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This is the third chapter of the etale cohomology notes, where we have finally finished the prerequisites
and could consider something interesting, i.e. the etale fundamental groups. We begin with some
necessary backgrounds:

1 Finite Group Actions on a Scheme

Definition 1.1. Suppose that G is a finite group and X is a scheme, we say that G acts on X on the right
if for each element g P G, we have an automorphism of X, called ρg : X Ñ X such that for g1, g2 P G, we
have:

ρg1˝g2 “ ρg2 ˝ ρg1

and for the identity element e P G, ρe “ IdX .

For example if X “ SpecA, I claim that G acts on X on the right is equivalent to G acts on X on the
left, i.e. for each g P G, we are given a ring automorphism ρg such that ρg1˝g2 “ ρg1 ˝ ρg2 and ρe “ IdA.

Let G be a finite group acting on X on the right, then we know that for any scheme Z, G acts on the left
of the set HompX,Zq. The definition is defined to be g ¨ f is f ˝ ρg. This is indeed a left action as we know
that pg1 ¨ g2qf “ f ˝ ρg1¨g2 “ f ˝ ρg2 ˝ ρg1 “ g1 ¨ pg2 ¨ fq. We will use HompX,ZqG to denote the morphisms
that is invariant under G’s action, i.e. those f such that g ¨ f “ f for all g P G.

Definition 1.2. Let G be a finite group acting on a scheme X, a morphism X Ñ Y invariant under G is
called a quotient of X by G if the canonical map:

HompY,Zq Ñ HompX,ZqG

is bijective for any scheme Z. In other words, Y represents the functor Z ÞÑ HompX,ZqG. In this case, we
will denote Y by X{G as it’s unique up to a unique isomorphism.

Remark 1.3. What is the natural map in the above definition. Given a morphism f : Y Ñ Z, we get
a morphism X Ñ Z by pre-composing it with X Ñ Y . Then since X Ñ Y is invariant under G, the
composition is also invariant under G.

How should we think about this quotient and its universal property? This is actually very similar to
what we saw in the category of topological spaces. Where if you have a finite group G acting on a topological
space X, then X Ñ Y “ X{G is defined to be the quotient map and the topology on Y is defined by the
quotient topology. Then the universal property is just a restatement of the universal property of quotient
topological spaces in this special case. Given a G-invaraint morphism X Ñ Z, we know that the orbits of
G will be mapped to the same point in Z, therefore it factors uniquely through Y “ X{G. In the category
of schemes, we are just trying to reproduce this situation, but since at this point, we don’t have a direct
quotient of X by G, we can only define Y “ X{G using the same universal property as in topological spaces.
Later in this section, you will see how we can give a concrete description of Y , at least in the case when X
is affine, which is the following proposition.

Proposition 1.4. Let A be a ring on which a finite group G acts on the left, let B “ AG, i.e. the subring that
is fixed by the group actions. Let X “ SpecA, Y “ SpecB, and π : X Ñ Y be the morphism corresponding
to the inclusion of rings AG ãÑ A, then:
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1. AG ãÑ A is an integral extension of rings, or π : X Ñ Y is an integral morphism.

2. π : X Ñ Y is surjective, it’s fibers are orbits of G and the topology on Y is the quotient topology
induced from X.

3. Given x P X and let y “ πpxq, if we denote:

Gx “ tg P G : gx “ xu

by the stabilizer of x, then the residue field kpxq is a normal algebraic extension of the residue field
kpyq and the canonical map Gx Ñ Galpkpxq{kpyqq is surjective.

4. The canonical morphism OY Ñ pπ˚OXqG is an isomorphism and Y is the quotient of X by G.

Proof. You probably have noticed that the above definitions makes sense even if this group G is not finite,
however, in this proof, we will see that we do need finiteness of G.

First, we want to prove that each a P A is the roof of some monic polynomial in Brts. Consider
ś

gPGpt ´ g ¨ aq P Arts. Notice that if we apply g to this polynomial, it’s coefficients remains the same, thus
it’s actually in Brts, and we know that it’s monic with a root a.

Then we know that integral field extension implies surjective morphism on the spectrum. Obviously,
since B ãÑ A is an inclusion, we know that the image of V pIq for an ideal I Ă A is going to be V pI X Bq,
therefore it’s a closed map, thus the topology on Y is indeed the quotient topology. Now let q Ă B be a
prime ideal and suppose that we have p, p1 prime ideals in A such that p1 X B “ q “ p X B. We notice that
the element

ś

gPG ga P p1 X B “ q Ă p. Therefore we know that for some g P G, ga P p, thus p1 Ă YgPGgp.
Recall that gp, for all g P G, are all prime ideals, then by the standard prime avoidance lemma, we conclude
that p1 Ă gp for some g P G. This implies that p1 “ gp since:

gp X B “ gpp X Bq “ p X B “ p1 X B

Then since p1 Ă gp and p1 X B “ gp X B, p1 “ gp from the fact that B ãÑ A is integral.
Let p be a prime ideal of A corresponding to x and let q “ p X B be the prime corresponding to y.

Consider the ring extension:
Bq ãÑ A bB Bq

Recall that integrality is preserved by localization, so this is still an integral closure, and we know that G
naturally acts on the localization (can you see why, maybe it’s clearer if you think about it in the tensor
terms) and it’s easy to check that Bq in this is pAbBBqqG. Moreover, we know that this localization doesn’t
affect the residue field, therefore we can assume that B is a local ring with q the maximal ideal. I claim that
p is this case is maximal, this is because q is maximal and B Ñ A is integral again, then we know that for
any element in kpxq, it comes from something in A, then we can use the same polynomial considered as a
polynomial in kpyqrts, and it splits in kpxq, therefore the field extension is normal and algebraic.

Now consider the separable closure of kpyq in kpxq, which we denote by kpyqs. We know that kpyqs{kpyq

is separable and for any element x P kpyqs, it’s minimal polynomial over kpyq is at most of degree |G|, this
implies that kpyqs{kpyq is in fact finite. To see why, suppose that K{L is a separable algebraic extension
that is of infinite degree, then we can choose a sequence of elements an P K such that:

an`1 R Lpa1, ¨ ¨ ¨ , anq

Therefore we know that Lpa1, ¨ ¨ ¨ , anq{K is at least of degree 2n. However, since each finite separable
extension Lpa1, ¨ ¨ ¨ , anq{L can be written as Lpαnq for some αn P K, we know that the degree of the
extension of the degree of the minimal polynomial of αn, therefore a contradiction. Therefore kpyqs{kpyq is
finite separable, therefore generated by one element, therefore degree is at most |G|.

If g P Gx, since g is an automorphism of A that fixes p, it also gives an automorphism of kpxq. I claim
that this automorphism fixes kpyq, thus gives the natural morphism Gx Ñ Galpkpxq{kpyqq. This is obvious
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since we have the following diagram:

AG AG

A kpyq A kpyq

kpxq kpxq

Id

g

g

I will let you check this diagram indeed commutes, the key is to remember AG is fixed under g.
Now let a P A be an element whose image in kpxq generate kpyqs over kpyq. By our definition o Gx, we

know that for any g P G ´ Gx, gp is a maximal ideal of A distinct from p, therefore all coprime to p, then
we know that p is also coprime to

ś

gPG´Gx
gp “ J , then we know that by the Chinese remainder theorem,

we know that the morphism:
A Ñ A{p ˆ A{J

is surjective. Therefore there is some a1 P A such that it’s image in A{p is a and it’s image in A{J is 0. In
other words, we can find a1 P A such that a1 ´ a P p and a1 R gp for all g R Gx.

Consider the following polynomial in kpyqrts:

fptq “
ź

gPG

pt ´ ga1q

where ga1 is the image of ga1 in kpxq. We know that if τ P Galpkpxq{kpyqq, we know that τpa1q is still a root
of fptq, therefore τpa1q “ ga1 for some g P G. If g R Gx, we know that, we know that g´1 R Gx, therefore
we know that a1 P g´1p, therefore ga1 P p, therefore σpa1q “ 0 which implies a1 “ 0. Therefore we know that
kpyqs “ kpyq as it’s generated over kpyq by something already in kpyq. Therefore we know that kpxq{kpyq

is purely inseparable, recall that the Galios group of a purely inseparable field extension is trivial, therefore
Gx Ñ Galpkpxq{kpyqq is trivially surjective. Recall that since a1 ´ a P p, we know that a1 “ a, therefore we
know that:

σpaq “ ga “ g ¨ a

This implies that g´1 ˝ σ fixes kpyqs as well, therefore we know that it’s in Galpkpxq{kpyqsq which is trivial,
therefore g “ σ.

Finally, let’s first figure out what is OY Ñ pπ˚OXqG. I claim that the group G naturally acts on π˚OX .
This is because we have the following diagram:

X X

Y

g

π π

Then we define the action of g on π˚OXpV q to be the action of g on OXpπ´1V q. I will check this is compatible
with restrictions using the above diagram.

Then I define pπ˚OXqG open by open and you chan check it’s indeed a sheaf. Then you can check
that the morphism OY Ñ π˚OX uniquely factors through pπ˚OXqG ãÑ π˚OX . To check this is indeed an
isomorphism, we check for each f P B on Dpfq, we know that the morphism is just:

Bf pAf qG

Af

where the top morphism is b
fn ÞÑ b

fn . Then clearly this is injective as Bf Ñ Af is injective. I will let you
check it’s surjective, which is not hard.

3



We check Y is indeed the quotient of X by G. First, obvious by the definition of Y π is invariant under
G. We then need to check HompY, Zq Ñ HompX,GqG is bijective for all Z. We first notice that π : X Ñ Y is
an epimorphism in the category of schemes, since it’s surjective and the morphism: OY Ñ π˚OX is injective.
Therefore suppose that if p1 ˝ π “ p2 ˝ π, then p1 “ p2, therefore the morphism is injective. To show it’s
surjective, we need to show that we can always find a morphism Y Ñ Z such that the following diagram
commutes:

X Z

Y

f

π

Recall that the fibers of π are orbits of G, and we know that since f is also invariant under G, then we know
that orbits of G must be mapped to the same point in Z, therefore there is a unique map of topological
spaces g : Y Ñ Z, we only need to upgrade it to a morphism of schemes. What we notice here is that since
f is also invariant under G, then for any V Ă Z, we know that the morphism OZpV q Ñ OXpf´1V q maps
into those that is fixed by G, since we know that f´1V “ π´1pg´1V q and OY pg´1V q is the elements in
OXpf´1V q that is fixed by G, therefore we have the factorization:

OZpV q OXpf´1V q

OY pg´1V q

f7

»

This clearly is compatible with restrictions, and it makes this diagram commute, then the fact that π and
f are both morphisms of locally ringed spaces makes g a morphism of locally ringed spaces. I will let you
check.

