, ¨ ¨ ¨ , xnsf {pf1, ¨ ¨ ¨ , frq

Then we have a surjection:

Brx1, ¨ ¨ ¨ , xn, ys Ñ Brx1, ¨ ¨ ¨ , xnsf {pf1, ¨ ¨ ¨ , fnq, xi ÞÑ xi, y ÞÑ
1

f

What is the kernel of this map, I claim that it’s pf1, ¨ ¨ ¨ , fr, 1 ´ fyq. To prove this is an isomorphism, we
can construct an inverse and I will let you do it.

Then conversely, suppose that A is an B-algebra such that pg1, ¨ ¨ ¨ , gmq “ A and Agi are finitely presented
over B. First, finitely presented implies finitely generated, then we already saw that A is finitely generated
over B, and there is a surjective:

Brx1, ¨ ¨ ¨ , xns Ñ A

We want to show the kernel I is finitely generated.
As A “ pg1, ¨ ¨ ¨ , gmq, we may choose hj P A such that 1 “ h1g1 ` ¨ ¨ ¨ `hmgm, choose lifts Hj , Gj of hj , gj

in Brx1, ¨ ¨ ¨ , xns define G0 “ 1´H1G1 ´ ¨ ¨ ¨ ´HmGm so we know that G0 P I and pG0, G1, ¨ ¨ ¨ , Gmq “ 1 in
Brx1, ¨ ¨ ¨ , xns. Now, we only need to prove IGi is finitely generated over Brx1, ¨ ¨ ¨ , xnsGi for all G0, ¨ ¨ ¨ , Gm.
First for G0 we know that IG0

is 1 as G0 is in Go P I. Then for other Gj , we know that localization is exact,
therefore:

Brx1, ¨ ¨ ¨ , xnsGi
Ñ AGi

However, notice that Brx1, ¨ ¨ ¨ , xnsGi
“ Brx1, ¨ ¨ ¨ , xn, ys{p1´Giyq, therefore the kernel is finitely generated,

we are done.

Definition 1.4. We say that a B-scheme X Ñ SpecB is locally finitely presented over B if there is an affine
open cover SpecAi of X such that each Ai is finitely presented over B.

Then by the affine communication lemma and the previous proposition, it suffice to check any affine open
cover of X.

Proposition 1.5. Suppose that π : X Ñ Y is a morphism of schemes, then the conditions that SpecB Ă Y
satisfies the condition that π´1SpecB Ñ SpecB is locally finitely presented satisfies the affine communication
lemma.

Proof. First, consider the following diagram:

SpecAf π´1SpecBf SpecBf

SpecA π´1SpecB SpecB

Then, we need to prove that if B Ñ A describes A as a finitely presented B-algebra, then Bf Ñ Af describes
Af as a finitely presented Bf -algebra. This is quite easy since if:

A “ Brx1, ¨ ¨ ¨ , xns{pf1, ¨ ¨ ¨ , frq

Then obviously if we localize at an element in B, we get Bf rx1, ¨ ¨ ¨ , xns{pf1, ¨ ¨ ¨ , frq.
Then suppose that pg1, ¨ ¨ ¨ , gmq “ B and each Agi is finitely presented over Bgi , we want to prove A is

finitely presented over B. Suppose that the generators are all from A, then we can define a morphism:

Brx1, ¨ ¨ ¨ , xns Ñ A

where each xi is mapped to the generators, I will let you prove this is surjective. And we only need to prove
this kernel is finitely generated, again we localize at each gj use the fact of always finitely presented.

Definition 1.6. A morphism X Ñ Y is locally finitely presented or locally of finite presentation if for any
affine open SpecB of Y π´1SpecB Ñ SpecB is locally finitely presented.

By the above proposition, we know that it suffice to check for an arbitrary affine cover of Y .
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Remark 1.7. In particular combine the preceding two results, for any affine open SpecB of Y and any
affine open SpecA such that the image of SpecA is in SpecB, then A is finitely presented over B.

Proposition 1.8. Suppose that we have an affine open cover SpecAi of X and affine opens SpecBi of Y
such that πpSpecAiq Ă SpecBi. Suppose that Ai is finitely presented over Bi, then π is locally finitely
presented.

Proof. We need to check that there is an affine cover SpecCij of π
´1SpecB such that Cij is finitely presented

over Bi.
What is a little bit tricky is that we only know the image of SpecAi is in SpecBi, but SpecAi may not

cover π´1SpecBi. So we need something else. Now suppose that x P π´1SpecA, we know that the image in
SpecBi is contained in some SpecBj X SpecBi, we can suppose that x is not in SpecAi then we know that
x P SpecAj , then we can suppose that there is an distinguished open pAjqfj such that it’s finitely presented
over pBiqgj , this is because we know that pAjqfj is finitely presented over Bj , therefore it’s finitely presented
over localizations if the morphism factors, i.e. if B Ñ A describes A as a finitely presented B-algebra, then
if this morphism factors through Bf Ñ A, then I claim A is finitely presented over Bf . Then we know that
pAjqfj is finitely presented over pBiqgj and pBiqgj is finitely presented over Bi, thus the composition is also
finitely presented. This is because if C Ñ B Ñ A is a sequence of ring maps such that B is finitely presented
over C and A is finitely presented over B, then A is finitely presented over C as:

B “ Crx1, ¨ ¨ ¨ , xns{pf1, ¨ ¨ ¨ , frq A “ Bry1, ¨ ¨ ¨ , yms{pg1, ¨ ¨ ¨ , gsq

Then A “ Crx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , yms{pf1, ¨ ¨ ¨ , fr, g1, ¨ ¨ ¨ , gsq, we are done.

Example 1.9. Open embeddings are locally of finite presentation as if U ãÑ X is an open embedding,
for any SpecA in X, we can cover the inverse image by distinguished opens, and it’s trivial to show that
localizations are finitely presented.

Also, if f : X Ñ Y, g : Y Ñ Z are both locally finitely presented, then so is g ˝ f , this is basically because
if C Ñ B Ñ A is a sequence of ring maps such that B is finitely presented over C and A is finitely presented
over B, then A is finitely presented over C, as what we discussed before.

Proposition 1.10. Locally of finite presentation is preserved by base change by any morphism.

Proof. Consider the following Cartesian diagram:

Z ˆY X X

Z Y

g1

f 1 f

g

where f is locally of finite presentation. We know that by cover Y by affines and then cover the inverse
images in X,Z by affines, we can reduce the problem to the following algebra question: if B Ñ A is finitely
presented over B, then is C Ñ A bB C finitely presented, I will let you prove it.

Definition 1.11. A morphism is called finitely presented or (of finite presentation) if it’s locally finitely
presented and qcqs.

Remark 1.12. This definition violates our usual naming convention that if we add quasi-compactness,
then we can drop ”locally”. Here we are requiring this quasi-separated condition, here we also want quasi-
separated because this is the top finiteness condition we can assume for non-Noetherian schemes, it’s not
finitely generated, the relations are finite, moreover, the intersections are still finitely presented.

And, if you work with Noetherian schemes, this is just the same as finite type. And if you work with
locally Noetherian schemes, locally of finite presentation is the same as locally of finite type. No matter
what schemes you work with, locally of finite presentation implies locally of finite type.

Definition 1.13. Suppose that f : X Ñ Y is a morphism locally of finite presentation, then it’s called
unramified at at x if any of the following three equivalent conditions we proved holds:
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1. myOX,x “ mx and the residue field kpxq is a finite separable extension of the residue field kpyq.

2. pΩX{Y qx “ 0.

3. The diagonal morphism ∆ : X Ñ X ˆY X is an open embedding in a neighborhood of x.

where y “ fpxq. We will say f is unramified if f is unramified at every point.

Remark 1.14. Since ΩX{Y is finite type under the hypothesis f : X Ñ Y is locally of finite type(or locally
of finite presentation), we know from Geometric Nakayama that pΩX{Y qx is 0 is an open condition, therefore
the locus where f is unramified is open.

The following are some basic properties of unramified morphisms:

Proposition 1.15. Let’s assume f : X Ñ Y is a morphism locally of finite presentation. Then:

1. Unramified morphisms are locally quasi-finite.

2. Open and closed embeddings are unramified.

3. Compositions of unramified morphisms are unramified.

4. Base change of unramified morphisms are unramified.

5. If the composition X Ñ Y Ñ Z is unramified , then so is X Ñ Y .

Proof. The last property, i.e. 5 is a consequence of the previous 4 properties. Recall that if a class of
morphisms is preservd by composition and base change, then we have the cancellation theorem, since the
diagonal morphism is a locally closed embedding, then it’s unramified, then this implies that if X Ñ Y Ñ Z
is unramified, then so is X Ñ Y . So now let’s prove the first 4 properties.

For property 1, recall that locally quasi-finite means that locally finite type and quasi-finite at each point.
Unramified morphisms are locally of finite presentation therefore locally of finite type. To prove that this
is quasi-finite at each point x P X, we need to prove that OX,x is quasi-finite over OY,fpxq“y. Recall that
being unramified at a point x means that mx “ OX,xmy, then we know that OX,x{OX,xmy “ kpxq, which
is finite separable over kpfpxqq “ OY,y{my, then we are done.

For property 2, we know that open and closed embeddings are locally of finite presentation, and recall
that for any embedding X ãÑ Y , we know that OX,x{myOX,x » OY,y{my, then we are done.

For property 3, recall that compositions of locally finite presentation morphisms are locally finite presen-
tations. Then consider:

OZ,gfpxq Ñ OY,fpxq Ñ OX,x

Since OY,fpxqmgfpxq “ mfpxq and OX,xmfpxq “ mx, we know that:

OX,xmgpfpxqq “ OX,xpOY,fpxqmgfpxqq “ mx

Moreover, we know that we have:
kpgfpxqq Ñ kpfpxqq Ñ kpxq

since composition of finite extensions is finite and composition of separable extensions is separable, we are
done.

For property 4, again, locally of finite presentation is preserved by base change. Moreover, we know that
if we consider the following pullback diagram:

Z ˆY X X

Z Y

g1

f 1 f

g

where f is unramified, we know that ΩZˆY X{Z » g1˚ΩX{Y . Then we know that for w P Z ˆY X, we want
to compute:

pΩZˆY X{Zqw “ pg1˚ΩX{Y qw “ pΩX{Y qg1pwq bOX,g1pwq
OZˆY X,w “ 0

We are done.
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Proposition 1.16. Let X
f

Ñ Y
g

Ñ Z be two morphisms and if g : Y Ñ Z is unramified then the graph
Γf : X Ñ X ˆZ Y is an open embedding.

Proof. Consider the canonical Cartesian diagram:

X X ˆZ Y

Y Y ˆZ Y

Γf

∆

This is indeed Cartesian as you can check the universal property. For example:

HompW,X ˆZ Y q “ tpα, βq : g ˝ f ˝ α “ g ˝ βu

Then we know that if we denote a morphism γ : W Ñ Y and we consider pγ, α, βq such that ∆ ˝ γ “

pX ˆZ Y Ñ Y ˆZ Y q ˝ pα, βq, we know that this is pγ, α, βq such that pγ, γq “ pf ˝α, βq and g ˝β “ f ˝ g ˝α.
Therefore this is just α since after α is given γ “ f ˝ α and β “ γ. Therefore this is indeed Cartesian. Then
since g is unramified, ∆ is an open embedding, then so is Γf .

Proposition 1.17. Consider a Cartesian diagram:

X ˆY Y 1 X

Y 1 Y

g1

f 1 f

g

Suppose that f is locally of finite presentation, then if f 1 is unramified, then so is f .

Proof. We know that g1ΩX{Y “ 0. But since g1 is faithfully flat, we know that this implies ΩX{Y “ 0, we
are done.

2 Etale Morphisms

let’s begin with the definition of étale morphisms:

Definition 2.1. Let f : X Ñ Y be a morphism of locally finite presentation, and x P X is a point. We say
f is étale at x if f is flat and unramified at x.

If f is étale at every point, we say f is étale.

This definition is also given in the FOAG series, but we presented this in a different order. Here we
choose to do this to get into the topic in a more swift way. In this section, we will discuss properties of étale
morphisms that we will use later.

Proposition 2.2. In this proposition, all morphisms are of locally finite presentation:

1. Open embeddings are étale.

2. Compositions of étale morphisms are etale.

3. Base change of étale morphisms are étale.

4. Let f : X Ñ Y and g : Y Ñ Z are two morphisms such that g ˝ f is étale and g is unramified, then f
is étale.

Proof. Let’s first explain why general closed embeddings are not étale. We have seen that closed embeddings
are locally of finite presentation and unramified. Therefore, the only reason closed embeddings are not always
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étale is that closed embeddings are not always flat. This is not easy to see why, as we know that for closed
embeddings X ãÑ Y , for x P X, the induced ring map on the local rings is

OY,x Ñ OY,x{Ix
where I is the quasicoherent ideal sheaf defining the closed embedding. In general quotient ring maps are
not flat. One criterion for A Ñ A{I to be flat is when I is pure, i.e. for all finitely generated ideal J of A,
J X I “ IJ . I will let you prove why. But clearly this is not a condition that is satisfied by every ideal I,
thus the quotient ring map is in general not flat.

