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This is the fourth chapter of the notes on etale cohomology. This part of the notes will mainly focus
on group cohomology and Galois cohomology. For people who have not studied these topics, this chapter
could serve as a good introduction. We will also talk about profinite groups and the cohomology of profinite
groups. These are all going to play an important role in our later study.

Before you read the second section, you probably want to go and take a look the section in the FOAG
note about derived functors and spectral sequences.

1 Group Cohomology

Let G be a group, we know that an abelian group with a left G action is equivalent to a left ZrGs-module
where ZrGs is a ring with the underlying set being the free abelian group generated by elements in G.
Multiplication in this ring is defined by the group multiplication and linearly extended to ZrGs. In this
chapter, we will call left ZrGs-modules G-modules. A morphism of G-modules is just a left ZrGs-module
homomorphism, i.e. a map of abelian groups that is compatible with the left group action.

Definition 1.1. Let A be a G-module, we define:

AG “ ta P A : ga “ a, for all g P Gu

AG “ A{tthe subgroup generated by ga´ a for all g P G and all a P Au

We shall call AG the group of A-invariants and AG the group of A-coinvariants.

They are called the invariants and coinvariant because AG is the maximal subgroup of A where G acts
trivially and the maximal quotient group of A where G acts trivially.

Clearly we know the category of G-modules is an abelian category and notice that taking the G-invariants
is a functor from the category of G-modules to the category of abelian groups, denoted by ΓG. If f : A Ñ B
is a morphism of G-modules, we know that if a P A is invariant under G, then gfpaq “ fpgaq “ fpaq for
all g P G. Therefore we know that the G-invariants of A maps to the G-invariants of B, thus the functor is
well-defined and it’s clear that it’s left exact.

Definition 1.2. The i-th derived functor of ΓG is denoted by HipG,´q or RiΓG, which is called the i-th
cohomology with respect to G.

Obviously, if we let G act trivially on Z, then we have a canonical isomorphism:

AG » HomZrGspZ, Aq

To see what is this isomorphism, we know that a morphism in HomZrGspZ, Aq is completely determined

by an element in AG. if we are given such a map, we only need to see where 1 P Z goes and clearly this is
in AG. Conversely given an element in AG, we get a morphism and these are inverses.

Therefore we have a canonical isomorphism:

HipG,Aq » ExtiZrGspZ, Aq
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Recall that since ZrGs is a ring, and it’s from the general theory that for any ring R, the category of
R-modules has enough injective or projective objects, therefore if I (resp. P ) is an injective (resp. projective)
resolution of A (resp. of Z), then we can compute:

HipG,Aq » HipIGq » HipHomGpP,Aqq

Let’s first try to compute a few easy cohomologies:

Proposition 1.3. If we let G “ Z, then we have:

HipG,Aq “

$

’

&

’

%

AG if i “ 0,

AG if i “ 1,

0 if i ě 2.

Proof. First, let G “ Z, notice that one common mistake people think of an Z action on A is that they think
this is just the same as the abelian group structure of A. However, this is not the case. Notice that for any
g P G, the action is an automorphism of A, for example 2 P Z, if you define 2 ¨ a “ a ` a, this is in general
not an automorphism of A. The right way to think about the morphism is to notice that an Z-action is the
same as a group homomorphism:

Z Ñ AutpAq

Notice that this group homomorphism is completely determined by where 1 goes and let’s assume that 1
goes to T . Then we know that we can think of a ZrZs-module as a ZrT, T´1s-module and T represents the
automorphism of A we choose.

Notice that we have a free resolution of Z:

0 Ñ ZrT, T´1s
T´1
Ñ ZrT, T´1s

ϵ
Ñ Z Ñ 0

We define ϵ to be the map
ř

i aiT
i ÞÑ

ř

i ai, i.e. the summation of all coefficients. Notice that multiplication
by T ´ 1 is obviously an ZrT, T´1s-map. Notice that term Z in the sequence is with trivial action, i.e. T is
the identity on Z, then it’s easy to check ϵ is indeed a ZrT, T´1s-module. Notice that ZrT, T´1s is a domain,
thus multiplication by T ´ 1 is indeed injective, and clearly ϵ is surjective. I will let you check that the
composition is indeed 0, and the kernel of ϵ is a polynomial such that the sum of the coefficients is 0. If
fpxq “

ř

i aiT
i is such a polynomial, let’s first assume that not all ai are 0 otherwise there is not anything

interesting. For example we have:
´T´1 ´ 1 ` 2T

Then we know that we can consider T´1 ` 2, we know that it’s mapped to 1 ` 2T ´ 2 ´ T´1, which is the
polynomial we want.

Then for a general polynomial:

a´nT
´n ` ¨ ¨ ¨ ` a0 ` ¨ ` anT

n

then we can consider:
b´nT

´n ` ¨ ¨ ¨ ` b0 ` ¨ ¨ ¨ ` bn´1T
n´1

it’s mapped to ´pb´nT
´n ` ¨ ¨ ¨ ` b0 ` ¨ ¨ ¨ ` bn´1T

n´1q ` pb´nT
´n`1 ` ¨ ¨ ¨ ` b0T ` ¨ ¨ ¨ ` bn´1T

nq, then we
need bn´1 “ an, bn´2 ´ bn´1 “ an´1, all the way to b´n ´ b´n`1 “ a´n`1 and ´b´n “ a´n. We only need
to show such an equation has a solution. We can solve bn´1 “ an first, then inductively bn´2 “ an´1 ` an,
then bn´3 “ an´2 ` an´1 ` an all the way to b´n`1 “ a´n`2 ` ¨ ¨ ¨ ` an and b´n “ a´n`1 ` a´n`2 ` ¨ ¨ ¨ ` an.
Therefore we only need to show that if ´a´n “ a´n`1 ` a´n`2 ` ¨ ¨ ¨ ` an, this is true since we know all the
coefficients sums to 1.

Then we know that to compute the cohomology, we apply Homp´, Aq and get the complex:

0 Ñ HompZrT, T´1s, Aq
T´1
Ñ HompZrT, T´1s, Aq Ñ 0

We know that this can be identified with:

0 Ñ A
T´1
Ñ A Ñ 0
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where T ´ 1 is the morphism defined by T minus the identity. Then we know that H0 is the kernel of the
first arrow, this is those fixed by T , thus fixed by G. Then H1 is the quotient by ga ´ a, therefore is the
coinvariant. Notice that all other cohomology are 0, therefore we are done.

Proposition 1.4. Let G “ Z{n for some n, then for any G-module A, let T : A Ñ A be the homomorphism
defined by the action of the canonical generator 1 P Z{n. We have:

HipG,Aq “

$

’

&

’

%

AG if i “ 0,

KerpTn´1 ` ¨ ¨ ¨ ` T ` 1q{ImpT ´ 1q if i “ 1, 3, 5, ¨ ¨ ¨

KerpT ´ 1q{ImpTn´1 ` ¨ ¨ ¨ ` T ` 1q if i “ 2, 4, , 6, ¨ ¨ ¨ .

Proof. Notice that after we choose the automorphism T , we can identity ZrGs with ZrT s{pTn ´ 1q.
I claim that we have a free resolution of Z given by:

¨ ¨ ¨
Tn´1

`¨¨¨`T`1
Ñ ZrGs

T´1
Ñ ZrGs

Tn´1
`¨¨¨`T`1
Ñ ZrGs

T´1
Ñ ZrGs

ϵ
Ñ Z Ñ 0

We need to check exactness. The exactness on the right is the same as the computation we did above. Then
what is the kernel of T ´ 1, we know that if the polynomial: fpT q “ a0 ` a1T ` ¨ ¨ ¨ ` an´1T

n´1 is mapped
to 0, we get:

an´1 ´ a0 ` pa0 ´ a1qT ` ¨ ¨ ¨ ` pan´2 ´ an´1qTn´1 “ 0

Therefore we know that a0 “ a1 “ a2 “ ¨ ¨ ¨ “ an´1, therefore is indeed in the image. Similarly, if fpT q is
mapped to 0 by Tn´1 ` ¨ ¨ ¨ ` T ` 1, I will let you show that this implies that the sum of the coefficients is
0, therefore is in the image as we already know the sequence is exact at ϵ.