Definition 1.5. Let X be a scheme with a right finite group action by G. We say this action is admissible
if there is an affine morphism π : X Ñ Y invariant under G such that OY “ pπ˚OXqG, this equality comes
from the canonical morphism OY Ñ pπ˚OXqG being an isomorphism.

Remark 1.6. In this case, we can first choose an affine cover of Y , and by taking the inverse image, we get
a bunch of morphisms between affine schemes say π´1U Ñ U , which is still invariant under G-actions. Then
suppose that this is SpecB Ñ SpecA, we know that the condition OY “ pπ˚OXqG implies that B is just
AG, therefore we can apply what we have proved in the previous proposition and obtain a lot of information.
For example, we know π : X Ñ Y is surjective and the topology on Y is still the quotient topology coming
from X. This even holds for every π´1U Ñ U for not necessarily affine U and we know that the orbit G is
contained in some of the affine opens.

Moreover, recall that when we proved the quotient in the affine case, the fact we need is the quotient
topology condition and the condition OY Ñ pπ˚OXqG is an isomorphism, without any usage of the affine
condition. Therefore here we can prove that π´1U Ñ U is a quotient by G for each open subscheme U of
Y . In particular X á Y is the quotient.

Proposition 1.7. Let X be a scheme with a finite group G acting on the right, the following conditions are
equivalent:

1. The action is admissible.

2. X is a union of affine opens stable under the action of G.

3. Each orbit of G stays in an affine open subset.

Proof. Let π : X Ñ X{G be the canonical morphism of the quotient from X being admissible. Then by
definition this is an affine morphism, and we know that by choosing an affine open cover of X{G we can
cover X by an affine opens. Moreover, suppose that we have a point x P X, since each morphism π´1U Ñ U
is invariant under G action, we know that each orbit is contained in one of these affine opens. This proves
1 ñ 3.
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To show 3 ñ 2, let S be an orbit of G and let U be an affine open subset that contain S. Then we know
that S Ă XgPGgU Ă U . Recall that since G is finite, S is finite and XgPGgU is a nonempty open. Then I
claim that there is an affine open V such that S Ă V Ă XgPGgU . To see why, suppose that U “ SpecA and
S “ tp1, ¨ ¨ ¨ , pnu, then we know that XgPGgU “ SpecA ´ V paq for some ideal a Ă A. We know that no pi
contains a for all i, then we know that a is not contained in the union of pi, i.e. by the prime avoidance
lemma. Therefore we can take f P a ´ XgPGgU , then we note that V “ Dpfq suffices. Finally, we notice
that for all g P G, since S Ă V Ă XgPGgU , we know that gV Ă XgPGgU Ă U . Moreover, we know that since
g induces an automorphism on U , V as an affine open in U , we know that gV is still affine. Recall that
in a separated scheme (here being in an affine scheme), finite intersections of affine schemes is still affine.
Therefore XgPGgV is affine, and stable under G-actions, which contains S, therefore X is indeed a union of
affine opens that is stable under G-action.

Finally, we show 2 ñ 1. Let Y be the quotient topological space of X by G, and we have a canonical
morphism of topological spaces:

π : X Ñ Y “ X{G

Then consider the pushforward π˚OX on Y . We know that G acts on π˚OX , which let us define a ringed
spaces pY, pπ˚OXqGq. I claim that this is a scheme, which means that we need to show that it’s locally
SpecR for some ring R. Now suppose that X is the union of a bunch of SpecA which is stable under the
group action, then we know that we can describe Y as covered by SpecAG.

Corollary 1.8. Let X be a scheme on which a finite group G acts on the right, then:

1. If G acts admissibly on X, then so does any subgroup of G.

2. If there is an affine morphism f : X Ñ Z invariant under G-actions, then G acts admissibly on X and
X{G is Z-isomorphic to Specpf˚OXqG.

Proof. The first assertion is obvious using criterion 2 in the proposition.
To see the second assertion, we first know from the fact f : X Ñ Z is affine and invariant under G-actions

that G acts admissibly on X. Then consider the following diagram:

X X{G

Z

π
f g

where X{G Ñ Z is induced by the universal property. Then recall that if we consider the Z-scheme
Specpf˚OXqG, we know that a Z-morphism from X{G to it correspond to a OZ-algebra morphism:

pf˚OXqG Ñ g˚OX{G “ g˚ppπ˚OXqGq “ pg˚π˚OXqG “ pf˚OXqG

which is just the identity morphism. The second equality holds because if we compute:

g˚ppπ˚OXqGqpV q “ pπ˚OXqGpg´1V q “ OXpπ´1g´1V qG “ pg˚π˚OXqGpV q

Therefore we have a morphism X{G Ñ Specpf˚OXqG. I claim that this is an isomorphism, which can be
checked locally, and I will let you check this.

Remark 1.9. These above results suggests that not like what happens in the topological spaces, X{G may
not exist. We know from the above discussion the characterizations of the existence.

Remark 1.10. Let G be a finite group acting on X on the right, if we want to check that a morphism
X Ñ Y is the canonical quotient morphism, I claim that we can do it affine locally on the target. This is
because either invariant under the group action and OY “ pπ˚OXqG can be checked affine locally on the
target. We will use this later.

Proposition 1.11. Let X be a scheme on which a finite group G acts, and let X Ñ Y be a morphism
invariant under G, for any morphism Y 1 Ñ Y , we will let G act on X ˆY Y 1 by base change.
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1. If G acts admissibly on X with Y “ X{G and Y 1 Ñ Y is flat then G acts admissibly on X ˆY Y 1 and
Y 1 “ pX ˆY Y 1q{G.

2. If Y 1 Ñ Y is quasi-compact and faithfully flat, G acts admissibly on X ˆY Y 1 and Y 1 “ pX ˆY Y 1q{G,
then G acts admissibly on X and Y “ X{G.

Proof. First, consider the morphism:

X ˆY Y 1 X ˆY Y 1 Y 1

X X Yg

The morphism X ˆY Y 1 Ñ X ˆY Y 1 is how we define the G-action.
Let’s first prove the first assertion. I first claim that we can assume everything is affine due to the above

above remark. Therefore we can assume that X “ SpecA, Y “ SpecAG, and Y 1 “ SpecB1 where B1 is flat
over B, then we need to show that:

B1 Ñ A bAG B1

describes B1 as pB1 Ñ AqG.
Consider the following morphism of B-modules:

A Ñ
ź

gPG

A, a ÞÑ pa ´ gaq

This is indeed a morphism of B-modules where we know that bpa1 ` a2q ÞÑ pbpa1 ` a2q ´ bgpa1 ` a2qq “

bppa1 ´ ga1q ` pa2 ´ ga2qq. Notice that the kernel of this map is B, therefore we have a exact sequence:

0 Ñ B Ñ A Ñ
ź

gPG

A

Since B1 is flat over B, then we have another exact sequence by tensoring B1:

0 Ñ B1 Ñ A bB B1 Ñ
ź

gPG

A bB B1

where the morphism AbB B1 Ñ
ś

gPG AbB B1 maps ab b1 to ppa´gaq b b1q “ pab b1 ´g ¨ pab b1qq, therefore

we know that the kernel is indeed pA bB B1qG “ B1, we are done.
Recall that by our result in descent theory, for a faithfully flat quasicompact morphism Y 1 Ñ Y , the fact

that XˆY Y 1 Ñ Y 1 is affine implies that X Ñ Y is also affine. Again, we can check if X Ñ Y is the canonical
quotient morphism by checking affine locally on affine, therefore we can assume that X “ SpecA, Y “ SpecB
and Y 1 “ SpecB1 whereB1 is faithfully flat overB, from our assumption that the top morphism is the quotient
morphism, we know:

0 Ñ B1 Ñ A bB B1 Ñ
ź

gPG

A bB B1

is exact. Now since B1 is faithfully flat, we know that 0 Ñ B Ñ A Ñ
ś

gPG A is exact, therefore B is AG.

2 Etale Covering Spaces and Fundamental Groups

From this section, we begin to discuss etale theory in a serious way, let’s begin with a few definitions:

Definition 2.1. Let X be a scheme, a geometric point of X is a morphism γ : s Ñ X where s is the
spectrum of a separably closed field. We often write kpsq for this separably closed field and s “ Speckpsq.

Remark 2.2. Recall that if γ : s Ñ X is a geometric point with image x P X. Then consider the
corresponding morphism on stalks:

OX,x Ñ kpsq
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we know that the maximal ideal of OX,x is mapped to 0, therefore we actually have an extension. kpxq ãÑ

kpsq. Conversely, given such an extension, we can define a morphism Speckpsq Ñ Speckpxq Ñ X where
Speckpxq Ñ X is the canonical morphism. These two constructions are actually inverses of each other and
I will let you check it. Clearly, if γ : s Ñ X is a geometric point, then for any morphism f : X Ñ X 1, we
have a geometric point f ˝ γ : s Ñ X 1.

Definition 2.3. A pointed scheme is a pair pX, γq such that X is a scheme and γ : s Ñ X is a geometric
point.

A morphism between pointed schemes pX, γq, pX 1, γ1q is a morphism f : X Ñ X 1 such that the following
diagram commutes:

X X 1

s s

f

γ

Id

γ1

In particular, we need the base field of the two geometric points to be the same.

Definition 2.4. Let X be a scheme on which a finite group G acts on the right, and let x P X, we will call
the stabilizer subgroup:

Gx “ tg P G : gx “ xu

the decomposition subgroup at x and is denoted by Gdpxq.

