Notes on Etale cohomology: 2

Chunye Yang
March 11, 2026

This is the second chapter of the notes series on étale cohomology. This chapter mainly focus on pre-
liminaries we need before we discuss étale fundamental groups. The first section should have been on the
sheaf of relative differentials, however, since this part of discussion is given in the FOAG series, we decide to
omit it. We will provide a write-up latter following the treatment of the stack project, with a more general
perspective.

1 Unramified Morphisms

Proposition 1.1. Let f: X — Y be a morphism locally of finite type and z € X is a point. We denote the
image of x by y = f(z), then the following condistions are equivalent:

1. myOx , = m, and the residue field k(x) is a finite separable extension of the residue field k(y).
2. (Qx/y>z = 0.
3. The diagonal morphism A : X — X xy X is an open embedding in a neighborhood of z.

Proof. For 1 = 2, recall that to compute §2x/y, we only need the local information of the morphism f, so
we can assume that f is SpecB — SpecA where B is a finitely generated A-algebra. Then we know that
Qx vy restricted to SpecB is 2,4 which is a finitely generated B-module, then we know that (Qx/y )., say
@ correspond to the prime p in SpecB, then this stalk is 25,4 ® B),. By our assumption on the maximal
ideal we know that:

OX,I ®Oy,y k(y) = k(l’)

Then we know we have the following commutative diagram:

kE(y) «—— A, «— A

I

k(x) «— B, +— B

where the square on the right is a localization diagram and the square on the left is a cofibered prod-
uct(because m, Ox , = m,). Then we know that Qp,a®pB), ~ Qp /4, and Qp 14, @B, k(T) = Qi) /k(y) =0
since k(zx) is a finite separable extension of k(y). Therefore we have:

(Ux/y)z @0y, k(x) = Qp/a ®p By @B, k() ~ Qp(z)/ny) =0

Since (Ox/y ). is finitely generated over Ox ., we can apply Nakayama’s lemma and conclude it is 0.
Now assume 2, we know that the diagonal is always a locally closed embedding, i.e. we can factor the
morphism as:

X closed v open X XyX

Suppose we denote the closed embedding by i We know that Qy - ~ i*(Z /Z?) where T is the quasicoherent
ideal sheaf of Oy defining the closed embedding. Then recall that if we want to prove A is an open embedding
in a neighborhood of x, we only need to prove X — V is an open embedding in a neighborhood of z. It suffices



to prove Za(;) = 0. Then we know from (Qx,y ). = (i*(Z/2?)), ~ IA(I)/IK(Z) =0,1e I = Ii(m), now
if we can use Nakayama’s lemma, since Z () is contained in mp (), we conclude Zp(,) = 0. So we only need
to prove that T, is finitely generated over Ox ., x a(s)- Recall that by a local computation, the morphism
A is just given by B®4 B — B where B is a finitely generated A-algebra, then the kernel is I, and if B is
generated by ay,--- ,a,, we know that I is generated by a; ® 1,1® a;. This is because B®4 B is generated
by b®1 — 1®b, but we know that if b = f(ay,--- ,a,) where f is a polynomial with a coefficients, we know
that b®@ 1 —1®b = f(a1, -+ ,a,)®1 —1® f(a1, - ,a,), then we are done.

Now assume 3, we want to prove 1. Recall that since what we want to prove are just the stalks at a
point, we can just consider the fiber of y, i.e. we can consider:

[~y —— Speck(y)

| |

X —7 Ly

and we only need to prove that m, = 0. Moreover, after this base change, we can consider the new diagonal
morphism, and we have a Cartesian diagram:

fTly —— fTlyxp fly

/

X — 5 Xxy X

Moreover, since we know that after we restrict to an open neighborhood of X, X — X xy X is an open
embedding, we know that f~ly — f~ly x, f~ 'y is also an open embedding after we restrict to an open of
zin f~ly.

Therefore, we can assume that Y = Speck and A is an open embedding. Now if k is algebraically closed,
then for any closed point t of X, we have a k-morphism Speck — X with image ¢, let I'; be the graph, then
we have a Cartesian diagram:

Speck LN Speck xj, X

| l

X —2 5 X x, X
Since A is an open embedding, I'; is also an open embedding, therefore Speck — Speck x X ~ X ist is an
open embedding, this shows that every closed point of X is also open, therefore I'(¢, Ox) = k, therefore we
know that X is a disjoint union of copies of Speck as every point of X is a closed point. To see why, suppose
that x € X, then we can pick an affine open SpecA of x and A is finite type over k, therefore we know from
Nullstellensatz that closed points in SpecA are also closed points in X, then we know that the closure of x
has a closed point, which is a contradiction since the closed point is open.

In general, we know that k is not necessarily algebraically closed, but we can consider base change to k,
i.e. after shrinking X, we have X — Speck, now base change this to X xj k — Speck, the diagonal of this
map is the base change of X — X x; X, therefore this is also an open embedding, as shown in the following
diagram:

XE *>A XE XE XE

| l

X 2 s X%, X

Then we know that by further restrict X, we can assume that X7 is actually a finit disjoint union of Speck,
therefore, X = SpecA is also a finite set and A is a finitely generated k-algebra. Then we know that A is
actually finite dimensional over k, therefore if we tensor with k, we get a ring isomorphism A®j, k ~ Ee)n(this
isomorphism always exists as an isomorphism of k vector spaces, but not always as rings, here we have such
an isomorphism of rings since X7 is a disjoint union of Speck), so A ®y, k is reduced, hence A is reduced.
Then recall that X = SpecA is discrete, then we can further restrict X such that X is a single point, then



SpecA is a reduced ring with one single prime ideal, therefore A is a field, and k — A is a field extension.
It’s of course finite as we have seen that A ®y k is reduced, therefore A is separable over k. O

To be able to define the object of this section, we need to introduce a new notion of morphism which we
skipped in the FOAG series, that is locally of finite presentation:

Definition 1.2. A ring A is a finitely presented B-algebra, or B — A is finitely presented. If A has a finite
number of generators and a finite number of relations over B, i.e. we have a surjective morphism of rings:

Bz, ,xp,] = A

such that the kernel is finitely generated over Blxy,- -, Zy].
If B is Noetherian, then this condition is equivalent to A is finitely generated as a B-algebra as the finite
relations conditions comes for free.

Just as if a module is finitely presented, then it’s always finitely presented, we can prove that if A is
finitely presented, then it’s always finitely presented:

Proposition 1.3. Suppose that A = B[z, ,2,]/(f1, -, fr) suppose that Y7,--- Y, also generate A
as an B-algebra, i.e. we have an surjection:

¢:B[y17"'5yM]4’A7 yl'_’Y;

Then the kernel is also finitely generated over Bly1, -+ ,Ym]-

Proof. We can mimic what we did when we prove finite presentation for modules implies always finitely
presented.
First, notice we have an surjection:

B[xlf"amnayla"'ay’m]_)A7 xl'—)x“y]'_))/J

We know since we know that B[z, - ,2,] — A is surjective, we can find lifts of Y;, say g1, -, gm, then
we know that the kernel of the above surjection is:

(flv"' 7fr7y1_gla"' 7ym_gm)

I.e. we have an isomorphism:

B[x17"' y Ty Y1, 00 ayn]/(f17 7f7‘7y1_gla"' aym_gm)_)A

Now since Y; generates A, we know that there are h; € B[y, -+, ym] such that ¢(h;) = z;, i.e. a morphism
h:Blzy, - ,2n] = Blyi, -+ ,yn]. Then we know that we have an isomorphism:

B[mla"' yLny Y1, 7yn]/(f17 af?“ayl_glv"' ,ym_gmv‘rl_hlv'” 7l'n—hn)—>A

Then consider the morphism:
B[$17"' y Ty Y1, ay’n]/(fh ,fr7y1 — 91, yYm — Gm,T1 _hla"' 7xn_hn) -

B[ylv"' aym]/(h(fl)v"' 7h(fr)7y1 - h(gl)a"' yYm — h(gm))

where y; — y;,x; — hj;. This is an isomorphism as we have an inverse defined by y; — y;, I will let you
check this is well defined. O

Proof. The condition that A is a finitely presented B-algebra satisifes the affine communication lemma, i.e.
suppose that we have a morphism SpecA — SpecB such that A is a finitely presented B-algebra, then for
any f € A Ay is also a finitely presented B-algebra. Converse, if for all f € A Ay is a finitely presented
B-algebra, then A is. O



Proof. The first half of the condition is easy, as suppose that A = Blz1,---,z,]/(f1, -, fr), then for any
f € A we know that:

Af :B[$1,"' axn]f/(fla"' af’f‘)

Then we have a surjection:

1
B[Ila"' 7xn7y] - B['Tla”' 7xn]f/(fla 7fn)7 Ty > T4, Y — ?
What is the kernel of this map, I claim that it’s (f1, -+, fr,1 — fy). To prove this is an isomorphism, we
can construct an inverse and I will let you do it.
Then conversely, suppose that A is an B-algebra such that (g1, - ,gm) = A and A, are finitely presented

over B. First, finitely presented implies finitely generated, then we already saw that A is finitely generated
over B, and there is a surjective:
Blzy, -z, > A

We want to show the kernel I is finitely generated.

As A= (g1, ,9gm), we may choose h; € A such that 1 = hyg1 + - - - + R Gm, choose lifts H;, G; of hj, g;
in Blxy,- -+ ,x,] define Gg = 1— H Gy — - — Hp, Gy, 80 we know that Go € I and (Gy,G1,-++ ,Gp) = 11in
B[z, ,2,]. Now, we only need to prove Ig, is finitely generated over B[z1,- -+ ,z,]g, for all Go, -+ , Gp,.
First for Go we know that I, is 1 as G is in G, € I. Then for other G, we know that localization is exact,
therefore:

Blzy,- -+, x0]a, — Ag,

However, notice that Blz1, - ,2n]c, = Blx1, -, Zn,y]/(1—G,y), therefore the kernel is finitely generated,
we are done. O

Definition 1.4. We say that a B-scheme X — SpecB is locally finitely presented over B if there is an affine
open cover SpecA; of X such that each A; is finitely presented over B.

Then by the affine communication lemma and the previous proposition, it suffice to check any affine open
cover of X.

Proposition 1.5. Suppose that 7 : X — Y is a morphism of schemes, then the conditions that SpecB c Y
satisfies the condition that 7~ SpecB — SpecB is locally finitely presented satisfies the affine communication
lemma.

Proof. First, consider the following diagram:

SpecAy — m1SpecBy —— SpecBy

J I l

SpecA ——— n1SpecB —— SpecB

Then, we need to prove that if B — A describes A as a finitely presented B-algebra, then By — Ay describes
Ay as a finitely presented B¢-algebra. This is quite easy since if:

A:B[l'l,"‘ 7xn]/(f17"' 7fr)

Then obviously if we localize at an element in B, we get By[x1, - ,x,)/(f1, -, fr)-
Then suppose that (g1, ,¢m) = B and each A, is finitely presented over B,, we want to prove A is
finitely presented over B. Suppose that the generators are all from A, then we can define a morphism:

Bla1, - an] — A

where each z; is mapped to the generators, I will let you prove this is surjective. And we only need to prove
this kernel is finitely generated, again we localize at each g; use the fact of always finitely presented. O

Definition 1.6. A morphism X — Y is locally finitely presented or locally of finite presentation if for any
affine open SpecB of Y = 'SpecB — SpecB is locally finitely presented.
By the above proposition, we know that it suffice to check for an arbitrary affine cover of Y.



Remark 1.7. In particular combine the preceding two results, for any affine open SpecB of Y and any
affine open SpecA such that the image of SpecA is in SpecB, then A is finitely presented over B.

Proposition 1.8. Suppose that we have an affine open cover SpecA; of X and affine opens SpecB; of Y
such that m(SpecA;) < SpecB;. Suppose that A; is finitely presented over B;, then 7 is locally finitely
presented.

Proof. We need to check that there is an affine cover SpecC;; of 7~ SpecB such that Cj; is finitely presented
over B;.

What is a little bit tricky is that we only know the image of SpecA; is in SpecB;, but SpecA; may not
cover m1SpecB;. So we need something else. Now suppose that x € 7~ 1SpecA, we know that the image in
SpecB; is contained in some SpecB; n SpecB;, we can suppose that x is not in SpecA; then we know that
x € SpecAj, then we can suppose that there is an distinguished open (A;)y, such that it’s finitely presented
over (Bj),,, this is because we know that (A;)y, is finitely presented over Bj, therefore it’s finitely presented
over localizations if the morphism factors, i.e. if B — A describes A as a finitely presented B-algebra, then
if this morphism factors through By — A, then I claim A is finitely presented over B¢. Then we know that
(Aj)y, is finitely presented over (B;),, and (B;)y; is finitely presented over B;, thus the composition is also
finitely presented. This is because if C' — B — A is a sequence of ring maps such that B is finitely presented
over C' and A is finitely presented over B, then A is finitely presented over C as:

B:C[xla"' axn]/(fla'"' 7f7“) A:B[yla 7ym]/(gh ags)

Then A= C[$1,"' s Tny Y1, 0t ay’m]/(flv 7fT'7gl7"' ags)a we are done. 0

Example 1.9. Open embeddings are locally of finite presentation as if U < X is an open embedding,
for any SpecA in X, we can cover the inverse image by distinguished opens, and it’s trivial to show that
localizations are finitely presented.