Then after we apply Homp´, Aq, we know this is identified with:

0 Ñ A
T´1
Ñ A

Tn´1
`¨¨¨`T`1
Ñ A

T´1
Ñ A Ñ ¨ ¨ ¨

The above two computations are concrete enough because we are working with G equal to some version
of Z. For an arbitrary group G, we also have a way to compute the group cohomology, at least in theory:

Let Li be the free abelian group generated by elements in Gi`1 for i ě 0. Then we have a left G-action
on L by defining:

g ¨ pg0, ¨ ¨ ¨ , giq “ pgg0, ¨ ¨ ¨ , ggiq

We then extend this action linearly. Then I claim that Li is a free ZrGs-module with basis of the form

p1, g1, g1g2, ¨ ¨ ¨ , g1 ¨ ¨ ¨ giq

where gi are all in G. This is because clearly for any pg1
0, ¨ ¨ ¨ , g1

iq, we can consider:

p1, pg1
0q´1g1

1, ¨ ¨ ¨ , pg1
0q´1g1

iq

Then we can pick g1 “ pg1
0q´1g1

1, g2 “ ppg1
0q´1g1

1q´1 ¨ pg1
0q´1g1

2. Then we know that all elements in Li can be
written as a linear combination of such elements. Actually it doesn’t have to be this complicated, we know
that we can just take them to be:

p1, g1 ¨ ¨ ¨ , giq

where again g1, ¨ ¨ ¨ , gi P G, intuitively speaking we know that since you are allowing to use G-actions, you
can drop one freedom on this free abelian groups, which is the reason why we only need 1 in the first slot.
We also need to show these elements are linearly independent, suppose that we have elements x1, ¨ ¨ ¨ , xr in
ZrGs such that

x1p1, g11 ¨ ¨ ¨ , g1i q ` ¨ ¨ ¨ ` xrp1, gr1 ¨ ¨ ¨ , gri q “ 0

where the superscript is just a index not a power. I claim all xi must be 0. To see why, we actually only
need to see the first component, suppose that x1 consists of linear combinations of some y1, ¨ ¨ ¨ , ym, then we
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know that after the product the 1-slot should be y1, ¨ ¨ ¨ , ym, therefore if we want the result to be 0, some
other xj must contain, for example y1, but if you make the first slot y1, since the later slots differ, we know
that multiply by y1 can not make them equal, therefore we are forced that all xi are 0.

For each i ě 1, let’s define a G-module map:

Bi : Li Ñ Li´1, pg0, ¨ ¨ ¨ , giq ÞÑ

i
ÿ

j“0

p´1qjpg0, ¨ ¨ ¨ , ĝj , ¨ ¨ ¨ , giq

and a G-module homomorphism:
ϵ : L0 Ñ Z, g0 ÞÑ 1

We linearly extend this morphisms, and you can check these are compatible with G-actions. Then consider
the sequence:

¨ ¨ ¨ Ñ Li
Bi
Ñ Li´1 Ñ ¨ ¨ ¨L1

B1
Ñ L0

ϵ
Ñ Z Ñ 0

I will let you check this is a complex of G-modules. It’s also easy to check that for any fixed g P G:

hi : Li Ñ Li`1, hipg0, ¨ ¨ ¨ , giq “ pg, g0, ¨ ¨ ¨ , giq

h´1 : Z Ñ L0, h´1p1q “ pgq

are all maps of abelian groups, and is a homotopy between the identity and 0, therefore the sequence is
exact. So we have obtained a free resolution of Z for any group G, and we know that to compute the
cohomology, we only need to apply Homp´, Aq to this complex and take chomology. Notice that since each
Li is free, we know that if we let CipG,Aq be the set of all maps from Gi to A (notice that since the target
is in A, therefore CipG,Aq has a left G action even though the maps in CipG,Aq don’t have any G-module
structure), we have isomorphisms:

Fi : HompLi, Aq Ñ CipG,Aq

where Fipϕqpg1, ¨ ¨ ¨ , gnq “ ϕp1, g1, g1g2, ¨ ¨ ¨ , g1g2 ¨ ¨ ¨ giq. This is indeed an isomorphism as we know that we
have a basis of Li consists of elements of the form p1, g1, g1g2, ¨ ¨ ¨ , g1g2 ¨ ¨ ¨ giq. When i “ 0, we notice that
HompL0, Aq is just determined by where the identity goes, therefore can be identified with C0pG,Aq, i.e. all
maps from the trivial to A, therefore is identified with A.

Under this identification, the sequence:

0 Ñ HompL0, Aq Ñ HompL1, Aq Ñ ¨ ¨ ¨

becomes:
0 Ñ C0pG,Aq

d0
Ñ C1pG,Aq Ñ ¨ ¨ ¨

here the differentials is determined by:

pdifqpg1, ¨ ¨ ¨ , gi`1q “ g1fpg2, ¨ ¨ ¨ , gnq `

i
ÿ

j“1

fpg1, ¨ ¨ ¨ , gj´1, gjgj`1, gj`2, ¨ ¨ ¨ , gi`1q ` p´1qi`1fpg1, ¨ ¨ ¨ , giq

for all f P CipG,Aq. When i “ 0, consider the following diagram:

HompL0, Aq HompL1, Aq

A C1pG,Aq

Let f P HompL0, Aq, it’s image in HompL1, Aq is f ˝ B1, therefore we know that it maps pg0, g1q to fpg1 ´g0q.
Assume that e is mapped to a, we know that the image is g1a ´ g0a. This is mapped to the map G Ñ A
defined by g ÞÑ f ˝ B1p1, gq “ ga´ a.
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In this definition, we notice that a 1-cocycle is an element in the kernel of d1. Say f : G Ñ A is in the
kernel, we know that fpg1g2q “ g1fpg2q ` fpg1q. We know that a 1-coboundary is a map f : G Ñ A such
that fpgq “ ga´ a for a fixed a P A.

Then we know that if G acts trivially on A, then H1pG,Aq “ HomgppG,Aq, where HomgppG,Aq is the
set of group homomorphisms.

Remark 1.5. Even though the above discuss gives you a way to describe the group cohomology of any
group G, it will not be typically how we compute a group cohomology. The reason we discuss it here is that
in later sections, when we compute the cohomology of a profinite group, we will meet similar descriptions
and you can compare how they appear to be different but actually are the same.

Then we discuss two important constructions in group cohomology, which are restriction and inflation
maps: Let f : G1 Ñ G be a map of groups, A a G-module and A1 a G1 module. Let ϕ : A Ñ A1 be an
additive map compatible with the group actions in the sense:

ϕpfpg1qaq “ g1ϕpaq

This implies that ϕ induces a homomorphism from AG to A
1G1

. You may find it a bit strange when the
map f is from G1 to G while ϕ is from A to A1. But this is what we need to require if we want the map
induces maps between invariants. For example if we use f : G Ñ G1 and the natural definition of ϕ being
compatible with the action is ϕpg ¨aq “ fpgqϕpaq. Then just by knowing a is fixed by all g P G doesn’t imply
it’s fixed by G1.

Recall that the derived functors of ΓG is a cohomological δ-functor with the property that for any other
cohomological δ-functor Ti with ΓG Ñ T0, then there is a unique extension RiΓG Ñ Ti. Then we take another
cohomological delta functor to be the derived functor of ΓG1

. Then the fact that ϕ induces a map AG to
A

1G1

implies that there is a natural transformation ΓG Ñ ΓG1

induced by ϕ, therefore we have canonical
extensions:

HipG,Aq Ñ HipG1, A1q

Remark 1.6. Recall that when we use universal properties of derived functors, we will need to work with
a fixed source category. Here in the above discussion it seems like the two functor ΓG and ΓG1

are from the
category of G-modules and G1-modules respectively. Notice that we have f : G1 Ñ G, which gives ring map
ZrG1s Ñ ZrGs which tells us that any G-module is also a G1-module via restriction. So we can effectively
view ΓG and ΓG1

are from the category of G1-modules.

In particular, if H ãÑ G is a subgroup of G and we take ϕ : A Ñ A to be the identity, we get canonical
morphisms:

Res : HipG,Aq Ñ HipH,Aq

and we will call them the restriction homomorphisms. If we consider the quotient map G Ñ G{H
when H is a normal subgroup, and we take ϕ : A Ñ A1 by the inclusion AH ãÑ A, we get canonical
morphisms:

Inf : HipG{H,AHq Ñ HipG,Aq

which are called the inflation homomorphisms. Recall that AH has a natural left G{H action where
we just define g ¨x “ gx, we know that if g1 “ g2, then g

´1
1 g2 P H, therefore x “ g´1

1 g2x which is g1x “ g2x.
Let H be a subgroup of G and let B be an H-module, we will define:

IndGHB “ HomZrHspZrGs, Bq

Notice that a ZrHs-module map from ZrGs Ñ B is actually determined by a map ϕ : G Ñ B such that
ϕphgq “ hϕpgq. Notice that given such a morphism Φ : ZrGs Ñ B, we get φ by defining φpgq “ Φpgq. Clearly
since this is ZrHs-linear, then φphgq “ hφpgq. Conversely, recall that we ZrHs-linear map ZrGs Ñ B is first
an abelian group maps, therefore it comes from φ : G Ñ B. Then if φphgq “ hφpgq, the you can check the
map defined by φ is indeed ZrHs-linear. We define a left G-action on IndGHB by:
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pgϕqpg1q “ ϕpg1gq

Clearly this is indeed a left G action. Then let ϕ P IndGHB, we will define:

θ : IndGHB Ñ B, θpϕq “ ϕp1q

I claim that this is compatible with H-actions because we have θphϕq “ hφp1q “ h ¨ θpφq.

Remark 1.7. By using the notation IndGHB, you may be reminded of the induced representation when we
have a complex representation of H and we want to induce a G representation, what we do is CrGs bCrHs ´

and the result is also denoted by IndGH . So in the case of group cohomology, you may think that this induction
should also be some sort of tensor ZrGs bZrHs ´, instead of it’s Hom definition.