Remark 2.5. Clearly, since g P Gx fixes x we get a well-defined action of Gx on kpxq, the residue field at
x. We will call the elements in Gdpxq that is acting trivially on kpxq is called the inertia subgroup at x
and is denoted by Gipxq.

One observation of this inertia subgroup is the following: if γ : s Ñ X is a geometric point with image
x. Then we know that G acts on Homps,Xq where g acts by ρg ˝ γ and obviously G acts on the right since
the action pg1g2q is ρg1g2 ˝ γ “ ρg2 ˝ ρg1 ˝ γ “ ppγqg1qg2. I claim that the inertia subgroup at x, i.e. Gipxq,
is exactly the stabilizer of γ P Homps,Xq.

To see why, recall that we have a one to one correspondence between γ : s Ñ X and extensions kpxq ãÑ

kpsq. Then you can check that after you apply g to γ, we get the geometric point which is obtained by

kpxq
g

Ñ kpxq ãÑ kpsq. Therefore if g is the stabilizer, then we know that g acts trivially on kpxq, conversely,
if g acts trivially, it’s in the stabilizer of γ. Using this interpretation, we can prove:

Proposition 2.6. Consider a Cartesian diagram:

X ˆS S1 X

S1 S

Suppose that a finite group G acts on the right, and suppose that X Ñ S is invariant under G. Let G act
on X ˆS S1 by base change. For any x1 P X ˆS S1 with image x in X, we have Gipxq “ Gipx

1q.

Proof. Let γ : s Ñ X ˆS S1 be a geometric point with image x1. Then we know that Gipx
1q is the stabilizer

of γ, that is:
tg P G : γg “ γ, γ : s Ñ X ˆS S1u

Recall that by composing γ with X ˆS S1 Ñ X, we get a geometric point of X. Then consider the following
diagram:

X X S

s X ˆS S1 X ˆS S1 S1

g

γ
g

Then we know that if g fixes γ, then obviously it fixes s Ñ X ˆS S
1 Ñ X. Conversely, if g fixes the geometric

point to x, since g never plays with s Ñ S1, therefore we know that once g fixes the X factor, it fixes the
geometric point to x1. Therefore the stabilizer interpretation implies the result.
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Finally, let’s give the first one of the most important definitions:

Definition 2.7. An etale covering space of a scheme S is a finite etale morphismX Ñ S. One observation
that is good to make in the beginning is that: Recall that we have proved that etale morphism are open,
and we also know that finite morphisms are closed. Therefore the image of X Ñ S is both open and closed,
thus if S is a connected (or irreducible), then this morphism is necessarily surjective, thus indeed matches
our intuition that a covering map should be surjective.

Remark 2.8. Notice that if X Ñ S is an etale covering, then the group AutpX{Sq, i.e. the group of
automorphism of X over S acts on X on the left. Consider the opposite group G “ AutpX{Sq˝, where the
group law becomes g1g2 “ g2 ˝ g1. Then this group acts on X on the right. If in particular S “ X{G, then
we say X Ñ S is a Galios etale covering space with Galios group G.

Lemma 2.9. Let k be a field, and let A be a finite dimensional k-algebra. Then A »
ś

i Li for finitely
many fields Li separable over k if and only if the following bilinear form is nondegenerate:

A ˆ A Ñ k , px, yq ÞÑ TrA{kpxyq

Proof. Let’s first assume the form is nondegenerate, then if x P A is nilpotenet, we know that xy is also
nilpotent. Recall that over any field, the trace of a nilpotent element is always 0, therefore the trace of xy
is 0 for any y. Then since the bilinear form is nondegenerate, we know that x “ 0, therefore A is reduced.

Now let K be any field extension of k, we consider another bilinear form:

A bk K ˆ A bk K Ñ K, px, yq ÞÑ TrAbkK{Kpxyq

I claim that this is still nondegenerate. To see why, we know that the first form is nondegenerate iff the
associated morphism:

A Ñ A_, x ÞÑ Bpx,´q

is an isomorphism, then we know that:
A bk K Ñ A_ bk K

is also an isomorphism where x b k ÞÑ Bpx,´q b k. Recall that A_ bk K » pA bk Kq_ where:

HomkpA, kq bk K Ñ HomKpA bk K,Kq, f b k ÞÑ px b k1 ÞÑ k ¨ k1 ¨ fpxqq

you can check this using a basis. Then we know that the morphism A bk K Ñ A_ bk K can be thought as:

A bk K Ñ pA bk Kq_

where x b k ÞÑ Bpx,´q b k ÞÑ py b k1 ÞÑ kk1Bpx, yqq and this is an isomorphism.
Notice that Abk K ˆAbk K Ñ K is defined by pxb k, y b k1q ÞÑ kk1TrAbkK{Kpxyq. Therefore we know

that the new form is also nondegenerate. Therefore A bk K is also reduced. Then recall that since A is a
finite dimensional k-algebra, it’s necessarily finite length, thus Artinian, therefore it decomposes to a finite
product of local Artinian rings, say:

A “
ź

i

Ai

reach of them is reduced, but we know that reduced local Artinian rings are fields.
Now suppose that A “

ś

i Li where Li are all extensions of k. We know that Abk K “
ś

i Li bk K, but
since A bk K is reduced, so is Li bk K, therefore each Li is separable.

Conversely, suppose that A “
ś

i Li, we want to show that:

A ˆ A Ñ k

is nondegenerate. Recall that by breaking up A to Li pieces, I will let you show that bilinear form is
nondegenerate iff for every finite separable extension K of k, the following bilinear form is nondegenerate:

K ˆ K Ñ k, px, yq ÞÑ Trpxyq
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Recall that every finite separable extension over k is generated by a single element by the primitive element
theorem, then we choose this element to be x, and fptq “ tn ` a1t

n´1 ` ¨ ¨ ¨ ` an be the minimal polynomial
of x. Say x1, ¨ ¨ ¨ , xn are all the roots of f in an algebraic closure of k containing K. Again since K{k is
separable, these are all distinct. Recall that we have a basis t1, x, ¨ ¨ ¨ , xn´1u as a basis of K over k, then
to prove the form is nondegenerate, it suffices to show that the Gram matrix is invertible, i.e. the matrix
pTrpxi´1xj´1qqij is invertible.

Recall that Trpxnq “
řn´1

j“0 xn
j , therefore the matrix is the product V V T where:

V “

»

—

—

—

–

1 1 ¨ ¨ ¨ 1
x1 x2 ¨ ¨ ¨ xn

...
...

...
xn´1
1 xn´1

2 ¨ ¨ ¨ xn´1
n

fi

ffi

ffi

ffi

fl

Therefore we can compute it’s determinant using the Vandermonde determinant formula it’s

ź

iăj

pxi ´ xjq

since xi’s are all distinct, it’s not 0.

Proposition 2.10. Let f : X Ñ S be a finite flat morphism between Noetherian schemes, then A “ f˚OX

is locally free OS-module of finite rank, then f is etale iff the following bilinear form is nondegenerate:

A ˆ A Ñ OS , px, yq ÞÑ Trpxyq

Proof. Recall that when we work with Noetherian schemes, finite flat means that f˚OX is locally free. Recall
that we already know that the morphism is finite, flat, therefore we only need to prove it’s unramified. This
can be checked affine locally, thus we can assume that X “ SpecA Ñ SpecB “ Y where A is a finitely
generated flat B-module. We only need to prove that ΩA{B is 0, that is for each p Ă A, pΩA{Bqp “ 0. Now
let q be the inverse image of p in B and consider the following diagram:

Aq{qAq A

Bq{qBq B

We know that since ΩA{B is finitely generated over A, pΩA{Bqp is finitely generated over Ap, therefore by
Nakayama’s lemma, it’s equivalent to pΩA{Bqp “ pAppΩA{Bqp. Now is pΩA{Bq b Aq{qAq “ 0, we know
that pΩA{Bqq “ qAqpΩA{Bqq, then we know that by further localizing at p, we know that pΩA{Bqp “

qAppΩA{Bqp Ă pAppΩA{Bqp, therefore pΩA{Bqp “ 0, i.e. the morphism is etale. Conversely, if the morphism
is etale ΩA{B “ 0, then of course what tensor with it is 0.

Whatever, we need to prove pΩA{Bq bA Aq{qAq “ 0 which is the same as prove ΩpAq{qAqq{pBq{qBqq “ 0
as module of differentials is compatible with base change. We will denote kpqq “ Bq{qBq, and Aq{qBq is a
finite dimensional over kpqq. Then we need to prove ΩAq{qAq{kpqq “ 0, where Aq{qAq is a finite kpqq-algebra.
Then we know that this is equivalent to Aq{qAq is a product of finite separable extensions of kpqq by our
characterization of finite k-algebras (see the remark below).

This condition, by the previous theorem, is equivalent to the following form being nondegenerate:

Aq{qAq ˆ Aq{qAq Ñ Bq{qBq, px, yq ÞÑ Trpx, yq

Therefore we only need to prove that this condition is equivalent to the form in the statement being nonde-
generate. I will let you check this locally.

Remark 2.11. In this remark, we give the proof of the characterization of finite etale algebras over a field
k.

9



The claim is that if A is a finite k-algebra, then A is etale over k iff A is a finite product of finite separable
extensions of k. First, let’s assume that A is etale over k, then we first know from the fact that A is finite
over k that A is a finite product of local rings, say Am, then SpecA Ñ Speck is etale iff ΩA{k is 0, consider
the following diagram:

Am A

k k

Then we know that pΩA{kqm “ ΩAm{k, then we know that ΩA{k is 0 iff ΩAm{k “ 0 for all m and still Am{k
is finite and flat. Now, we know that ΩAm{k “ 0 iff the maximal ideal of Am is 0, i.e. it’s a field and Am{k
is a finite separable extension (we proved this in the previous note chapter). The converse is easier to prove.

Now, once we established this there are other useful algebraic characterizations of a finite etale k-algebra,
using the same notation as above:

1. A is a finite etale algebra over k.

2. There is some L extending k such that A bk L is isomorphic to a finite product of L, i.e.
ś

i L.

3. A bk L is reduced for all fields L containing k.

You can find the proof somewhere.