Also,if f: X > Y,g:Y — Z are both locally finitely presented, then so is go f, this is basically because
if C - B — A is a sequence of ring maps such that B is finitely presented over C and A is finitely presented
over B, then A is finitely presented over C, as what we discussed before.

Proposition 1.10. Locally of finite presentation is preserved by base change by any morphism.

Proof. Consider the following Cartesian diagram:

Zxy X 24X

AN

Z —5—Y

where f is locally of finite presentation. We know that by cover Y by affines and then cover the inverse
images in X, Z by affines, we can reduce the problem to the following algebra question: if B — A is finitely
presented over B, then is C — A ®p C finitely presented, I will let you prove it. O

Definition 1.11. A morphism is called finitely presented or (of finite presentation) if it’s locally finitely
presented and qcgs.

Remark 1.12. This definition violates our usual naming convention that if we add quasi-compactness,
then we can drop "locally”. Here we are requiring this quasi-separated condition, here we also want quasi-
separated because this is the top finiteness condition we can assume for non-Noetherian schemes, it’s not
finitely generated, the relations are finite, moreover, the intersections are still finitely presented.

And, if you work with Noetherian schemes, this is just the same as finite type. And if you work with
locally Noetherian schemes, locally of finite presentation is the same as locally of finite type. No matter
what schemes you work with, locally of finite presentation implies locally of finite type.

Definition 1.13. Suppose that f : X — Y is a morphism locally of finite presentation, then it’s called
unramified at at x if any of the following three equivalent conditions we proved holds:



1. myOx 4 = m, and the residue field k(z) is a finite separable extension of the residue field k(y).

2. (Qxy)z =0.

3. The diagonal morphism A : X — X xy X is an open embedding in a neighborhood of x.
where y = f(z). We will say f is unramified if f is unramified at every point.

Remark 1.14. Since Qx/y is finite type under the hypothesis f : X — Y is locally of finite type(or locally
of finite presentation), we know from Geometric Nakayama that (£2x/y ). is 0 is an open condition, therefore
the locus where f is unramified is open.

The following are some basic properties of unramified morphisms:

Proposition 1.15. Let’s assume f : X — Y is a morphism locally of finite presentation. Then:
1. Unramified morphisms are locally quasi-finite.

Open and closed embeddings are unramified.

Compositions of unramified morphisms are unramified.

Base change of unramified morphisms are unramified.

A N

If the composition X — Y — Z is unramified , then sois X — Y.

Proof. The last property, i.e. 5 is a consequence of the previous 4 properties. Recall that if a class of
morphisms is preservd by composition and base change, then we have the cancellation theorem, since the
diagonal morphism is a locally closed embedding, then it’s unramified, then this implies that if X - Y — Z
is unramified, then so is X — Y. So now let’s prove the first 4 properties.

For property 1, recall that locally quasi-finite means that locally finite type and quasi-finite at each point.
Unramified morphisms are locally of finite presentation therefore locally of finite type. To prove that this
is quasi-finite at each point x € X, we need to prove that Ox , is quasi-finite over Oy, f(;)—,. Recall that
being unramified at a point « means that m, = Ox zm,, then we know that Ox ,/Ox zm, = k(z), which
is finite separable over k(f(z)) = Oy, /m,, then we are done.

For property 2, we know that open and closed embeddings are locally of finite presentation, and recall
that for any embedding X — Y, we know that Ox ,/m,Ox » ~ Oy,/m,, then we are done.

For property 3, recall that compositions of locally finite presentation morphisms are locally finite presen-
tations. Then consider:

Ozgf@) = Ovifa) = Ox

Since Oy f(a)Mgf(x) = Myz) and Ox oMy = My, we know that:

Ox,2My(f(2)) = Ox,2(Oy, f(2)Mgf(x)) = Ma

Moreover, we know that we have:
k(gf(x)) = k(f(z)) — k(z)
since composition of finite extensions is finite and composition of separable extensions is separable, we are
done.
For property 4, again, locally of finite presentation is preserved by base change. Moreover, we know that
if we consider the following pullback diagram:

/

Zxy X 24X

AN

Z ——5—Y

where f is unramified, we know that Qz,, x/z ~ g"*Qx/y. Then we know that for w € Z xy X, we want
to compute:

(Qzxyx/2)w = (9" Uy )w = (Vx)v) g/ (w) Oy 110y OZxy X0 =0
We are done. O



Proposition 1.16. Let X L v 5% 7 be two morphisms and if g : Y — Z is unramified then the graph
I'y: X - X xzY is an open embedding.

Proof. Consider the canonical Cartesian diagram:

Xy X x, Y

| |

Y —— Y xzY

This is indeed Cartesian as you can check the universal property. For example:
Hom(W, X xzY) ={(o,8) : go foa =go [}

Then we know that if we denote a morphism v : W — Y and we consider (vy,a, ) such that Ao~y =
(X xzY >Y xzY)o(«, ), we know that this is (v, a, 8) such that (v,7) = (foq,) and gof = fogoa.
Therefore this is just « since after « is given v = f o« and 8 = . Therefore this is indeed Cartesian. Then
since g is unramified, A is an open embedding, then so is I'y. O

Proposition 1.17. Consider a Cartesian diagram:

XxyY 25 X
7| Iy
Y’ — Y
Suppose that f is locally of finite presentation, then if f’ is unramified, then so is f.

Proof. We know that ¢'Qxy» = 0. But since ¢’ is faithfully flat, we know that this implies Qx/y = 0, we
are done. 0

2 Etale Morphisms

let’s begin with the definition of étale morphisms:

Definition 2.1. Let f: X — Y be a morphism of locally finite presentation, and = € X is a point. We say
f is étale at z if f is flat and unramified at x.
If f is étale at every point, we say f is étale.

This definition is also given in the FOAG series, but we presented this in a different order. Here we
choose to do this to get into the topic in a more swift way. In this section, we will discuss properties of étale
morphisms that we will use later.

Proposition 2.2. In this proposition, all morphisms are of locally finite presentation:
1. Open embeddings are étale.
2. Compositions of étale morphisms are etale.
3. Base change of étale morphisms are étale.

4. Let f: X > Y and g : Y — Z are two morphisms such that g o f is étale and ¢ is unramified, then f
is étale.

Proof. Let’s first explain why general closed embeddings are not étale. We have seen that closed embeddings
are locally of finite presentation and unramified. Therefore, the only reason closed embeddings are not always



étale is that closed embeddings are not always flat. This is not easy to see why, as we know that for closed
embeddings X — Y, for x € X, the induced ring map on the local rings is

OY,m - OY,I/—ZT

where 7 is the quasicoherent ideal sheaf defining the closed embedding. In general quotient ring maps are
not flat. One criterion for A — A/I to be flat is when I is pure, i.e. for all finitely generated ideal J of A,
JnI=1J.1wil let you prove why. But clearly this is not a condition that is satisfied by every ideal I,
thus the quotient ring map is in general not flat.

This also shows why open embeddings are étale, since A — A is flat for all rings.

Then since we know that unramified, locally presentation and flat morphisms are preserved by composi-
tion, we conclude étale morphisms are preserved by composition. Again, these properties are preserved by
base change, therefore étale morphisms are preserved by base change.

The last property, i.e. property 4 is again a formal consequence of the first 3 as if ¢ is unramified, the
diagonal is an open embedding, which is étale. Then we conclude the desired assertion from cancellation
theorem. O

Remark 2.3. The same argument above shows that if g o f is flat and ¢ is unramified, then f is flat.
One case that shows up particularly often is the following:

Example 2.4. Let A be a ring and F(¢) € A[t] be a monic polynomial. Let B = A[t]/F(t), then the
morphism SpecB — SpecA is étale at a prime ideal ¢ € SpecB iff ¢ doesn’t contain the image of F’(t) in B.
Hence if we want SpecB — SpecA to be étale, then for every prime ideal of ¢, it doesn’t contain the image
of F'(t), i.e. it’s a unit, i.e. the ideal generated by F'(¢) and F’(t) is A[t].

It’s not hard to see this is true. First, we know that the morphism is clearly locally finitely presented,
almost by definition. Then we need to check flatness and unrafimied at each point. Recall that we have
A — A[t]/(F(t)), as F(t) is monic, A[t]/(F(t)) is free over A with rank the degree of F. Therefore being
free implies flat, therefore flatness is good. To check unramified, we need to show that:

Qap/reyyya =0

Recall that we know how to compute the sheaf of differential in this case and it’s going to be:

A[t)/(F(t), F'(t))

Then we know that if we want (A[¢]/(F(t), F'(t)))q = 0, then we know that ¢ is not in V(F(t), F'(t)), i.e.
F'(t) is not in gq. And if this is true for all ¢, then we know that F’(¢) is not in any ¢, therefore F’(t) is a
unit in A[t]/(F(t)), therefore we are done.

This example turns out to be not special and we will see later that all étale morphisms are related to it:

Lemma 2.5. Let (4, m) be a local ring and B’ is a finite A algebra, n’ a maximal ideal of B’, u an element
of B’ not in n/ but in all the other maximal ideals of B’ distinct from n’. Now let B = A[u] < B’ and
n =n'n B so we have A —» B = A[u] — B’. Now assume BJ,/mB, is generated by the image of u as an
A/m-algebra then the canonical map B, — B, is an isomorphism.

Proof. This is a quite weird result at first sight, but we will use it later to characterize étale morphisms.
Let S = B—nand §' = B’ —n/, we wish to show that S™'B — S/~ B’ is an isomorphism. Let’s first do
it by show S~'B’ — S’~!B’ is an isomorphism, i.e. we need to show that all the elements in S’ are invertible
in S~'B’. Or equivalently, we only need to show that the images of S’ in S~'B’ do not lie in any maximal
ideals. Recall that B’ is fiinte over A, therefore it’s finite over B’ therefore S~!'B’ is finite over S™!B, and
in particular integral, therefore the inverse image of maximal ideals are still maximal, and we conclude that
any maximal ideal of S~'B’ lies above the maximal ideal of B,,, and in particular over the maximal ideal n
(n is a maximal ideal again because B — B’ is finite.) Again, from B’ is finite over B and B < B’ is an
inclusion, we know that any maximal ideal of B comes from a maximal ideal of B’. So if we consider:

B—— B

l |

ST'B=B, — S'B



this tells you that any maximal ideal of S~ B’ lies over a maximal ideal of B’, hence is of the form S~'n" for
some maximal ideal n” of B’ such that n” "B = n. Now if u € n”, then u € n” " B = n  n’, a contradiction
that u ¢ n’. So u ¢ n”, but we know that u lies in all maximal ideals distinct from n/, we must have n” = n'.
Therefore we know that the only maximal ideal of S~™'B’ is S~'n/. By definition S’ = B’ —n/, therefore the
images of S’ in S™!'B’ can not be in S~!n’/, we are done and S™'B’ — S~ B is an isomorphism.

Then we need to show that S™'B — S~!B’ is an isomorphism. First, being a localization of an inclusion,
it’s injective, so we only need to show that it’s surjective. Let’s do this directly by showing that S™!B —
S'~1B’ is surjective. Recall that B,, = S~'B — S~ B’ = B!, is finite, then to prove it’s surjective, we need
to prove the cokernel is 0, we know that as a quotient of B/, the cokernel is again finite over S~B = B,
then we only need to prove that coker ® B, /nB,, = 0 by Nakayamas lemma. Recall that mB,, € nB,, since
A — B — B’ are all finite, then we know that n” pulls back to n which pulls back to m, therefore it suffice
to prove:

B,/mB,, — B,,/mB,,

is surjective. But if you consider:
A/m — B, /mB, — B.,/mB.,

By our assumption, B],/mBy, is generated by the image of u, therefore this is surjective. O
The following theorem due to Chevalley tells you how to characterize étale morphisms:

Theorem 2.6. Chevalley Let f: X — Y be a morphism of locally finite presentation, x € X a point, and
A = Oy f(z). Then f is étale at x iff we can find a monic polynomial F(t) € A[t] and a maximal ideal ng of
C = A[t]/(F(t)) such that ny doesn’t contain the image of F”(t) in C and such that Ox , is A-isomorphic
to Ch, -

Proof. Let’s first deal with the if part. To prove f is étale at x, we need to prove it’s flat and unramified at
z, i.e. Oy 5z) — Ox ¢ is flat and m, = Ox m,. Recall that we have:

A~ Alt]/(F(t) = B

which is finite since F'(¢) is monic, then we know that any maximal ideal of B pulls back to the maximal
ideal m,, of A, then since n doesn’t contain F'(z), we know that SpecB — SpecA is étale at n, which means
that A — B, is flat and unrafimied, but we have an isomorphism:

A =0y @) B,

A

OX,Z

Then we know from A — B,, is flat and nB,, = myB,, that Ox , is flat over A and m, = m;Ox 5.