This question is totally reasonable, and the main reason is that if we define it to be the tensor, then we
will have functorial isomorphisms:

HomZrGspZrGs bZrHs B,Aq » HomGrHspB,Aq

Therefore it’s the left adjoint of the forgetful functor from the category of ZrGs-modules to the category of
ZrHs-modules. However, later you will see that instead of being the left adjoint of the forgetful functor, we
want it to be the right adjoint. Indeed we have functorial isomorphisms:

HomZrHspA,Bq » HomZrGspA,HomZrHspZrGs, Bqq “ HomZrGspA, Ind
G
HBq

clearly the morphism is defined to be f P HomZrHspA,Bq is mapped to the map that maps a P A to
φapgq “ fpgaq. The inverse is given by a map f in HomZrGspA,HomZrHspZrGs, Bqq is mapped to a ÞÑ fpaqpeq.
This is indeed a ZrHs-map since we know that:

ha ÞÑ fphaqpeq “ ph ¨ fpaqqpeq “ fpaqphq “ hpfpaqpeqq

Clearly these two are inverses of each other and I will let you check it. Therefore this induction we defines
here is the right adjoint of the forgetful functor.

Technically speaking, the right adjoint of the forgetful functor is often called the coinduction but in the
context of group cohomology, we will usually just say it’s the induction.

Remark 1.8. Note that as an ZrHs-module, we know that ZrGs is free with a basis corresponding to the
left cosets in G{H. To see why, we choose a representative from each left coset, then via an H-action, we
get all g P G. Moreover, we know that since no matter what H-action and linear sums we use, the orbit
of a representative of a single coset still lies in that single coset, therefore these representatives are indeed
linearly independent.

Then in particular, we know that the induction functor:

B ÞÑ IndGHB

is going to be an exact functor.

Remark 1.9. Let’s prove that right adjoint functors preserves injective objects. Suppose that F a functor
between two abelian categories and is the right adjoint of an adjoint functor G. (Notice that the restriction
is obviously an exact functor.) Recall that an object I in an abelian category is injective iff the following
contravariant functor is exact:

Homp´, Iq

Therefore we want to prove that Homp´, F Iq is an exact functor, and 0 Ñ A Ñ B Ñ C Ñ 0 is a short exact
sequence. Functoriality of the adjointness implies we have the following diagram:

0 HompA,FIq HompB,FIq HompC,FIq 0

0 HompGA, Iq HompGB, Iq HompGC, Iq 0

» » »

Since G is exact and I is injective, we know that the bottom row is exact, which implies the above row is
exact.
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Theorem 1.10. (Shapiro) Let H be a subgroup of G, and B an H-module. The θ : IndGHB Ñ B induces
an isomorphism:

HipG, IndGHBq » HipH,Bq

for all i.

Proof. Notice that this θ is compatible with H ãÑ G. Notice that:

h ¨ φp1q “ φphq “ phφqp1q “ θph ¨ φq “ hθpφq “ h ¨ φp1q

Therefore we know that θ gives:
pIndGHBqG Ñ BH

I claim that this is an isomorphism. First suppose that θpϕq “ 0, that is ϕp1q “ 0 where ϕ : ZrGs Ñ B. We
can assume that ϕ is fixed by g, that is g ¨ ϕ “ ϕ, therefore we know that:

ϕpgq “ pg ¨ ϕqp1q “ ϕp1q “ 0

Therefore we know that ϕ “ 0. Suppose that b P B is fixed by all h P H, then consider the ϕ defined by:

ϕpgq “ b, @ g P G

Notice that ϕphgq “ b “ h ¨ b “ h ¨ ϕpgq, therefore ϕ is well defined. Moreover we know that pg ¨ ϕqpg1q “

φpgg1q “ b, therefore g ¨ ϕ “ ϕ. This proves θ indeed induces an isomorphism pIndGHBqG Ñ BH .
I claim that this fact plus the remark we made above is enough to show the assertion. First, recall that

the induction functor is right adjoint to the restriction functor which is exact, therefore for any injective
object I in the category of ZrHs-modules, we know that IndGHI is an injective object in the category of
ZrGs-modules. Then we know that given an injective resolution of B, after we apply the induction, we get
an injective resolution of B, then we apply the functor ΓG, then we have the following diagram:

0 pIndGHBqG pIndGHI
0qG pIndGHI

1qG ¨ ¨ ¨

0 BH pI0qH pI1qH ¨ ¨ ¨

θ

where the vertical arrow induced by θ is an isomorphism. Then the universal property of derived functors
implies that we have the dotted arrows that induced isomorphism on all cohomologies, thus isomorphisms
on all HipG, IndGHBq Ñ HipH,Bq.

Consider the special case where H “ t1u, then any abelian group M is an H-module. We then can form
IndGt1uM “ HompZrGs,Mq where the hom set is just map of abelian groups. By the previous theorem, we
have:

HipG, IndGt1uMq » Hipt1u,Mq

Recall that we Hipt1u,Mq “ 0 for all i “ 0 since we know that the functor Γt1u is just the identity functor,
then for example we apply it to any projective resolution of M , we get the same resolution, therefore we
know that only H0pt1u,Mq “ M , and all the other higher degree vanishes.

Definition 1.11. Let G be a group, then any G-module is said to be induced if it’s isomorphic to IndGt1uM
for some abelian group M .

A G-module is said to be weakly injective if it’s a direct summand of a induced G-module. Since we
know that cohomology commutes with direct sums and the cohomology of induced G-modules vanishes for
all positive degree, we know that the cohomology of weakly injective G-modules also vanishes in positive
degrees.

Notice that any G-module A can be embedded into an induced G-module via:

ι : A ãÑ HompZrGs, Aq, ιpaqpgq “ ga

This is indeed a G-module homomorphism as g1a is mapped to the g ÞÑ gg1a, and we know that this is
compatible with the G-module structure on HompZrGs, Aq. This map is clearly injective as if ga “ 0 for
all g, we know that a “ 0. One consequence of this embedding shows that injective objects are also weakly
injective, thus justifying the name.
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Corollary 1.12. Injective G-modules are weakly injective.

Proof. Lett I be an injective G-module. Notice that it’s also an abelian group thus is also a t1u-module.
Then we consider the induction:

0 Ñ I ãÑ HompZrGs, Iq Ñ coker Ñ 0

We know that since I is injective, then this sequence splits, therefore we know that I is a direct summand
of HompZrGs, Iq, thus is weakly induced.

Recall that derived functors can also be computed using acyclic objects, and weakly injective objects are
acyclic by our previous discussion. Moreover we also saw that we can embed any G-module into an induced
G-module, thus an weakly injective module, therefore we know that we can use resolutions with weakly
injective modules to compute cohomology.

Remark 1.13. Notice that if H is a subgroup of G, then any induced G-module is also an induced H-
module. Recall that ZrGs is a free ZrHs-module with basis given by representatives in the cosets G{H,
therefore we can also write:

ZrGs » ‘gHPG{HZrgHs

here ZrgHs is the free abelian group generated by all gh for h P H. The G-actions by g1 is first permuting
the factors and mapping the element gh to g1gh. The H-actions within each factor. Therefore:

HompZrGs,Mq » Homp‘gHPG{HZrgHs,Mq

“
ź

gHPG{H

HompZrgHs,Mq » HompZrHs,
ź

gHPG{H

Mq

Therefore by definition any weakly injective G-module I is also an weakly injective H-module. In particular
any injective G-module I is a weakly injective H-module, thus we can compute H-cohomology using G-
module injective objects. If

0 Ñ I0 Ñ I1 Ñ ¨ ¨ ¨

is an injective resolution of a G-module A, then we know that:

HipH,Aq “ HippI‚qHq

Remark 1.14. (Hochschild-Serre spectral sequence) Now suppose that H Ă G is a normal subgroup,
we already saw that for a G-module A, AH is a G{H-module. Most importantly, we know that:

pAHqG{H “ AG

It’s obvious that the right hand side is contained in the left one, suppose that an element a is fixed by H
and then we know that G{H action by g1 is just defined by g1a. Then we know that the left one is contained
in the right hand side. This is saying that:

ΓG{H ˝ ΓH “ ΓG

Then we can apply the Grothendieck composition of functors spectral sequence to get this so called
Hochschild-Serre spectral sequence:

Ei,j
2 “ HipG{H,HjpH,Aqq ñ Hi`jpG,Aq

Notice that for and j, HjpH,Aq is indeed still a G{H-module since we know that when we compute the
cohomology we already applied the functor ΓH . This remark will be useful when we study cohomological
dimension later and also in later chapters. *** to be completed
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Going back to the main topic, let H Ă G now be any subgroup, for any G-module A, we have a G-module
morphism:

ι : A Ñ HomZrHspZrGs, Aq, ιpaqpgq “ ga

I will let you check that for each a, ιpaq is indeed well define H-module map.
The right hand side of the morphism is like the induction where we first view A as an H-module via

restriction. This ι gives a G-module morphism, therefore it induces a morphism:

HipG,Aq Ñ HipG, IndGHAq

we compose this with the isomorphism we obtain eariler:

HipG,Aq Ñ HipG, IndGHAq » HipH,Aq

we obtain the morphism HipG,Aq Ñ HipH,Aq. Note that this map coincide with the restriction morphism
we defined earlier since recall that restriction is defined as the unique extension of AG Ñ AH . This is just
defined by a ÞÑ a. We consider the above morphism between HipG,Aq Ñ HipH,Aq, they are morphisms
extending:

AG Ñ pIndGHAqG
θ

Ñ AH

where this θ is the θ we have in the previous Theorem of Shapiro. Notice that via this map:

a ÞÑ ιpaq ÞÑ ιpaqp1q “ a

Therefore these HipG,Aq Ñ HipH,Aq also extends AG Ñ AH , a ÞÑ a, thus they are equal.
Now let H be a subgroup of finite index of G and A a G-module, we can construct a G-module morphism:

π : IndGHA Ñ A, f ÞÑ
ÿ

gHPG{H

gfpg´1q

Notice that if g, g1 represent the same coset, then we know that g´1g1 P H, moreover we know that for
any f P IndGHA, we know that fphgq “ hfpgq, therefore we know that:

gfpg´1q “ gfpg´1g1g1´1q “ gpg´1g1fpg1´1qq “ g1fpg1´1q

Therefore this definition is well-defined, independent of the representatives we choose for the cosets. This
is again, a G-module homomorphism since we know that g1f ÞÑ

ř

gHPG{H g ¨ fpg1g´1q. Notice that:

ÿ

gHPG{H

g ¨ fpg1g´1q “
ÿ

gHPG{H

g1g1´1gfpg´1g1q “ g1
ÿ

gHPG{H

g1´1gfpg´1g1q

Then since as g runs over all representatives we know that g1´1g also runs over all representative, the
two sides are exactly the same, we are done.

This induces a homomorphism:

HipG, IndGHAq Ñ HipG,Aq

Compose it with the isomorphism HipG, IndGHAq » HipH,Aq we get:

Cor : HipH,Aq Ñ HipG,Aq

which are called corestriction homomorphisms.

Proposition 1.15. Let H be a subgroup of G with finite index n, then we have:

Cor ˝ Res “ n
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Proof. Notice that the composition is:

HipG,Aq Ñ HipG, IndGHAq » HipH,Aq » HipG, IndGHAq Ñ HipG,Aq

The two isomorphism in the sequence are inverses of each other, therefore we know that the composition is
induced by:

π ˝ ι : A Ñ A, a ÞÑ ιpaq ÞÑ
ÿ

gHPG{H

g ¨ ιpaqpg´1q “
ÿ

gHPG{H

g ¨ g´1a “ na

Therefore we know that the corresponding morphism on the derived functors is also multiply by n.

Proposition 1.16. If G is a finite group of order n, then for any G-module A and any i ě 1, HipG,Aq is
annihilated by |G|.

Proof. Apply the above proposition to the subgroup H “ t1u.

Corollary 1.17. Let G be a finite group and p a prime number. If Gp is a Sylow p-subgroup of G and A
is a G-module. Recall that the p-primary part of A is the subgroup that is killed by a power of p. Then the
restriction map:

ResHipG,Aq Ñ HipGp, Aq

is injective on the p-primary part of A for any i. In particular if HipGp, Aq “ 0 for all prime number p,
HipG,Aq “ 0.

Proof. Let x P HipG,Aq be an element in the kernel HipG,Aq Ñ HipGp, Aq, we know from the previous
proposition that:

rG : Gpsx “ Cor ˝ Respxq “ 0

If x lies in the p-primary part, then pkx “ 0 for some k ě 0, then since rG : Gps is relatively prime to p,
then x “ 0.

Notice that when i “ 0, the restriction map is just the inclusion AG ãÑ AGp and we know that if an
element is fixed by all Gp, we know that it’s also fixed by G, therefore we know that the assertion on AG “ 0
is trivial if AGp “ 0. Then if i ě 1, we know that since HipG,Aq is annihilated by |G|, then we know that
HipG,Aq decomposes into direct sums of p-primary parts where p is a prime that divides |G|, therefore the
assertion is also done.

Remark 1.18. It can be proved quite easily that if an abelian group A is annihilated by some integer n ě 1,
then:

A “ ‘p|nAp

It’s clear to show that Ap X Aq “ 0 for different p, q, let x P A, we know that it’s order is pk1
1 ¨ ¨ ¨ pkr

r , then
we know that there is integer m,n such that:

mpk1
1 ¨ ¨ ¨ p

kr´1

r´1 ` npkr
r “ 1

Then consider:
x “ pmpk1

1 ¨ ¨ ¨ p
kr´1

r´1 ` npkr
r qx

We know that now mpk1
1 ¨ ¨ ¨ p

kr´1

r´1 x is in the pr-primary part Apr
and the order of y “ npkr

r x now only is a
product of p1, ¨ ¨ ¨ , pr´1, then we do the same procedure to y until we obtain x as a sum pf p-primary parts.

Corollary 1.19. Let G be a finite group and let A be a G-module finitely generated as an abelian group,
then HipG,Aq is finite for all i ě 1.

Proof. Recall that we previously computed the cohomology of G-modules using complexes C‚pG,Aq. Notice
that when A is finitely generated as an abelian group, then we know that the set of all maps from G to A,
as G is finite, it just A‘|G|, therefore is also finitely generated. Then so is the map from Gi to A. Therefore
we know that each term in the complex is finitely generated as abelian groups, then so is the cohomology
HipG,Aq.

Then we know that for i ě 1, HipG,Aq is annihilated by a finite number, therefore by the structure
theorem of finitely generated abelian groups, the group must be finite.
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2 Profinite Groups

In this section we briefly introduce profinite groups before we proceed to the group cohomology of profinite
groups.

Definition 2.1. A topological group π is called a profinite group if it’s isomorphic to a topological group
of the form:

lim
ÐÝ
i

Gi

where I is a direct set and tGiu is an inverse system of finite groups with discrete topology.

Remark 2.2. Let’s make a side remark here about why some system is called an inverse (projective) system
and some system is called an direct (injective) system. After you see this remark, you will never be confused
about the direction of arrows.

Let’s explain this through an example. Recall that in the chapter introducing fundamental groups we
introduced a weird notation: we define the category I to be the category whose objects are symbols i for
each pointed connected etale covering pXi, αiq of pS, γq. But we defined the arrows to be j Ñ i iff there is
a pointed S-morphism pXi, αiq Ñ pXj , αjq. Then we say that tpXi, αiqu forms an inverse system. In this
definition we are think that that if there is an arrow j Ñ i, then the index i is larger than j, and we know
that the corresponding morphism pXi, αiq Ñ pXj , αjq is a morphism from the space pXiq to pXjq, which is
surjective by the covering space properties. Therefore we regard Xi as containing more refined information
than Xj and the morphism is sort of a projection where we forget some information. This is why we call
this a projective system (inverse system since the flowing is from the place where there is more information
to where there are less information, so regarded as ”inverse”).

An easier example is the p-adic integers, which is also an inverse system. For example 2-adic integers,
the system is given by:

¨ ¨ ¨ Z{2n Z{2n´1 ¨ ¨ ¨ Z{22 Z{21

Here the system is index by integers n ě 1, therefore has a natural sense of which is larger than another,
i.e. there is an arrow m Ñ n iff n ě m. Indeed, we see that in this system there is an arrow Z{2n Ñ Z{2m

iff there is an arrow m Ñ n. Indeed with the index growing larger, the object contains more information
and morphisms between then going in the inverse direction as opposed to the direction of the index or is a
projection going from an object with more information to object with less information.

A direct system is the opposite where the arrows between objects is in the same direction as that of index,
or from objects with less information to objects with more information. This is like an injective morphism,
thus is called an injective system or directed system.

Before we begin any serious study on profinite groups, we need to do some topological preparation.

Lemma 2.3. Let X be a compact Hausdorff topological space and let x P X, then the connected component
of X containing x is XλUλ where Uλ is the family of compact open neighborhoods x.

Proof. Recall that in a Hausdorff space a compact subset is closed (which is not true if without Hausdorff-
ness). Then we know that each Uλ is both open and closed, then we know that the connected components
containing x must be contained in Uλ. (This also proves that an open and closed subset in any space is a
union of connected components.) Therefore we know that:

C Ă XλUλ

To show that the converse inclusion, it suffice to show that the intersection is connected.
Let A Ă XλUλ is open and closed, we need to show that A is either the entire XλUλ or the empty set.

Notice that A and XλUλ ´A are both closed in X. Then notice that since A,XλUλ ´A are both compact,
I will let you see why Hausdorffness implies there are U, V disjoint open neighborhoods of A and XλUλ ´A.