Proposition 2.12. Let pS, γq be a pointed scheme, and let pXi, αiq Ñ pS, γq be two morphisms of pointed
schemes:

1. If X1 is connected and X2 is unramified and separated over S, then there exists at most one S-
morphism from pX1, α1q to pX2, α2q.

2. Suppose that X1, X2 are etale covering spaces of S, then there is a connected pointed etale covering
space pX3, αq of pS, γq dominating pXi, αiq, that is there is a S-morphism from pX3, α3q to pXi, αiq.

Proof. Consider the following diagram:

s X1

X1 ˆS X2 X2

X1 S

α1

Γf
f

Id π2

π1

We know that any S-morphism f : X1 Ñ X2 is completely determined by it’s graph in the sense that there
is a one to one correspondence between f and Γf . Notice that the morphism Γf is a section of the projection
π1, notice that π1 as the base change of X2 Ñ S, it unramified and separated. Recall that we have proved
before that: if X Ñ Y is a morphism with f unramified and separated and Y connected, then there is a one
to one correspondence between the set of sections of f and the set of connected components of X on which f
induces and isomorphism. In particular, a section of f is completely determined by it’s valued at one point
of Y . Therefore Γf is completely determined by where α1 is mapped to in X1 ˆS X2. Now if there is such
a f , we know that α1 is mapped to α2 in X2, thus we know that the image of α1 in X1 ˆS X2 is completely
determined by f , therefore Γf is unique, thus f is unique. This proves the first assertion.

For the second assertion, notice that pα1, α2q determines a point α3 in X1 ˆS X2. Then let X3 be the
connected component of X1 ˆS X2 containing α3, it suffices.

Proposition 2.13. Let X be a scheme on which a finite group G acts admissibly on the right and let
Y “ X{G be the quotient of X by G, then:

1. Suppose that X is of finite presentation over Y , then if the inertia subgroup Gipxq is trivial for any
x P X, then X is etale over Y .
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2. Suppose that X is connected, S a Noetherian scheme, X Ñ S an etale covering space. Let G be a
finite subgroup of AutpX{Sq˝, then Gipxq is trivial for any x P X. Moreover X Ñ Y “ X{G and
Y Ñ S are all etale covering spaces and in this case G “ AutpX{Y q˝.

Proof. Let’s first deal with 1. Recall that in the section of Jacobian criterion, we have the following result:
if we have the following Cartesian diagram:

X ˆY Y 1 X

Y 1 Y

g1

f 1 f

g

Suppose that f is locally of finite presentation and g : Y 1 Ñ Y is faithfully flat. If f 1 is unramified (resp.
etale, resp. smooth), then so is f .

Back to our case: for any y P Y , let rOY,y be the strict henselization of OY,y with respect to a separable
closure of kpyq. Then consider the diagram:

š

yPY X ˆY Spec rOY,y X

š

yPY Spec rOY,y Y

g1

f 1 f

g

We know that
š

yPY Spec rOY,y Ñ Y is faithfully flat, then if we can prove that f 1 is etale, then f will be

etale. Since this is a disjoint union, we know that we only have to prove X ˆY Spec rOY,y Ñ Spec rOY,y is
etale. So we can consider the diagram without the disjoint union:

X ˆY Spec rOY,y X

Spec rOY,y Y

g1

f 1 f

g

Here g is still flat, then since we assumed Y “ X{G, we know that Spec rOY,y will be pX ˆY Spec rOY,yq{G,
therefore in particular we know that the morphism f 1 is affine finite presentation and our goal is to show this
is etale. Therefore we can just assume that in the original X Ñ Y , Y “ SpecA for some strictly henselian
local ring A.

Recall that X is affine, of finite presentation and integral over Y , therefore X is actually finite over
Y “ SpecA, then X “ SpecB for some finite A-algebra B, and we know that B “ Bn1

ˆ ¨ ¨ ¨ ˆ Bnk
where

n1, ¨ ¨ ¨ , nk are all the maximal ideals of B. Let Gdpniq, Gipniq be the decomposition and inertia subgroup
at ni. We know that A “ BG, and we know that all the maximal ideals of B lies over the maximal ideal of
A, therefore is the fiber of the closed point, therefore is one of the orbit of G. Therefore G acts transitively
on tn1, ¨ ¨ ¨ , nku.

Now think about the following diagram:

B B

Bn1
ˆ ¨ ¨ ¨ ˆ Bnk

Bn1
ˆ ¨ ¨ ¨ ˆ Bnk

g

» »

g

where g on the bottom is the induced action of Bn1
ˆ ¨ ¨ ¨ ˆBnk

, and we want to figure out what is the action
on this product. Since the vertical morphism is an isomorphism, we can assume that the element down blow
is p b

1 q, then we know that after we apply g, we get p
gb
1 q. Now if we want to write elements in the product as

pai

bi
q, then after we apply g, we also would like to see what happens.
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Since ai

bi
“ b

1 , then we know that for each i, there will be some ci R ni such that aici “ bibci. Then after

we apply g, we know that gaigc “ gbigbgci. Notice that if g is moves ni to nj , then we know that gb
1 “

gai

gbi
in Bnj , therefore we can sort of think that if g moves ni to nj , then

ai

bi
is first moved to the j-th slot in the

product, not the i-th slot and then to ai, bi, we apply g just as in B. So this action involves both swapping
slots and after swapping slots, apply the action.

There is one way to think about this action, which will make it easier to compute BG. To see what is
this, let fix ni. First, we know that each Bnj

is isomorphic to Bni
via a chosen element gj P G. We can think

of this gj as an element that takes nj to ni. If for the time being, we write H “ Gdpniq, we know that each
each of these gj will be in a different left coset in G{H with one coset corresponding to a different coset,
therefore we can use them as the coset representative. Then consider the composition of isomorphisms:

B Ñ Bn1
ˆ ¨ ¨ ¨ ˆ Bnk

Ñ
ź

gjPG{H

Bni

Then let’s think about what is the G action on this
ś

gjPG{H Bni
. Suppose that we have pxqG{H P

ś

gjPG{H Bni
, consider the diagram:

Bn1 ˆ ¨ ¨ ¨ ˆ Bnk
Bn1 ˆ ¨ ¨ ¨ ˆ Bnk

ś

gjPG{H Bni

ś

gjPG{H Bni

g
ś

gj
ś

gj

g

we know that this pxqgj is just pg´1
j xq P Bn1 ˆ ¨ ¨ ¨ ˆ Bnk

, then we apply g, which is first swap and then
apply the action of g. I will let you check that in the end, the consequence is that is g takes nj to njk, then
we know that the x in the gj ’s slot is mapped to gjk’s slot and x is acted by a unique element in H, that is
gjkgg

´1
j P H. Then if we want to think about what is the subring fixed by G. I claim that it’s pBni

qGdpnqjq

for all j, in particular it A and for all j, pBni
qGdpnqjq are isomorphic to each other. To see why, we first

notice that there is a natural map:
BGdpniq

ni
Ñ BG

defined by a ÞÑ paq. I will let you check this is indeed an isomorphism by checking that the inverse is given
by:

BG Ñ BGdpniq
ni

where the tuple is projected down to the component corresponding to gi and you can take gi “ 1 for
simplicity.

Recall that the residue field of A is separably closed, then if we consider Gdpnjq, we find a canonical map:

teu “ Gipnjq ãÑ Gdpnjq Ñ AutkpAqpkpnjqq

Notice that kpAq ãÑ kpnjq is is a normal algebraic extension. Recall that any algebraic extension over a
separably closed field has trivial Galois group, therefore AutkpAqpkpnjqq is trivial. This forces Gdpnjq to be
trivial as well.

Therefore we know that A » Bni for all nj , therefore we know that SpecB Ñ SpecA is just
š

SpecA Ñ

SpecA, therefore is etale.
Then let’s prove 2: consider

x X Sα

where α is a geometric point of X with image x and X Ñ S finite etale. We want to show that Gipxq is teu

for all x. Suppose that g P Gipxq, we know that we have the following diagram:

Speck Speck

Speckpxq X X Speckpxq

S

Id

g
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We know that g induces an S-automorphism pX,αq Ñ pX,αq, this implies that g is identity, since we know
that X is connected and is unramified and separated over S.

Recall that X Ñ S is invariant under the group action, then we know that we have a canonical decom-
position:

X Y

S

I claim that X Ñ Y and Y Ñ S are both finite. To prove this, we can assume that S “ SpecC is affine,
then we know that X “ SpecB for some finite C-algebra B and Y “ SpecBG. Recall that S is Noetherian,
therefore we can assume C is Noetherian, therefore we know that BG, as a subring of B which contains the
image of C, is going to be finite over C. Therefore Y Ñ S is finite, therefore so is X Ñ Y .

Now since X Ñ Y is finite, it’s of finite presentation. Then since the inertia group is trivial for all x P X,
we conclude that X Ñ Y is etale from 1. Recall that we know if X,Y are over S of finite presentation with
X etale over S and X Ñ Y is etale surjective, then Y Ñ S is etale *** see section of Jacobian criterion.

Finally to prove G “ AutpX{Y q˝, we let σ be a Y automorphism of X, for x P X, we know that σpxq is
in the fiber of the image of x in X. As G acts transitive on the fibers, we know that there is g1 P G such
that g1x “ σpxq. Let y be the image of x in Y , then we know that σ and g1 induces two kpyq-isomorphisms

of kpxq, kpσpxqq, which are denoted by g7
1, σ

7 respectively. Notice that σ7 ˝ g7´1
1 P Galpkpxq{kpyqq. Recall

that the morphism Gxpxq Ñ Galpkpxq{kpyqq is surjective, there will be a g2 P Gdpxq inducing σ7 ˝ g7´1
1 . In

other words, σ7 “ g7
1 ˝ g7

2, or σ
7 ´ 1 ˝ g7

1 ˝ g7
2 is the trivial in the Galois group. Therefore σ´1 ˝ g1 ˝ g2 is in

the inertial group of x, therefore inducing a S-morphism from pX,αq Ñ pX,αq, which is the identity by the
uniqueness result. Therefore σ “ g1 ˝ g2 “ g2g1 P G. Notice that there is a natural injection:

G ãÑ AutpX{Y q˝

defined by for each g P G, by definition of Y , g obvious is an automorphism of Y . The above discussion
every automorphism also comes from such a product, we are done.