The important and difficult part is the converse. First, let’s assume that f is étale at z, all we care about
is the local information of x and f(z), thus by using the canonical morphism SpecA < Y where SpecA is
SpecOy, f(z), we can assume that Y = SpecA and the morphism is f : X — SpecA with f being étale at .
To see why we can do this reduction, first base change preserves locally of finite presentation, then I will let
you see that the base change doesn’t change the map between the local rings, therefore the map after the
base change is still étale at x and with the same map of local rings as that induced the morphism we started
with.

Recall that for morphisms locally of finite presentation, being unramified is an open condition, i.e. we can
find an affine open of x such that U — SpecA is unrafimied. Recall that any morphism between two affine
schemes is separated and unramified morphisms are locally quasi-finite, then by Zariski’s main theorem we
have a factorization:

U — SpecB’ — SpecA

where the first morphism is an open embedding and the second morphism is finite, i.e. B’ is a finite A-
algebra. Let n/ be the prime ideal of B’ corresponding to x, recall that since B’ is finite over A, in particular,
it’s integral, therefore the image of n’ is still a maximal ideal, but the only maximla ideal of A is m. Recall



that that U — SpecB’ — SpecA implies that Ox , is A-isomorphic to B],. Recall that all maximal ideals
of B’ lies over the unique maximal ideal of A and SpecB — SpecA being finite means that the inverse image
of m is a finite set, therefore, we know that we only have finitely many maximal ideals in B. Say n,--- ,nl.
are all the maximal ideals of B’ that is distinct from n’. Recall that f is unramified at z, i.e. n’, therefore
A/m — B'/n’ is a finite separable extension, therefore is generated by a single element, say w.

Now since nf, - -- ,n, are distinct from n’, by the Chinese Reminder theorem, we know we have a surjec-
tion:

B’ — B'/n' x B'/ny x --- x B'/n.

Consider (a,0,---,0) in the product, since this ring map is surjective, there is a v in B’ that is mapped
to this («,0,---,0), which means u € n} n --- nnl such that the image in B’/n’ generates B’/n’ as an
A/m-algebra (by primitive element theorem). Now, let B = A[u], and n = n’ n B, we know from the
previous lemma that Ox , is A-isomorphic to B,,.

Now let we B/mB, be the image of u in B/mB. Then the field extension A/m — B/mB — B'/mB’ =
B’/n/ is finite separable and B’/n’ is generated as an A-algebra by u, therefore so is B/mB, then let f(t) be
the minimal polynomial of @ in B/mB, then we know that we have an isomorphism:

(A/m)[t]/(f(t)) ~ B/mB

Since (A/m)[t]/(f(t)) is free over A/m and is generated by t'’s, by Nakayama’s lemma, since B is finite over
A, we know that B is generated by 1,u,--- ,u%"! as an A-module where d is the degree of f. This implies
that u? can be written as an A-linear combination of 1,u, - -- ,u?~"!, therefore, there is a degree d polynomial
F(t) in A[t] such that F(u) = 0. Then notice that the image of F(t) in (A/m)[t] is degree d and satisfies
F(u) = 0, therefore the image of F'(t) in (A/m)[t] is necessarily f(t).

Now consider the morphism SpecB/mB — SpecA/m, which is étale at n/mB since this is first finite,
then we know that A/m — B/n is flat (as A/m is a field) and it’s unramified because base change preserved
unramified points as well. Then we know from our characterization before that the image of f’(t) in B/mB
is not in n/mB, but the image is f'(@), therefore f'(u) ¢ n/mB, this implies F'(u) ¢ n.

Moreover since f : U < SpecB’ — SpecA is also flat at z, i.e. By, is flat over A, then we know that Ox ,
is flat over A, but since Ox , is A-isomorphic to B,,, we know that B, is also flat over A. Then consider the
following epimorphism:

Altl/(F(t)) = B, t—u

Let ng be the inverse image of n, we know that since F’(u) ¢ n, ng doesn’t contain F”(t), therefore we know
that SpecA[t]/(F(t)) — SpecA is étale at nyg, in particular unramified at a neighborhood of ng, then consider
the composition:

SpecB — SpecA[t]/(F(t)) — SpecA

I claim that this implies that SpecB — SpecA[t]/(F(¢)) is flat at n. This is because if:
X—->Y -7

is flat at z and Y — Z is unramified then this implies X — Y is flat at . To prove this, consider the
canonical morphism SpecOx , — X — Y, I claim that the morphism X — Y is flat at x is equivalent to
SpecOx , — X — Y being flat. It’s clear that if SpecOx , — X — Y is flat, then the original morphism is
flat at . The converse follows from the image of SpecOx , in X can be describe in an affine open of z, and
is the primes contained in z, then if X — Y is flat at x, then we know that Oy () — Ox . is flat, suppose
that the morphism is defined by B — A — A, we know that B; — A, is flat means that By — A, is flat
for p’ contained in p, as we now that this is just a further localization of B; — A,. Then we know from the
cancellation theorem that we are done.

So SpecB — SpecA[t]/(F(t)) is flat at n. So we know that (A[t]/(F (¢)))n, — Bn is flat, and since these
are local rings and the map is a map of local rings, therefore we know that this must be faithfully flat.
Suppose that A — B is faithfully flat, it must be injective as thisis A - A®4 B~ B, a—a®a®1— a,
which is injective. But on the other hand, we know A[t]/(F(t)) — B is surjective, therefore we know that
every element in B — n comes from something in A[t]/(F(t)) — no, therefore A[t]/(F(t))n, — Bn is also
surjective, therefore B,, is A-isomorphic to A[t]/(F(t))n,, and since By, is A-isomorphic to Ox ,, we conclude
Ox  is A-isomorphic to A[t]/(F(t))n, O
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As one corollary of this result, recall that we proved before that under the hypothesis of locally of finite
presentation or locally of finite type, the unramified points are open. What about the étale-points? Your
first thought might be to prove that flatness is open under our hypothesis, and it turns out we can do the
following:

Corollary 2.7. Let f : X — Y be a morphism locally of finite presentation, then the set of points of X
where f is étale is open.

Proof. Suppose that f is étale at X, then by Chevalley’s result, we know that this is equivalent to there is a
monic polynomial F(t) in Oy, s [t] and a maximal ideal n of B = Oy s [t]/(F(t)) such that the image of
F'(t) is not in n and Ox ; is Oy, s(;)-isomorphic to B,. We want to show this is an open condition.

Pick V' = SpecA an affine open of f(z) in Y such that F(¢) is the image of a monic polynomial in A[t]
under the canonical morphism A[t] — Oy, f(»)[t], we need to pick this A carefully for example, we can first
pick a SpecA’ which is an arbitrary affine open of f(z), then we can shrink SpecA’ to distinguished affine
opens where we are allowed to invert the denominators of the coefficients of F'(¢). Then we denote such a
monic polynomial in A[t] also by F[t]. Then we have a morphism:

Aft]/(F(t)) = Oy s [tl/(F(1))
and we denote by p the inverse image of n in A[t]/(F(t)). Then consider the morphism:
SpecAlt]/(F(t)) — SpecA =V

We know that since F’(t) is not in p, this morphism is etale at p, in particular, there is an open neighborhood
W of p such that W — SpecA is unramified. Notice that A[t]/(F(t)) — SpecA is flat since A[t]/(F(t)) is
free over A, then we know that W — SpecA is étale. I claim this implies Ox , is Oy, y(,)-isomorphic to
(A[t]/(F(t)))p, this is because we have an isomorphism:

(A[L/(E@®)))p = Oy, (@) []/(F ()

To see why, we know that A[t]/(F(t)) — Oy, s [t]/(F(t)) is actually A[t]/(F(t)) — An[t]/(F(t)) where m
is the prime ideal corresponding to f(z). Then we know that A[t]/(F(t)) ~ Oy, ¢ [t]/(F(t)) is a localization
at A —m. Then there is a general fact, suppose that:

A—S7tA
is a localization, then for primes p of A such that p n S = (&, we have a canonical isomorphism:
Ap - (SilA)S—lp

I claim this is enough for the existence of an open subscheme W’ of W containing p and an open subscheme
U’ of f~1SpecA containing X and an isomorphism W’ — U’ such that the following diagram commutes:

This is the consequence of the following lemma: O

Lemma 2.8.

3 Infinitesimal lifting of Morphisms

The main theorem of this section is the following:

Theorem 3.1. Let f : X — S be a morphism locally of finite presentation, then the following conditions
are equivalent:
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1. f is unramified (resp. etale, resp. smooth).
2. For any S-scheme SpecA and any ideal I of A with the property I? = 0, the canonical map:
Homg(SpecA, X) — Homg(SpecA/I, X)
is injective (resp. bijective, resp. surjective).

To prove this theorem, we will need the following lemma:

4 Direct Limits and Inverse Limits

5 Henselization

In this section, we will talk about this important algebraic construction of henselization that will be used
repeatedly in the future. This will be a quite long and technical section, but it’s good to see this results,
new notions and proofs for at least once.

Lemma 5.1. 1. Let A be a ring, then the map
a— D(a)

gives a one-to-one correspondence between the set of idempotent elements in A and the set of both
open and closed subsets of SpecA.

2. Let A be a ring, the map:
a — (Ann(a), Ann(1 — a))

gives a one-to-one correspondence between the set of idempotent elements in A and the set of pairs
(a1,a2) of ideals of A with properties:

ai Nnas =0, a1 +ay=A

3. Let (R, m) be a local ring, and let f(¢) € R[t] be a monic polynomial and let A = R[t]/(f(¢)), then the
map:

(g(t), h(t)) — (Ag(t), Ah(t))
gives a one-to-one correspondence between the set of pairs of monic polynomials (g(t), h(t)) in R[t]
with the properties:
ft) =g@n(t),  g@)R[t] + h(t)R[t] = R[]

and set of pairs of ideals (a1, az2) of A with the properties:
a; Nnag =0, a1 +ay=A

Proof. Let’s prove assertion (1): Since a is idempotent, we have:
a(l—a) =0, a+(l—a)=1

Then we know that D(a) n D(1 —a) = &, D(a) u D(1 —a) = (V(a) n V(1 —a))=V(a,1—a)¢ = SpecA.
Therefore D(a) is both open and closed. Now let U be a subset of SpecA, both open and closed, then we
know that there is an element in A that is equal to 1 and is equal to 0 on U¢ (due to the property of the
structure sheaf) and it’s clear that a is idempotent as you can check again use the property of the structure
sheaf. Moreover D(a) = U, therefore we know that the map in the statement is surjective. To show it’s
injective, suppose that a1, as are idempotent and D(a;) = D(az), we want to prove that a; = as. We know
that it suffices to show that a1, as have the same image in A, for each p € SpecA. Recall that if A is a local
ring, then SpecA is connected since we know that any open and closed subset in SpecA is D(a) for some
idempotent element in A, however in a local ring, only such element is 0 or 1. To see why, suppose that e is
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idempotent, then we know that e(1 —e¢) = 0 and e + 1 — e = 1, therefore we know that either e or 1 — e is
not in the maximal ideal, thus a unit, if e is a unit, then 1 —e =0ie. e =1, if 1 — e is a unit, then e = 0.
Then we know that the image of a1,as in A, are both idempotent, thus they are 0 or 1. Recall that since
D(a1) = D(az) in SpecA, then in SpecA,, we still have D(a1) = D(az), therefore either they are both 0 or
they are both 1 in A, therefore we are done.

Then let’s prove assertion (2): Let a be an idempotent element, we first show that Ann(a), Ann(1 — a)
satisfies the property. Since a is idemppotent, we know that a € Ann(1 — a) and (1 — a) € Ann(a), therefore
Ann(1 —a) + Ann(a) = A. Moreover, suppose that z is any element in A, if x € Ann(1 — a) n Ann(a), then
we know that:

z-(a+l—a)=2=0
thus Ann(1 —a) n Ann(a) = 0.

Now we prove the morphism is injective. Suppose that ai,as are idempotent elements such that
Ann(a;) = Ann(as), then since (1 — a1) € Ann(a;) = Ann(as), then we know that (1 — a1)as = 0, therefore
as = ayaz, similarly, we know that a; = ajaq, therefore we know that a; = as, thus injective. To show it’s
surjective, suppose that a; nas = 0 and a; + as = A, by Chinese Reminder Theorem, we know that:

A= Ala; x Afas

Then we know that the element (1,0), (0,1) are two idempotent element, and we know that the annihilator
of (1,0) is elements in a; and the annihilator of (0,1) is elements in ay, thus we know the morphism is
surjective.