Then we know that:
XλUλ Ă U Y V

11



Therefore X ´ pU X V q Ă YλpX ´ Uλq. But notice that X ´ pU X V q is closed and X is compact, therefore
X ´ pU X V q is compact therefore there will be a finite subcover, i.e.:

X ´ pU Y V q Ă pX ´ Uλ1q Y ¨ ¨ ¨ Y pX ´ Uλn
q

for finitely many compact open neighborhood of x.
Therefore we know:

Uλ1 X ¨ ¨ ¨ X Uλn Ă U Y V

Recall that U, V are disjoint, then we know that Uλ1 X ¨ ¨ ¨ X Uλn is the union of:

Uλ1 X ¨ ¨ ¨ X Uλn X U, Uλ1 X ¨ ¨ ¨ X Uλn X V

more over since this is a finite intersection, it’s both open and closed. Clearly it’s open as it’s a finite
intersection of open subsets, it’s closed because we know that they are complement of each other in Uλ1 X

¨ ¨ ¨ X Uλn and each of them is clearly open in Uλ1 X ¨ ¨ ¨ X Uλn.
Notice that only one of them contains x as they are disjoint as the union is Uλ1 X¨ ¨ ¨XUλn which contains

x. If x P Uλ1 X ¨ ¨ ¨ XUλn XU , then we know that Uλ1 X ¨ ¨ ¨ XUλn XU is a compact neighborhood of x, thus:

XλUλ Ă Uλ1 X ¨ ¨ ¨ X Uλn X U

In particular we know that XλUλ ´ A Ă U , but XλUλ ´ A Ă V , therefore this is the empty set since U, V
are disjoint. If x P XλUλ X V , we know that:

XλUλ Ă Uλ1 X ¨ ¨ ¨ X Uλn X V

in particular, we know that A Ă V , but A Ă U , therefore A “ H.

Recall that a topological space is said to be totally disconnected if any connected subset of X has
only a single point. This is equivalent to the fact that every connected component of X is a singleton.

Lemma 2.4. Let G be a compact topological group, then G is totally disconnected if and only if XλUλ “ 1
where Uλ is the family of compact open neighborhood of 1.

Proof. Let’s first assume that G is totally disconnected, then we know that t1u is connected, therefore
t1u “ t1u, thus t1u is closed. Recall that the diagonal is the inverse image of t1u under:

GˆG Ñ px, yq ÞÑ xy´1

therefore the diagonal is closed therefore the space is Hausdorff. Therefore we can apply the above proposi-
tion, we must have XλUλ “ t1u.

Conversely, suppose that XλUλ “ t1u, let g P t1u, we know that gU´1
λ is an open neighborhood of g

we know that 1 P gU´1
λ , therefore g P Uλ, therefore g P XλUλ, thus g “ 1, therefore t1u is closed. Then

this implies the space is Hausdorff, therefore we again apply the above lemma to conclude that since the
compact open neighborhood at g is just the translation of those at 1 by g, therefore the intersection is still
a singleton, thus is tgu, thus the connected component containing g is tgu, therefore the space is totally
disconnected.

Lemma 2.5. Let G be a Hausdorff topological group and let U be a compact open neighborhood of t1u.
Then U contains a compact open subgroup of G.

Proof. First notice that any open subgroup must also be closed in any topological group. To see why, we
notice that the complement of that subgroup is the union of it’s cosets, which are all open, therefore the
union is open, which means the subgroup is closed.

Consider F “ pG´ Uq X U2. Notice that U2 is the image of:

m : U ˆ U Ñ U, px, yq ÞÑ xy
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Since the source is compact we know that the image is compact in U , thus compact in X, therefore closed.
This implies F is also closed. Notice that:

U ¨ 1 Ă G´ F “ U Y pG´ U2q

Now since U is compact, we can find an open neighborhood V of 1 contained U such that UV Ă G´ F . To
see why, notice hat U ¨ 1 Ă G´ F is equivalent to the fact that:

U ˆ t1u Ă m´1pG´ F q

where m is the multiplication map. Then we know that for each u P U , there will be an open neighborhood
Wu of u and an open neighborhood Vu of 1 such that Wu ˆ Vu Ă m´1pG ´ F q, then since U is compact,
we only need finitely many then we consider W to be the union of these finitely many Wu and V to be the
intersection of these finitely many Vu, we are done.

Recall that V ´1 is also an open neighborhood of 1, then we can replace V by V X V ´1, we can assume
that V “ V ´1. Then we know that:

UV Ă pG´ F q X U2 Ă U

Therefore UV n Ă U for all n ě 1. Then consider:

H “

8
ď

n“1

V n

Notice that since V “ V ´1 this is indeed an open subgroup and the fact UV n Ă U implies this subgroup is
contained in U and is open, therefore is closed, therefore is compact since U is compact.

Lemma 2.6. Let G be a totally disconnected group and U is a compact subset of G containing some open
neighborhood of 1 then U contains a compact open subgroup of G.

Proof. Recall that if G is totally disconnected, then it’s Hausdorff since t1u is closed, which implies the
diagonal is closed, thus Hausdorff.

Let V be the open neighborhood of 1 contained in U . Since U is compact Hausdorff as a subspace of
G, we know that t1u “ XλUλ, where Uλ is the family of compact open neighborhoods of 1 in U . We have
XλUλ “ t1u Ă V , hence U ´ V Ă YλpU ´ Uλq. But U ´ V is compact, then we can find finitely many, say
Uλ1, ¨ ¨ ¨ , Uλn such that U ´V Ă pU ´Uλ1q Y ¨ ¨ ¨ Y pU ´Uλnq for finitely many compact open neighborhoods
Uλi

of 1 in U . Therefore we know that that Uλ1 X¨ ¨ ¨XUλn is contained in V . Therefore since Uλ1 X¨ ¨ ¨XUλn

is open in V then in G, and we know that they are compact, therefore is an open compact neighborhood of
1, therefore contains compact open subgroup of G.

Remark 2.7. The difference between this lemma and the one before it is that this one we requires G to be
totally disconnected, which is stronger than just being Hausdorff, then in this case we don’t need a compact
open neighborhood of 1 to contain a compact open subgroup. We only need a compact subset of 1 which
contains an open neighborhood of 1.

Lemma 2.8. Let G be a topological group and K a compact subset of G. Let U be a neighborhood of 1,
then there is another neighborhood V of 1 such that:

xV x´1 Ă U

for all x P K.

Proof. Consider the continuous map:

GˆG Ñ G, px, yq ÞÑ xyx´1

Notice that px, 1q ÞÑ 1 for any x P G. Therefore for any x P K, we can find a neighborhood W 1
x of 1 and a

neighborhood Wx of x such that:
x1yx1´1 P U

for all x1 P Wx and y P W 1
x. Since K is compact, we can find finitely many Wx, say Wx1

, ¨ ¨ ¨ ,Wxn
so that

they cover K, then we define V “ W 1
x1

X ¨ ¨ ¨ XW 1
xn
.
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All these lemmas above is for the following result:

Proposition 2.9. Let G be a compact totally disconnected topological group and let U be a subset of G
that contains a open neighborhood of 1, then U contains a normal open subgroup of G.

Proof. G is compact and Hausdorff. Since we know that U contains an open neighborhood of 1, say it’s W .
Then consider F “ G´W , we know that since G is compact F is compact. Since G is Hausdorff, we know
that for each x P F , there is an open neighborhood Wx of 1 and W 1

x of x such that Wx X W 1
x “ H. Notice

that F is compact, we can choose finitely many W 1
x that covers F . Then we find an open neighborhood O

of 1 such that it doesn’t intersect F , which means that it’s contained in W . Moreover we know that O Ă W
since we know that O is the intersection of finitely many Wx, and O doesn’t intersect an open neighborhood
of F , then if the closure of O intersects F , we know that it O must intersection with every open neighborhood
of F a contradiction, we are done.

This implies that U contains a compact subset of G which again contains an open neighborhood of 1.
Therefore by the previous lemma, U contains a compact open subgroup of G, let’s call it V . Then we know
there is another open neighborhood V 1 of 1 such that xV 1x´1V for any x P G since G is itself compact.
Therefore:

V 1 Ă XxPGx
´1V x

is a subgroup contained in U .
Now notice that in a topological group, any subgroup containing an open neighborhood of 1 is open. I

will let you prove why, therefore XxPGx
´1V x is open and normal.

Corollary 2.10. Let G be a compact totally disconnected topological group, then open normal subgroups
of G forms a basis of 1.

Proof. Notice that any open neighborhood of 1 contains such an open normal subgroup of G. In particular,
we know that an open normal subgroup also contains a normal open subgroup of G, we are done.

Remark 2.11. Let’s summarize some of the topological properties we used to prove the above several
lemmas and the proposition.

1. First we know that in a topological group the identity being closed implies Hausdorff and it’s clear
that Hausdorff implies the identity is closed.

2. Then in a compact Hausdorff space, for any closed subset F and a point not in F , there is an open
neighborhood of x and an open neighborhood of F such that these two neighborhoods are disjoint.

3. Then in a topological group, any open subgroup is closed.

4. Any subgroup containing an open neighborhood of 1 is open.

Using the above proposition, we can prove several properties of profinite groups:

Corollary 2.12. 1. A topological group is a profinite group iff it’s compact and totally disconnected.

2. Direct products of profinite groups are profinite.

3. The inverse limit of any inverse system of profinite groups is profinite.

4. If H is a closed subgroup of a profinite group, then the spaces of cosets with the quotient topology is
totally disconnected and if H is normal, G{H is profinite.