This also shows why open embeddings are étale, since A Ñ A is flat for all rings.
Then since we know that unramified, locally presentation and flat morphisms are preserved by composi-

tion, we conclude étale morphisms are preserved by composition. Again, these properties are preserved by
base change, therefore étale morphisms are preserved by base change.

The last property, i.e. property 4 is again a formal consequence of the first 3 as if g is unramified, the
diagonal is an open embedding, which is étale. Then we conclude the desired assertion from cancellation
theorem.

Remark 2.3. The same argument above shows that if g ˝ f is flat and g is unramified, then f is flat.

One case that shows up particularly often is the following:

Example 2.4. Let A be a ring and F ptq P Arts be a monic polynomial. Let B “ Arts{F ptq, then the
morphism SpecB Ñ SpecA is étale at a prime ideal q P SpecB iff q doesn’t contain the image of F 1ptq in B.
Hence if we want SpecB Ñ SpecA to be étale, then for every prime ideal of q, it doesn’t contain the image
of F 1ptq, i.e. it’s a unit, i.e. the ideal generated by F ptq and F 1ptq is Arts.

It’s not hard to see this is true. First, we know that the morphism is clearly locally finitely presented,
almost by definition. Then we need to check flatness and unrafimied at each point. Recall that we have
A Ñ Arts{pF ptqq, as F ptq is monic, Arts{pF ptqq is free over A with rank the degree of F . Therefore being
free implies flat, therefore flatness is good. To check unramified, we need to show that:

ΩArts{pF ptqq{A “ 0

Recall that we know how to compute the sheaf of differential in this case and it’s going to be:

Arts{pF ptq, F 1ptqq

Then we know that if we want pArts{pF ptq, F 1ptqqqq “ 0, then we know that q is not in V pF ptq, F 1ptqq, i.e.
F 1ptq is not in q. And if this is true for all q, then we know that F 1ptq is not in any q, therefore F 1ptq is a
unit in Arts{pF ptqq, therefore we are done.

This example turns out to be not special and we will see later that all étale morphisms are related to it:

Lemma 2.5. Let pA,mq be a local ring and B1 is a finite A algebra, n1 a maximal ideal of B1, u an element
of B1 not in n1 but in all the other maximal ideals of B1 distinct from n1. Now let B “ Arus Ă B1 and
n “ n1 X B so we have A Ñ B “ Arus ãÑ B1. Now assume B1

n1 {mB1
n1 is generated by the image of u as an

A{m-algebra then the canonical map Bn Ñ B1
n1 is an isomorphism.

Proof. This is a quite weird result at first sight, but we will use it later to characterize étale morphisms.
Let S “ B ´n and S1 “ B1 ´n1, we wish to show that S´1B Ñ S1´1B1 is an isomorphism. Let’s first do

it by show S´1B1 Ñ S1´1B1 is an isomorphism, i.e. we need to show that all the elements in S1 are invertible
in S´1B1. Or equivalently, we only need to show that the images of S1 in S´1B1 do not lie in any maximal
ideals. Recall that B1 is fiinte over A, therefore it’s finite over B1, therefore S´1B1 is finite over S´1B, and
in particular integral, therefore the inverse image of maximal ideals are still maximal, and we conclude that
any maximal ideal of S´1B1 lies above the maximal ideal of Bn, and in particular over the maximal ideal n
(n is a maximal ideal again because B ãÑ B1 is finite.) Again, from B1 is finite over B and B ãÑ B1 is an
inclusion, we know that any maximal ideal of B comes from a maximal ideal of B1. So if we consider:

B B1

S´1B “ Bn S´1B1
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this tells you that any maximal ideal of S´1B1 lies over a maximal ideal of B1, hence is of the form S´1n2 for
some maximal ideal n2 of B1 such that n2 XB “ n. Now if u P n2, then u P n2 XB “ n Ă n1, a contradiction
that u R n1. So u R n2, but we know that u lies in all maximal ideals distinct from n1, we must have n2 “ n1.
Therefore we know that the only maximal ideal of S´1B1 is S´1n1. By definition S1 “ B1 ´n1, therefore the
images of S1 in S´1B1 can not be in S´1n1, we are done and S´1B1 Ñ S1´1B is an isomorphism.

Then we need to show that S´1B Ñ S´1B1 is an isomorphism. First, being a localization of an inclusion,
it’s injective, so we only need to show that it’s surjective. Let’s do this directly by showing that S´1B Ñ

S1´1B1 is surjective. Recall that Bn “ S´1B Ñ S1´1B1 “ B1
n1 is finite, then to prove it’s surjective, we need

to prove the cokernel is 0, we know that as a quotient of B1
n1 , the cokernel is again finite over S´1B “ Bn,

then we only need to prove that coker b Bn{nBn “ 0 by Nakayamas lemma. Recall that mBn Ă nBn since
A Ñ B Ñ B1 are all finite, then we know that n2 pulls back to n which pulls back to m, therefore it suffice
to prove:

Bn{mBn Ñ B1
n1 {mB1

n1

is surjective. But if you consider:
A{m Ñ Bn{mBn Ñ B1

n1 {mB1
n1

By our assumption, B1
n1 {mB1

n1 is generated by the image of u, therefore this is surjective.

The following theorem due to Chevalley tells you how to characterize étale morphisms:

Theorem 2.6. Chevalley Let f : X Ñ Y be a morphism of locally finite presentation, x P X a point, and
A “ OY,fpxq. Then f is étale at x iff we can find a monic polynomial F ptq P Arts and a maximal ideal n0 of
C “ Arts{pF ptqq such that n0 doesn’t contain the image of F 1ptq in C and such that OX,x is A-isomorphic
to Cn0

.

Proof. Let’s first deal with the if part. To prove f is étale at x, we need to prove it’s flat and unramified at
x, i.e. OY,fpxq Ñ OX,x is flat and mx “ OX,xmy. Recall that we have:

A Ñ Arts{pF ptqq “ B

which is finite since F ptq is monic, then we know that any maximal ideal of B pulls back to the maximal
ideal my of A, then since n doesn’t contain F 1pxq, we know that SpecB Ñ SpecA is étale at n, which means
that A Ñ Bn is flat and unrafimied, but we have an isomorphism:

A “ OY,fpxq Bn

OX,x

»

Then we know from A Ñ Bn is flat and nBn “ myBn that OX,x is flat over A and mx “ myOX,x.
The important and difficult part is the converse. First, let’s assume that f is étale at x, all we care about

is the local information of x and fpxq, thus by using the canonical morphism SpecA ãÑ Y where SpecA is
SpecOY,fpxq, we can assume that Y “ SpecA and the morphism is f : X Ñ SpecA with f being étale at x.
To see why we can do this reduction, first base change preserves locally of finite presentation, then I will let
you see that the base change doesn’t change the map between the local rings, therefore the map after the
base change is still étale at x and with the same map of local rings as that induced the morphism we started
with.

Recall that for morphisms locally of finite presentation, being unramified is an open condition, i.e. we can
find an affine open of x such that U Ñ SpecA is unrafimied. Recall that any morphism between two affine
schemes is separated and unramified morphisms are locally quasi-finite, then by Zariski’s main theorem we
have a factorization:

U ãÑ SpecB1 Ñ SpecA

where the first morphism is an open embedding and the second morphism is finite, i.e. B1 is a finite A-
algebra. Let n1 be the prime ideal of B1 corresponding to x, recall that since B1 is finite over A, in particular,
it’s integral, therefore the image of n1 is still a maximal ideal, but the only maximla ideal of A is m. Recall
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that that U ãÑ SpecB1 Ñ SpecA implies that OX,x is A-isomorphic to B1
n1 . Recall that all maximal ideals

of B1 lies over the unique maximal ideal of A and SpecB Ñ SpecA being finite means that the inverse image
of m is a finite set, therefore, we know that we only have finitely many maximal ideals in B. Say n1

1, ¨ ¨ ¨ , n1
r

are all the maximal ideals of B1 that is distinct from n1. Recall that f is unramified at x, i.e. n1, therefore
A{m Ñ B1{n1 is a finite separable extension, therefore is generated by a single element, say u.

Now since n1
1, ¨ ¨ ¨ , n1

r are distinct from n1, by the Chinese Reminder theorem, we know we have a surjec-
tion:

B1 Ñ B1{n1 ˆ B1{n1
1 ˆ ¨ ¨ ¨ ˆ B1{n1

r

Consider pα, 0, ¨ ¨ ¨ , 0q in the product, since this ring map is surjective, there is a u in B1 that is mapped
to this pα, 0, ¨ ¨ ¨ , 0q, which means u P n1

1 X ¨ ¨ ¨ X n1
r such that the image in B1{n1 generates B1{n1 as an

A{m-algebra (by primitive element theorem). Now, let B “ Arus, and n “ n1 X B, we know from the
previous lemma that OX,x is A-isomorphic to Bn.

Now let u P B{mB, be the image of u in B{mB. Then the field extension A{m ãÑ B{mB ãÑ B1{mB1 “

B1{n1 is finite separable and B1{n1 is generated as an A-algebra by u, therefore so is B{mB, then let fptq be
the minimal polynomial of u in B{mB, then we know that we have an isomorphism:

pA{mqrts{pfptqq » B{mB

Since pA{mqrts{pfptqq is free over A{m and is generated by ti’s, by Nakayama’s lemma, since B is finite over
A, we know that B is generated by 1, u, ¨ ¨ ¨ , ud´1 as an A-module where d is the degree of f . This implies
that ud can be written as an A-linear combination of 1, u, ¨ ¨ ¨ , ud´1, therefore, there is a degree d polynomial
F ptq in Arts such that F puq “ 0. Then notice that the image of F ptq in pA{mqrts is degree d and satisfies
F puq “ 0, therefore the image of F ptq in pA{mqrts is necessarily fptq.

Now consider the morphism SpecB{mB Ñ SpecA{m, which is étale at n{mB since this is first finite,
then we know that A{m Ñ B{n is flat (as A{m is a field) and it’s unramified because base change preserved
unramified points as well. Then we know from our characterization before that the image of f 1ptq in B{mB
is not in n{mB, but the image is f 1puq, therefore f 1puq R n{mB, this implies F 1puq R n.

Moreover since f : U ãÑ SpecB1 Ñ SpecA is also flat at x, i.e. B1
n1 is flat over A, then we know that OX,x

is flat over A, but since OX,x is A-isomorphic to Bn, we know that Bn is also flat over A. Then consider the
following epimorphism:

Arts{pF ptqq Ñ B, t ÞÑ u

Let n0 be the inverse image of n, we know that since F 1puq R n, n0 doesn’t contain F 1ptq, therefore we know
that SpecArts{pF ptqq Ñ SpecA is étale at n0, in particular unramified at a neighborhood of n0, then consider
the composition:

SpecB Ñ SpecArts{pF ptqq Ñ SpecA

I claim that this implies that SpecB Ñ SpecArts{pF ptqq is flat at n. This is because if:

X Ñ Y Ñ Z

is flat at x and Y Ñ Z is unramified then this implies X Ñ Y is flat at x. To prove this, consider the
canonical morphism SpecOX,x Ñ X Ñ Y , I claim that the morphism X Ñ Y is flat at x is equivalent to
SpecOX,x Ñ X Ñ Y being flat. It’s clear that if SpecOX,x Ñ X Ñ Y is flat, then the original morphism is
flat at x. The converse follows from the image of SpecOX,x in X can be describe in an affine open of x, and
is the primes contained in x, then if X Ñ Y is flat at x, then we know that OY,fpxq Ñ OX,x is flat, suppose
that the morphism is defined by B Ñ A Ñ Ap we know that Bq Ñ Ap is flat means that Bq1 Ñ Ap1 is flat
for p1 contained in p, as we now that this is just a further localization of Bq Ñ Ap. Then we know from the
cancellation theorem that we are done.

So SpecB Ñ SpecArts{pF ptqq is flat at n. So we know that pArts{pF ptqqqn0 Ñ Bn is flat, and since these
are local rings and the map is a map of local rings, therefore we know that this must be faithfully flat.
Suppose that A Ñ B is faithfully flat, it must be injective as this is A Ñ AbA B » B, a ÞÑ ab ab 1 ÞÑ a,
which is injective. But on the other hand, we know Arts{pF ptqq Ñ B is surjective, therefore we know that
every element in B ´ n comes from something in Arts{pF ptqq ´ n0, therefore Arts{pF ptqqn0

Ñ Bn is also
surjective, therefore Bn is A-isomorphic to Arts{pF ptqqn0 , and since Bn is A-isomorphic to OX,x, we conclude
OX,x is A-isomorphic to Arts{pF ptqqn0
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As one corollary of this result, recall that we proved before that under the hypothesis of locally of finite
presentation or locally of finite type, the unramified points are open. What about the étale-points? Your
first thought might be to prove that flatness is open under our hypothesis, and it turns out we can do the
following:

Corollary 2.7. Let f : X Ñ Y be a morphism locally of finite presentation, then the set of points of X
where f is étale is open.