Finally let’s prove the last assertion, which is the most technical one. Let (g(t),h(t)) be the pair such
that f(t) = g(t)h(t) and g(t)R[t] + h(t)R[t] = R[t]. Then we know that:

g(t)A+h(t)A = A

since A is just a quotient of R[t]. Let a(t),b(t) € R[t] be polynomials such that a(t)g(t) + b(t)h(t) = 1. Let
r(t) € g(t)R[t] n h(t)R[t], then we have:

r(t) = g(t)p(t) = h(t)q(t)

Then we know that:

r(t) = a®)g(®)h(t)q(t) + b(H)A()g(t)p(t) = f(#)(a(t)q(t) + b(t)p(t))

therefore we know that r(t) = 0 € A. Therefore Ag(t) n Ah(t) =
Then let’s show this map is injective, suppose that (g1 (t), hi(t )) is another pair of polynomials. Then if
g1(t)A = g(t)A, since A is just a quotient of R[t], then g1 (t)R[t] = g(t)R[t], then we can find:

g1(W)a(t) = g(t),9(t)B(t) = 91(t)

Then I will let you see that since g(t),g1(t) are both monic, then this implies g1(¢t) = ¢(¢). Similarly,

h(t) = h1(t).
To prove this is surjective, again let the pair of ideals be (a1, az), then if we let A1 = A/ay, As = A/as,
we know from the Chinese Remainder Theorem that:

R[t]/(f()) = A~ Ay x A

Let u be the image of ¢ in A, then consider A;/mA;, which is a k = R/m-algebra, and is generated by the
image of u in A;/mA;, denoted by w. Consider we have a natural k-algebra morphism:

k[t]—>A1/mA1, t—u

it’s obviously surjective thus we know that there is a minimal polynomial §(t) € k[t] for @. Let d = degg(t),
then we know that we have a basis {1, u, - ,u?!} for A;/mA; over k. Now recall that R[t]/(f(t)) is finitely
generated as an R-module since f(¢) is monic. Then we know that A; is a direct summand of a R[t]/(f(t)),
thus is also a quotient, thus A; is also finite over R. Therefore we know that we can use Nakayama’s lemma,
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and conclude that {1,u,---,u%"1} in A; generates A; as a R-module. Then I claim that there is a monic
polynomial g(t) € R[t] of degree d such that g(u) =0 in A;.

Recall that R[t]/(f(t)) is a free R-module, therefore we know that A;, as a summand of a free R-module,
is projective, and since R is local, we know that A; is also free. Then we know that {1,u,--- ,ud_l} not
only generates A; as an R-module, it’s a basis of A; over R as we can consider:

0—>ker > R > A; —» 0

we know that after we quotient m, the kernel is 0, then we know that it lies insider mR?, then since A; is
projective, then this kernel is 0. Therefore is you consider the R-module homomorphism:

R[t]/(g(t)) > A1, t—u

This is an isomorphism indeed! Then consider the sujrective morphism R[t]/(f(t)) = A — Ay, t—u

we know that the kernel is (g(t))/(f(t)), thus we know that a; is actually Ag(t). Similarly, we know that

there is a h(t) such that ag = Ah(t). Now we need to check f(t) = g(¢t)h(t) and g(¢t)R[t] + h(t)R[t] = R[t].
First, notice that we have an isomorphism:

R[t]/(f(t)) — R[t]/(9(t)) x R[t]/(h(t))

Then we know that g(¢t)h(t) is mapped to 0, therefore we know that g(¢t)h(t) € (f(t)), recall that since
f(),g(t), h(t) are all monic, then we know that Rank(R[t]/(f(¢))) = Rank(R[t]/(g(t))) + Rank(R[t]/(h(t))),
therefore the degree of f is the degree of h plus the degree of g, then since they are all monic, then

f(t) = g(®)h(d).

Now we have an isomorphism:
R[t]/(g(t)h(t)) — R[t]/(g(t)) x R[t]/(h(t))
Now recall that the kernel of the two morphisms:
R[t]/(gh) — R[t]/(9),  RIt]/(gh) — R[t]/(h)

has kernels that generates R[t]/(gh), that is (¢)/(gh) + (h)/(gh) = R[t]/(gh). This implies g, h generate R][t].
I will let you check it. O

Lemma 5.2. Let (R, m) be a local ring and let A be an R-algebra which is free of finite rank as an R-module,
for any R-algebra A’, let Idem(A’ ®g A) be the set of idempotent elements in A’ ®g A. Then there is an
etale R-algebra B of finite presentation such that the functor A’ — Idem(A’ ®g A) is represented by B in
the category of R-algebras, that is we have a one-to-one correspondence:

Idem(A’ ®r A) ~ Hompg(B, A)
that is functorial in A’.

Proof. Let {e1, - ,e,} be a basis of A over R, then we know that:
eiej = Z aijkek
k

for some a;j, € R. Let:
Py(ty,--- ,ty) = Zaijktitj —ty
iy

Now suppose that an element in A is ), a;e; and we know that it’s idempotent iff:

Zaiei ~Zajej —Zakek =0
i J k
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We expand this and we know that the product is (3}, ; a;ajasji)er, therefore we know that ; ae; is idem-

,J

potent iff:

Zaia]—aijk — air = 0

1,
forall k =1,--- ,n. Therefore we know that it’s idempotent iff Py(aq,--- ,a,) = 0 for all k.

Now since A is free over R with basis e;, then we know that for any R-algebra A’, we know that A’ ®r A

is free over A’ with basis {I®e1, - ,1®e,}. Then we know that an element in A" is of the form )}, a} ®e;,
and it’s idempotent iff Py(a’,--- ,al) = 0 for all k. Therefore we have a bijection:

Idem(A/ ®R A) — HomR(R[tl, R 7tn]/(P17 R ,Pn>,A/>

I claim that this is functorial in A" and R[T4,--- ,t,]/(P —1,---, P,) is etale over R. Let’s first prove
functoriality, i.e. we need to check the following diagram commutes:

Idem(A’ ®g A) —— Homp(R[t1,- -+ ,tn]/(P1,- -+, Pn), A")

|

Idem(A” ®r A) —— Hompg(R[t1, - ,tn]/(P1, -, Pn), A”)

I will let you check it. Then we only need to prove that R[t1,--- ,t,]/(P1, -, Pp) is etale over R. Recall
that to prove this, we need to prove that for any R-algebra A’ and any ideal I of A’ that satisfies I2 = 0,
the canonical map:

Hompg(R[t1, - ,tn]/(P1,- -+, Py), A") = Hompg(R[t1, - ,tn, A’ /T])
is bijective, that is we need to prove the natural map:
Idem(A’ ®r A) — Idem(A'/I ®p A)

is bijective. Recall that our previous proposition identifying idenpotents element of the open and closed
subsets of the spectrum, we know that this holds because the following spectrum has the same underlying
topological space:

Spec(A’'/I ®r A), Spec(A®r A)
To see why, consider the following sequence:
0->I—->A —>A/T—0
Let’s tensor with ® g A, we gave a sequence:
IQpA—>AQRrA—A/ITQrRA—0

We know that the kernel of A’®r A — A’/I®g A is the image of ] @ g A —> A’ ®p A, which means that the
kernel is also nilpotent, then the usual morphism induced by the quotient is an isomorphism on the level of
topological spaces, therefore we are done. O

Proposition 5.3. Let (R, m) be a local ring, K = R/m be the residue field. Suppose that S = SpecR and
let s be the unique closed point of .S, then the following conditions are equivalent:

1. Every finite R-algebra A is a direct product of local rings.
2. Condition 1 holds for A = R[t]/(f(t)) for any monic polynomial f(t) € R[¢].

3. For every finite R-algebra A, the canonical homomorphism A — A/mA induces a one-to-one corre-
spondence between the set of idempotent elements in A and the set of idempotent element in A/mA.

4. Condition 3 holds for A = R[t]/(f(t)) for every monic polynomial f(t) € RJ[t].
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5. For any monic polynomial f(t) € R[t] and any factorization f(t) = g(t)h(t) where f(t) is the image
of f(t) in k[t] and g(t), h(t) are relatively prime monic polynomials in k[t], then there is uniquely

determined polynomials g(t), h(t) in R[t] such that f(¢) = g(¢t)h(t) and g(t), h(t) are the images of
g(t), h(t) in k[t]. Moreover g(t), h(t) generate R[t].

6. Condition 5 holds for any factorization f(t) = (¢t — @)h(t) such that (¢t — @), h(t) are relatively prime
monic polynomials in k[t].

7. For any etale morphism g : X — S = SpecR, any section of g; : X ®g k — Speck is induced by a
section of g.

Definition 5.4. When a local ring (R, m) satisfies the above equivalent conditions, we say this local ring
is henselian. If R is henselian and k = R/m is separably closed, we say R is strictly local or strictly
henselian.

Let’s now prove these conditions are indeed all equivalent, which is going to be a rather long argument:

Proof. Let’s first 1 = 3: Let A be a finite R-algebra, then we know that in particular, it’s integral, then we
know that any maximal ideal of A lies over the maximal ideal m of R. Since A/mA is again finite over R/m,
it’s Artinian and thus has finitely many ideal, therefore A only has finitely many maximal ideals. For each
maximal ideal n of A, consider the canonical morphism SpecA, — SpecA, we know that this is a embedding
of topological spaces, and SpecA,, is connected. Notice that as we run over all maximal ideals of A, the
images of SpecA,, — SpecA cover SpecA, therefore we know that SpecA only has finitely many connected
components, as each image of SpecA,, lives in some connected components and their image covers SpecA.
Similarly, as a closed subset of SpecA, SpecA/m also only has finitely many connected components.

Recall that if a topological space has finitely many connected components, then open and closed subsets
are unions of connected components. Recall that if we want to prove that A — A/mA gives a bijection
between idempotent elements, we need to show that first if @ is an idempotent element in A/mA, then a in A
is also idempotent and second, if a,a’ are distinct idempotent element in A, @, @’ are also distinct idempotent
elements in A/mA. Recall that we have a bijection between idempotent element and clopen subsets defined
by a — D(a). Then since the inverse image of D(a) is D(@) I will let you check that we only need to show
that by taking inverse images under SpecA/mA — SpecA, we get a bijection between clopen subsets. Now

by our assumption:
n
A=]]B:
i=1

where each B; is a local ring, I will even let you show that if n stands for all maximal ideals of A, then A ~
[1, An, then we know that as a topological space, SpecA is a disjoint union of SpecA,,, which is connected,
therefore these are exactly the connected components. We also know that in this case A/mA ~ [], A,/mA,,
and the morphism SpecA/mA — SpecA can be now written as:

H SpecA,/mA, — H SpecA,,

Moreover, we see that for each SpecA,,/mA,, since nA,, is the only prime lives over m, this is a one point
space, therefore indeed the inverse image of SpecA,, is SpecA,,/mA,,, therefore we have the desired bijection
between clopen subsets, we are done.

Then let’s prove 3 = 1: Again, we can show that both SpecA, SpecA/mA have finitely many connected
components. Then the fact that A — mA defines a bijection between idempotent elements implies that
by taking inverse image SpecA/mA — SpecA gives a bijection between clopen subsets, and thus the set
of connected components of SpecA and that of SpecA/mA. Notice that SpecA/mA is discrete and it’s
connected components are {n/mA} for maximal ideals n of A. Therefore we know that different maximal
ideals live in different connected components, therefore SpecA,, and SpecA,, are disjoint as subsets of
SpecA for different maximal ideals ny,ny. Therefore we know that SpecA as a set is a disjoint union of
SpecA,. 1 claim that these are exactly the connected components, since if C; is a connected component
that contain some point in SpecA,,, then it contains SpecA,,, as C; and SpecA,,, are both connected. Then
since different SpecA,,, live in different connected components and covers SpecA, SpecA,, are connected

16



components. Therefore clopen, therefore we know that SpecA as a scheme is isomorphic to [ [, SpecA,,,
thus we are done.