Corollary 2.14. Let S be a Noetherian scheme and X Ñ S an etale covering space. Let G be a group
acting on X on the right such that X Ñ S is invariant under G. Then G acts admissibly on X and the
quotient X{G is etale over S.

Proof. Recall that X is also Noetherian in this case, thus only with finitely many connected components.
Then we know that G acts on the set of the connected components of X by permuting them. We also know
that if some g takes one connected component to another, this should be an isomorphism. Now consider the
orbits of G in the set of connected components, we take one from each orbit, say X1, ¨ ¨ ¨ , Xn, then we know
that any connected components is of the form gXj for some g P G and a unique Xj . Let Gj be the stabilizer
of the group permuting Xj , i.e. Gj “ tg P G : gXj “ Xju.

Then I claim that X{G »
š

j Xj{Gj , this is very plausible just by our intuition as we know that the
quotient should identify all the components isomorphic to Xj to Xj and then doing further identification in
Xj . To prove this rigorously, notice that given a morphism X Ñ S is the same as a morphism from each
connected components. Then notice that g acts transitively on each orbit, therefore we know that if the
morphism is invariant under G, morphisms from components that are in the same orbit is determined by
the morphism from one of them, then we can use Xj in each of the components and conclude that this is
equivalent to give a morphism from Xj to S that is invariant under Gj . That is to say there is a natural
bijection:

HompX,SqG Ñ
ź

j

HompXj , SqGi

defined to be restricting to each Xj . I will let you figure out why this is an isomorphism, but this implies
we have:

HompX,SqG
ś

j HompXj , SqGi

HompX{G,Sq
ś

j HompXj{Gj , Sq “ Homp
š

j Xj{Gj , Sq

»

» »
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that is there is a unique isomorphism X{G »
š

j Xj{Gj . Moreover, since we have:

HompX,Sq
ś

j HompXj , Sq

HompX,SqG
ś

j HompXj , SqGi

HompX{G,Sq
ś

j HompXj{Gj , Sq “ Homp
š

j Xj{Gj , Sq

»

» »

We can conclude by Yoneda that we have the following commutative diagram:

š

j Xj

š

j Xj{Gj

X X{G

Therefore we have:
š

j Xj

X X{G
š

j Xj{Gj

S

Therefore we may assume X “ Xj and G “ Gj . Therefore we are back to the previous situation and X{G
is indeed etale over S.

Proposition 2.15. Let pS, γq be a pointed connected Noetherian scheme, X1, X2 two etale covering spaces
of S. Let u : X1 Ñ X2 be an S-morphism and Xipγq be the sets of geometric points of Xi lying over γ. If
the map X1pγq Ñ X2pγq induced by u is bijective, u is an isomorphism.

Proof. Notice that etale morphisms are open, finite morphisms are closed. Since X2 is Noetherian, it only has
finitely many connected components and each of them is both open and closed. Then we know that the image
in S is also both open and closed, thus a union of connected components since S is also Noetherian. Since S
is connected, the morphism X2 Ñ S is surjective. Then by replacing X2 by one of its component and by X1

by the inverse image of that component, we can assume that X2 is connected. Note that X1 Ñ X2 is finite
etale and our goal is to prove this is an isomorphism. Notice that this is equivalent to prove OX2

Ñ u˚OX1

is an isomorphism.
First, recall that since u is a finite etale morphism between Noetherian schemes, we can conclude u˚OX1

is locally free of finite rank as we know that flat module of finite presentation is locally free of finite rank.
Then since X2 is connected, we can assume it’s of constant finite rank. Let s P S be the image of γ and
since X2 Ñ S is surjective, we know that there is a x2 P X2 lying above s, then consider:

X1 ˆX2 SpecOX2,x2 SpecOX2,x2

X1 X2
u

Notice that this fibered product only depends on a neighborhood of X2, then we can assume that X2 is
an affine open such that X2 is also an affine open which is finite free over X2, therefore we know that
X1 ˆX2

SPecOX2,x2
is just SpecA where A is finite free over OX2,x2

. Recall that X2 Ñ S is etale, therefore
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the induced morphism on the residue field is finite separable, then consider:

kpγq

kpsq kpx1q

we know that there is a factorization of kpx1q ãÑ kpγq. For example we know that kpx1q is kpsqrts{pfptqq for
a irreducible separable polynomial. Then since we know that f has a root in kpγq, then we can define the
kpsq-extension by map t to the root of f in kpγq.

Therefore we know that x1 is in X2pγq, then we know that since X1pγq Ñ X2pγq is bijective, there is
only one point x1 P X1 lying over x2 since we again know that X1 Ñ X2 is etale. This implies that A is
a local ring. Again since u is etale, the base change SpecA Ñ SpecOX2,x2 is also etale, therefore mx2A is
the maximal ideal of A. We also know A{mx2A is finite separably over OX2,x2 . Notice that if this extension
is not an isomorphism, say then it’s degree is at least 2, therefore since finite separable extension is again
kpx2qrts{pfptqq for some separable irreducible polynomial fptq, then it has distinct roots in kpγq, therefore
there will be at least two distinct kpx2q-embedding of kpx1q to kpγq, therefore contradicting X1pγq Ñ X2pγq

is bijective.
Notice that the rank of pu˚OX1q is the dimension of A{mx2A as a OX2,x2{mx2 vector space, therefore

it’s rank is 0. Then let x2 be an arbitrary point of X2, we know that X1 ˆX2 SpecOX2,x1
2

» SpecA1, and
since the rank u˚OX is of rank 1, we know that A is a free OX2,x1

2
-module of rank 1. Then we know that

OX2,x1
2
{mx1

2
Ñ A1{mx1

2
A1 is a nonzero morphism between 1-dimension OX2,x1

2
{mx1

2
-vector. Therefore this

must be an isomorphism, in particular surjective. Recall that every ring here is Noetherian, then we know
that if we consider the cokernel of OX2,x1

2
Ñ A, it’s a finitely generated OX2,x1

2
-module, therefore since

we know it vanishes after we quotient the maximal ideal, it’s 0 in the first place, therefore OX2,x1
2

Ñ A is
surjective. I claim it’s also injective, since if we consider:

OX1,x1
1

OX2,x1
2

A1

this is commutative as OX1,x1
1
is just a further localization of A1 where x1

1 is any point lying above x1
2 (there

is such a point since X1 Ñ X2 is also surjective). This also proves that there is only one maximal ideal of
A1 lying over mx1

2
. In particular we know that A1 is local. We know OX2,x1

2
Ñ OX1,x1

1
is faithfully flat and

A1 Ñ OX1,x1
1
is also faithfully flat (it’s flat because it’s a localization, it’s faithfully flat because it’s a local

morphism between local rings), therefore OX2,x1
2
is also faithfully flat, in particular injective since we know

that:
OX2,x1

2
Ñ OX2,x1

2
bOX2,x1

2
A1, x ÞÑ x b 1

is injective from faithfully flatness. Therefore OX2,x1
2

Ñ A1 is an isomorphism for all x1
2 P X2, therefore

OX2 Ñ pu˚OX1q is an isomorphism, we are done.

Proposition 2.16. Let pS, γq be a pointed connected Noetherian scheme and X a connected etale covering
over S. Let Xpγq be the set of geometric points of X lying over γ and let G “ AutpX{Sq˝, we first claim
that G is a finite group and the following conditions are equivalent:

1. X{G » S, that is X is an Galois covering over S.

2. G acts transitively on Xpγq.

3. G and Xpγq has the same number of elements.

Proof. Let’s first show that G is finite. We first notice that Xpγq is finite as X Ñ S is etale thus quasi-finite.
It’s clear how G acts on Xpγq, i.e. if α is a geometric point over γ, then gα “ g ˝ α. Then let α be a
geometric of X lying above γ, then recall that since X is etale finite over S, if we assume g1α “ g2α, then
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g1 “ g2, therefore we know that #G is just the number of element in the orbit of α in Xpγq. Since Xpγq is
itself a finite set, we conclude that G is finite. Then it’s easy to see that 2 and 3 are equivalent.

Let’s prove that 1 ñ 2 first. Recall that we have the canonical factorization:

X X{G

S

Our assumption in 1 is that X{G Ñ S is an isomorphism, then let β : s Ñ X{G be a geometric point in
X{G lying above γ in S. If α1, α2 are two geometric points of X lying over γ, then we know that they also
lies over β. Let x1, x2 be the image of α1, α2 in X, recall that this implies that x1, x2 is in the fiber of the
image y of β. Therefore we know that there is an element g1 P G such that g1x1 “ x2. Then we will have
the following diagram:

kpyq kpx2q

kpx1q kpsq

β7

α7
2

α7
1

i.e. the diagram showing α1, α2 as over β and kpx1q Ñ kpx2q is the field extension induced by g1. Recall that

kpx1q is a normal algebraic extension, then we know that the two kpyq-extension of kpx1q to kpsq, i.e. α7
1

and α7
2 ˝ g7

1 have the same image in kpsq. Therefore there is a γ P Galpkpx2q{kpyqq such that α7
2 ˝ g7

1 ˝ γ “ α7
1.

kpyq kpx2q

kpx1q kpsq

β7 α7
2

α7
1

Now recall that there is some g2 P Gx2
such that α7

2 ˝ g7
1 ˝ g7

2 “ α7
1, therfore g1 ˝ g2 takes α2 to α1, therefore

G acts transitively on the set of geometric points of X over β. However since X{G Ñ S is an isomorphism
and β is mapped to γ, we know that this set is Xpγq, therefore we are done.

Now let’s assume 2 and prove that the morphism X{G Ñ S is an isomorphism. Recall that we proved
that in this case X Ñ X{G and X{G Ñ S are both etale covering spaces. Let’ first consider X{Gpγq and I
claim that there is only one element in this set. To see why, suppose that we have two distinct elements in
X{Gpγq, then first notice that they can be lifted to Xpγq as X Ñ X{G is etale surjective, thus the induced
morphism on residue fields finite separable. I claim that these two liftings are not in the same orbit of G.