Proof. Suppose that f is étale at X, then by Chevalley’s result, we know that this is equivalent to there is a
monic polynomial F ptq in OY,fptqrts and a maximal ideal n of B “ OY,fptqrts{pF ptqq such that the image of
F 1ptq is not in n and OX,x is OY,fptq-isomorphic to Bn. We want to show this is an open condition.

Pick V “ SpecA an affine open of fpxq in Y such that F ptq is the image of a monic polynomial in Arts
under the canonical morphism Arts Ñ OY,fpxqrts, we need to pick this A carefully for example, we can first
pick a SpecA1 which is an arbitrary affine open of fpxq, then we can shrink SpecA1 to distinguished affine
opens where we are allowed to invert the denominators of the coefficients of F ptq. Then we denote such a
monic polynomial in Arts also by F rts. Then we have a morphism:

Arts{pF ptqq Ñ OY,fpxqrts{pF ptqq

and we denote by p the inverse image of n in Arts{pF ptqq. Then consider the morphism:

SpecArts{pF ptqq Ñ SpecA “ V

We know that since F 1ptq is not in p, this morphism is etale at p, in particular, there is an open neighborhood
W of p such that W Ñ SpecA is unramified. Notice that Arts{pF ptqq Ñ SpecA is flat since Arts{pF ptqq is
free over A, then we know that W Ñ SpecA is étale. I claim this implies OX,x is OY,fpxq-isomorphic to
pArts{pF ptqqqp, this is because we have an isomorphism:

pArts{pF ptqqqp » OY,fpxqrts{pF ptqqn

To see why, we know that Arts{pF ptqq Ñ OY,fpxqrts{pF ptqq is actually Arts{pF ptqq Ñ Amrts{pF ptqq where m
is the prime ideal corresponding to fpxq. Then we know that Arts{pF ptqq » OY,fpxqrts{pF ptqq is a localization
at A ´ m. Then there is a general fact, suppose that:

A Ñ S´1A

is a localization, then for primes p of A such that p X S “ H, we have a canonical isomorphism:

Ap Ñ pS´1AqS´1p

I claim this is enough for the existence of an open subscheme W 1 of W containing p and an open subscheme
U 1 of f´1SpecA containing X and an isomorphism W 1 Ñ U 1 such that the following diagram commutes:

W 1 U 1

SpecA

»

This is the consequence of the following lemma:

Lemma 2.8.

3 Infinitesimal lifting of Morphisms

The main theorem of this section is the following:

Theorem 3.1. Let f : X Ñ S be a morphism locally of finite presentation, then the following conditions
are equivalent:
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1. f is unramified (resp. etale, resp. smooth).

2. For any S-scheme SpecA and any ideal I of A with the property I2 “ 0, the canonical map:

HomSpSpecA,Xq Ñ HomSpSpecA{I,Xq

is injective (resp. bijective, resp. surjective).

To prove this theorem, we will need the following lemma:

4 Direct Limits and Inverse Limits

5 Henselization

In this section, we will talk about this important algebraic construction of henselization that will be used
repeatedly in the future. This will be a quite long and technical section, but it’s good to see this results,
new notions and proofs for at least once.

Lemma 5.1. 1. Let A be a ring, then the map

a ÞÑ Dpaq

gives a one-to-one correspondence between the set of idempotent elements in A and the set of both
open and closed subsets of SpecA.

2. Let A be a ring, the map:
a ÞÑ pAnnpaq,Annp1 ´ aqq

gives a one-to-one correspondence between the set of idempotent elements in A and the set of pairs
pa1, a2q of ideals of A with properties:

a1 X a2 “ 0, a1 ` a2 “ A

3. Let pR,mq be a local ring, and let fptq P Rrts be a monic polynomial and let A “ Rrts{pfptqq, then the
map:

pgptq, hptqq ÞÑ pAgptq, Ahptqq

gives a one-to-one correspondence between the set of pairs of monic polynomials pgptq, hptqq in Rrts
with the properties:

fptq “ gptqhptq, gptqRrts ` hptqRrts “ Rrts

and set of pairs of ideals pa1, a2q of A with the properties:

a1 X a2 “ 0, a1 ` a2 “ A

Proof. Let’s prove assertion p1q: Since a is idempotent, we have:

ap1 ´ aq “ 0, a ` p1 ´ aq “ 1

Then we know that Dpaq X Dp1 ´ aq “ H, Dpaq Y Dp1 ´ aq “ pV paq X V p1 ´ aqqc “ V pa, 1 ´ aqc “ SpecA.
Therefore Dpaq is both open and closed. Now let U be a subset of SpecA, both open and closed, then we
know that there is an element in A that is equal to 1 and is equal to 0 on U c (due to the property of the
structure sheaf) and it’s clear that a is idempotent as you can check again use the property of the structure
sheaf. Moreover Dpaq “ U , therefore we know that the map in the statement is surjective. To show it’s
injective, suppose that a1, a2 are idempotent and Dpa1q “ Dpa2q, we want to prove that a1 “ a2. We know
that it suffices to show that a1, a2 have the same image in Ap for each p P SpecA. Recall that if A is a local
ring, then SpecA is connected since we know that any open and closed subset in SpecA is Dpaq for some
idempotent element in A, however in a local ring, only such element is 0 or 1. To see why, suppose that e is
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idempotent, then we know that ep1 ´ eq “ 0 and e ` 1 ´ e “ 1, therefore we know that either e or 1 ´ e is
not in the maximal ideal, thus a unit, if e is a unit, then 1 ´ e “ 0 i.e. e “ 1, if 1 ´ e is a unit, then e “ 0.
Then we know that the image of a1, a2 in Ap are both idempotent, thus they are 0 or 1. Recall that since
Dpa1q “ Dpa2q in SpecA, then in SpecAp, we still have Dpa1q “ Dpa2q, therefore either they are both 0 or
they are both 1 in Ap, therefore we are done.

Then let’s prove assertion p2q: Let a be an idempotent element, we first show that Annpaq,Annp1 ´ aq

satisfies the property. Since a is idemppotent, we know that a P Annp1 ´ aq and p1 ´ aq P Annpaq, therefore
Annp1 ´ aq ` Annpaq “ A. Moreover, suppose that x is any element in A, if x P Annp1 ´ aq X Annpaq, then
we know that:

x ¨ pa ` 1 ´ aq “ x “ 0

thus Annp1 ´ aq X Annpaq “ 0.
Now we prove the morphism is injective. Suppose that a1, a2 are idempotent elements such that

Annpa1q “ Annpa2q, then since p1 ´ a1q P Annpa1q “ Annpa2q, then we know that p1 ´ a1qa2 “ 0, therefore
a2 “ a1a2, similarly, we know that a1 “ a1a2, therefore we know that a1 “ a2, thus injective. To show it’s
surjective, suppose that a1 X a2 “ 0 and a1 ` a2 “ A, by Chinese Reminder Theorem, we know that:

A “ A{a1 ˆ A{a2

Then we know that the element p1, 0q, p0, 1q are two idempotent element, and we know that the annihilator
of p1, 0q is elements in a1 and the annihilator of p0, 1q is elements in a2, thus we know the morphism is
surjective.

Finally let’s prove the last assertion, which is the most technical one. Let pgptq, hptqq be the pair such
that fptq “ gptqhptq and gptqRrts ` hptqRrts “ Rrts. Then we know that:

gptqA ` hptqA “ A

since A is just a quotient of Rrts. Let aptq, bptq P Rrts be polynomials such that aptqgptq ` bptqhptq “ 1. Let
rptq P gptqRrts X hptqRrts, then we have:

rptq “ gptqpptq “ hptqqptq

Then we know that:

rptq “ aptqgptqhptqqptq ` bptqhptqgptqpptq “ fptqpaptqqptq ` bptqpptqq

therefore we know that rptq “ 0 P A. Therefore Agptq X Ahptq “ 0.
Then let’s show this map is injective, suppose that pg1ptq, h1ptqq is another pair of polynomials. Then if

g1ptqA “ gptqA, since A is just a quotient of Rrts, then g1ptqRrts “ gptqRrts, then we can find:

g1ptqαptq “ gptq, gptqβptq “ g1ptq

Then I will let you see that since gptq, g1ptq are both monic, then this implies g1ptq “ gptq. Similarly,
hptq “ h1ptq.

To prove this is surjective, again let the pair of ideals be pa1, a2q, then if we let A1 “ A{a1, A2 “ A{a2,
we know from the Chinese Remainder Theorem that:

Rrts{pfptqq “ A » A1 ˆ A2

Let u be the image of t in A1, then consider A1{mA1, which is a k “ R{m-algebra, and is generated by the
image of u in A1{mA1, denoted by u. Consider we have a natural k-algebra morphism:

krts Ñ A1{mA1, t ÞÑ u

it’s obviously surjective thus we know that there is a minimal polynomial gptq P krts for u. Let d “ deggptq,
then we know that we have a basis t1, u, ¨ ¨ ¨ , ud´1u for A1{mA1 over k. Now recall that Rrts{pfptqq is finitely
generated as an R-module since fptq is monic. Then we know that A1 is a direct summand of a Rrts{pfptqq,
thus is also a quotient, thus A1 is also finite over R. Therefore we know that we can use Nakayama’s lemma,
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and conclude that t1, u, ¨ ¨ ¨ , ud´1u in A1 generates A1 as a R-module. Then I claim that there is a monic
polynomial gptq P Rrts of degree d such that gpuq “ 0 in A1.

Recall that Rrts{pfptqq is a free R-module, therefore we know that A1, as a summand of a free R-module,
is projective, and since R is local, we know that A1 is also free. Then we know that t1, u, ¨ ¨ ¨ , ud´1u not
only generates A1 as an R-module, it’s a basis of A1 over R as we can consider:

0 Ñ ker Ñ Rd Ñ A1 Ñ 0

we know that after we quotient m, the kernel is 0, then we know that it lies insider mRd, then since A1 is
projective, then this kernel is 0. Therefore is you consider the R-module homomorphism:

Rrts{pgptqq Ñ A1, t ÞÑ u

This is an isomorphism indeed! Then consider the sujrective morphism Rrts{pfptqq “ A Ñ A1, t ÞÑ u
we know that the kernel is pgptqq{pfptqq, thus we know that a1 is actually Agptq. Similarly, we know that
there is a hptq such that a2 “ Ahptq. Now we need to check fptq “ gptqhptq and gptqRrts ` hptqRrts “ Rrts.

First, notice that we have an isomorphism:

Rrts{pfptqq Ñ Rrts{pgptqq ˆ Rrts{phptqq

Then we know that gptqhptq is mapped to 0, therefore we know that gptqhptq P pfptqq, recall that since
fptq, gptq, hptq are all monic, then we know that RankpRrts{pfptqqq “ RankpRrts{pgptqqq `RankpRrts{phptqqq,
therefore the degree of f is the degree of h plus the degree of g, then since they are all monic, then
fptq “ gptqhptq.

Now we have an isomorphism:

Rrts{pgptqhptqq Ñ Rrts{pgptqq ˆ Rrts{phptqq

Now recall that the kernel of the two morphisms:

Rrts{pghq Ñ Rrts{pgq, Rrts{pghq Ñ Rrts{phq

has kernels that generates Rrts{pghq, that is pgq{pghq`phq{pghq “ Rrts{pghq. This implies g, h generate Rrts.
I will let you check it.

Lemma 5.2. Let pR,mq be a local ring and let A be an R-algebra which is free of finite rank as an R-module,
for any R-algebra A1, let IdempA1 bR Aq be the set of idempotent elements in A1 bR A. Then there is an
etale R-algebra B of finite presentation such that the functor A1 Ñ IdempA1 bR Aq is represented by B in
the category of R-algebras, that is we have a one-to-one correspondence:

IdempA1 bR Aq » HomRpB,A1q

that is functorial in A1.