Then 1 = 2 is trivial. And we know that 2 = 4 is just the same as 1 = 3 as they are just special cases
of conditions 1 and 3. Let’s prove 4 — 3, and 1,2, 3,4 will be shown to be equivalent. Let’s first prove that
the map A — A/mA is injective when restricted to the set of idempotent elements in A. Suppose that eq, eq
are two idempotent elements in A with e; — es € mA. Consider:

(e1 —e2)® = €3 — 3e?es + 3ejes — €5 = e; — 3ejeq + 3ejea — ey = €1 — €9

Therefore we know that:
(e1 —e2)((er —e2)® = 1) =0

Since e; — e5 € mA, and every maximal ideal lies over mA, we know that (e; — es) is in the Jacobson ideal
of A, therefore so is (e; — e2)?, therefore (es — e3)? — 1 is a unit, therefore e; = e3. So we only need to prove
it’s surjective. Suppose that € € A/mA is an idempotent element, we want to show that it can be lifted to an
idempotent element in A. Let a be an arbitrary lift of e, and consider the subring A’ = R[a] of A. Consider
the following diagram:

A A

| |

A'/mA —— A/mA

I claim that € is the image of some idempotent element ¢’ in A’/mA’. To see why, consider the morphism of
schemes:

f: SpecA/mA — SpecA’/mA’

Let @ be the image of a in A’/mA’, then we know that f~1(D(@)) = D(e). Recall that A’ is also finite over
R, this is because R — A’ is integral and it’s finitely generated, therefore finite. Then we conclude that
A’/mA’ is also discrete with finitely many closed points, therefore D(a) is both open and closed, therefore
we know that D(@) = D(e’) for some idempotent element e’ in A’/mA’. Therefore f~(D(e’)) = D(€), then
we conclude from the bijection of idempotent elements and clopen subsets that the image of ¢’ is €. Then
we know that if we can show that e/ can be lifted to an idempotent element in A’, we are done, therefore we
can just replace A by A'.
Since a is integral over R, we know that there is an epimorphism of R-algebras:

R[/(f(#) > A, trea
Then consider the following diagram:

R[t/(f(t)) — A

! J

k[t]/(F(t)) —— A/mA

The morphism on the bottom is also surjective as it can be thought as the top surjective morphism tensor
with @ gR/m. Recall that since f(¢) is a monic polynomial, we know that k[¢]/(f(¢)) is finite dimensional
over k, therefore it’s spectrum is discrete as an Artinian ring. Then since the morphism SpecA/mA —

Speck[t]/(f(t)) is a closed embedding, we know that the clopen subset D(e) in SpecA/mA has a closed
and open image in Speck[t]/(f(t)). Therefore there is an idempotent element e” in k[t]/(f(t)) such that
D(¢’) = D(e”), Therefore we know that the inverse image of D(e”) in SpecA/mA is D(¢e’), or in other words,
we know that the image of ¢” in A/mA is /. Then by condition 4, there is an idempotent element e” in
R[t]/(f(t)) lifting €”, therefore it’s image in A is the element we want.

Then let’s prove 4 implies 5. Given a monic polynomial f(¢) € R[t], we first consider A = R[t]/(f(t)),

then we know from condition 4 that the canonical morphism:

RI[t]/(f(t) — K[t]/(F(£))
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induces a bijection between idempotent elements. Suppose we are also given the factorization f(t) = g(t)h(t).
We want to show that we can uniquely lift g(¢) and h(t) back to R[t] such that f(t) = g(t)h(t) and
g(t)R[t] + h(¢t)R[t] = R[t]. Recall that since we assumed that g(¢) and h(¢t) are relatively prime, we know

that (g(1))/(f(t)) 0 (h(8))/(f(#)) = (f(£))/(f(t)) = 0. Moreover, we know that (g(¢))/(f(¢)) + (h())/(f(t)) =

E[t]/(f(t)). Therefore, we know that there is a uniquely determined idempotent element € in k[t]/(f(¢)) such

that we have: B 7 B
(Ann(e), Ann(1 —€)) = ((9(¢))/(f (1)), (h(1))/(f(t)))

Since we also have an bijection of idempotent element, there is some e € R[t]/(f(t)) whose image in k[t]/(f(t))
is e. We know that again:
(Ann(e), Ann(1 —e))

gives a pair of ideals (a1, az) with a; nas = 0,a; + a2 = R[t]/(f(t)), again we know from the first proposition
we proved in this section that this correspond uniquely to a pair (h(t), g(t)) of polynomials in R[t] such that
f@) = g@®)h(t) g@®)R[t] + h(t)R[t] = R[t]. We only need to check that their image in k[t] is g(¢t) and
h(t). Recall that if we have a ring R and some idempotent element z € R, suppose that I = Ann(z) and
J < I, then Ann(Z) = I/J in R/J (notice that this doesn’t hold for arbitrary z). Therefore we know that
((g9(#)), (h(t))) in R[t] is mapped to (g(t)/f(t), h(t)/f(t)) = (Ann(e), Ann(1 —e)) in R[t]/(f(t)). It's again
mapped to ((g(t))/(f(t)), (h(t))/(f(t))). Consider the following diagram:

R[t] — R[t]/(f(1))

k[t] — K[t]/(f(2))
The above notice that the ideal (g(t)) and (h(t)) in k[t] is mapped to ((g(t))/(f(t)), (h(t))/(f(t))) in
E[t]/(f(t)). Then we know that the image of (g(t)), (h(t)) in k[t] is (g(t)) and (h(t)), then the fact that they
are monic and of the same degree tells you they are equal.
Obviously 5 = 6 is trivial, so let’s prove 6 = 7: Given a section of gs : X ®g k — k, suppose that after
we compose with the projection X ®pg k, the image is x in X Qg k. Recall g : X — SpecR is etale, then if
we consider the diagram:

X ®rk LN Speck
| |
X —2 5 SpecR

We know that since the image of the point Speck in SpecR is the unique closed point, and we have a
section, we know that x is mapped to the unique closed point of SpecR. Then by Chevalley’s result on etale
morphisms, we know that there is a monic polynomial f(¢) € R[t] and a maximal ideal n of R[t]/(f(t)) not
containing the image of f’(¢) in B such that Ox,, is R-isomorphic to B,. Let f(t) be the image of f(t) in
k[t]. Then consider the k-morphism:

Speck — SpecOx »/mOx
induced by the section g;. Then compose it with the canonical morphism:
SpecOx »/mOx , ~ SpecB,,/mB,, — SpecB/mB = Speck[t]/(f(t))

we get a k-morphism:

Speck — Speck[t]/(f(t))

which correspond to a k-algebra homomorphism k[t]/(f(t)) — k, t — @. Then we know that f(@) = 0

but we notice 7(6) # 0(as f/(t) is a unit in B,,), therefore @ is just a simple root of f. Therefore we know
that we have a decomposition:

F(t) = (t —a)h(t)

18



for some monic polynomial h(t) relatively prime to ¢ —a@. Then by our hypothesis we can lift this factorization
back to R[t] and get:

f@t) = (t = a)h(t)
such that the ideal generated by t — a and h(t) is R[¢].
Now consider the R-algebra homomorphism:

B=R[t/(f(t)) = R, t—a

This induces another R-algebra homomorphism:

Hence an S-morphism:
S = SpecR — SpecB,, ~ SpecOx ,

We also have a canonical morphism SpecOx , — X, I claim that we get a section of g. To see why, consider
the following diagram:

X®rk LI Speck

! |

SpecR X g SpecR

We want to prove SpecR — X — SpecR is the identity. We know that this is the same as showing the
corresponding morphism on the global sections is the identity. This is:

Oxy — B, — R
T A
1d
‘\ p
R
Then we pullback this along X ®g k and get:

Speck —— X ®p k —2— Speck

| | |

SpecR X g SpecR

Then the composition Speck — X Qg j 93 Speck is the identity, we are done.

Finally, let’s prove that 7 implies 4 and completing the proof: Recall that if we use A = R[t]/(f(1)), it’s a
finite rank free R-module, then we know that there is an etale R-algebra B of finite presentation representing
the functor A’ — Idem(A’ ®g A).

Our goal is to show that:

Idem(A) — Idem(A/mA)

is an isomorphism and we have shown that it’s always injective, therefore by the representability lemma, we
only need to prove that the morphism:

Homp(B, R) — Hompg (B, R/m = k)

is surjective.

Notice that the two sets are identified with sections of g : SpecB — SpecR and g, : SpecB®grk — Speck
and the morphism between them is identified as pulling back. Since we know that g is etale, our hypothesis
implies that the morphism is surjective. We are done. O

Proposition 5.5. Suppose that (R, m) is a complete local Noetherain ring then R is Henselian.
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Proof. The Noetherian hypothesis is crucial here as a lot of good properties of completion of rings happens
only when we have Noetherianity. We give two proofs of this result. First, we can check that every finite
R-algebra A is a finite product of local rings. This is because for any Notherian ring A and finitely generated
A-module M, we have a canonical isomorphism:

A Ra M — M
Here R is A and we know that R itself is complete, therefore we know that the above morphism is:
ARa M — M

which is an isomorphism therefore any such finitely generated M is complete, therefore we know that A is
m-~adic complete. Recall that A has finitely many maximal ideals, say my, -, my,.

Now think about the nilpotent ideal of A/mA, which is (my n---nm,)/mA. Since A is also Notherian,
we know that there is an integer k such that:

(mlm--~mmn)kcmAcmlm~mmn

Therefore we know that in A, the filtration defined by my n --- nm, and mA are cofinal, therefore they
define the same completion, i.e. we have:
A~ @A/miA ~limA/(m1n-n my)' = @A/m’i coeml

Recall that since m;’s are distinct maximal ideals, their powers are still coprime, therefore we can apply the
Chinese Remainder Theorem and conclude that:

A:@(A/miX---XA/m;)zliLnA/mix---@A/m;:Aml X x Am

2

n

I claim that each of these factors are local, this is because that we know that for any Noetherian ring, the
completion of a maximal ideal, is the extension of the maximal ideal, and it’s still going to be maximal.
Moreover, it’s contained in the intersection of all maximal ideals of the completion, thus if the Noetherian
ring is local, then the completion at the maximal ideal is also local, with the unique maximal ideal being
the completion of the unique maximal ideal of the original ring.

We can also check the property of lifting polynomials. Let f(¢t) € R[t] be a monic polynomial and let
f(t) = (t —a)h(t) be a factorization in k[t] with h(t) relatively prime to h(t). Now we will try to lift @ to a
root of f(t) in R[t] using a method somehow similar to Newton’s method of find a root of a smooth function
using limit, or in other words, C is complete. By our assumption, @ is a simple root of f(t), thus we know:

f@=o0, f@=+#0

Let ag be an arbitrary lift of a, then we know that f(ag) € m and f'(ap) is a unit. Now we will do induction,
suppose that we have found a lift a; € R of @ such that f(a;) € m**!. Then since f’(a;) is a unit of R, we
can define:

- flay)
Qjy1 = G5 — f/(ai)
Then we know that a;+; —a; = —% e m'*1. Then I claim that a;,; is also a lift of @ since we know:

Qi+1 — 0 =0iy1 —a =T
for some z € mi*!,
Notice that for any a,é € R, we can find b € R such that:

fla+98) = f(a) + f'(a)s + bs*
(You only have to compute what is f(a + ) — (f(a) + f'(a)d)) In particular, we can find b; such that:

f(ai) f(ai)

_ flai) (o m2it2
F(as) F(a) ye

f'(ai)

i+2

flaiv1) = f(as) + f'(ai) - (— )? = bi(—

)+ bi(

m
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Then we have constructed an element in the completion of R:
a=lima;
3
as we know that a;1 — a; € m**1, moreover since R is complete, this element is in R. If we compute f(a),
which is the limit of f(a;), we know that it’s 0 as f(a;1) € m**t2. Since each a; is a lift of a, the result a is
also a lift of a. Therefore we have f(t) = (t —a)h(t) for some monic polynomial h(t) lifting h(t). Notice that
R[t]/(f(t)) is finitely generated over R, therefore since after we tensor with R/m it’s 0, we know that it’s
already 0 by Nakayama’s lemma, therefore we know that (¢t — a), h(t) indeed generate R[t]. Therefore they
are relatively prime, this also shows that if the lift of @ to a is unique, then the factorization is also unique.
So finally, let’s show the lift of @ is indeed unique.
Let’s assume that a’ be a roof of f and also a lift of a, then we know that there is a b € R such that:

f(d') = f(a) + f'(a)(a’ — a) + b(a’ — a)?
Since f(a) =0 = f'(a’), then we know that:

b
/ / 2
a —a=———(a"—a)
f'(a)
since @’ — a € m, then we know that (a’ —a) € m? and then it’s in all m?, therefore the difference is 0 since
the ring is complete. We are done. O

Definition 5.6. Let A — A’ be a local homomorphism of local rings, we say that A’ is essentially etale
over A if there is an etale A-algebra B and a prime ideal p of B lying above the maximal ideal of A such
that A’ is A-isomorphic to B,. In a diagram, it’s the following situation:

A—— B —— B,
\AI/'

Remark 5.7. Recall that by the definition that B is etale over A, we know that SpecB — SpecA is finite
presentation thus finite type. Moreover, since it’s unramified, I will let you check that SpecB — SpecA is
quasi-finite.