Proof. Let’s first deal with 1. Let G “ lim
ÐÝ

Gi where tGiu is an inverse system of finite discrete groups.
Notice that by Tychnoff’s theorem,

ś

iGi is compact. Then I claim that with the subspace topology lim
ÐÝ

Gi

is closed. This is very similar to the preliminary section where we proved that the Galois group of an infinite
Galois extension is closed in the product space. Notice that if we write:

Ci,,j “ tpxkq : πijpxiq “ xju
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if there is no πij from Gi to Gj , then Ci,j is just the whole space. Then lim
ÐÝ

Gi is the intersection of all Ci,j

when i, j ranges through all pairs of index. Notice that each Ci,j is the inverse image of the identity under
the map:

lim
ÐÝ

Gi Ñ Gj , pxkq ÞÑ xj{πpxiq

I will let you check this is continuous since each Gi is discrete. Then the inverse limit is also closed. Therefore
lim
ÐÝ

Gi is compact. Let C be a connected subset of lim
ÐÝ

Gi, then we know that the projection of C to each Gi

is connected, therefore is only one point since each Gi is discrete. This implies C only contains one point,
we are done.

Conversely, suppose that G is a compact totally disconnected group. Recall that open normal subgroups
of G is a basis of 1. Notice that if N is an open normal subgroup of G, we consider G{N , this is again
compact since G is compact. Then since N is normal, we know that G{N is a discrete group as we know
that the inverse image of a coset in G{N is just a translation of N , which is open, then since G{N is with
the quotient topology, that singleton is open. Therefore G{N is finite and discrete. Then consider:

lim
ÐÝ
N

G{N

where N is the system of open normal subgroup of G. We know that it’s a direct set via inclusion, and G{N
forms an inverse system with respect to this order.

Noticed that we have a canonical morphsim induced by the quotient maps: G Ñ G{N :

G Ñ lim
ÐÝ
N

G{N

This is continuous since it’s induced by the universal property. I claim that the image is the morphism is
dense. To see why, we know that the basic opens in lim

ÐÝN
G{N is the intersection of lim

ÐÝN
G{N with the

basic opens in
ś

N G{N , which is
ś

N UN where UN are open in G{N and only finitely many of them is not
the whole space G{N . Recall that since we work with a direct set, there is a N 1 such that G{N 1 maps to all
these finitely many G{N . Then we know that if an element is in the intersection of lim

ÐÝN
G{N with this basic

open. The G{N component all comes from some gN 1 in G{N 1. Then consider pgNq in the product, we know
that this is indeed in the inverse limit and is in the intersection. Since pgNq is the image of G Ñ lim

ÐÝN
G{N ,

the image is indeed dense.
Recall that since lim

ÐÝN
G{N is Hausdorff and G is compact, this map is closed, therefore is surjective.

To prove it’s injective, we know that if g in G is mapped to 0, then it’s in all the normal open subgroup
in G. Recall that G is totally disconnected, therefore t1u “ XλUλ where Uλ are all the compact open
neighborhoods of 1. Note that any compact open neighborhood of 1 contains such an open normal subgroup,
therefore we know that g P Uλ for all λ, therefore g “ 1. This implies G Ñ lim

ÐÝN
G{N is a bijective and

closed homomorphism, therefore is an isomorphism of topological groups.
Then let’s prove 2: Notice that a closed subgroup of a compact group is compact. It’s also totally

disconnected as a subspace.
Notice that direct product of compact spaces is compact. Moreover let Gi be compact and totally

disconnected topological groups, consider the projection:

ź

i

Gi Ñ Gi

If C in the product space is connected, we know that the image in Gi is connected, therefore is a single
point, therefore C is also a single point.

4 is also easy, let Gi be an inverse system of profinite groups, we know that their product is also profinite,
then the inverse limit of these system is a closed subgroup of the direct product, we are done. What need to
be noticed here is that by an inverse system of profinite groups, we automatically assume that the transition
maps between Gi and Gj are continuous, without this condition the inverse limit may not be a closed
subgroup.

Finally to prove 5: let’s first show that G{H is totally disconnected. To prove this, first notice that G{H
with the quotient topology is also a compact topological group. Then by our previous lemma, a compact
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topological group is totally disconnected iff XλUλ “ t1u where Uλ is the family of compact open neighbor-
hoods of 1. Then suppose that xH R tHu, we want to show that there is a compact open neighborhood of
H such that xH is not in that compact open neighborhood. xH R tHu means that 1 R xH, since xH is a
closed subset of G, then we know that there will be an open subgroup U that is disjoint from xH. Notice
that the quotient map π : G Ñ G{H is open, then since U is open in G, it’s closed and compact, then the
image of U in G{H is a compact open neighborhood of 1, therefore we know that xH R πpUq, therefore we
are done. Finally H is normal, then G{H is a group that is compact and totally disconnected therefore is
profinite.

Definition 2.13. A surnatural number (sometimes also called supernatural number) is a formal product
ś

p p
np where p ranges over all prime numbers and np is a nonnegative number that is probably 8.

It’s clear that the product of two surnatural numbers is defined component-wise. We can also define the
greatest common divisor of two surnatural number using their exponent power in an obvious way. Similarly,
we can define the least common multiple. Similar definition can also be applied to any family of surnatural
numbers, where the exponent power is defined to be the supremum or infimum.

Definition 2.14. let G be a profinite group and let H be a closed subgroup of G, we define the index of
H in G by the least common multiple of:

rG{U : H{pH X Uqs

where U is goes over the family of normal open subgroups of G.

Recall that for any open normal subgroup U , G{U is a finite discrete group, and H{pHXUq is a subgroup
ofG{U , therefore has a finite index. Notice that the least common multiple of these finite index is a surnatural
number.

We only define the index for closed subgroups because we know that the index for open subgroups is
always finite (can you see why?). We will later see that a closed group is open iff it’s index defined in the
above way is finite.

Remark 2.15. There is another way to think about the index of the closed subgroup H in G. Let V be an
open subgroup of G that contains G. We know that G{V is a finite discrete space, therefore we know that
rG : V s is a finite number, then we define the index of H in G to be the least common multiple of:

rG : V s

where V goes over all open subgroup of G that contains H.
To see why, if U is an open normal subgroup of G, then consider HU , which is the union of of hU for all

h P H. Therefore HU is still an open subgroup containing H. Moreover notice that we have an isomorphism:

H{H X U » HU{U

Then we know that:
rG{U : H{pH X Uqs “ rG{U : HU{U s

since we have a bijection coming from:

0 H{H X U G{U pG{Uq{pH{H X Uq 0

0 HU{U G{U pG{Uq{pHU{Uq 0

Chasing the diagram tell you that the dotted arrow is a bijection.
Conversely, if V is an open subgroup containing H “ H ¨ 1, then since H is closed, then it’s compact,

then there will be U and open neighborhood of 1 such that HU Ă V , we can assume that U is a normal
open subgroup by the previous proposition. Then we know that V as a subgroup sitting in between HU and
G, we know that the index rG : V s must divide that of rG : HU s “ rG{U : H{H XU s (a finite number), i.e.:

rG : V s|rG : HU s “ rG{U : H{H X U s
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The first equation shows that the least common multiple of rG : V s is at least as large as that of rG{U :
H{H XU s. The second equation shows that it’s at most as large as that of rG{U : H{H XU s, therefore they
are equal.

The fact that rG : V s must divide rG : HU s comes from the surjection:

G{HU Ñ G{V

The ”kernel” (the preimage of the identity coset in G{V ) looks like HU{V , then using the fact that G{HU
only has finitely many element, we get that the assertion. Or you can use the fact that rG : HU s is finite to
do counting.

Remark 2.16. Recall that if H is a closed subgroup such that indeed G{H is a finite set, then we know that
we can define the index traditionally, by the number of elements in G{H. Or we can still define it according
to the above definition. It can be checked that these two definitions agree, first, we know that for any open
subgroup V containing H, the number of elements in G{V is at most that of G{H. Moreover we know that:

rG : V s ¨ rV : Hs “ rG : Hs

Therefore we know that each rG : V s will divide rG : Hs, therefore we know that the least common multiple
will divide rG : Hs and in particular is finite. We will prove later that a finite index implies the closed
subgroup is open, therefore the two definition agrees.

One caveat here is that before we prove that finite index imply open subgroup, we can’t conclude that
the two ways of definition are the same. So when you prove finite index implies open, you can not say that
G{H is a finite set and H is the complement of a finite union of closed subsets, thus open. Be careful!

Proposition 2.17. Let G be a profinite group:

1. For all closed subgroups K and H of G such that K Ă H, we have:

rG : Ks “ rG : Hs ¨ rH : Ks

2. For all closed subgroups K and H of G such that K Ă H and K is normal in G, we have:

rG{K : H{Ks “ rG : Hs

3. A closed subgroup H in G is open iff rG : Hs is finite.

4. Let tHiu be a decreasing filtered family of closed subgroups in G and H “ XiHi, then rG : Hs is the
least common multiple of rG : His.