Proof. Let te1, ¨ ¨ ¨ , enu be a basis of A over R, then we know that:

eiej “
ÿ

k

aijkek

for some aijk P R. Let:

Pkpt1, ¨ ¨ ¨ , tnq “
ÿ

i,j

aijktitj ´ tk

Now suppose that an element in A is
ř

i aiei and we know that it’s idempotent iff:

ÿ

i

aiei ¨
ÿ

j

ajej ´
ÿ

k

akek “ 0
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We expand this and we know that the product is p
ř

i,j aiajaijkqek, therefore we know that
ř

i aiej is idem-
potent iff:

ÿ

i,j

aiajaijk ´ ak “ 0

for all k “ 1, ¨ ¨ ¨ , n. Therefore we know that it’s idempotent iff Pkpa1, ¨ ¨ ¨ , anq “ 0 for all k.
Now since A is free over R with basis ei, then we know that for any R-algebra A1, we know that A1 bR A

is free over A1 with basis t1b e1, ¨ ¨ ¨ , 1b enu. Then we know that an element in A1 is of the form
ř

i a
1
i b ei,

and it’s idempotent iff Pkpa1, ¨ ¨ ¨ , a1
nq “ 0 for all k. Therefore we have a bijection:

IdempA1 bR Aq Ñ HomRpRrt1, ¨ ¨ ¨ , tns{pP1, ¨ ¨ ¨ , Pnq, A1q

I claim that this is functorial in A1 and RrT1, ¨ ¨ ¨ , tns{pP ´ 1, ¨ ¨ ¨ , Pnq is etale over R. Let’s first prove
functoriality, i.e. we need to check the following diagram commutes:

IdempA1 bR Aq HomRpRrt1, ¨ ¨ ¨ , tns{pP1, ¨ ¨ ¨ , Pnq, A1q

IdempA2 bR Aq HomRpRrt1, ¨ ¨ ¨ , tns{pP1, ¨ ¨ ¨ , Pnq, A2q

I will let you check it. Then we only need to prove that Rrt1, ¨ ¨ ¨ , tns{pP1, ¨ ¨ ¨ , Pnq is etale over R. Recall
that to prove this, we need to prove that for any R-algebra A1 and any ideal I of A1 that satisfies I2 “ 0,
the canonical map:

HomRpRrt1, ¨ ¨ ¨ , tns{pP1, ¨ ¨ ¨ , Pnq, A1q Ñ HomRpRrt1, ¨ ¨ ¨ , tn, A
1{Isq

is bijective, that is we need to prove the natural map:

IdempA1 bR Aq Ñ IdempA1{I bR Aq

is bijective. Recall that our previous proposition identifying idenpotents element of the open and closed
subsets of the spectrum, we know that this holds because the following spectrum has the same underlying
topological space:

SpecpA1{I bR Aq, SpecpA bR Aq

To see why, consider the following sequence:

0 Ñ I Ñ A1 Ñ A1{I Ñ 0

Let’s tensor with bRA, we gave a sequence:

I bR A Ñ A1 bR A Ñ A1{I bR A Ñ 0

We know that the kernel of A1 bR A Ñ A1{I bR A is the image of I bR A Ñ A1 bR A, which means that the
kernel is also nilpotent, then the usual morphism induced by the quotient is an isomorphism on the level of
topological spaces, therefore we are done.

Proposition 5.3. Let pR,mq be a local ring, k “ R{m be the residue field. Suppose that S “ SpecR and
let s be the unique closed point of S, then the following conditions are equivalent:

1. Every finite R-algebra A is a direct product of local rings.

2. Condition 1 holds for A “ Rrts{pfptqq for any monic polynomial fptq P Rrts.

3. For every finite R-algebra A, the canonical homomorphism A Ñ A{mA induces a one-to-one corre-
spondence between the set of idempotent elements in A and the set of idempotent element in A{mA.

4. Condition 3 holds for A “ Rrts{pfptqq for every monic polynomial fptq P Rrts.
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5. For any monic polynomial fptq P Rrts and any factorization fptq “ gptqhptq where fptq is the image
of fptq in krts and gptq, hptq are relatively prime monic polynomials in krts, then there is uniquely
determined polynomials gptq, hptq in Rrts such that fptq “ gptqhptq and gptq, hptq are the images of
gptq, hptq in krts. Moreover gptq, hptq generate Rrts.

6. Condition 5 holds for any factorization fptq “ pt ´ aqhptq such that pt ´ aq, hptq are relatively prime
monic polynomials in krts.

7. For any etale morphism g : X Ñ S “ SpecR, any section of gs : X bR k Ñ Speck is induced by a
section of g.

Definition 5.4. When a local ring pR,mq satisfies the above equivalent conditions, we say this local ring
is henselian. If R is henselian and k “ R{m is separably closed, we say R is strictly local or strictly
henselian.

Let’s now prove these conditions are indeed all equivalent, which is going to be a rather long argument:

Proof. Let’s first 1 ñ 3: Let A be a finite R-algebra, then we know that in particular, it’s integral, then we
know that any maximal ideal of A lies over the maximal ideal m of R. Since A{mA is again finite over R{m,
it’s Artinian and thus has finitely many ideal, therefore A only has finitely many maximal ideals. For each
maximal ideal n of A, consider the canonical morphism SpecAn Ñ SpecA, we know that this is a embedding
of topological spaces, and SpecAn is connected. Notice that as we run over all maximal ideals of A, the
images of SpecAn Ñ SpecA cover SpecA, therefore we know that SpecA only has finitely many connected
components, as each image of SpecAn lives in some connected components and their image covers SpecA.
Similarly, as a closed subset of SpecA, SpecA{m also only has finitely many connected components.

Recall that if a topological space has finitely many connected components, then open and closed subsets
are unions of connected components. Recall that if we want to prove that A Ñ A{mA gives a bijection
between idempotent elements, we need to show that first if a is an idempotent element in A{mA, then a in A
is also idempotent and second, if a, a1 are distinct idempotent element in A, a, a1 are also distinct idempotent
elements in A{mA. Recall that we have a bijection between idempotent element and clopen subsets defined
by a ÞÑ Dpaq. Then since the inverse image of Dpaq is Dpaq I will let you check that we only need to show
that by taking inverse images under SpecA{mA Ñ SpecA, we get a bijection between clopen subsets. Now
by our assumption:

A “

n
ź

i“1

Bi

where each Bi is a local ring, I will even let you show that if n stands for all maximal ideals of A, then A »
ś

n An, then we know that as a topological space, SpecA is a disjoint union of SpecAn, which is connected,
therefore these are exactly the connected components. We also know that in this case A{mA »

ś

n An{mAn,
and the morphism SpecA{mA Ñ SpecA can be now written as:

ž

n

SpecAn{mAn Ñ
ž

n

SpecAn

Moreover, we see that for each SpecAn{mAn, since nAn is the only prime lives over m, this is a one point
space, therefore indeed the inverse image of SpecAn is SpecAn{mAn, therefore we have the desired bijection
between clopen subsets, we are done.

Then let’s prove 3 ñ 1: Again, we can show that both SpecA, SpecA{mA have finitely many connected
components. Then the fact that A Ñ mA defines a bijection between idempotent elements implies that
by taking inverse image SpecA{mA Ñ SpecA gives a bijection between clopen subsets, and thus the set
of connected components of SpecA and that of SpecA{mA. Notice that SpecA{mA is discrete and it’s
connected components are tn{mAu for maximal ideals n of A. Therefore we know that different maximal
ideals live in different connected components, therefore SpecAn1

and SpecAn2
are disjoint as subsets of

SpecA for different maximal ideals n1, n2. Therefore we know that SpecA as a set is a disjoint union of
SpecAn. I claim that these are exactly the connected components, since if Ci is a connected component
that contain some point in SpecAni , then it contains SpecAni as Ci and SpecAni are both connected. Then
since different SpecAni live in different connected components and covers SpecA, SpecAni are connected
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components. Therefore clopen, therefore we know that SpecA as a scheme is isomorphic to
š

i SpecAni
,

thus we are done.
Then 1 ñ 2 is trivial. And we know that 2 ñ 4 is just the same as 1 ñ 3 as they are just special cases

of conditions 1 and 3. Let’s prove 4 Ñ 3, and 1, 2, 3, 4 will be shown to be equivalent. Let’s first prove that
the map A Ñ A{mA is injective when restricted to the set of idempotent elements in A. Suppose that e1, e2
are two idempotent elements in A with e1 ´ e2 P mA. Consider:

pe1 ´ e2q3 “ e31 ´ 3e21e2 ` 3e1e
2
2 ´ e32 “ e1 ´ 3e1e2 ` 3e1e2 ´ e2 “ e1 ´ e2

Therefore we know that:
pe1 ´ e2qppe1 ´ e2q2 ´ 1q “ 0

Since e1 ´ e2 P mA, and every maximal ideal lies over mA, we know that pe1 ´ e2q is in the Jacobson ideal
of A, therefore so is pe1 ´ e2q2, therefore pe2 ´ e2q2 ´ 1 is a unit, therefore e1 “ e2. So we only need to prove
it’s surjective. Suppose that e P A{mA is an idempotent element, we want to show that it can be lifted to an
idempotent element in A. Let a be an arbitrary lift of e, and consider the subring A1 “ Rras of A. Consider
the following diagram:

A1 A

A1{mA1 A{mA

I claim that e is the image of some idempotent element e1 in A1{mA1. To see why, consider the morphism of
schemes:

f : SpecA{mA Ñ SpecA1{mA1

Let a be the image of a in A1{mA1, then we know that f´1pDpaqq “ Dpeq. Recall that A1 is also finite over
R, this is because R Ñ A1 is integral and it’s finitely generated, therefore finite. Then we conclude that
A1{mA1 is also discrete with finitely many closed points, therefore Dpaq is both open and closed, therefore
we know that Dpaq “ Dpe1q for some idempotent element e1 in A1{mA1. Therefore f´1pDpe1qq “ Dpeq, then
we conclude from the bijection of idempotent elements and clopen subsets that the image of e1 is e. Then
we know that if we can show that e1 can be lifted to an idempotent element in A1, we are done, therefore we
can just replace A by A1.

Since a is integral over R, we know that there is an epimorphism of R-algebras:

Rrts{pfptqq Ñ A1, t ÞÑ a

Then consider the following diagram:

Rrts{pfptqq A

krts{pfptqq A{mA

The morphism on the bottom is also surjective as it can be thought as the top surjective morphism tensor
with bRR{m. Recall that since fptq is a monic polynomial, we know that krts{pfptqq is finite dimensional
over k, therefore it’s spectrum is discrete as an Artinian ring. Then since the morphism SpecA{mA Ñ

Speckrts{pfptqq is a closed embedding, we know that the clopen subset Dpeq in SpecA{mA has a closed
and open image in Speckrts{pfptqq. Therefore there is an idempotent element e2 in krts{pfptqq such that
Dpe1q “ Dpe2q, Therefore we know that the inverse image of Dpe2q in SpecA{mA is Dpe1q, or in other words,
we know that the image of e2 in A{mA is e1. Then by condition 4, there is an idempotent element e2 in
Rrts{pfptqq lifting e2, therefore it’s image in A is the element we want.

Then let’s prove 4 implies 5. Given a monic polynomial fptq P Rrts, we first consider A “ Rrts{pfptqq,
then we know from condition 4 that the canonical morphism:

Rrts{pfptqq Ñ krts{pfptqq
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induces a bijection between idempotent elements. Suppose we are also given the factorization fptq “ gptqhptq.
We want to show that we can uniquely lift gptq and hptq back to Rrts such that fptq “ gptqhptq and
gptqRrts ` hptqRrts “ Rrts. Recall that since we assumed that gptq and hptq are relatively prime, we know
that pgptqq{pfptqq X phptqq{pfptqq “ pfptqq{pfptqq “ 0. Moreover, we know that pgptqq{pfptqq ` phptqq{pfptqq “

krts{pfptqq. Therefore, we know that there is a uniquely determined idempotent element e in krts{pfptqq such
that we have:

pAnnpeq,Annp1 ´ eqq “ ppgptqq{pfptqq, phptqq{pfptqqq

Since we also have an bijection of idempotent element, there is some e P Rrts{pfptqq whose image in krts{pfptqq

is e. We know that again:
pAnnpeq,Annp1 ´ eqq

gives a pair of ideals pa1, a2q with a1 Xa2 “ 0, a1 `a2 “ Rrts{pfptqq, again we know from the first proposition
we proved in this section that this correspond uniquely to a pair phptq, gptqq of polynomials in Rrts such that
fptq “ gptqhptq gptqRrts ` hptqRrts “ Rrts. We only need to check that their image in krts is gptq and
hptq. Recall that if we have a ring R and some idempotent element x P R, suppose that I “ Annpxq and
J Ă I, then Annpxq “ I{J in R{J (notice that this doesn’t hold for arbitrary x). Therefore we know that
ppgptqq, phptqqq in Rrts is mapped to pgptq{fptq, hptq{fptqq “ pAnnpeq,Annp1 ´ eqq in Rrts{pfptqq. It’s again
mapped to ppgptqq{pfptqq, phptqq{pfptqqq. Consider the following diagram:

Rrts Rrts{pfptqq

krts krts{pfptqq

The above notice that the ideal pgptqq and phptqq in krts is mapped to ppgptqq{pfptqq, phptqq{pfptqqq in
krts{pfptqq. Then we know that the image of pgptqq, phptqq in krts is pgptqq and phptqq, then the fact that they
are monic and of the same degree tells you they are equal.