I claim knowing this implies that the maximal ideal of A’ is the only prime of A’ lying above the maximal
ideal of A. Notice that if we consider the fiber of the closed point of SpecA in SpecB, it’s closed and is finite.
I claim that there is no ideal in the inverse image that is contained in another ideal in the inverse image.
To see why, we know that the inverse image is discrete, that is each of them is again closed, therefore it’s
also a closed point, thus a maximal element of B. Then from the above diagram that the inverse image of
maximal ideal m’ of A’ in A is indeed the maximal ideal of A. Suppose that ¢ is another such ideal, then
we know that it’s inverse image in B, must be pB,, therefore using the isomorphism A" ~ B,,, we know that
q = m’. Then we know that if A’, A” are two essentially etale A-algebras, the only possible A-homomorphism
between A’, A” is local.

Definition 5.8. A local homomorphism A" — A’ of local rings is called strictly essentially etale if it’s
essentially etale and the induced morphism on residue fields is an isomorphism.

**% This definition of essentially etale is probably related to the section of passage to the limit
Proposition 5.9. If A — A’ and A’ — A” are (strictly) essentially etale, then so is the composition.
Proof. *** Need to first read the section on passage to limit O

Lemma 5.10. Let A, A’ be local rings, A’ — A’ a strictly essentially etale local homomorphism, and (R, m)
a henselian local ring. Then the canonical map:

loc.Hom(A’, R) — loc.Hom(4, R)

between sets of local homomorphisms of local rings is a bijection.

21



Proof. We need to show that given a local morphism A — R, we can uniquely extend it to a local morphism
A’ - R.

Let’s first show the existence: consider the morphism SpecR — SpecA, we want to construct the following
diagram:

SpecA SpecA’

\ -1

SpecR

such that the closed point of R is mapped to the closed point of A’.
Consider the fibered product:

SpecA’ ®4 R —— SpecR

[

SpecA’ —— SpecA

We know that the existence of such a dotted morphism is equivalent to the existence of a section of SpecA’® 4
R — SpecR that maps the unique maximal ideal of R to the point in SpecA’ ® 4 R above the closed point of
SpecA’ and that of SpecR. I claim that the fact that A — A’ induces an isomorphism on the residue field
implies that there exists and only exists one point in SpecA’ ® 4 R that maps to the closed point of R and
SpecA’. To see why, consider the following diagram:

1

Speck(z") ®p(z) k(m) Speck(m)

T —

SpecA’ ®4 R —— SpecR

Lo

SpecA! ——— SpecA

S~

Speck(x') =~ Speck(x)

where the morphism Speck(z') ®j () k(m) — SpecA’ ®4 R is induced by the universal property of the
fibered product SpecA’ ®4 R. Note that since Speck(x’) — Speck(z) is an isomorphism, we know that
Speck(z') @p(z) k(m) is a single point. This proves existence, to see uniqueness, let S = A’ ®4 R and let
J =mS + 2'S. We know that any prime in S which pulls back to x’,m must contain J, therefore we know
that these primes are primes in S/J. Now what is S/J. Recall that for any A-algebra A’ and an ideal I’ ¢ A’
and an A-module M, we have:

(AT @4 M ~ (A" @4 M)/I- (A @4 M)
because tensor is right exact. Then we can apply this twice and:
A'Jx' @4 R/m ~ (A" ®4 R/m)/(x)

Similarly A’ ®4 (R/m) ~ (A’ ®4 R)/(m), therefore we get the desired isomorphism. However, notice that
A'Jx' @4 R/m ~ A'/x’ ® 4/, R/m, which is a field. Therefore J is in fact a maximal ideal, therefore it’s
unique. Moreover we know the residue field is k(z') ®p(5) k(m). This not only just holds for the affine case,
you can prove this for any Cartesian diagram as long as you have the isomorphism of residue fields as you
can always transform to this affine case.

Now let B be an etale A-algebra such that A’ is A-isomorphic to B, for some prime ideal p of B. Then
let’s consider a new Cartesian diagram:

SpecB, @4 R —— SpecB ®4 R —— SpecR

! | |

SpecB, ——— SpecB ————— SpecA
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We notice that the larger rectangle is isomorphic to the Cartesian square of SpecA’®4 R. Then I claim that
if we have section of SpecB ®4 R — SpecR that maps m to the unique point of SpecB ®4 R that is above
p € SpecB and m of SpecR, we know that the inverse image of m is over p in SpecB, therefore we have a
unique morphism B, — R by the universal property of the localization, thus the existence is proved. The
uniqueness of the point in SpecB ® 4 R is essentially proved in a similar way as shown above.

Notice that SpecB — SpecA is etale, then SpecB ® 4 R — SpecR is etale as well, then we know that we
have a Cartesian diagram:

Speck(X) ——— Speck(m)

| |

SpecB®4 R —— SpecR

where X is the unique point in SpecB ® 4 R above m,x we talked about above. However, notice that since
the residue field of X, i.e. K(X) is exactly the same as that of m, i.e. k(m), therefore we have a section of
Speck(X) — Speck(m).

Then since R is henselian, we know that such a section of Speck(X) — Speck(m) is induced by a
section from SpecB ®4 R — SpecR. To see this section of SpecB ®4 R — SpecR is unique, notice that
SpecB ®4 R — SpecR is separated and unramified and SpecR is connected, then we know that a section
of SpecR is uniquely determined by the value of one point. Consider the unique closed point of SpecR, we
know that this section can only map m to that unique point X of SpecB ®4 R, therefore it’s unique. O

Lemma 5.11. Let A be a local ring, and let Ay, A be strictly essentially etale local A-algebras, then:
1. There is a strictly essentially etale A-algebra A3 dominating A;, As.
2. There is at most one A-homomorphism from A; to As.

Proof. To prove 1: by definition, we know that there are Bi, Bs, etale A-algebras and primes pp,ps such
that A;, Ay are A-isomorphic to (B1)p,, (B2)p,- Then consider the diagram:

SpecB1 ® 4 Bo —— SpecBy

l |

SpecBy ——— SpecA

Recall that A;, A5 are strictly essentially etale A-algebras, therefore the residue field of By, By at p1, ps is the
same as that of m at A. Therefore we know that there exists and only exists one point p in SpecB; ®4 B>
such that it lies over p1,pe. Then I claim that Az = (B; ®4 Bs), suffices. This is essentially by definition
as we know that SpecB; ®4 Ba — SpecA, as the composition of two etale morphisms is still etale, therefore
As is already the localization of an etale at a prime ideal and the prime is mapped to the desired prime in
SpecA. Then we only need to check that the induced residue field morphism is in fact an isomorphism. This
is essentially the same as we will be able to prove that the residue field of that point is k(p1) Qp(z) k(p2)-
But as k(p1) ~ k(z) ~ k(p2), this is indeed isomorphic to k(x), via the induced morphism of residue fields
(this is easy to check here as we know that p;, ps are in fact maximal ideals).

Now let’s prove 2: keep the notation in 1, I will let you show that it suffices to show that there is at most
one A-morphism from SpecAs to SpecB; such that the closed point of As maps to p;. Again, consider the
Cartesian diagram:

SpecB1 ®4 Ay — SpecAs

|

SpecBy ——— SpecA

therefore using a similar argument as above, we can see that such a dotted morphism is equivalent to a section
of SpecB1 ®4 Az — SpecAy that maps the closed point of SpecAs to the unique point p of SpecB; ®4 Ao
that is over the closed point of SpecAs and p;. Then if there is such a section, we know that the uniqueness
follows from the fact that SpecBy ® 4 As — SpecAs is unramified separated, and SpecAs is connected. [
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Now let A be a local ring, a local morphism A — A’ is called essentially of finite type if there exists a
finitely generated A-algebra B such that A’ is isomorphic to to B, for some prime ideal p of B. Notice that
there is a set of local A-algebras essentially of finite type, such that each essentially finite type A-algebra is
A-isomorphic to one of the elements in that set. For example, we can take the set to be:

{(A[tl’ e 7tn]/1)p}

where ¢ ranges over all natural numbers and I ranges over all ideals of A[ty,- -+ ,t,] and p goes over all prime
ideals of A[ty,--- ,t,] lying above m. Recall that each strictly essentially etale A-algebra is an essentially
finite type A-algebra, therefore there is a set of strictly essentially etale A-algebra such that each such
A-algebra is A-isomorphic to one of the members of the set.

Now let Z be the category whose objects are strictly essentially etale A-algebras and whose morphisms
are A-homomorphisms (essentially local, and rather the objects are isomorphism classes of those algebras,
but this only matters when it comes to set-theoretic problems, so it’s not that important for our discussion),
then the previous discussion lemma and our discussion of direct limit shows that the following direct limit
exists:

A = lim A’
—>
A’eObZ

Definition 5.12. Let A be a local ring, then we define it’s henselization to be:

AP = lim A’
—>
A’eObZT

Of course, this process is called henselization for some reasons. For example, A" is going to be a henselian
local ring and if A is itself henselian, A" ~ A. A" will also be related to the original A in some ways. To
state and prove these properties, we need some preparation:

Lemma 5.13. Let A be aring and I a finitely generated ideal of A. Recall that we denote the completion
of Aat I by A=1lim A/I". If we write J,, = ker(4 — A/I"), then:

1. The canonical homomorphism 4 — A induces isomorphisms J,, = I"A, AT ~ /1/["121 and ["/["T! ~
I"A/I"HLA.
2. If A/T is Noetherian then A is Noetherian.

Proof. First, clearly that the canonical projection A— A/I™ is surjective, therefore we know that we have
an isomorphism A/J, — A/I™. Then we consider the following diagram of exact rows:

0 —— I/Imtm —— A/t ——— A/ —— 0

| | |

0 —— Jn/Jnom — A)Jin — A)Jy —— 0

[

0 —— In/Inm — 5 A/IvFm s AT ——5 ()

where the first vertical morphisms are induced by the canonical morphism i : A — A and thus the composition
of every vertical column is the identity morphism. Then we know that by the five-lemma, J,/Jpim —
I™/I™*™ is an isomorphism for all m,n, therefore I"/I"*™ — J,/J,+m is also an isomorphism for all
m,n. Notice that this also implies that A/I™T" ~ A/Jm+n for all m,n, however, it’s not enough for us
to conclude that I™A ~ J,. Consider the following case, if we have a ring map f : A — B such that the
induced morphism A/I — B/J is an isomorphism, then notice that we can not conclude IB = J. Clearly
that f~'J = I, but this only implies that IB — J. A concrete example is:
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We know that we have an isomorphism:
k/(0) = k[x]/(x)

But clearly the extension of (0) is still 0, not (z).
Therefore we still need to show that J, < I™A. Consider the isomorphism:

In/Iner s n/Jn+m

This implies that i(I") + Jp4m = Jn. Let m = 1, then we know that i(I"™) + J,+1 = J,. Suppose that I in
A is generated by x1,- -+ , 2y, then we know that for any z € J,,, we can write it as:

: 0 i1 ix
i( Z Ay T ) F 2o
i1tk =n

where z,41 € J,11 and a?l_,_ik € A. We know that J, ;1 = i(I"") + J, 12, therefore we can conclude that
for all m:
‘ 0 , .
z=i( 2 (@3, iy + @3 )Y ) + Znama

i1+ tig=n

for some z,4m+1 € Jpem+1 and a%l__, , € 1. Now we can take limit for m for both sides (can you figure what

in A such that:

%

this means here?) and conclude that there is some @y, ...;,

z = Z gy 0 (20 2l

i1+ tHig=n

Therefore z € I" A, we are done. That is to say we take d;,..;, to be the infinite tuple where on the m-th
slot we put Z;nz_ol ali]l"'ik. To check these two are indeed the same, consider their difference and we conclude
that the difference is in .J,, for all n, and we know that if an element is in J,, for all n, it’s 0. Then since
I/~ [y we have I /I ~ [ A/I"F™ A for all m,n. In particular we have A/I" ~ A/I"A
and I /It ~ [MA/T 1A,

To prove 2, we use the associated graded ring argument, and we need to prove the following ring is

Noetherian: . .
fZOInA/IrH—lA ~ ®f:01n/ln+l

Since A is Noetherian, we know that @°_,I"/I" "1 being a quotient of (A/I)[z1,- -+ ,z,], is also Noetherian.
O

Proposition 5.14. Let (Aj, ¢»,) is a direct system of local rings with ¢», being local morphisms. For each
A, let my be the maximal ideal of Ay and let k) = Ay/my be the residue field:

1. A =lim, A, is a local ring with maximal ideal m = lim, m and it’s residue field A/m is isomorphic
to k = lim, k.

2. If m, = myA, for any pair p > A, then m = my A for all \.
3. If A, is flat over Ay for any pair p > A, then A is flat over Ay for all .