Suppose that α1, α2 are elements in Xpγq that is in the same orbit. Then I claim that their image in
X{G will be the same. Suppose that there is g such that gα1 “ α, then we have the following diagram:

kpyq

kpx1q kpx2q

kpα1q “ kpα2q

g7

The commutivity of the bottom triangle is the fact that g take α1 to α2. The commutivity of the top
triangle is the fact that x2, x2 are in the same orbit and over y. This contradicts our assumption that G acts
transitively on Xpγq.
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Then consider:
X{G S

S

Id

we know that Spγq only has oe point, so is X{Gpγq, therefore the map X{G Ñ S induces an isomorphism,
since X{G,S are all connected Noetherian and X{G Ñ S are etale coverings.

Proposition 2.17. Let S be a connected Noetherian scheme and let X be a connected etale covering of S.
Then any S-morphism u : X Ñ X is an isomorphism.

Proof. Any such u is finite etale, therefore upXq is both open and closed, then since X is connected we know
that upXq “ X. Let γ be a geometric point of S and let α be a geometric point of X lying above γ. We
will let x be the image of α and there will be x1 P X such that upx1q “ x. Since u is etale, the corresponding
residue field extension is finite and separable, therefore there will be a geometric point α1 of X, such that
u ˝ α1 “ α. Therefore we know that Xpγq Ñ Xpγq is surjective. Note that Xpγq is finite, therefore this
morphism is injective, thus bijective.

Proposition 2.18. Let pS, γq be a pointed connected Noetherian scheme, and let pY, βq be a pointed etale
covering space of pS, γq. Then there is a pointed Galois etale covering space pX,αq of pS, γq dominating
pY, βq, i.e. there is a S-morphism pX,αq Ñ pY, βq.

Proof. Recall that there are only finitely many points above the image of γ, then since the field extension is
finite separable, then there are only finitely many embeddings to the separable closure, therefore there are
only finitely many geometric points over γ, say β1, ¨ ¨ ¨ , βk. Consider the k-fold product of Y over S, i.e.
Y k “ Y ˆS Y ¨ ¨ ¨ ˆS Y .

We know that β1, ¨ ¨ ¨ , βk define a geometric point α of Y k. Recall that Y is Noetherian as well, so is Y k.
Then we can take the connected component of Y k containing the image of α to be X. Then we only need
to prove that X Ñ S is a Galois covering. The morphism X Ñ S is X ãÑ Y k Ñ Y Ñ S, and we know that
Y k Ñ Y , as the composition of several finite etale morphisms is finite etale. Since X ãÑ Y k is a connected
component, then X ãÑ Y k is finite etale as well. Therefore X Ñ S is finite etale.

Recall that to show X Ñ S is a Galois covering, we only need to show that for any geometric point α1,
there is a S-morphism u : X Ñ X such that u ˝ α “ α1. Notice that pi ˝ j ˝ α “ βi where pi is the canonical
projection to the i-th component. Notice that pi ˝j are different morphisms from X to Y since we know that
after we compose with α, we get different βi, therefore we know that pi ˝ j ˝ α1 will all be different as there
is only one S-morphism between two pointed morphisms in this case. Therefore we know that pi ˝ j ˝ α1 is
just a permutation of β1, ¨ ¨ ¨ , βk. So there will be a permutation of 1, ¨ ¨ ¨ , k such that pi ˝ j ˝α “ pσpiq ˝ j ˝α
and let:

v : Y k Ñ Y k

be the morphism such that pi ˝ v “ pσpiq. This implies that:

pivjα “ pσpiqjα “ pijα
1

Then we know that vjα “ α. Note that v is an isomorphism of Y k and the image of v of X is another
connected component of Y k. Since we know that that image contains the image of α1, then it’s just X.
Therefore v induces an S-automorphism of X such that uα “ α1, we are done.

Using what we prove above, we can finally define the etale fundamental group. Let pS, γq be a pointed
connected Noetherian scheme and let EtpSq be the category whose objects are etale covering spaces of S
and morphisms are S-morphisms between these covering spaces. We have a functor F from EtpSq to the
category of finite sets that maps each etale covering space X to the set Xpγq of geometric points of X lying
over γ. We will call this functor F the fiber functor for pS, γq.

Let I be the opposite category of the category of pointed connected Galois etale covering spaces of pS, γq.
Then for each i P ObjpIq, we will denote the corresponding pointed Galois etale covering by pXi, αiq. Given
two objects i, j in I, there is a morphism j Ñ i iff there is a S-morphism fij : pXi, αiq Ñ pXj , αjq. Such a
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morphism is unique if it exists by the results we proved before. The above dominating result tells us that
the category I satisfies the conditions of a directed system. For each X P objEtpSq, consider the directed
limit:

lim
ÝÑ
iPobI

HomSpXi, Xq

Since if i Ñ j is a arrow, we have a morphism Xj Ñ Xi, thus a morphism HomSpXi, Sq Ñ HomSpXj , Sq.
Then consider the map:

lim
ÝÑ
iPobI

HomSpXi, Xq Ñ F pXq, f ÞÑ f ˝ αi, f P HomSpXi, Xq

I will let you check this is indeed well defined. Then I claim that this is actually bijective. To see why, since
S is connected Noetheiran, for any α P F pXq, we have a pointed etale covering pX,αq, we have something
that is connected etale covering pY, α1q of pX,αq dominating pX,αq and pS, γq. Moreover pY, α1q is Galois
over pS, γq. This shows that this is surjective. To show this is injective, suppose that f P HomSpXi, Xq and
g P HomSpXj , Xq is mapped to f ˝ αi “ g ˝ αj . Then consider the following diagram:

pXk, αkq

pXi, αiq X pXj , αjq

pS, γq

f g

Then we know that after we consider the map from pXk, αkq, the uniqueness result implies that pXk, αkq Ñ

pXi, αiq ˝ f “ pXk, αkq Ñ pXi, αiq ˝ g, therefore f “ g. If you are familiar with the category theoretic
terminology, this situation is called that F is pro-represented by the inverse system pXiqiPobjI denoted
by lim

ÐÝiPObjI
Xi. Here we by lim

ÐÝiPObjI
Xi, we don’t need this inverse limit to actually exist, this is just a

notation.
Let fij : pXi, αiq Ñ pXj , αjq be a morphism j Ñ i in I. We have bijections for v “ i, j:

AutpXv{Sq Ñ F pXvq, σ ÞÑ σpαvq

This is indeed a bijection. It’s injective as we know that Xv is connected, therefore there is only at most
one S morphism between pXv, αvq and pXv, σαvq, i.e. σ. To prove it’s surjective, recall that the category I
consists of pointed Galois etale covering spaces of pS, γq, therefore we know that the automorphism group
AutpXv{Sq acts transitively on all the the geometric points above γ. Under this bijection, we can identify
the natural map:

F pXiq Ñ F pXjq, α ÞÑ fij ˝ α

with:

ϕij : AutpXi{Sq Ñ AutpXj{Sq

Let σ P AutpXi{Sq, consider what is ϕijpσq, we know that σ is mapped to σpαiq in F pXiq, then is mapped
to fijσpαiq, therefore we know that ϕijpσqpαjq “ fijσpαiq, in particular:

ϕijpσqfijpαiq “ fijσαi

Then we know that ϕijpσqfij “ fijσ, that is the following diagram is commutative:

Xi Xi

Xj Xj

σ

fij fij

ϕijpσq
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Then I claim that pAutpXi{Sq, ϕijqiPI forms an inverse system. (Here there are again some set theoretic
issues among whether objects of I forms a set, we will ignore these sort of questions.) To check this, we know
that if we have j Ñ i then there is a ϕij : AutpXi{Sq Ñ AutpXj{Sq. Then we need to check the composition
is compatible, i.e. ϕijpσq “ ϕjkϕijpσq. Again, this is because both S-automorphisms maps αk to fjkfijσpαiq

and such automorphism is unique.

Definition 2.19. Let pS, γq be a pointed connected Noetherian scheme, we will define the fundamental
group of pS, γq to be:

π1pS, γq “ lim
ÐÝ
iPI

AutpXi{Sq˝

where the transition functions between AutpXi{Sq˝ Ñ AutpXj{Sq˝ is still defined by ϕij .
By the previous remark, if we ignore the set theoretic issues, we are still think of the group as a subgroup

of the product group
ś

i AutpXi{Sq˝.

One important property of this inverse system is that the transition maps are all surjective. This will
be a very important property later to use when we discuss pro-finite groups:

Proposition 2.20. For all i, j, ϕij : AutpXi{Sq˝ Ñ AutpXj{Sq˝ are all surjective.

Proof. It suffice to prove that the map F pXiq Ñ F pXjq are all surjective. Let β be a geometric point of Xj

lying above γ in S. Then since Xi Ñ Xj is finite etale and Xi, Xj are connected, the morphism is surjective.
We also know that the induced morphism on the residue field is finite separable. Let the image of β be xj ,
we know that there is a xi lying above xj , therefore we can embed kpxiq into the separable closure we choose
for γ, we know that this defines a geometric point of Xi lying above γ and it suffices for our purpose.

Notice that for each i, we know AutpXi{Sq acts on HomSpXi, Xq on the right, we know that the opposite
group AutpXi{Sq˝ acts on HomSpXi, Xq on the left.

Proposition 2.21. π1pS, γq acts on lim
ÝÑi

HomSpXi, Xq.

Proof. We are still thinking of the fundamental group as a subgroup of the product groups whose entries
are compatible under the transition maps. Then to define the action of a tuple pσiqiPI on something in the
direct limit say represented by gi P HomSpXi, Xq. We want to define it just by gi ˝ σi. We need to check
this is well defined, i.e. for different representatives of gi, we get the same result.

Let j Ñ i be an arrow in I, representing a morphism fij : Xi Ñ Xj . We know that there is a morphism
HomSpXj , Xq Ñ HomSpXi, Xq. Then we know that if this element in the direct limit is represented by
gj : Xj Ñ X, then we know that gi “ gj ˝ fij . Then we need to prove:

gi ˝ σi “ gj ˝ ϕijpσiq

That is to say:
gj ˝ fij ˝ σi “ gj ˝ ϕijpσiq ˝ fij

We know that fij ˝ σi “ ϕijpσiq ˝ fij by our definition, therefore we are done.