Obviously 5 ñ 6 is trivial, so let’s prove 6 ñ 7: Given a section of gs : X bR k Ñ k, suppose that after
we compose with the projection X bR k, the image is x in X bR k. Recall g : X Ñ SpecR is etale, then if
we consider the diagram:

X bR k Speck

X SpecR

gs

g

We know that since the image of the point Speck in SpecR is the unique closed point, and we have a
section, we know that x is mapped to the unique closed point of SpecR. Then by Chevalley’s result on etale
morphisms, we know that there is a monic polynomial fptq P Rrts and a maximal ideal n of Rrts{pfptqq not
containing the image of f 1ptq in B such that OX,x is R-isomorphic to Bn. Let fptq be the image of fptq in
krts. Then consider the k-morphism:

Speck Ñ SpecOX,x{mOX,x

induced by the section gs. Then compose it with the canonical morphism:

SpecOX,x{mOX,x » SpecBn{mBn Ñ SpecB{mB “ Speckrts{pfptqq

we get a k-morphism:
Speck Ñ Speckrts{pfptqq

which correspond to a k-algebra homomorphism krts{pfptqq Ñ k, t ÞÑ a. Then we know that fpaq “ 0

but we notice f
1
paq ‰ 0(as f 1ptq is a unit in Bn), therefore a is just a simple root of f . Therefore we know

that we have a decomposition:
fptq “ pt ´ aqhptq
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for some monic polynomial hptq relatively prime to t´a. Then by our hypothesis we can lift this factorization
back to Rrts and get:

fptq “ pt ´ aqhptq

such that the ideal generated by t ´ a and hptq is Rrts.
Now consider the R-algebra homomorphism:

B “ Rrts{pfptqq Ñ R, t ÞÑ a

This induces another R-algebra homomorphism:

Bn “ pRrts{pfptqqqn Ñ R

Hence an S-morphism:
S “ SpecR Ñ SpecBn » SpecOX,x

We also have a canonical morphism SpecOX,x Ñ X, I claim that we get a section of g. To see why, consider
the following diagram:

X bR k Speck

SpecR X SpecR

gs

g

We want to prove SpecR Ñ X Ñ SpecR is the identity. We know that this is the same as showing the
corresponding morphism on the global sections is the identity. This is:

OX,x Bn R

R

»

g
Id

Then we pullback this along X bR k and get:

Speck X bR k Speck

SpecR X SpecR

gs

g

Then the composition Speck Ñ X bR j
gs
Ñ Speck is the identity, we are done.

Finally, let’s prove that 7 implies 4 and completing the proof: Recall that if we use A “ Rrts{pfptqq, it’s a
finite rank free R-module, then we know that there is an etale R-algebra B of finite presentation representing
the functor A1 Ñ IdempA1 bR Aq.

Our goal is to show that:
IdempAq Ñ IdempA{mAq

is an isomorphism and we have shown that it’s always injective, therefore by the representability lemma, we
only need to prove that the morphism:

HomRpB,Rq Ñ HomRpB,R{m “ kq

is surjective.
Notice that the two sets are identified with sections of g : SpecB Ñ SpecR and gs : SpecBbR k Ñ Speck

and the morphism between them is identified as pulling back. Since we know that g is etale, our hypothesis
implies that the morphism is surjective. We are done.

Proposition 5.5. Suppose that pR,mq is a complete local Noetherain ring then R is Henselian.
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Proof. The Noetherian hypothesis is crucial here as a lot of good properties of completion of rings happens
only when we have Noetherianity. We give two proofs of this result. First, we can check that every finite
R-algebra A is a finite product of local rings. This is because for any Notherian ring A and finitely generated
A-module M , we have a canonical isomorphism:

Â bA M Ñ M̂

Here R is A and we know that R itself is complete, therefore we know that the above morphism is:

A bA M Ñ M̂

which is an isomorphism therefore any such finitely generated M is complete, therefore we know that A is
m-adic complete. Recall that A has finitely many maximal ideals, say m1, ¨ ¨ ¨ ,mn.

Now think about the nilpotent ideal of A{mA, which is pm1 X ¨ ¨ ¨ X mnq{mA. Since A is also Notherian,
we know that there is an integer k such that:

pm1 X ¨ ¨ ¨ X mnqk Ă mA Ă m1 X ¨ X mn

Therefore we know that in A, the filtration defined by m1 X ¨ ¨ ¨ X mn and mA are cofinal, therefore they
define the same completion, i.e. we have:

A » lim
ÐÝ
i

A{miA » lim
ÐÝ
i

A{pm1 X ¨ X mnqi “ lim
ÐÝ
i

A{mi
1 ¨ ¨ ¨mi

n

Recall that since mi’s are distinct maximal ideals, their powers are still coprime, therefore we can apply the
Chinese Remainder Theorem and conclude that:

A » lim
ÐÝ
i

pA{mi
1 ˆ ¨ ¨ ¨ ˆ A{mi

nq » lim
ÐÝ
i

A{mi
1 ˆ ¨ ¨ ¨ lim

ÐÝ
i

A{mi
n “ Âm1

ˆ ¨ ¨ ¨ ˆ Âmn

I claim that each of these factors are local, this is because that we know that for any Noetherian ring, the
completion of a maximal ideal, is the extension of the maximal ideal, and it’s still going to be maximal.
Moreover, it’s contained in the intersection of all maximal ideals of the completion, thus if the Noetherian
ring is local, then the completion at the maximal ideal is also local, with the unique maximal ideal being
the completion of the unique maximal ideal of the original ring.

We can also check the property of lifting polynomials. Let fptq P Rrts be a monic polynomial and let
fptq “ pt ´ aqhptq be a factorization in krts with hptq relatively prime to hptq. Now we will try to lift a to a
root of fptq in Rrts using a method somehow similar to Newton’s method of find a root of a smooth function
using limit, or in other words, C is complete. By our assumption, a is a simple root of fptq, thus we know:

fpaq “ 0, f 1paq ‰ 0

Let a0 be an arbitrary lift of a, then we know that fpa0q P m and f 1pa0q is a unit. Now we will do induction,
suppose that we have found a lift ai P R of a such that fpaiq P mi`1. Then since f 1paiq is a unit of R, we
can define:

ai`1 “ ai ´
fpaiq

f 1paiq

Then we know that ai`1 ´ ai “ ´
fpaiq

f 1paiq
P mi`1. Then I claim that ai`1 is also a lift of a since we know:

ai`1 ´ ai “ ai`1 ´ a “ x

for some x P mi`1.
Notice that for any a, δ P R, we can find b P R such that:

fpa ` δq “ fpaq ` f 1paqδ ` bδ2

(You only have to compute what is fpa ` δq ´ pfpaq ` f 1paqδq) In particular, we can find bi such that:

fpai`1q “ fpaiq ` f 1paiq ¨ p´
fpaiq

f 1paiq
q ` bip´

fpaiq

f 1paiq
q2 “ bip´

fpaiq

f 1paiq
q2 P m2i`2 Ă mi`2
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Then we have constructed an element in the completion of R:

a “ lim
i

ai

as we know that ai`1 ´ ai P mi`1, moreover since R is complete, this element is in R. If we compute fpaq,
which is the limit of fpaiq, we know that it’s 0 as fpai`1q P mi`2. Since each ai is a lift of a, the result a is
also a lift of a. Therefore we have fptq “ pt´aqhptq for some monic polynomial hptq lifting hptq. Notice that
Rrts{pfptqq is finitely generated over R, therefore since after we tensor with R{m it’s 0, we know that it’s
already 0 by Nakayama’s lemma, therefore we know that pt ´ aq, hptq indeed generate Rrts. Therefore they
are relatively prime, this also shows that if the lift of a to a is unique, then the factorization is also unique.
So finally, let’s show the lift of a is indeed unique.

Let’s assume that a1 be a roof of f and also a lift of a, then we know that there is a b P R such that:

fpa1q “ fpaq ` f 1paqpa1 ´ aq ` bpa1 ´ aq2

Since fpaq “ 0 “ f 1pa1q, then we know that:

a1 ´ a “ ´
b

f 1paq
pa1 ´ aq2

since a1 ´ a P m, then we know that pa1 ´ aq P m2 and then it’s in all mi, therefore the difference is 0 since
the ring is complete. We are done.

Definition 5.6. Let A Ñ A1 be a local homomorphism of local rings, we say that A1 is essentially etale
over A if there is an etale A-algebra B and a prime ideal p of B lying above the maximal ideal of A such
that A1 is A-isomorphic to Bp. In a diagram, it’s the following situation:

A B Bp

A1

»

Remark 5.7. Recall that by the definition that B is etale over A, we know that SpecB Ñ SpecA is finite
presentation thus finite type. Moreover, since it’s unramified, I will let you check that SpecB Ñ SpecA is
quasi-finite.

I claim knowing this implies that the maximal ideal of A1 is the only prime of A1 lying above the maximal
ideal of A. Notice that if we consider the fiber of the closed point of SpecA in SpecB, it’s closed and is finite.
I claim that there is no ideal in the inverse image that is contained in another ideal in the inverse image.
To see why, we know that the inverse image is discrete, that is each of them is again closed, therefore it’s
also a closed point, thus a maximal element of B. Then from the above diagram that the inverse image of
maximal ideal m1 of A1 in A is indeed the maximal ideal of A. Suppose that q is another such ideal, then
we know that it’s inverse image in Bp must be pBq, therefore using the isomorphism A1 » Bp, we know that
q “ m1. Then we know that if A1, A2 are two essentially etale A-algebras, the only possible A-homomorphism
between A1, A2 is local.

Definition 5.8. A local homomorphism A1 Ñ A1 of local rings is called strictly essentially etale if it’s
essentially etale and the induced morphism on residue fields is an isomorphism.

*** This definition of essentially etale is probably related to the section of passage to the limit

Proposition 5.9. If A Ñ A1 and A1 Ñ A2 are (strictly) essentially etale, then so is the composition.

Proof. *** Need to first read the section on passage to limit

Lemma 5.10. Let A,A1 be local rings, A1 Ñ A1 a strictly essentially etale local homomorphism, and pR,mq

a henselian local ring. Then the canonical map:

loc.HompA1, Rq Ñ loc.HompA,Rq

between sets of local homomorphisms of local rings is a bijection.
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Proof. We need to show that given a local morphism A Ñ R, we can uniquely extend it to a local morphism
A1 Ñ R.

Let’s first show the existence: consider the morphism SpecR Ñ SpecA, we want to construct the following
diagram:

SpecA SpecA1

SpecR

such that the closed point of R is mapped to the closed point of A1.
Consider the fibered product:

SpecA1 bA R SpecR

SpecA1 SpecA

We know that the existence of such a dotted morphism is equivalent to the existence of a section of SpecA1 bA

R Ñ SpecR that maps the unique maximal ideal of R to the point in SpecA1 bAR above the closed point of
SpecA1 and that of SpecR. I claim that the fact that A Ñ A1 induces an isomorphism on the residue field
implies that there exists and only exists one point in SpecA1 bA R that maps to the closed point of R and
SpecA1. To see why, consider the following diagram:

Speckpx1q bkpxq kpmq Speckpmq

SpecA1 bA R SpecR

SpecA1 SpecA

Speckpx1q Speckpxq

»

»

where the morphism Speckpx1q bkpxq kpmq Ñ SpecA1 bA R is induced by the universal property of the
fibered product SpecA1 bA R. Note that since Speckpx1q Ñ Speckpxq is an isomorphism, we know that
Speckpx1q bkpxq kpmq is a single point. This proves existence, to see uniqueness, let S “ A1 bA R and let
J “ mS ` x1S. We know that any prime in S which pulls back to x1,m must contain J , therefore we know
that these primes are primes in S{J . Now what is S{J . Recall that for any A-algebra A1 and an ideal I 1 Ă A1

and an A-module M , we have:

pA1{I 1q bA M » pA1 bA Mq{I ¨ pA1 bA Mq

because tensor is right exact. Then we can apply this twice and:

A1{x1 bA R{m » pA1 bA R{mq{px1q

Similarly A1 bA pR{mq » pA1 bA Rq{pmq, therefore we get the desired isomorphism. However, notice that
A1{x1 bA R{m » A1{x1 bA{x R{m, which is a field. Therefore J is in fact a maximal ideal, therefore it’s
unique. Moreover we know the residue field is kpx1q bkpxq kpmq. This not only just holds for the affine case,
you can prove this for any Cartesian diagram as long as you have the isomorphism of residue fields as you
can always transform to this affine case.

Now let B be an etale A-algebra such that A1 is A-isomorphic to Bp for some prime ideal p of B. Then
let’s consider a new Cartesian diagram:

SpecBp bA R SpecB bA R SpecR

SpecBp SpecB SpecA
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We notice that the larger rectangle is isomorphic to the Cartesian square of SpecA1 bAR. Then I claim that
if we have section of SpecB bA R Ñ SpecR that maps m to the unique point of SpecB bA R that is above
p P SpecB and m of SpecR, we know that the inverse image of m is over p in SpecB, therefore we have a
unique morphism Bp Ñ R by the universal property of the localization, thus the existence is proved. The
uniqueness of the point in SpecB bA R is essentially proved in a similar way as shown above.