4. If m;, = myA, and A, is flat over Ay for any pair p > X and if Ay if Noetherian for all A, A is
Noetherian.

Proof. Recall that lim, is exact, therefore if we consider m = limmy, it’s still a subset of li_I)nA » and it’s
easy to check that this is an ideal of A, then consider the SES:

0 —limmy — lim Ay — limky — 0

Clearly direct limit of fields is still a field, therefore m is a maximal ideal of A. To check A is local with m
being it unique ideal. We need to prove that A —m are all units. Again, since ¢, are local morphisms, it
induces an inclusion:

A—m =lim(Ay —my) — A
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Since Ay — m, are all units, we know that A — m are also units.
Now if m, = mxA,, then we have:

m = liny 1y Ay, > ling A,
=2 =2
Clearly this inclusion lands in my A, and given something in myA, it’s xa for some x) € my and a € A is
represented by a,, for some p > X, then we know that ¢y, (xx)a, suffices.

We want to show that ®4, A is exact, recall that tensor commutes with direct limits, therefore we know
that ®4, A ~ h—H>1H>A(®AAAu)' Since A,, is flat over Ay, the functor ®4, 4, is exact, and we also know that
direct limit is exact, thus the composition of two exact functors is still exact.

Finally, we want to show that A is Noetherian. We will show that any ascending chain of ideals in A
stabilize. Since each A, is Noetherian, we know that mj is finitely generated, therefore m = myA is also
generated, since A/m is a field, thus Noetherian, then we know that A = lim A/m™ is Noetherian and
A/m"A ~ A/m™. Since

A/m™ = A/mYA ~ Ax/m} ®a, A

and A is flat over Ay, we know that:
®a,mp A/m" ~ @4, A

There fore we know that A/m™ is flat over Ay /m%. Then since we have the isomorphism A/m” ~ A/m" A, we
know that A/m"fi = A/mﬁfl is also flat over A)/m%. Now we consider the morphism between Noetherian
rings:

Ay — A
we know that after we tensor with ® 4, Ax/m?% for all n, we get a flat morphism, then this implies that Ais
flat over Aj.

Now let I be a finitely generated ideal of A, then by the definition of A, we have some A and a finitely
generated ideal I, = Aj such that I = I, A, but notice that A is flat over A,, therefore we know that:
I\ ® A — Ay ® A is injective, therefore we know that I ~ I, ® A.

Since A is also flat over Ay, we know:

I ® A— A
is injective, thus Iy ®4, A ®a A Ais injective, then the canonical morphism I ® 4 A Ais injective
for all finitely generated ideal of A, therefore A is flat over A. I claim that A is actually faithfully flat over
A, therefore is we have a chain of ideals in A that is not stabilizing, after we tensor with A, we get another
chain that is not stabilizing, a contradiction. To show faithfully flatness, consider the ring map:

A A

we know that this is local since we know that the completion of a local ring is still local, this is because
A/m ~ A/mA thus a field, thus mA is a maximal ideal. And for any 2 € A —mA, the image in lim A/m" —

A/m™ is not in m/m™ thus a unit, thus z is also a unit in A. Then since A is flat over A and they are both
local with a local morphism then automatically A is faithfully flat over A. We are done. O

Using this lemma, we can prove several properties of the henselization:
Proposition 5.15. Let (4, m) be a local ring.

1. A" is henselian local and the canonical morphism A — A" is local and faithfully flat, mA”" is the
unique maximal ideal, and the homomorphism A/m — A" /mA”" is an isomorphism.

2. For every henselian local ring R, the canonical morphism:
loc.Hom(A", R) — loc.Hom(A4, R)
is bijective.

3. If A is already henselian then the canonical map A — A" is an isomorphism.
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4. The canonical morphism A AMis an isomorphism.
5. If A is Noetherian then so is A",

Proof. Suppose that A — A’ is a strictly essentially etale. I claim that this is map is local and faithfully
flat. Since both are local rings, once we prove the map is local, we only need flatness to conclude faithfully
flatness. Recall that A — A’ is A - B — B,. Since A — B is flat and B — B,, is flat then we know that B,
is flat over A, therefore so is A’. We have saw that any morphism of essentially etale A-algebras is local and
we notice A — A’ is itself such a morphism, thus local. Recall that since A — B is etale, it’s unramified,
therefore we know that A — B, makes pB, the extension of m, then this also holds for A’, this also tells
you that A/m — A’/mA’ is an isomorphism. Suppose that A’ — A” is an A-morphism of essentially etale
morphisms, we know that we have a diagram:

We want to prove that A" — A” is also flat, which implies it’s faithfully flat. To see why, let’s consider the
following diagram:

AI/

A=B, — 4 C,= A"

| |
B\A/C’

Notice that B over A is finitely presented, then we know that B — (), actually factors through C; for some
t ¢ p,ie. we have:

A=B, —————— Cy= A

’ \ ) / )
A /
Then since we know that A — B and A — C are both etale, then A — C; is also etale since C' — C; is
first finitely presented and also flat and unramified. Therefore B — C} is also etale, then in particular flat.
This implies that B, — C is flat as flatness is preserved by localization. Finally since we work with strictly
essentially etale A-algebras, the isomorphism on residue fields are all isomorphisms.

Then we apply the previous result and conclude that A/m — A" /mA" is an isomorphism, and A — A"
is local with mA” the maximal ideal and A — A" is faithfully flat. Therefore we only need to check A" is
indeed henselian. To check this, we will check that for any etale morphism g : X — SpecA”, any section of
gs : X ®n k — Speck is induced by a section of g.

Let’s suppose that we have a section s : SpecA? /mA" — X @ 4n A"/mA", 1 claim that this can be lifted
to a section of g SpecA" — X. Consider the diagram:

SpecAl jmAh —— X @ 4n AP /mA" —— SpecAl Jm A"

! | !

L ey L —— » X ———— SpecA"

Notice that we can shirnking X and assume that X — SpecA” is finitely presented. To see why, we notice
that the image of s in X ®4» A" /mA" is juts one point, then we can choose an affine open U of the image
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in X and consider:
SpecAl jm At —>— U @ n A" /mAP —— SpecAh /m AP

| | |

SpecAh ——————————————— > U _— SpeCAh

Then if there is such a section of U — SpecA”, I claim that SpecA” — U < X is the section we are looking
for. As we have:

SpecAl jm A" —— U @ 0 AM/mAP —— X @ 40 AM/mAr —— SpecAh /m AP

l | ! l

SpecAl ——eee s U X SpecA"

So by shirnking X, we can assume that X — SpecA” is affine and finitely presented. Then we can use the
results we discussed in the section of passage to limits, and conclude that we can find a strictly essentially
etale local A-algebra A’ and an etale morphism ¢’ : X’ — SpecA’ inducing g after base change to SpecA”.
Let 2’ € X’ be the image of the composite:

SpecA" /mAM 5 X @ 4n AP /mA" - X — X'

Then we notice that Ox ./ is a strictly essentially etale A-algebra since we have A — A" — Ox/ ,» where
we know that A — A’ is strictly essentially etale and A’ — Ox- . is also strictly essentially. Then we know
that by the definition of A", there is an A’-algebra homomorphism Ox ,» — A" which gives SpecA" —
SpecOx: ,» — X'. Finally, notice that we have a morphism SpecA" — X which can be thought as the graph
of SpecA" — X'. 1 claim that this morphism is a section of g that induce s. The fact that it’s a section of g
comes from our interpretation as this as the graph. To check it recall that we have assumed that X is affine,
say SpecB. Then we know that the morphism X ® 4n A"/mA" — SpecA" /m A" is also etale and separated,
therefore we know that it’s section is again determined by where the unique point of SpecA”/mA" goes.
Notice that the image of SpecA® — X lies above the maximal ideal of A" and 2’ € X', and since A’ — A"
induce an isomorphism on the residue field, we know that this point in SpecB is the only point lying about
the two points. However we know that the image of SpecA" — X is also such a point, thus we know that
these are the same point. Then we consider it’s pullback by SpecA”/mA", we know that the image is going
to be the unique point lying above the point of SpecA” /mA" and the image

SpecAh — X

, therefore we are done.
To prove 2, first recall that if A’ is a strictly essentially etale A-algebra, we have a bijection:

loc.Hom(A’, R) — loc.Hom(A, R)

Now, consider the morphism:
loc.Hom(A", R) — loc.Hom(A, R)

Let’s first prove that it’s injective. Recall that a map A" — R is the same as a system of compatible maps
A’ — R that is compatible under A’ — A”, then if we assume that after we precompose A — A" — R we get
the same morphism, we know that each of the maps in the system are equal, therefore the final morphisms
are equal. Surjectivity is similar, I will leave it here.

To prove 3, if A is already henselian, then we know that if A’ is a strictly essentially etale A-algebra,
consider: the following diagram:

Speck(x') —— Speck(z’) —— Speck(z)

l | |

SpecB, —— SpecB ———— SpecA
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where A’ is B,, for an etale A-algebra B. Notice that Speck(z’) — Speck(x) is an isomorphism by assumption.
Then we know that it’s generated by a section of SpecB — SpecA. Notice that SpecB — SpecA is etale, then
this section SpecA — SpecB correspond to an isomorphism of SpecA with an open connected component
of SpecB since we know that the image of the closed point of A is p in B, we know that the image is
contained in SpecB, and is surjective on SpecB,, since we know that SpecA — SpecB is also going to be
flat, therefore SpecA — SpecB, is also flat and thus faithfully flat, therefore surjective, then we know that
SpecB, — SpecB is actually open and SpecA — SpecB,, is actually an isomorphism by our correspondence
between sections of etale morphisms and isomorphism on connected components.

Therefore we know that A — A’ is an isomorphism for any strictly essentially etale A-algebra, then A"
as the filtered colimit we know that the canonical map A — A" is also an isomorphism.

To prove 4, we want to show an isomorphism of the inverse system:

A/m™ — A" /mm AP

To show this, recall that A" is flat over A, therefore we have canonical isomorphisms m” @4 A" ~ m™A"
and thus m"/m" ™1 @4 A" ~ m™ A" /m" 1 A" Notice that m"/m" ™ @4 A" ~ m™ /m" "1 ® 4/ A/m @4 AP ~
m™ /m" "t @4, AP /mAP. Since A" /mA" ~ A/m we know that:

mnAh/mn+1Ah ~ mn/mn+1 ®A/m A/m _ mn/mn+1
When n = 0, we know A/m ~ A"/mA" and notice that for A/m™, we have a filtration:
mn/mn c mn—l/mn c e m/mn c A/mn

Notice that the successive quotient is m?/m*!. We do the same for A"/m™A" and use induction to prove
the isomorphism:
A/m™ — A" /mm AP
Finally to prove 5, we notice that if A is Noetherian, then A’ is Noetherian for any strictly essentially
etale A-algebra A’, then we apply the previous result to conclude that A" is Noetherian. O

Proposition 5.16. Let A be a local Noetherian ring, then A is reduced (resp. regular, resp. normal) iff A"
is so.

Proof. *** to be completed later O
Proposition 5.17. Let (Rx, ¢x,) be a direct system of local rings such that ¢, are local homomorphisms.

1. If each Ry is henselian, then so is li_r)n)\ Rj.
2. In general, we have (lim, Ry)h ~ lim Rh

Proof. Recall that if we use R to denote the direct limit, then the maximal ideal is m = limmy. Let’s
consider A = R[t]/(f(t)) where f(t) is a monic polynomial. Then to show that R is indeed henselian, we
need to show that A — A/mA induces an one-to-one correspondence between idempotents elements of A
and A/mA. We already know that this is always injective when restricted to idempotent elements, therefore
we only need to show it’s surjective.