Proof. Let’s deal with 1 first: we will show that rG : Ks|rG : Hs ¨ rH : Ks. Notice that for any normal open
subgroup U in G, we have:

rG{U : K{K X U s “ rG{U : H{H X U s ¨ rH{H X U : K{K X U s

By definition we know that:

rG{U : H{H X U s ¨ rH{H X U : K{K X U s|rG : Hs ¨ rH : Ks

as we know that U XH is also an open normal subgroup in H.
Then since each rG{U : K{K XU s divide rG : Hs ¨ rH : Ks, the least common multiple divides it, we are

done.
Conversely, let U be an open normal subgroup of G and V an open subgroup of H. We know that

there is an open normal subgroup U 1 of G such that H X U 1 Ă V . This is because we know that V Ă H
is V 1 X H where V 1 is an open neighborhood of 1, therefore it contains a normal open subgroup U 1 and
U 1 XH Ă V 1 XH “ V . Let U 1 “ U X U2 which is still an open normal subgroup of G. Then we have:

rG : HU s ¨ rH : KV s|rG : HU2s ¨ rH : KpH X U2qs
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This holds because we know that HU2 Ă HU and the index rG : HU2s is finite. Then again we know that
KpH X U2q Ă KV , and the index rH : KpH X U2qs is finite.

Note that:
rG : HU s “ rG{U : H{H X U s, rH : KV s “ rH{V : K{K X V s

rG : HU2s ¨ rH : KpH X U2qs “ rG{U2 : H{H X U2s ¨ rH{H X U2 : K{K X U2s “ rG{U2 : K{K X U2s

Therefore we know that:

rG{U : H{H X U s ¨ rH{V : K{K X V s|rG{U2 : K{K X U2s

Hence we know that we proved:
rG : Hs ¨ rH : Ks|rG : Ks

Therefore they are equal.
Then we deal with 2: recall that if we have an open subgroup in G{K containing H{K, we know that

it’s preimage in G is an open subgroup containing H, conversely any open subgroup containing H in G is
mapped to an open subgroup of G{K containing H{K. They are bijection of each other.

Moreover we know that:
rG{K : U{Ks “ rG : U s

Then we use the description of the index using open subgroup containing that group, we are done.
For 3: we already know that if H is open, then G{H is finite since gH forms an open cover of G, then

we can use the fact that G is compact. Then rG : Hs is indeed finite. Conversely, if rG : Hs is finite, we
can find an open subgroup V containing H such that rG : Hs “ rG : V s. To see why, let’s assume that
rG : Hs “ pn1

1 ¨ ¨ ¨ pnr
r where pi’s are distinct primes. Then since rG : Hs is defined to be the least common

multiple of rG : V s where V is an open subgroup containing H. Then we know that there will be finitely
many open subgroups V such that rG : V s actually has factor pni

i . Then we take intersection, it will suffice.
Then I claim that V “ H. Suppose that V is not H, then there is an x P V ´ H, since x is not in H, we
know that 1 R xH. Notice xH is closed, then we know that there is an open normal subgroup U of G such
that U X xH is empty. Therefore we know that x R UH, hence V X UH is strictly contained in V . But
V X UH is an open subgroup containing H so we have:

rG : Hs ě rG : V X UHs ą rG : V s

which is a contradiction, we are done.
Finally to prove 4: notice that if V is an open subgroup of G, we know that G´ V is compact, then we

know that XiHi Ă V iff Hi Ă V for some i. Indeed consider G´Hi, which are all open. Then if XiHi Ă V ,
we know that G ´ Hi covers G ´ V , we know that by compactness, we only need finitely many G ´ Hi,
therefore Hi1 X ¨ ¨ ¨ XHin is contained in G, then there is some Hi contained in the intersection. Conversely
if there is such a Hk Ă G, then since the system is filtered, we know that for any Hi not contained in Hk,
there will be some Hj contained in Hi XHk, then:

XiHi “ XiďkHi

therefore we are done. Then we know that if V is an open subgroup containing Hi, then V contains H,
therefore

rG : His|rG : Hs

therefore the least common multiple of rG : His divides rG : Hs. Conversely, we know that if V is an open
subgroup containing H, it must contain some Hi, therefore:

rG : V s|rG : His

therefore we know that rG : Hs as the least common multiple of rG : V s, divides the least common multiple
of rG : His, we are done.

Definition 2.18. Fix a prime number p, we will say a profinite gourp is a pro-p-group if rG : 1s is a power
of p as a surnatural number.

Given a profinite group G, a closed subgroup H is called a Sylow-p-subgroup if H is a pro-p-group and
rG : Hs is prime to p as a surnatural number.
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One thing to notice here is that a profinite group is a pro-p-group iff it’s an inverse limit of finite p-groups,
i.e. finite groups whose order is a power of p. To see why, suppose that G is a pro-p-group, then we know
that rG : 1s, which is the least common multiple of rG{N : 1{1 XN s where N is a normal open subgroup of
G. This implies that for each normal open subgroup N , the order of G{N is a power of p. We have seen that
G is isomorphic to lim

ÐÝN
G{N where N ranges over all normal open subgroups of G. Conversely, suppose

that G “ lim
ÐÝi

Gi where each Gi is a finite p-group. Then consider the projection to the i-th component:

lim
ÐÝ
i

Gi Ñ Gi

we know that the kernel is a normal open subgroup of lim
ÐÝj

Gi and suppose that N is a normal open subgroup

of G, then I claim that N must contain one of these kernels. To see why, we know that the basic opens of the
identity in lim

ÐÝi
Gi are finite intersections of the kernels. Therefore we know that the normal open subgroup

N contains some intersection of Ki. But recall that this is an inverse system, therefore we know that that
there will be some Gk that maps to Gi for these finitely many i. Then we know that the kernel with respect
to Gk is contained in the intersection, we are done.

Therefore we know from the previous proposition that:

rG{N : 1s||Gk| “ pnk

therefore the least multiple of rG{N : 1s is also a power of p.

Proposition 2.19. 1. Let G be a profinite group, then any pro-p-group H is contained in a Sylow-
p-subgroup. In particular, Sylow-p-subgroup exists and any two Sylow-p-subgroup are conjugate in
G.

2. Let G Ñ G1 be an epimorphism of profinite groups, then the image of of a Sylow-p-subgroup of G in
G1 is again a Sylow-p-subgroup.

Proof. Let’s deal with 1: notice that for any normal open subgroup U of G, G{U is a finite discrete group
with H{H X U a subgroup of G{U . Notice that since H is a pro-p-subgroup, we know that the index of
order of H{H X U is a power of p as H X U is an open normal subgroup of H. Then we know that there
will be a Sylow-subgroup in G{U containing H{H XU , then let IU be the set of Sylow-p-subgroups of G{U
containing H{H X U .

Then suppose that we have two normal subgroups V Ă U , we know that we have a surjective group
homomorphism between finite groups:

G{V Ñ G{U

Recall that for a surjective homomorphism between finite groups, Sylow-p-subgroups is mapped to Sylow-
p-subgroups. Therefore this map induces a map IV Ñ IU . This gives you an inverse system and we can
consider:

lim
ÐÝ
U

IU

I claim that this inverse limit is not empty.
This is an important fact, which also explains why for example the profinite group is nonempty and the

fundamental group is nonempty. To see this, notice that we can give eachh IU the discrete topology. Since
each of them is finite we know that it’s compact, therefore the product space is compacy by Tychnoff’s
theorem. We also know that we can represent the inverse limit as intersections of closed subsets. We
know that given any finitely many such closed subsets, the intersection is nonempty, then since the space is
compact, the intersection of all the closed subsets must also be nonempty since this is what characterize a
compact space.

Then we can assume that pPU q is an element in this inverse limit and we know that we can consider the
inverse limit of PU , i.e. lim

ÐÝU
PU . We know that each PU is a finite p group, then we know that the inverse

limit is a pro-p-group by our remark above. Moreover we know that we have the following diagram:

0 lim
ÐÝU

PU lim
ÐÝU

G{U G»
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The first morphism is injective since we know that inverse limit of an inverse system is left exact. Then we
know that lim

ÐÝU
PU defines a pro-p-subgroup P that contains H.

Now we know that the index rG : P s is going to be the least common multiple of:

rG{U : P {P X U s

where U is an open normal subgroup of G. Notice that we have a diagram:

P G

lim
ÐÝU

PU lim
ÐÝU

G{U

PU G{U

» »

Then I will let you check that:
rG{U : P {P X U s “ rG{U : PU s

where rG{U : PU s is a number that is prime to p, then rG : P s is the least common multiple of these numbers
therefore is a number prime to p, therefore P is indeed a Sylow-p-group.