Notice that SpecB Ñ SpecA is etale, then SpecB bA R Ñ SpecR is etale as well, then we know that we
have a Cartesian diagram:

SpeckpXq Speckpmq

SpecB bA R SpecR

where X is the unique point in SpecB bA R above m,x we talked about above. However, notice that since
the residue field of X, i.e. KpXq is exactly the same as that of m, i.e. kpmq, therefore we have a section of
SpeckpXq Ñ Speckpmq.

Then since R is henselian, we know that such a section of SpeckpXq Ñ Speckpmq is induced by a
section from SpecB bA R Ñ SpecR. To see this section of SpecB bA R Ñ SpecR is unique, notice that
SpecB bA R Ñ SpecR is separated and unramified and SpecR is connected, then we know that a section
of SpecR is uniquely determined by the value of one point. Consider the unique closed point of SpecR, we
know that this section can only map m to that unique point X of SpecB bA R, therefore it’s unique.

Lemma 5.11. Let A be a local ring, and let A1, A2 be strictly essentially etale local A-algebras, then:

1. There is a strictly essentially etale A-algebra A3 dominating A1, A2.

2. There is at most one A-homomorphism from A1 to A2.

Proof. To prove 1: by definition, we know that there are B1, B2, etale A-algebras and primes p1, p2 such
that A1, A2 are A-isomorphic to pB1qp1 , pB2qp2 . Then consider the diagram:

SpecB1 bA B2 SpecB2

SpecB1 SpecA

Recall that A1, A2 are strictly essentially etale A-algebras, therefore the residue field of B1, B2 at p1, p2 is the
same as that of m at A. Therefore we know that there exists and only exists one point p in SpecB1 bA B2

such that it lies over p1, p2. Then I claim that A3 “ pB1 bA B2qp suffices. This is essentially by definition
as we know that SpecB1 bA B2 Ñ SpecA, as the composition of two etale morphisms is still etale, therefore
A3 is already the localization of an etale at a prime ideal and the prime is mapped to the desired prime in
SpecA. Then we only need to check that the induced residue field morphism is in fact an isomorphism. This
is essentially the same as we will be able to prove that the residue field of that point is kpp1q bkpxq kpp2q.
But as kpp1q » kpxq » kpp2q, this is indeed isomorphic to kpxq, via the induced morphism of residue fields
(this is easy to check here as we know that p1, p2 are in fact maximal ideals).

Now let’s prove 2: keep the notation in 1, I will let you show that it suffices to show that there is at most
one A-morphism from SpecA2 to SpecB1 such that the closed point of A2 maps to p1. Again, consider the
Cartesian diagram:

SpecB1 bA A2 SpecA2

SpecB1 SpecA

therefore using a similar argument as above, we can see that such a dotted morphism is equivalent to a section
of SpecB1 bA A2 Ñ SpecA2 that maps the closed point of SpecA2 to the unique point p of SpecB1 bA A2

that is over the closed point of SpecA2 and p1. Then if there is such a section, we know that the uniqueness
follows from the fact that SpecB1 bA A2 Ñ SpecA2 is unramified separated, and SpecA2 is connected.
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Now let A be a local ring, a local morphism A Ñ A1 is called essentially of finite type if there exists a
finitely generated A-algebra B such that A1 is isomorphic to to Bp for some prime ideal p of B. Notice that
there is a set of local A-algebras essentially of finite type, such that each essentially finite type A-algebra is
A-isomorphic to one of the elements in that set. For example, we can take the set to be:

tpArt1, ¨ ¨ ¨ , tns{Iqpu

where t ranges over all natural numbers and I ranges over all ideals of Art1, ¨ ¨ ¨ , tns and p goes over all prime
ideals of Art1, ¨ ¨ ¨ , tns lying above m. Recall that each strictly essentially etale A-algebra is an essentially
finite type A-algebra, therefore there is a set of strictly essentially etale A-algebra such that each such
A-algebra is A-isomorphic to one of the members of the set.

Now let I be the category whose objects are strictly essentially etale A-algebras and whose morphisms
are A-homomorphisms (essentially local, and rather the objects are isomorphism classes of those algebras,
but this only matters when it comes to set-theoretic problems, so it’s not that important for our discussion),
then the previous discussion lemma and our discussion of direct limit shows that the following direct limit
exists:

Ah “ lim
ÝÑ

A1PObI
A1

Definition 5.12. Let A be a local ring, then we define it’s henselization to be:

Ah “ lim
ÝÑ

A1PObI
A1

Of course, this process is called henselization for some reasons. For example, Ah is going to be a henselian
local ring and if A is itself henselian, Ah » A. Ah will also be related to the original A in some ways. To
state and prove these properties, we need some preparation:

Lemma 5.13. Let A be a ring and I a finitely generated ideal of A. Recall that we denote the completion
of A at I by Â “ lim

ÐÝn
A{In. If we write Jn “ kerpÂ Ñ A{Inq, then:

1. The canonical homomorphism A Ñ Â induces isomorphisms Jn “ InÂ, A{In » Â{InÂ and In{In`1 »

InÂ{In`1Â.

2. If A{I is Noetherian then Â is Noetherian.

Proof. First, clearly that the canonical projection Â Ñ A{In is surjective, therefore we know that we have
an isomorphism Â{Jn Ñ A{In. Then we consider the following diagram of exact rows:

0 In{In`m A{In`m A{In 0

0 Jn{Jn`m Â{Jm`n Â{Jn 0

0 In{In`m A{In`m A{In 0

» »

where the first vertical morphisms are induced by the canonical morphism i : A Ñ Â and thus the composition
of every vertical column is the identity morphism. Then we know that by the five-lemma, Jn{Jn`m Ñ

In{Im`n is an isomorphism for all m,n, therefore In{In`m Ñ Jn{Jn`m is also an isomorphism for all
m,n. Notice that this also implies that A{Im`n » Â{Jm`n for all m,n, however, it’s not enough for us
to conclude that InÂ » Jn. Consider the following case, if we have a ring map f : A Ñ B such that the
induced morphism A{I Ñ B{J is an isomorphism, then notice that we can not conclude IB “ J . Clearly
that f´1J “ I, but this only implies that IB Ă J . A concrete example is:

k Ñ krxs
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We know that we have an isomorphism:
k{p0q Ñ krxs{pxq

But clearly the extension of p0q is still 0, not pxq.
Therefore we still need to show that Jn Ă InÂ. Consider the isomorphism:

In{In`m Ñ Jn{Jn`m

This implies that ipInq ` Jn`m “ Jn. Let m “ 1, then we know that ipInq ` Jn`1 “ Jn. Suppose that I in
A is generated by x1, ¨ ¨ ¨ , xn, then we know that for any z P Jn, we can write it as:

ip
ÿ

i1`¨¨¨`ik“n

a0i1¨¨¨ik
xi1
1 ¨ ¨ ¨xik

k q ` zn`1

where zn`1 P Jn`1 and a0i1¨¨¨ik
P A. We know that Jn`1 “ ipIn`1q ` Jn`2, therefore we can conclude that

for all m:
z “ ip

ÿ

i1`¨¨¨`ik“n

pa0i1¨¨¨ik
` ami1¨¨¨ik

qxi1
1 ¨ ¨ ¨xik

k q ` zn`m`1

for some zn`m`1 P Jn`m`1 and a1i1¨¨¨ik
P I. Now we can take limit for m for both sides (can you figure what

this means here?) and conclude that there is some âii¨¨¨ik in Â such that:

z “
ÿ

i1`¨¨¨`ik“n

âii¨¨¨ik ipx
i1
1 ¨ ¨ ¨xik

k q

Therefore z P InÂ, we are done. That is to say we take âii¨¨¨ik to be the infinite tuple where on the m-th

slot we put
řm´1

q“0 aqi1¨¨¨ik
. To check these two are indeed the same, consider their difference and we conclude

that the difference is in Jn for all n, and we know that if an element is in Jn for all n, it’s 0. Then since
In{In`m » Jn{Jn`m we have In{In`m » InÂ{In`mÂ for all m,n. In particular we have A{In » Â{InÂ
and In{In`1 » InÂ{In`1Â.

To prove 2, we use the associated graded ring argument, and we need to prove the following ring is
Noetherian:

‘8
n“0I

nÂ{In`1Â » ‘8
n“0I

n{In`1

Since A is Noetherian, we know that ‘8
n“0I

n{In`1 being a quotient of pA{Iqrx1, ¨ ¨ ¨ , xns, is also Noetherian.

Proposition 5.14. Let pAλ, ϕλµq is a direct system of local rings with ϕλµ being local morphisms. For each
λ, let mλ be the maximal ideal of Aλ and let kλ “ Aλ{mλ be the residue field:

1. A “ lim
ÝÑλ

Aλ is a local ring with maximal ideal m “ lim
ÝÑλ

mλ and it’s residue field A{m is isomorphic
to k “ lim

ÝÑλ
kλ.

2. If mµ “ mλAµ for any pair µ ě λ, then m “ mλA for all λ.

3. If Aµ is flat over Aλ for any pair µ ě λ, then A is flat over Aλ for all λ.

4. If mµ “ mλAµ and Aµ is flat over Aλ for any pair µ ě λ and if Aλ if Noetherian for all λ, A is
Noetherian.

Proof. Recall that lim
ÝÑλ

is exact, therefore if we consider m “ lim
ÝÑ

mλ, it’s still a subset of lim
ÝÑ

Aλ and it’s
easy to check that this is an ideal of A, then consider the SES:

0 Ñ lim
ÝÑ

mλ Ñ lim
ÝÑ

Aλ Ñ lim
ÝÑ

kλ Ñ 0

Clearly direct limit of fields is still a field, therefore m is a maximal ideal of A. To check A is local with m
being it unique ideal. We need to prove that A ´ m are all units. Again, since ϕλµ are local morphisms, it
induces an inclusion:

A ´ m “ lim
ÝÑ

pAλ ´ mλq ãÑ A
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Since Aλ ´ mλ are all units, we know that A ´ m are also units.
Now if mµ “ mλAµ, then we have:

m “ lim
ÝÑ
µěλ

mλAµ ãÑ lim
ÝÑ
µěλ

Aµ

Clearly this inclusion lands in mλA, and given something in mλA, it’s xλa for some xλ P mλ and a P A is
represented by aµ for some µ ě λ, then we know that ϕλµpxλqaµ suffices.

We want to show that bAλ
A is exact, recall that tensor commutes with direct limits, therefore we know

that bAλ
A » lim

ÝÑµěλ
pbAλAµq. Since Aµ is flat over Aλ, the functor bAλAµ is exact, and we also know that

direct limit is exact, thus the composition of two exact functors is still exact.
Finally, we want to show that A is Noetherian. We will show that any ascending chain of ideals in A

stabilize. Since each Aλ is Noetherian, we know that mλ is finitely generated, therefore m “ mλA is also
generated, since A{m is a field, thus Noetherian, then we know that Â “ lim

ÐÝn
A{mn is Noetherian and

Â{mnÂ » A{mn. Since
A{mn “ A{mn

λA » Aλ{mn
λ bAλ

A

and A is flat over Aλ, we know that:
bAλ{mn

λ
A{mn » bAλ

A

There fore we know that A{mn is flat over Aλ{mn
λ. Then since we have the isomorphism A{mn » Â{mnÂ, we

know that Â{mnÂ “ Â{mn
λÂ is also flat over Aλ{mn

λ. Now we consider the morphism between Noetherian
rings:

Aλ Ñ Â

we know that after we tensor with bAλ
Aλ{mn

λ for all n, we get a flat morphism, then this implies that Â is
flat over Aλ.

Now let I be a finitely generated ideal of A, then by the definition of A, we have some λ and a finitely
generated ideal Iλ Ă Aλ such that I “ IλA, but notice that A is flat over Aλ, therefore we know that:
Iλ b A Ñ Aλ b A is injective, therefore we know that I » Iλ b A.

Since Â is also flat over Aλ, we know:
Iλ b Â Ñ Â

is injective, thus Iλ bAλ
A bA Â Ñ Â is injective, then the canonical morphism I bA Â Ñ Â is injective

for all finitely generated ideal of A, therefore Â is flat over A. I claim that Â is actually faithfully flat over
A, therefore is we have a chain of ideals in A that is not stabilizing, after we tensor with Â, we get another
chain that is not stabilizing, a contradiction. To show faithfully flatness, consider the ring map:

A Ñ Â

we know that this is local since we know that the completion of a local ring is still local, this is because
A{m » Â{mÂ thus a field, thus mÂ is a maximal ideal. And for any x P Â´mÂ, the image in lim

ÐÝ
A{mn Ñ

A{mn is not in m{mn thus a unit, thus x is also a unit in Â. Then since Â is flat over A and they are both
local with a local morphism then automatically Â is faithfully flat over A. We are done.