Let € € A/mA be an idempotent element, notice that R[t] is the filtered colimit of Ry[¢], then we
know that there will be a monic polynomial f)(¢) € Rx[t], whose image in R[t] is f(¢). Then we define
Ax = R[t]/(fx(t)) and we can consider Ay/myA. We notice that lim(fx(t)) = (f(¢)) and mA = limmy Ay,
then again using the fact that filtered colimit is exact we know that:

li_I)HA)\/mAA = A/mA

Then we know that for this idempotent element € in A/mA, there will be some €y in Ay/myA, that is also
idempotent whose image in A/mA is €. Then since R} is henselian, we know that there will an idempotent
element ey in Ay lifting €. Consider the image of e in A, you can check it lifts e.
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Then let’s prove 2: notice that for each Ry, we have a canonical morphism Ry — lim R). Consider the
following sequence:

Ry —— @R)\ — (li_rr}R,\)h

Notice that this is a local homomorphism and (h_r)n Ry)" is henselian local. Then we know that this uniquely
factors through the henselization of Ry, i.e. we have the diagram:

Ry —— li_H)lR,\ e (li_H}RA)h

AT
g

(Ra)"

Notice that for a pair 4 > A, we have the diagram:

Ry RM h_H)lR)\ E— (li_r)nR,\)h

The existence and uniqueness of the factorization shows that there is a local homomorphism from (Ry)" —
h oy . . h . h . . } . h
(R,)" and the composition with (R,)" — (lim RA) s the morphism (Ry)" - (lim Ry)™.
Then by the universal property of filtered colimits, we have a homomorphism:

f:lim R} — (lim Ry)"
Notice that h_H)lR}; is henselian as each of the factors is henselian, therefore we know that the morphism:
. . h
liny Ry — liny R}
induces a unique morphism:
g : (lim Ry)" — lim RY
I claim that f, g are inverses of each other. To check this, for example to check:

lim R} — (lim Ry)" — limg R}

is the identity, we only need to check how each R} is mapped to h_n)lRﬁ Therefore we need the following
diagram:

u R hmR/\

//

lim Ry —— hm Ry)"

We know that the top horizontal morphism (R#)h — h_r)nR’)\1 is the factorization of R, — lim Ry — h_r)nR’/\L

We notice that the composition (R,)" — (lim R)" — h_r)nR’)f is also a factorization, therefore by the
uniqueness, they are equal. This suffices. The other direction is via similar argument, I will let you do
it. O

Proposition 5.18. Let (A, m) be a local ring, and B a finite A-algebra. We know that B only has finitely
many maximal ideals, say ni,--- ,ny are all of them. Then we have:

B®a A" ~ (B,,)" x --- x (B, )"
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Proof. First we know that A — A" induces an isomorphism of the residue field, then consider:

SpecB @4 A" @ sn k ——— Speck

/

SpecB®4 k ——— Speck

SpecB|®4 A" ———— SpecAl

/

SpecB —— SpecA

That is, the fiber of SpecB — SpecA and SpecB @4 A" — SpecA™ over the closed points are isomorphic.
Since we know that A" — B ®4 A" is also finite, we know that the fiber over the closed point is also the
maximal ideals of B ®4 A", therefore we have a one to one correspondence between the maximal ideals
of B and B®a A". Let n},--- , )}, be the distinct maximal ideals of B ®4 AP lying above nq,--- ,ng via
B > By A",

Then since A" is henselian, we know that B®4 A" being finite over A" is going to be a finite product of
local rings, and we know that this product can be written as:

B®a Ah = (B ®a Ah)n'l Xoeee X (B ®a Ah)’rb;@

Therefore, to prove our assertion, we only need to prove that (B ®4 Ah)n/i ~ (B,,)".

Notice that we know that filtered colimit commutes with tensors, therefore we have:

B@a A"~ lim B®a A’
A’eObjT

where 7 is the old category of strictly essentially etale A-algebras.

Then let ¢; € B4 A" be the element that is projected down to 1 in (B®4 A"),,, and 0 in (B®4 A"),,
for j # 4. Then we know that e;e; = 0 and e? = ¢; and e; + - + e = 1. Notice that since B®x A" is also
a filtered colimit, we know that there is a strictly essentially etale A-algebra A’ such that eq,--- , e are the
images of some elements of €/,--- ,e} € B®a A’ with the same properties.

Therefore we know:

B@A A/ ad (B@A A/)ell X e X (B@A A’)e%

If we tensor B ®4 A’ with ® 4/ A", we get:
B@A Ah ~ (B@A Ah‘)el X e X (B@A Ah’)el o~ (B@A Ah)n/l X oo X (B@A Ah)nL

Again here this holds since we know that A" is flat over A’.
Consider the morphisms:

Spec(B®4 A')e; — SpecA’, Spec(B®a A')el @ar A" — SpecA

Just like the case with A — A", we know that the residue field of A’ is isomorphic to that of A", therefore
we again conclude that the morphism:

Spec(B®Ra A')e, @4 A" — Spec(B®4 A')é,

gives you a bijection between maximal ideals, therefore since (B ®4 A')e; ® s AP is local, we conclude that
(B®4 A')e; is also local and under the morphism:

B — (B XA A')eg
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it’s maximal ideal lives over n;. This is because we have a commutative diagram:

Spec(B®a A')el @ar A" ————— Spec(B®a A')el

! |

SpecB ®4 A" SpecB

Notice that this implies that we have a morphism B,,, — (B ®a4 A’)e; and I claim this is strictly essentially
etale. To see why, recall that A’ is strictly essentially etale over A, therefore there will be an etale A-algebra
C such that A" ~ C), then we know that:

B, ®4 A"~ B,,, ®4 C,
Then we consider the sequence:
B, = By, ®4 C — By, ®4 Cp — (By, @4 Cp)el
where e/ is the element in B,,, ®4 C, corresponding to ¢} in B,,, ®4 A’. Notice that we have:
B®Ra A =(B®RaA)e) x - x (BRa A e
we know that since B,,, ®4 A’ is just some localization of B®y4 A’, it commutes with products and we get:
B, @4 A" ~ (B, @4 A')e; x -+ x (Bp, @4 A'el,

And we know that the morphsim B®4 A" — B,, x4 A’ is component wise. I will let you show that this
localization contains e; in the multiplicative system, therefore after the localization, only (B, ®4 Cp)e;
survives and you can check the above composition B, — (B, ®4 Cp)e} is exactly B,, — (B ®4 A')el.
Probably one useful tool you will use is the fact that if you have a finite product of local rings, say Ay x---x A,
then we know exactly the maximal ideal of this product, then I will let you show that projection to the A;
factor is the same as localizing at the i-th maximal ideal.
Therefore we know that:
(Ba,)" = (B@a A')e))"

We also know that A" = (A’)". Therefore our goal becomes to prove that:
(B®a A)ej)" ~ (B®a A")yy = (B4 A’ ®ar (A)"),,

Then we can assume that B is actually B ®4 A’ and we know that the projection B®4 A" — (B ®4 A')e]
is actually the localization, we can assume that B is in fact a product of local rings over A.

We only need to show the case when B is a local ring, that is finite over A. In this case, I claim that
B®a A" is local since we know that SpecB®4 A" — SpecB gives a bijection of maximal ideals. I claim it’s
also henselian. To check this, suppose that C is a finite B ®4 A" algebra, then since B is finite over A, we
know that B ®4 A" is finite over A", then C is finite over A", therefore it’s indeed a finite product of local
rings. Moreover we know that:

B A" =limB®a A’

and we know that B®4 A’ is strictly essentially etale over B. This gives us a B-morphism B®4 A" — B",
consider:
B 1d Bh

|

B4>Id B

We know that since the identity extend B — B” it’s the unique local morphism extending B — B” to
B" — B". Then consider:

Id Id
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We know that the composition must be the identity. Now recall that when we prove the fact about unique
factorization through the henselization, we only use the fact that we have a direct system and the fact
that each object in the system is strictly essentially etale, then we know that B ®4 A" also has the unique
factorization property. Then consider:

where B" - B®4 A" exists because B®4 A" is henselian, then we know that the composition is still the
identity, we are done. O

Remark 5.19. Let’s make a side remark on why if A — B is a local morphism and A — A’ is a strictly
essentially etale algebra, then B — B®4 A’ will also be strictly essentially etale.

First, since A — A’ gives an isomorphism betweem the residue fields, we know that B ®4 A’ is indeed
local and the morphism is a local morphism. To show we indeed have an isomorphism of residue fields, since
A — A’ is strictly essentially etale, we consider the following diagram:

SpecB ®4 C, —— SpecC,

| |

SpecB®4 C —— SpecC

| |

SpecB ——— SpecA

We have proved that in this case, since C}, and A has the same residue field, then we know that the residue
field of B®a Cp, will be k(p) @) k(Cp) ~ k(p).

The notice that B — B ®4 C' is etale as the base change of an etale morphism. Moreover, B®4 C —
B ®4 C, can be interpreted as a localization and B ®4 C) is a local ring, therefore this is equivalent as
localizing at a prime ideal, we are done.

Recall that we proved before that if R is a henselian local ring, then sections of the fiber over the closed
point of SpecR can all be induced by a section on the base if the morphism of the base is etale. In fact, we
don’t need etaleness, and rather it can be replaced by a smooth morphism of any relative dimension:

Proposition 5.20. Let R be a henselian local ring, S = SpecR, and s the closed point of S. For any smooth
morphism g : X — S, any section of g, : X = X ®g k(s) can be lifted to a section of g.

Proof. Let hs : Speck(s) — X be a section of g; and let x € X; < X be the image of hs. Recall that since
g : X — SpecR is smooth, there will be an open neighborhood U of X and an etale R-morphism:

j:U — SpecR[t1,- -+ ,tn]

Let y = j(z). We know that as x is the image of the fiber, we conclude that k(z) ~ k(s) since the composite
of the morphisms on the residue field is the identity. To prove that k(z) = k(y), consider the following

diagram of fiber over s:
/ gS _\

(f[ AZ(S) Speck(s)
U A% R

We know that the morphism Speck(s) — Us — Az(s) makes the residue field of y k(s) as we know that
y € Aj,) Is in fact a k(s)-point, thus the residue field is k(s), then since we know that U — A, is etale,
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then we know that the residue field is a finite extension over k(s), but we know that the residue field of y is
actually the same as that of s, x, therefore this is in fact a trivial extension.

Then we know that the morphism OA% v — Ox , induces an isomorphism of the residue field. Moreover
I claim that this is essentially etale, thus strictly essentially etale. To see why, let’s assume that U = SpecB

is just affine, then we know that B is going to be finitely presented over R[t,--- ,t,] and the morphism is
unramified and flat. Let the ring map be R[ty,--- ,t,] — B, then say the point y correspond to a prime
ideal p in R[ty,- - ,ty], then we can consider:

OAE,y = R[t1, -~ ,tn]p — B,

we know this is still finitely presented and flatness is preserved under localization. Finally, we know that
sheaf of differentials is also compatible with localization, therefore this is still etale, then we know that
Oan .y — Ox , expresses Ox ;, as a localization of an etale algebra of Oan 4, thus is indeed essentially etale.
This in particular implies that the following sequence is both the henselization of Ox , and the henselization
of OAvé’y:

Onny — Oxa— O%, = A

Then consider the following diagram:
A%

PR

SpecA —— U N - SpecR

Then if we can find a section SpecR — SpecA of SpecA — SpecR, then we know that we can compose it
with SpecA — U — X, then conclude that SpecR — SpecA — U — X — SpecR = Idgpecr-

We already know that the y in the fiber of s in A” = Speck(s)[t1,- - ,tn] corresponds to a maximal ideal
(ty — a1, ,tn — G,) where a@; € k(s). Let a; € R be elements such that their image in k(s) are @;. Then we
know that y in SpecR[t1,- - ,t,] is the maximal ideal we got by taking the inverse image of maximal ideal
(ty — a1, -+ ,t, — ay). Then if we consider R-algebra map:

R[tla"'7tn]_)Ra t; — a;

I claim R[t1,--- ,tn] — R[t1, - ,tn]y — O?@:p gives a unique factorization from the henselization to R,
which gives a morphism SpecR — SpecA. The reason is that we know that we have the diagram:

ti—a;

R[ty, - ,tn] —— R
k(s)[tla T 7tn] tib—m; k(s)
which means that the inverse image of s in R[t1,- - ,t,] contains x, therefore we have a unique factorization:

R[th"' 7tn] —>R[t17"' ’tn]y —R

which is local and then we know that by the universal property of henselization, we get a unique factorization
from A to R, which thus gives SpecR — SpecA.
I claim this is the section we want, which means we want to prove the following composition is the
identity:
R — R[t, - ,ty]y > A—R

This is summarized in the following diagram and I will let you check it:

R R

|

R[ti, - ,tp]y — A



Proposition 5.21. Let (R, m) be a local ring and k = R/m the residue field, S = SpecR and s the closed
point of S. The following conditions are equivalent:

1. R is strictly henselian.
2. R is henselian and any finite etale S-scheme X is isomorphic to a disjoint union of S.

3. For any etale morphism ¢ : X — S and any point z € X lying above s, there is a section h : S — X of
g such that h(s) = x.

Proof. Let’s prove 1 — 3: since R is strictly henselian, we know that the residue field k(s) is separably

closed. Then consider an etale morphism:
g: X—S

and x € X lies above s. We know that the morphism on the residue field is a finite separable extension since
g is etale morphism, but we know that k(s) is separably closed, thus the extension is the trivial extension.
Then consider the following diagram:

Xs —— Speck(s)

! |

X— S

We know that the residue field of z, computed in X or in X is the same. Notice that a morphism Speck(s) —
X, with the image z is just a extension of of the residue field to k(s), but we know that the residue field
of x is k(s). Therefore we know that the induced morphism of k(s) — k(z) is an isomorphism therefore by
using the inverse we get a section of Xy — Speck(s) with image at x. This is summarized in the following

diagram:
g

/_\
k(s) — Ox 4 k(z) k(s)

Then we know that since R is henselian, it’s given by a section h : S — X. We can show it in the diagram:

Speck(s) —— Xy —— Speck(s)

| ! |

S X S

We are done. O
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