Since we have an isomorphism lim
ÝÑi

HomSpXi, Xq Ñ F pXq, we know that the fundamental group π1pS, γq

also acts on F pXq. For some α P F pXq, let’s assume that it comes from some fpαiq for some pXi, αiq and
f P HomSpXi, Xq. Then we know that the action of something pσiq in π1pS, γq applied to f is f ˝ σi, this is
mapped to f ˝ σipαiq while the original element is fpαiq.

Recall that each F pXq is finite and lim
ÝÑi

HomSpXi, Xq Ñ F pXq is an isomorphism, then we know that
there is an i, such that HomSpXi, Xq Ñ F pXq is a surjective morphism. Then we know that the action
of π1pS, γq on F pXq factors through AutpXi{Sq˝. I claim that the projection π1pS, γq Ñ AutpXi{Sq˝ is
surjective with AutpXi{Sq˝ finite. The projection is surjective since each AutpXi{Sq˝ Ñ AutpXj{Sq˝ is
surjective, therefore given any element in AutpXi{Sq˝, we can produce a compatible tuple. The reason that
AutpXi{Sq˝ is finite is because the number of elements in this group is the same as the number of elements
in the orbit of αi, which is finite.
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Proposition 2.22. If we give AutpXi{Sq˝ for each i F pXq the discrete topology and π1pS, γq the product
then the subspace topology. The I claim that π1pS, γq is a topological group and the topological group
π1pS, γq acts continuously on F pXq.

Proof. Recall that if Gi’s are topological groups, then the product group with the product topology is
a topological group. If G is a topological group, then any subgroup H with the subspace topology is a
topological group. Since AutpXi{Sq˝ are given the finite topology, they are always topological groups,
therefore π1pS, γq is indeed a topological group.

Then consider the projection π1pS, γq Ñ AutpXi{Sq˝ where AutpXi{Sq˝ is the group such that HomSpXi, Xq Ñ

F pXq is surjective. I will let you check this projection is continuous and surjective. Then to check that
π1pS, γq acts continuous on the topological space F pXq, we need to check that the map of topological spaces
induced by the action is continuous:

π1pS, γq ˆ F pXq Ñ F pXq

Since F pXq is discrete, I will let you check that this is equivalent to check that for each α P F pXq, the map:

π1pS, γq Ñ F pXq

is continuous. Recall that this map factors through:

π1pS, γq Ñ AutpXi{Sq˝ Ñ F pXq

where AutpXi{Sq˝ Ñ F pXq comes from the continuous action map:

AutpXi{Sq˝ ˆ F pXq Ñ F pXq

this is indeed continuous since F pXq and AutpXi{Sq˝ are all discrete.

Proposition 2.23. An etale covering space X of a pointed connected Noetherian scheme is connected iff
the fundamental group π1pS, γq act transitively on F pXq where F is the fiber functor.

Proof. Let C1, ¨ ¨ ¨ , Ck be all connected components of X. Then we know that F pXq “
šk

v“1 F pCvq and I
claim that each F pCvq is stable under the action of π1pS, γq. To prove this, recall that if α is a geometric point
of X lying above γ with image in Ci, then we know that it’s the image of some morphism f in HomSpXj , Xq,
i.e. α “ f ˝ αj . The action of any element in the fundamental group, say with the element σj in the Xj-th
slot is f ˝ σjpαjq. Recall that the morphism f is again finite an etale, therefore we know that the image of
f is one of the connected components of X, and thus Ci. That is we have:

αj Xj Xj Ci X

S

σj f

Therefore you see that after the action, this geometric point still lies in Ci. This proves that if X is not
connected, then the π1pS, γq action is not transitive.

Conversely, let’s assume that X is connected and prove π1pS, γq indeed acts transitively. Consider the
following diagram:

α1
i α1

Xi X S

αi α

f

where pXi, αq Ñ pS, γq is a pointed Galios etale covering dominating pX,αq. Since X is connected, we know
that Xi Ñ X is surjective, then we know that there is a geometric point over α1. Since Xi Ñ S is Galois,
we know that AutpXi{Sq acts transitively on the geometric points of Xi lying above γ, therefore there is a
σi such that σipαiq “ α1

i, then we know that after we post-compose Xi Ñ X we get α1. This is exactly the
action of σi on the element α.
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Remark 2.24. Recall that we have proved a similar result before: if X is a connected etale covering of
pS, γq, then we know that the group AutpXi{Sq˝ acts transitively on Xpγq “ F pXq iff X is a Galios covering
of S.

In the above result, by passing somehow to the inverse limit of the groups AutpXi{Sq˝, i.e. the funda-
mental group π1pS, γq, we get the result that now we don’t X to be Galois over S, it only need to be a
connected etale covering and then we have π1pS, γq acts transitively on F pXq. This result is going to look
very similar to the classic result of covering spaces of topological spaces.

Theorem 2.25. Let pS, γq be a pointed connected Noetherian scheme, then the fiber functor F : X ÞÑ

Xpγq defines an equivalence of categories from the EtpSq to the category of finite sets which π1pS, γq acts
continuously on the left.

Proof. Recall that a functor is an equivalence of categories if it’s fully-faithful and essentially surjective.
Let’s deal with the fully-faithful part first.

Suppose that X,Y are etale covering spaces of S we want to prove the following map is bijective:

HomSpX,Y q Ñ Homπ1pS,γqpF pXq, F pY qq

Clearly, a morphism f : X Ñ Y gives us a morphism α ÞÑ fpαq in Homπ1pS,γqpF pXq, F pY qq. The morphisms
in Homπ1pS,γqpF pXq, F pY qq should be compatible with the group action, so let’s check that the above mor-
phims α ÞÑ fpαq is compatible with the group action. Suppose that α is the image of f P HomSpXi, Xq,
then we have the sequence:

pXi, αiq X Y
g f

we know that suppose that σi P HomSpXi{Sq then the action is gσipαiq, then it’s mapped to fpgσipαiqq.
Then the action of σi in fpαq is f ˝ g ˝ σpαiq, therefore indeed compatible with the group action.

First, we can assume that X,Y are connected since we can always decompose X,Y to
š

i Xi and Y
to

š

j Yj and the morphism X Ñ Y always maps a connected component of X surjectively to a connected
component of Y . Similarly, we know that under this connected component decomposition, we can decompose
F pXq, F pY q to

š

i F pXiq,
š

j F pYjq such that each component in the union is stable under the π1pS, γq

action. Again, since these are with the discrete topology, we know that π1pS, γq acts continuous on these
components.

Therefore we have a diagram:

HomSpX,Y q Homπ1pS,γqpF pXq, F pY qq

š

i,j HomSpXi, Xjq
š

i,j Homπ1pS,γqpF pXiq, F pYjqq

This proves the assertion we can assume X,Y are connected. Moreover, when they are connected, the
uniqueness result of morphisms between pointed etale coverings suggests that the map is injective.

To prove the map is surjective, fix α P F pXq and β P F pY q, consider a pointed Galois etale covering
pXi, αiq of pS, γq dominating both pX,αq and pY, βq.

pX,αq

pXi, αiq pS, γq

pY, βq

p

q

Then since Y is connected, q : Xi Ñ Y is surjective, then consider any morphism ϕ P Homπ1pS,γqpF pX1q, F pY qq,
I claim that there is a morphism in HomSpXi, Y q Ñ Homπ1pS,γqpF pXiq, F pY qq that is mapped to ϕi. First,
consider ϕpαiq, since q is surjective, finite etale, there is a α1

i in F pXiq such that qpα1
iq “ ϕpαiq. Recall
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that since pXi, αiq Ñ pS, γq is Galios, there is a σ P AutpXi{Sq such that σpαiq “ α1
i, then we know that

qσpαiq “ qpα1
iq “ ϕpαiq. Again, since π1pS, γq acts transitively on F pXiq, we know that the agreement of the

induced map of q ˝σ and ϕ on αi implies that they agree globally. Therefore we have a surjective morphism:

HomSpXi, Y q Ñ Homπ1pS,γqpF pXiq, F pY qq

Now let Xipαq be the set of geometric points of Xi lying above the geometric point α in X. Given two
elements α1, α2 in Xipαq, we know that they are also in Xipγq, then since Xi is Galios over pS, γq, there is a
σ in AutpXi{Sq such that σα1 “ α2. This implies that σ is actually in AutpXi{Xq as we have the following
diagram:

pXi, α2q pX,αq

pS, γq

pXi, α1q pX,αq

p

σ

p

and we know that p˝σ and p are both pointed morphisms over pS, γq mapping pXi, α1q to pX,αq, with Xi, X
connected, then we know that the unique result implies p ˝ σ “ p.

Thenfore we know that H “ AutpXi{Xq acts transitively on Xipαq, therefore we know that p : Xi Ñ X
is isomorphic to the canonical morphism Xi Ñ Xi{H. In particular p is a Galios covering.

Now let ϕ P Homπ1pS,γqpF pXq, F pY qq, consider the geometric point ϕpαq, by the above surjectivity
discussion, there is an S-morphism f 1 : Xi Ñ Y such that f 1pαiq “ ϕpαq. Then let any h P AutpXi{Xq Ă

AutpXi{Sq, I claim we have:

f 1 ˝ hpαiq “ h ¨ f 1pαiq “ hpϕpαqq “ ϕphpαqq “ ϕpαq “ f 1pαiq

Here we abbreviated some notation. The first equality holds since the h action on f 1pαiq is just f
1 ˝hpαq. The

third equality hpϕpαqq “ ϕphpαqq is because we know that ϕ is assumed to commute with the π1pS, γq action
and h can be viewed as an element in π1pS, γq. The the action of h on α is computed by p ˝ hpαiq, however
since h is in AutpXi{Xq, we know that p ˝h “ p, therefore the action is trivial. This is why ϕphpαqq “ ϕpαq.

Then again the uniqueness result tells us f 1 ˝ h “ f 1. Then consider the diagram:

Xi

X

Xi S

Y

h

f

p

q

f 1

I claim that there is a S-morphism f : pX,αq Ñ pY, βq such that f ˝ p “ f 1. This is because we know that f 1

is invariant under the action of H, and X is the quotient of Xi by H, therefore the universal property tells
us there is such a f .