Using this lemma, we can prove several properties of the henselization:

Proposition 5.15. Let pA,mq be a local ring.

1. Ah is henselian local and the canonical morphism A Ñ Ah is local and faithfully flat, mAh is the
unique maximal ideal, and the homomorphism A{m Ñ Ah{mAh is an isomorphism.

2. For every henselian local ring R, the canonical morphism:

loc.HompAh, Rq Ñ loc.HompA,Rq

is bijective.

3. If A is already henselian then the canonical map A Ñ Ah is an isomorphism.
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4. The canonical morphism Â Ñ Âh is an isomorphism.

5. If A is Noetherian then so is Ah.

Proof. Suppose that A Ñ A1 is a strictly essentially etale. I claim that this is map is local and faithfully
flat. Since both are local rings, once we prove the map is local, we only need flatness to conclude faithfully
flatness. Recall that A Ñ A1 is A Ñ B Ñ Bp. Since A Ñ B is flat and B Ñ Bp is flat then we know that Bp

is flat over A, therefore so is A1. We have saw that any morphism of essentially etale A-algebras is local and
we notice A Ñ A1 is itself such a morphism, thus local. Recall that since A Ñ B is etale, it’s unramified,
therefore we know that A Ñ Bp makes pBp the extension of m, then this also holds for A1, this also tells
you that A{m Ñ A1{mA1 is an isomorphism. Suppose that A1 Ñ A2 is an A-morphism of essentially etale
morphisms, we know that we have a diagram:

A1 A2

A

We want to prove that A1 Ñ A2 is also flat, which implies it’s faithfully flat. To see why, let’s consider the
following diagram:

A1 “ Bp Cq “ A2

B C

A

Notice that B over A is finitely presented, then we know that B Ñ Cp actually factors through Ct for some
t R p, i.e. we have:

A1 “ Bp Cq “ A2

B Ct C

A

Then since we know that A Ñ B and A Ñ C are both etale, then A Ñ Ct is also etale since C Ñ Ct is
first finitely presented and also flat and unramified. Therefore B Ñ Ct is also etale, then in particular flat.
This implies that Bp Ñ Cq is flat as flatness is preserved by localization. Finally since we work with strictly
essentially etale A-algebras, the isomorphism on residue fields are all isomorphisms.

Then we apply the previous result and conclude that A{m Ñ Ah{mAh is an isomorphism, and A Ñ Ah

is local with mAh the maximal ideal and A Ñ Ah is faithfully flat. Therefore we only need to check Ah is
indeed henselian. To check this, we will check that for any etale morphism g : X Ñ SpecAh, any section of
gs : X bAh k Ñ Speck is induced by a section of g.

Let’s suppose that we have a section s : SpecAh{mAh Ñ X bAh Ah{mAh, I claim that this can be lifted
to a section of g SpecAh Ñ X. Consider the diagram:

SpecAh{mAh X bAh Ah{mAh SpecAh{mAh

SpecAh X SpecAh

s

?

Notice that we can shirnking X and assume that X Ñ SpecAh is finitely presented. To see why, we notice
that the image of s in X bAh Ah{mAh is juts one point, then we can choose an affine open U of the image
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in X and consider:

SpecAh{mAh U bAh Ah{mAh SpecAh{mAh

SpecAh U SpecAh

s

?

Then if there is such a section of U Ñ SpecAh, I claim that SpecAh Ñ U ãÑ X is the section we are looking
for. As we have:

SpecAh{mAh U bAh Ah{mAh X bAh Ah{mAh SpecAh{mAh

SpecAh U X SpecAh

So by shirnking X, we can assume that X Ñ SpecAh is affine and finitely presented. Then we can use the
results we discussed in the section of passage to limits, and conclude that we can find a strictly essentially
etale local A-algebra A1 and an etale morphism g1 : X 1 Ñ SpecA1 inducing g after base change to SpecAh.
Let x1 P X 1 be the image of the composite:

SpecAh{mAh s
Ñ X bAh Ah{mAh Ñ X Ñ X 1

Then we notice that OX1,x1 is a strictly essentially etale A-algebra since we have A Ñ A1 Ñ OX1,x1 where
we know that A Ñ A1 is strictly essentially etale and A1 Ñ OX1,x1 is also strictly essentially. Then we know
that by the definition of Ah, there is an A1-algebra homomorphism OX1,x1 Ñ Ah, which gives SpecAh Ñ

SpecOX1,x1 Ñ X 1. Finally, notice that we have a morphism SpecAh Ñ X which can be thought as the graph
of SpecAh Ñ X 1. I claim that this morphism is a section of g that induce s. The fact that it’s a section of g
comes from our interpretation as this as the graph. To check it recall that we have assumed that X is affine,
say SpecB. Then we know that the morphism X bAh Ah{mAh Ñ SpecAh{mAh is also etale and separated,
therefore we know that it’s section is again determined by where the unique point of SpecAh{mAh goes.
Notice that the image of SpecAh Ñ X lies above the maximal ideal of Ah and x1 P X 1, and since A1 Ñ Ah

induce an isomorphism on the residue field, we know that this point in SpecB is the only point lying about
the two points. However we know that the image of SpecAh Ñ X is also such a point, thus we know that
these are the same point. Then we consider it’s pullback by SpecAh{mAh, we know that the image is going
to be the unique point lying above the point of SpecAh{mAh and the image

SpecAh Ñ X

, therefore we are done.
To prove 2, first recall that if A1 is a strictly essentially etale A-algebra, we have a bijection:

loc.HompA1, Rq Ñ loc.HompA,Rq

Now, consider the morphism:
loc.HompAh, Rq Ñ loc.HompA,Rq

Let’s first prove that it’s injective. Recall that a map Ah Ñ R is the same as a system of compatible maps
A1 Ñ R that is compatible under A1 Ñ A2, then if we assume that after we precompose A Ñ A1 Ñ R we get
the same morphism, we know that each of the maps in the system are equal, therefore the final morphisms
are equal. Surjectivity is similar, I will leave it here.

To prove 3, if A is already henselian, then we know that if A1 is a strictly essentially etale A-algebra,
consider: the following diagram:

Speckpx1q Speckpx1q Speckpxq

SpecBp SpecB SpecA
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where A1 is Bp for an etale A-algebra B. Notice that Speckpx1q Ñ Speckpxq is an isomorphism by assumption.
Then we know that it’s generated by a section of SpecB Ñ SpecA. Notice that SpecB Ñ SpecA is etale, then
this section SpecA Ñ SpecB correspond to an isomorphism of SpecA with an open connected component
of SpecB since we know that the image of the closed point of A is p in B, we know that the image is
contained in SpecBp and is surjective on SpecBp since we know that SpecA Ñ SpecB is also going to be
flat, therefore SpecA Ñ SpecBp is also flat and thus faithfully flat, therefore surjective, then we know that
SpecBp Ñ SpecB is actually open and SpecA Ñ SpecBp is actually an isomorphism by our correspondence
between sections of etale morphisms and isomorphism on connected components.

Therefore we know that A Ñ A1 is an isomorphism for any strictly essentially etale A-algebra, then Ah

as the filtered colimit we know that the canonical map A Ñ Ah is also an isomorphism.
To prove 4, we want to show an isomorphism of the inverse system:

A{mn Ñ Ah{mnAh

To show this, recall that Ah is flat over A, therefore we have canonical isomorphisms mn bA Ah » mnAh

and thus mn{mn`1 bAAh » mnAh{mn`1Ah. Notice that mn{mn`1 bAAh » mn{mn`1 bA{mA{mbAAh »

mn{mn`1 bA{m Ah{mAh. Since Ah{mAh » A{m we know that:

mnAh{mn`1Ah » mn{mn`1 bA{m A{m “ mn{mn`1

When n “ 0, we know A{m » Ah{mAh and notice that for A{mn, we have a filtration:

mn{mn Ă mn´1{mn Ă ¨ ¨ ¨ Ă m{mn Ă A{mn

Notice that the successive quotient is mi{mi`1. We do the same for Ah{mnAh and use induction to prove
the isomorphism:

A{mn Ñ Ah{mnAh

Finally to prove 5, we notice that if A is Noetherian, then A1 is Noetherian for any strictly essentially
etale A-algebra A1, then we apply the previous result to conclude that Ah is Noetherian.

Proposition 5.16. Let A be a local Noetherian ring, then A is reduced (resp. regular, resp. normal) iff Ah

is so.

Proof. *** to be completed later

Proposition 5.17. Let pRλ, ϕλµq be a direct system of local rings such that ϕλµ are local homomorphisms.

1. If each Rλ is henselian, then so is lim
ÝÑλ

Rλ.

2. In general, we have plim
ÝÑλ

Rλqh » lim
ÝÑλ

Rh
λ

Proof. Recall that if we use R to denote the direct limit, then the maximal ideal is m “ lim
ÝÑ

mλ. Let’s
consider A “ Rrts{pfptqq where fptq is a monic polynomial. Then to show that R is indeed henselian, we
need to show that A Ñ A{mA induces an one-to-one correspondence between idempotents elements of A
and A{mA. We already know that this is always injective when restricted to idempotent elements, therefore
we only need to show it’s surjective.

Let e P A{mA be an idempotent element, notice that Rrts is the filtered colimit of Rλrts, then we
know that there will be a monic polynomial fλptq P Rλrts, whose image in Rrts is fptq. Then we define
Aλ “ Rλrts{pfλptqq and we can consider Aλ{mλA. We notice that lim

ÝÑ
pfλptqq “ pfptqq and mA “ lim

ÝÑ
mλAλ,

then again using the fact that filtered colimit is exact we know that:

lim
ÝÑ

Aλ{mλA “ A{mA

Then we know that for this idempotent element e in A{mA, there will be some eλ in Aλ{mλAλ that is also
idempotent whose image in A{mA is e. Then since Rλ is henselian, we know that there will an idempotent
element eλ in Aλ lifting eλ. Consider the image of e in A, you can check it lifts e.
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Then let’s prove 2: notice that for each Rλ, we have a canonical morphism Rλ Ñ lim
ÝÑ

Rλ. Consider the
following sequence:

Rλ lim
ÝÑ

Rλ plim
ÝÑ

Rλqh

Notice that this is a local homomorphism and plim
ÝÑ

Rλqh is henselian local. Then we know that this uniquely
factors through the henselization of Rλ, i.e. we have the diagram:

Rλ lim
ÝÑ

Rλ plim
ÝÑ

Rλqh

pRλqh
D!

Notice that for a pair µ ě λ, we have the diagram:

Rλ Rµ lim
ÝÑ

Rλ plim
ÝÑ

Rλqh

pRλqh pRµqh

The existence and uniqueness of the factorization shows that there is a local homomorphism from pRλqh Ñ

pRµqh and the composition with pRµqh Ñ plim
ÝÑ

Rλqh is the morphism pRλqh Ñ plim
ÝÑ

Rλqh.
Then by the universal property of filtered colimits, we have a homomorphism:

f : lim
ÝÑ

Rh
λ Ñ plim

ÝÑ
Rλqh

Notice that lim
ÝÑ

Rh
λ is henselian as each of the factors is henselian, therefore we know that the morphism:

lim
ÝÑ

Rλ Ñ lim
ÝÑ

Rh
λ

induces a unique morphism:
g : plim

ÝÑ
Rλqh Ñ lim

ÝÑ
Rh

λ

I claim that f, g are inverses of each other. To check this, for example to check:

lim
ÝÑ

Rh
λ Ñ plim

ÝÑ
Rλqh Ñ lim

ÝÑ
Rh

λ

is the identity, we only need to check how each Rh
λ is mapped to lim

ÝÑ
Rh

λ. Therefore we need the following
diagram:

pRµqh lim
ÝÑ

Rh
λ

Rλ Rµ lim
ÝÑ

Rλ plim
ÝÑ

Rλqh

pRλqh pRµqh

We know that the top horizontal morphism pRµqh Ñ lim
ÝÑ

Rh
λ is the factorization of Rµ Ñ lim

ÝÑ
Rλ Ñ lim

ÝÑ
Rh

λ.

We notice that the composition pRµqh Ñ plim
ÝÑ

Rλqh Ñ lim
ÝÑ

Rh
λ is also a factorization, therefore by the

uniqueness, they are equal. This suffices. The other direction is via similar argument, I will let you do
it.

Proposition 5.18. Let pA,mq be a local ring, and B a finite A-algebra. We know that B only has finitely
many maximal ideals, say n1, ¨ ¨ ¨ , nk are all of them. Then we have:

B bA Ah » pBn1qh ˆ ¨ ¨ ¨ ˆ pBnk
qh
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Proof. First we know that A Ñ Ah induces an isomorphism of the residue field, then consider:

SpecB bA Ah bAh k Speck

SpecB bA k Speck

SpecB bA Ah SpecAh

SpecB SpecA

That is, the fiber of SpecB Ñ SpecA and SpecB bA Ah Ñ SpecAh over the closed points are isomorphic.
Since we know that Ah Ñ B bA Ah is also finite, we know that the fiber over the closed point is also the
maximal ideals of B bA Ah, therefore we have a one to one correspondence between the maximal ideals
of B and B bA Ah. Let n1

1, ¨ ¨ ¨ , n1
k be the distinct maximal ideals of B bA Ah lying above n1, ¨ ¨ ¨ , nk via

B Ñ B bA Ah.
Then since Ah is henselian, we know that B bA Ah being finite over Ah is going to be a finite product of

local rings, and we know that this product can be written as:

B bA Ah » pB bA Ahqn1
1

ˆ ¨ ¨ ¨ ˆ pB bA Ahqn1
k

Therefore, to prove our assertion, we only need to prove that pB bA Ahqn1
i

» pBni
qh.

Notice that we know that filtered colimit commutes with tensors, therefore we have:

B bA Ah » lim
ÝÑ

A1PObjI
B bA A1

where I is the old category of strictly essentially etale A-algebras.
Then let ei P B bA Ah be the element that is projected down to 1 in pB bA Ahqni and 0 in pB bA Ahqnj

for j ‰ i. Then we know that eiej “ 0 and e2i “ ei and e1 ` ¨ ¨ ¨ ` ek “ 1. Notice that since B bA Ah is also
a filtered colimit, we know that there is a strictly essentially etale A-algebra A1 such that e1, ¨ ¨ ¨ , ek are the
images of some elements of e1

1, ¨ ¨ ¨ , e1
k P B bA A1 with the same properties.

Therefore we know:
B bA A1 » pB bA A1qe1

1 ˆ ¨ ¨ ¨ ˆ pB bA A1qe1
k

If we tensor B bA A1 with bA1Ah, we get:

B bA Ah » pB bA Ahqe1 ˆ ¨ ¨ ¨ ˆ pB bA Ahqe1 » pB bA Ahqn1
1

ˆ ¨ ¨ ¨ ˆ pB bA Ahqn1
k

Again here this holds since we know that Ah is flat over A1.
Consider the morphisms:

SpecpB bA A1qe1
i Ñ SpecA1, SpecpB bA A1qe1

i bA1 Ah Ñ SpecAh

Just like the case with A Ñ Ah, we know that the residue field of A1 is isomorphic to that of Ah, therefore
we again conclude that the morphism:

SpecpB bA A1qe1
i bA1 Ah Ñ SpecpB bA A1qe1

i

gives you a bijection between maximal ideals, therefore since pB bA A1qe1
i bA1 Ah is local, we conclude that

pB bA A1qe1
i is also local and under the morphism:

B Ñ pB bA A1qe1
i
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it’s maximal ideal lives over ni. This is because we have a commutative diagram:

SpecpB bA A1qe1
i bA1 Ah SpecpB bA A1qe1

i

SpecB bA Ah SpecB

Notice that this implies that we have a morphism Bni
Ñ pB bA A1qe1

i and I claim this is strictly essentially
etale. To see why, recall that A1 is strictly essentially etale over A, therefore there will be an etale A-algebra
C such that A1 » Cp, then we know that:

Bni bA A1 » Bni bA Cp

Then we consider the sequence:

Bni
Ñ Bni

bA C Ñ Bni
bA Cp Ñ pBni

bA Cpqe2
i

where e2
i is the element in Bni bA Cp corresponding to e1

i in Bni bA A1. Notice that we have:

B bA A1 “ pB bA A1qe1
1 ˆ ¨ ¨ ¨ ˆ pB bA A1qe1

k

we know that since Bni
bA A1 is just some localization of B bA A1, it commutes with products and we get:

Bni bA A1 » pBni bA A1qei ˆ ¨ ¨ ¨ ˆ pBni bA A1qe1
k

And we know that the morphsim B bA A1 Ñ Bni
ˆA A1 is component wise. I will let you show that this

localization contains ei in the multiplicative system, therefore after the localization, only pBni
bA Cpqe2

i

survives and you can check the above composition Bni Ñ pBni bA Cpqe2
i is exactly Bni Ñ pB bA A1qe1

i.
Probably one useful tool you will use is the fact that if you have a finite product of local rings, say A1ˆ¨ ¨ ¨ˆAn,
then we know exactly the maximal ideal of this product, then I will let you show that projection to the Ai

factor is the same as localizing at the i-th maximal ideal.
Therefore we know that:

pBniq
h “ ppB bA A1qe1

iq
h

We also know that Ah “ pA1qh. Therefore our goal becomes to prove that:

ppB bA A1qe1
iq

h » pB bA Ahqn1
i

“ pB bA A1 bA1 pA1qhqn1
i

Then we can assume that B is actually B bA A1 and we know that the projection B bA A1 Ñ pB bA A1qe1
i

is actually the localization, we can assume that B is in fact a product of local rings over A.
We only need to show the case when B is a local ring, that is finite over A. In this case, I claim that

B bA Ah is local since we know that SpecB bA Ah Ñ SpecB gives a bijection of maximal ideals. I claim it’s
also henselian. To check this, suppose that C is a finite B bA Ah algebra, then since B is finite over A, we
know that B bA Ah is finite over Ah, then C is finite over Ah, therefore it’s indeed a finite product of local
rings. Moreover we know that:

B bA Ah “ lim
ÝÑ

B bA A1

and we know that B bA A1 is strictly essentially etale over B. This gives us a B-morphism B bA Ah Ñ Bh,
consider:

Bh Bh

B B

Id

Id

We know that since the identity extend B Ñ Bh it’s the unique local morphism extending B Ñ Bh to
Bh Ñ Bh. Then consider:

Bh B bA Ah Bh

B B B
Id Id
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We know that the composition must be the identity. Now recall that when we prove the fact about unique
factorization through the henselization, we only use the fact that we have a direct system and the fact
that each object in the system is strictly essentially etale, then we know that B bA Ah also has the unique
factorization property. Then consider:

B bA Ah Bh B bA Ah

B B BId

where Bh Ñ B bA Ah exists because B bA Ah is henselian, then we know that the composition is still the
identity, we are done.

Remark 5.19. Let’s make a side remark on why if A Ñ B is a local morphism and A Ñ A1 is a strictly
essentially etale algebra, then B Ñ B bA A1 will also be strictly essentially etale.

First, since A Ñ A1 gives an isomorphism betweem the residue fields, we know that B bA A1 is indeed
local and the morphism is a local morphism. To show we indeed have an isomorphism of residue fields, since
A Ñ A1 is strictly essentially etale, we consider the following diagram:

SpecB bA Cp SpecCp

SpecB bA C SpecC

SpecB SpecA

We have proved that in this case, since Cp and A has the same residue field, then we know that the residue
field of B bA Cp will be kppq bkpAq kpCpq » kppq.

The notice that B Ñ B bA C is etale as the base change of an etale morphism. Moreover, B bA C Ñ

B bA Cp can be interpreted as a localization and B bA Cp is a local ring, therefore this is equivalent as
localizing at a prime ideal, we are done.

Recall that we proved before that if R is a henselian local ring, then sections of the fiber over the closed
point of SpecR can all be induced by a section on the base if the morphism of the base is etale. In fact, we
don’t need etaleness, and rather it can be replaced by a smooth morphism of any relative dimension:

Proposition 5.20. Let R be a henselian local ring, S “ SpecR, and s the closed point of S. For any smooth
morphism g : X Ñ S, any section of gs : Xs “ X bR kpsq can be lifted to a section of g.

Proof. Let hs : Speckpsq Ñ X be a section of gs and let x P Xs Ă X be the image of hs. Recall that since
g : X Ñ SpecR is smooth, there will be an open neighborhood U of X and an etale R-morphism:

j : U Ñ SpecRrt1, ¨ ¨ ¨ , tns

Let y “ jpxq. We know that as x is the image of the fiber, we conclude that kpxq » kpsq since the composite
of the morphisms on the residue field is the identity. To prove that kpxq “ kpyq, consider the following
diagram of fiber over s:

Us An
kpsq

Speckpsq

U An
R R

gs

We know that the morphism Speckpsq Ñ Us Ñ An
kpsq

makes the residue field of y kpsq as we know that

y P An
kpsq

is in fact a kpsq-point, thus the residue field is kpsq, then since we know that U Ñ An
R is etale,
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then we know that the residue field is a finite extension over kpsq, but we know that the residue field of y is
actually the same as that of s, x, therefore this is in fact a trivial extension.

Then we know that the morphism OAn
R,y Ñ OX,x induces an isomorphism of the residue field. Moreover

I claim that this is essentially etale, thus strictly essentially etale. To see why, let’s assume that U “ SpecB
is just affine, then we know that B is going to be finitely presented over Rrt1, ¨ ¨ ¨ , tns and the morphism is
unramified and flat. Let the ring map be Rrt1, ¨ ¨ ¨ , tns Ñ B, then say the point y correspond to a prime
ideal p in Rrt1, ¨ ¨ ¨ , tns, then we can consider:

OAn
R,y “ Rrt1, ¨ ¨ ¨ , tnsp Ñ Bp

we know this is still finitely presented and flatness is preserved under localization. Finally, we know that
sheaf of differentials is also compatible with localization, therefore this is still etale, then we know that
OAn

R,y Ñ OX,x expresses OX,x as a localization of an etale algebra of OAn
R,y, thus is indeed essentially etale.

This in particular implies that the following sequence is both the henselization of OX,x and the henselization
of OAn

R,y:

OAn
R,y Ñ OX,x Ñ Oh

X,x “ A

Then consider the following diagram:

An
R

SpecA U S “ SpecR

j

g|U

Then if we can find a section SpecR Ñ SpecA of SpecA Ñ SpecR, then we know that we can compose it
with SpecA Ñ U ãÑ X, then conclude that SpecR Ñ SpecA Ñ U ãÑ X Ñ SpecR “ IdSpecR.

We already know that the y in the fiber of s in An
s “ Speckpsqrt1, ¨ ¨ ¨ , tns corresponds to a maximal ideal

pt1 ´ a1, ¨ ¨ ¨ , tn ´ anq where ai P kpsq. Let ai P R be elements such that their image in kpsq are ai. Then we
know that y in SpecRrt1, ¨ ¨ ¨ , tns is the maximal ideal we got by taking the inverse image of maximal ideal
pt1 ´ a1, ¨ ¨ ¨ , tn ´ anq. Then if we consider R-algebra map:

Rrt1, ¨ ¨ ¨ , tns Ñ R, ti ÞÑ ai

I claim Rrt1, ¨ ¨ ¨ , tns Ñ Rrt1, ¨ ¨ ¨ , tnsy Ñ Oh
X,x gives a unique factorization from the henselization to R,

which gives a morphism SpecR Ñ SpecA. The reason is that we know that we have the diagram:

Rrt1, ¨ ¨ ¨ , tns R

kpsqrt1, ¨ ¨ ¨ , tns kpsq

ti ÞÑai

ti ÞÑai

which means that the inverse image of s in Rrt1, ¨ ¨ ¨ , tns contains x, therefore we have a unique factorization:

Rrt1, ¨ ¨ ¨ , tns Ñ Rrt1, ¨ ¨ ¨ , tnsy Ñ R

which is local and then we know that by the universal property of henselization, we get a unique factorization
from A to R, which thus gives SpecR Ñ SpecA.

I claim this is the section we want, which means we want to prove the following composition is the
identity:

R Ñ Rrt1, ¨ ¨ ¨ , tnsy Ñ A Ñ R

This is summarized in the following diagram and I will let you check it:

R R

Rrt1, ¨ ¨ ¨ , tnsy A
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Proposition 5.21. Let pR,mq be a local ring and k “ R{m the residue field, S “ SpecR and s the closed
point of S. The following conditions are equivalent:

1. R is strictly henselian.

2. R is henselian and any finite etale S-scheme X is isomorphic to a disjoint union of S.

3. For any etale morphism g : X Ñ S and any point x P X lying above s, there is a section h : S Ñ X of
g such that hpsq “ x.

Proof. Let’s prove 1 Ñ 3: since R is strictly henselian, we know that the residue field kpsq is separably
closed. Then consider an etale morphism:

g : X Ñ S

and x P X lies above s. We know that the morphism on the residue field is a finite separable extension since
g is etale morphism, but we know that kpsq is separably closed, thus the extension is the trivial extension.
Then consider the following diagram:

Xs Speckpsq

X S

We know that the residue field of x, computed inX or inXs is the same. Notice that a morphism Speckpsq Ñ

Xs with the image x is just a extension of of the residue field to kpsq, but we know that the residue field
of x is kpsq. Therefore we know that the induced morphism of kpsq Ñ kpxq is an isomorphism therefore by
using the inverse we get a section of Xs Ñ Speckpsq with image at x. This is summarized in the following
diagram:

kpsq OX,x kpxq kpsq

g

Then we know that since R is henselian, it’s given by a section h : S Ñ X. We can show it in the diagram:

Speckpsq Xs Speckpsq

S X S

We are done.
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