Then fpαq “ fppαiq “ f 1pαiq “ ϕpαq, and since π1pS, γq acts transitively on F pXq, we conclude f “ ϕ.
This shows the functor is indeed fully-faithful.

Then we need to show that it’ essentially surjective. Let A be a finite discrete set on which π1pS, γq acts
continuously. Again, since A is discrete, we can consider it’s orbits and assume that π1pS, γq acts transitively
on A. Then I claim that there is a pointed Galois covering pXi, αiq of pS, γq such that the action of π1pS, γq

factors through AutpXi{Sq˝. To see the reason, consider the following result about topological groups.
Suppose that pGi, ϕijq is an inverse system of discrete topological groups such that transition maps are

all continuous. Moreover we assume that for any finitely many Gi1 , ¨ ¨ ¨ , Gin , there is always a Gk that maps
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to all Gik . Then if the inverse limit lim
ÐÝj

Gi continuously act on a finite discrete set A and the projections pi
to all Gi are all surjective, then if factors through some projection pi to Gi. First, notice that a continuous
action on A is just a continuous morphism ρ : lim

ÐÝj
Gi Ñ SymA where the symmetric group of A is equipped

with the discrete topology. I will let you check this. Then we say that it factors though Gi is the same as
say that we have a continuous factorization:

lim
ÐÝi

Gi SymA

Gi

ρ

pi

since Gi and SymA are all discrete, we know that any Gi Ñ SymA is continuous, thus we only need to find
such a factorization.

To find such a factorization, consider the kernel of ρ, which is an open neighborhood of the identity
in the inverse limit. Recall that the basis open neighborhoods of the identity of the identity is given by
lim
ÐÝ

Gi X
ś

i Ui where Ui are all open subsets containing the identity in each of the Gi and only finitely many
Ui are not 0. I want to conclude that this open contains some the kernel of pi for some i. Notice that suppose
that this open neighborhood of the identity contains some basic open lim

ÐÝ
Gi X

ś

i Ui, then we know that in
these Ui we only have finitely many ones that are not the whole Gi. We know that in our case these groups
Gi are AutpXi{Sq, then we know that given finitely many such groups there are always some AutpXk{Sq

that maps to all of them. Then I claim that this implies that this implies that the kernel contains Gk. We
also know that pk to Gk is surjective and the kernel of pk is contained in the kernel of ρ. We are done.

Then, we can assume that the action of π1pS, γq factors through AutpXi{Sq˝. Then we know that since
AutpXi{Sq˝ acts transitively on A, then let H be the stabilizer subgroup of say a1 P A, then there is
an isomorphism of AutpXi{Sq˝-sets AutpXi{Sq˝{H Ñ A. Intuitively, the left cosets of AutpXi{Sq˝{H are
those consisting elements of AutpXi{Sq˝ which maps a1 to ai. I will let you check that this is indeed an
isomorphism of AutpXi{Sq˝-sets, for example you can check it by choosing representatives in each coset.

Then consider X “ Xi{H, we ask what is F pXq. First recall that F pXiq has the same number of
elements as AutpXi{Sq. Now I claim that after we quotient by H to get X “ Xi{H, F pXq is isomorphic to
AutpXi{Sq˝{H. To see why, for each point α in F pXq, we have something β in F pXiq that is mapped to α.
Therefore we have a surjective map:

F pXiq Ñ F pXq

Induced by X Ñ X{H in the following diagram:

Xi X “ Xi{H

S

q

Recall that for each x P X, let G “ AutpXi{Sq‚, we know that the inertia group of i is trivial. Then we
know that AutpXi{Xq˝ “ H. Moreover, let’s choose a αi in F pXq, then the morphism:

G Ñ F pXiq, σ ÞÑ σ ˝ αi

is a bijection this identifies G and F pXiq as a G-set. Therefore we are actually using pXi, αiq Then consider
the following surjection:

F pXiq Ñ F pXq

defined by composing with q. Then we know that since H acts on F pXiq and we know that geometric
points connected by elements in H maps to the same geometric point in F pXq, therefore we know that this
morphism factors through:

F pXiq{H Ñ F pXq

This is again a surjection and let’s prove that it’s injective. Suppose that α1, α2 in Xi is mapped to the
same geometric point in X, since X Ñ Xi{H is a Galois covering, there is something in H that takes α1 to
α2. Therefore this is is also injective. Therefore we get an isomorphism G{H Ñ F pXq.
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Recall that π1pS, γq acts on X by acting on HomSpXi, Xq Ñ F pXq, f ÞÑ fpαq. We know that this is
surjective here since we know that there are always σ P AutpXi{Sq such that for any element β P F pXq we
have q ˝ σ is mapped to β.

Recall that A has been identified as a G-set as G{H and then F pXiq{H, then if we can show that
F pXiq{H Ñ F pXq is a morphism that is compatible with the π1pS, γq action, we are done. Let’s think about
what is the G-action of F pXiq. Recall that it’s action is inherited from G and we know that the left action
of G on itself is that g1 ¨ g2 “ g2 ˝ g1, then we know that the left action of G on F pXiq is if αj “ gj ˝αi, then
σ ¨ pαjq “ gj ˝ σ ˝ αi.

Then we need to show that say the class of αj “ gj ˝ αi is mapped to the class of β in F pXq. Let σ first
act on αi, we know that it goes to the class of gj ˝ σ ˝ αi, then mapped to p ˝ gj ˝ σ ˝ αi. Then if we let σ
act on ppgj ˝ αiq, we know that we get p ˝ gj ˝ σ ˝ αi, therefore indeed compatible, we are done.

Remark 2.26. One mistake one could make is that they will think this action is a little bit weird to look at
in the beginning since this seems is saying that for β P F pXq, we are picking a lift α and define the action to
be q ˝ g ˝ α, but when you check that this is a well define AutpXi{Sq-morphism, you went to trouble as we
know that if α1 is another lift, we only know that α1 “ h˝α, this doesn’t implies q˝g˝α “ q˝g˝α1 “ q˝gh˝α.
You will notice that this is true when H is normal while we have no guarantee on the normality of H.

The reason this looks weird is that even though this may looks like a natural way to define the action,
this is not how this action is defined at all! Following the correct definition of the action, you won’t find this
weird.

Proposition 2.27. Let S be a Noetherian scheme and let γ, γ1 be two geometric points in S, if S is connected
then we have an isomorphism:

π1pS, γ1q Ñ π1pS, γq

and any such isomorphisms differ by an inner automorphism of π1pS, γq, i.e. the automorphism you get by
conjugating one element in π1pS, γq.

Remark 2.28. This is again very like what we learn in the classical theory of covering spaces of topological
spaces, where we get if a topological space is connected, then the fundamental group does not depend on
the base point.

Proof. Let I be the opposite category of the category of pointed Galois covering of pS, γq and let J be the
opposite category of the category of pointed Galois covering of pS, γ1q. Then since fij : pXi, αiq Ñ pXj , αjq

is surjective, we may find αi P Xipγ
1q for each i, such that for each pair i, j we have fijpα1

iq “ α1
j . (Here

again there are some set-theoretic issues involved to prove the existence, we don’t want to deal with that).
We want to find such α1

i’s such that we have a inverse system tpXi, α
1
iq, fiju that is again indexed by I.

Then Let pX,α1q be any pointed etale covering space of pS, γ1q, we know that if we consider the connected
component X 1 of X containing the image of α1, we know that the morphism to S is surjective, therefore
there will be a geometric point α of X lying above γ whose image is in X 1. Now consider pX, γq, we know
that there is some p : pXi, αiq Ñ pX, γq Ñ pS, γq such that Xi Ñ S is Galois. Notice that the image of Xi is
onto X 1, therefore there will be a α2

i over α1. Again since Xi is Galois over S, there is a g P AutpXi{Sq such
that g ˝ α1

i “ α2
i . Then pg is a morphism from pXi, α

1
iq to pX,α1q. Then in particular, for any element in J ,

it’s dominated by some pXi, α
1
iq, therefore the family tpXi, α

1
iqu is cofinal in the category J .

Then we have the isomorphism:

π1pS, γ1q “ lim
ÐÝ
j

AutpXj{Sq˝ » lim
ÐÝ

tXi,α1
iu

AutpXi{Sq “ π1pS, γq

where the isomorphism holds since the system tXi, α
1
iu is cofinal in the category J .

Then suppose that we have another family pXi, α
2
i q such that fijpα1

iq “ α2
j , we get another isomorphism:

π1pS, γ1q Ñ π1pS, γq

Recall that α1
i, α

2
i are both above γ1, then we know that there will be gi P AutpXi{Sq such that gi ˝α1

i “ α2
i .

First we know that we have:

ϕijpgiq ˝ α1
j “ ϕijpgiq ˝ fij ˝ α1

i “ fij ˝ gi ˝ α1
i “ fij ˝ α2

i “ α2
j
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Then notice that gj and ϕijgi both take α1
j to α2

j over γ1, therefore by uniqueness, we know that are equal.
Therefore we know that pgiq is an element in π1pS, γq.

Then let σ be an element in π1pS, γ1q, suppose that it’s mapped to pσiq using the isomorphism defined by
pα1

iq. Then we know that if f is in AutpXj{Sq it’s mapped to σi in AutpXi{Sq, then we have the following
diagram:

Xi Xi

Xi Xi Xi Xi

Xj Xj Xj Xj

gi gi

σi

σi

f f

where the second diagram exists because we need to move α1
i to α2

i , this is where the conjugation comes
from, and we know the image is pg´1

i σi ˝ giq, therefore is indeed an inner isomorphism.

Proposition 2.29. Let K be a field and Ω a separably closed field containing K, γ : SpecΩ Ñ SpecK
the corresponding geometric point and Ks the separable closure of K in Ω. Then we have a canonical
isomorphism:

π1pSpecK, γq “ GalpKs{Kq

Proof. Let tKiu be the family of finite Galois extensions of K contained in Ω, and let αi : SpecΩ Ñ SpecKi

be the corresponding geometric points.
Consider pointed connected Galois etale coverings of pSpecK,Ωq, which are just finite separable extensions

L of K in Ω. Notice that the automorphisms are just GalpL{Kq and indeed K is the fixed subring of this
field, therefore is indeed Galois.*** completed later
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