Then let P, P 1 be two Sylow-p-subgroups of G, we need to show that they are conjugate. Again, let U be
a normal open subgroup of G, we know that PU{U » P {P XU and P 1U{U » P 1{P 1 XU are two subgroups
of G{U . I claim that P 1U{U and PU{U are both Sylow-p-subgroups of G{U . To see why, we know that:

rG{U : PU{U s “ rG : PU s|rG : P s

Since P is a Sylow-p-subgroup, we know that rG : P s is prime to p, therefore rG{U : PU{U s is prime to p,
therefore PU{U is a Sylow-p-subgroup. Similar proof can be applied to P 1U{U . Then consider the set of
elements x P G{U such that x´1pPU{Uqx “ P 1U{U . Let’s call it AU , since we know that PU{U,P 1U{U are
Sylow-p-subgroups of G{U , we know that AU is nonempty and finite. Moreover if V Ă U , we know that we
have a morphism AV Ñ AU defined by G{V Ñ G{U . Since we know that if x´1pP {V X P qx “ P 1{V X P 1.
Then I will let you show that x´1pP {U X P qx “ P 1{U X P 1. Then we know that this AV Ñ AU is actually
well defined. Then we can consider the inverse limit lim

ÐÝU
AU and we know it’s not empty, pick pxU q in the

inverse limit and let x be it’s image in G, we consider:

x´1Px

Recall that this is the same as lim
ÐÝU

x´1
U pPU{UqxU “ lim

ÐÝU
P 1U{U “ P 1 we are done.

Then let’s prove 2: let N be the kernel of G Ñ G1, then G1 » G{N . Let P be a Sylow-p-subgroup of G,
we know that it’s image in G1 is identified with PN{N , then we know that:

rG{N : PN{N s “ rG : PN s|rG : P s

since rG : P s is prime to p, then so is rG : PN s. Recall that for it to be a Sylow-p-subgroup we need to
show PN{N is a pro-p-subgroup, which is to show that: rPN{N : 1s is a power of p. Notice that P is a
pro-p-subgroup, then we know that:

rPN{N : 1s “ rP {P XN : 1s “ rP : P XN s

The last equation holds trivially. But by definition of rP : 1s we know that rP : P X N s divides rP : 1s,
therefore rP : P XN s is a power of p.

Remark 2.20. One last remark we make here is that notice that any Sylow-p-subgroup of a profinite group
is closed. We prove that any two Sylow-p-subgroups are conjugate, therefore we only need to prove one of
them is closed.

Consider how we constructed one Sylow-p-subgroup, we picked a Sylow-p-subgroup in G{U for each
normal open subgroup U of G and take the inverse limit. I will let you check that the inverse limit is equal
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to the intersection of all the inverse images of PU under the map G Ñ G{U . Since PU is closed in G{U ,
then the inverse image in G is closed, therefore the intersection is closed. We mention this because that
in the preliminary section on Galois theory, we prove that if we deal with an infinite Galois extension, for
example the separable closure of a field, Ks{K. Then if we pick a closed subgroup H of GalpKs{Kq and let
L “ KH

s , we can conclude that GalpKs{Lq “ H. But this only holds for closed subgroups, therefore since
any Sylow-p-subgroup is closed, we can apply this to any Sylow-p-subgroup.

3 Cohomology of Profinite Groups

Let G be a profinite group and let A be an abelian group on which G acts on the left. We will put discrete
topology on A, we will in this section study continuous actions of G on A and the cohomology of this group
action.

Remark 3.1. Let’s first make a few useful observations. First of all recall that we say G acts continuously
on A if the following map is continuous:

GˆA Ñ A

We have three equivalent conditions to guarantee a continuous action. Consider the stabilizer of x P A, i.e.:

Gx “ tg P G : gx “ xu

It’s easy to see that if the action is continuous then Gx is open. Consider the restriction of this map to the
subspace Gˆ txu Ñ A, then we know that in this subspace an open subset is U ˆ t1u where U is open in G.
Then we know that Gx is the inverse image of txu in A, which is open, therefore Gx is open.

Consider the condition that:
A “

ď

U

AU

where U run over all the open subgroups of G. If Gx is open, then we know that obviously:

A “
ď

xPA

AGx “
ď

xPA

txu “ A

Then finally suppose that A is the union of all AU . We know that to prove G ˆ A Ñ A is continuous, we
only need to show that the inverse image of each x P A is open. Notice that any x P A is in AU for some U ,
then if gy “ x, i.e. pg, yq is mapped to x, we know that gU ˆ tyu is mapped to x, therefore we know that
the inverse image of x is going to be open, therefore GˆA Ñ A is continuous.

Remark 3.2. Here is a side remark which gives you an example of an action of a profinite group on the left
of a discrete abelian groups which is not continuous. By seeing this example, you will have the feeling that
in general the action we see will be continuous, as to provide the following example, we have to use abstract
cardinality argument.

First of all, consider the F2-vector space
ś

ně1 F2, where F2 is given the discrete topology and the product
is the product topology. Consider a group homomorphism from:

ź

ně1

F2 Ñ F2

which is just a linear functional of F2-vector space on
ś

ně1 F2. It’s it’s a continuous linear functional, we
know that the kernel should be open in the product. Then using the basic opens in

ś

ně1 F2, we know that
the continuous linear functions are those that are determined by finitely many components in the product.
That is saying if χ :

ś

ně1 F2 Ñ F2 is continuous, then χpxq “
ř

xnPF anxn where F is a finite subset
of the positive integers. Therefore we know that continuous linear functionals only has cardinality that is
countable, i.e. of cardinality ℵ0.

However, we know that since the dimension of
ś

ně1 F2 is 2ℵ0 , we know that the linear functionals on
ś

ně1 F2 will be 22
ℵ0
, which is strictly larger than ℵ0, therefore we know that there will be a linear functional

that is not continuous. You can also try to give a description of such a noncontinuous functional, but it will
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also use something called an ultrafilter on the natural numbers, which again uses axiom of choice. So in this
way, you will see that it’s not easy to encounter in real life such a noncontinuous linear functional.

Then think about the action of
ś

ně1 F2 on Z, which is a group homomorphism:

ź

ně1

F2 Ñ Z{2Z

We know that if this is a continuous action, then the stabilizer of 1 is open, which is the kernel of 1 in
ś

ně1 F2 Ñ Z{2Z, where Z{2Z is given the discrete topology. This is equivalent to the group homomorphism
ś

ně1 F2 Ñ Z{2Z is continuous, but we have seen that there are noncontinuous such homomorphisms.

For the sake of the above remark, since we will not typically see a noncontinuous action, we simply call
a discrete abelian group on which G acts left continuous a G-module and it will be our convention in this
section unless otherwise stated.

Therefore we are effectively considering a full-subcategory of the category of all ZrGs-modules where we
require the action to be continuous, i.e. we are putting constraints on what sort of ZrGs-module structures
are allowed. This category obvious still have enough projectives, as we can always use free ZrGs-modules
and the fact that G is a topological group implies that the free objects with the usually actions is indeed
continuous. Then you can prove that this category is still abelian by checking that the usual kernel cokernel
satisfies the condition. Then we can prove that this category is with enough injectives. We will later define
a induction functor IndGH for a closed subgroup H in this new category and will show that it’s right adjoint
to the forgetful functor and is exact, therefore we know that this functor preserves injectives, then if B is an
injective abelian group, we know that:

IndGt1uB

is an injective G-module, then if A is a G-module, we can first embed it into an injective abelian group
A ãÑ A, then we apply:

IndGt1uA ãÑ IndGt1uB

Therefore we can define the group cohomology in this new category similarly as what we did in the general
group cohomology setting, i.e. as the right derived functor of the left exact functor ΓG.

We can do this, but when we insist on continuous actions, there will be another way of defining the
derived functor that is easier to work with. This is what we will discuss below, and later we will show that
this new definition agrees with the usual definition of the derived function.

Now for a G-module A and a nonnegative integer n, let CnpG,Aq be the set of continuous maps from
Gn to A. Recall that if you play out the argument we gave in the general group cohomololy, this notation
is used to denote all the maps from Gn to A, but here we use it to denote only the continuous maps.

Notice that CnpG,´q is an exact functor from the category of G-modules to the category of abelian
groups. (Notice that for each G-module A, CnpG,Aq is an abelian group.) Then we define:

dn;C
npG,Aq Ñ Cn`1pG,Aq

by:

pdnfqpg1, ¨ ¨ ¨ , gnq “ g1fpg2, ¨ ¨ ¨ , gn`1q`

n
ÿ

j“1

p´1qjfpg1, ¨ ¨ ¨ , gj´1, gjgj`1, gj`2, ¨ ¨ ¨ , gn`1q`p´1qn`1fpg1, ¨ ¨ ¨ , gnq

You may recall that this is exactly the same definition we give in the section introducing the abstract
group cohomology, except here CipG,Aq are only continuous maps rather than all maps. Therefore this is a
complex. Note that dnf is also a continuous map.

Definition 3.3. Let G be a profinite group and A be a discrete abelian group which has a continuous left
G-action, then we define the n-th cohomology group of A with respect to this action by HnpG,Aq being
the n-th cohomology of this complex C‚pG,Aq. We will also denote it by RnΓGpAq.

Remark 3.4. By this notation RnΓG, we are implying that this definition of cohomology is going to be the
same as the old group cohomology we defined before when discussing the general group cohomology stuff.
We will prove this later.
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Theorem 3.5. Let I be a direct set. Let tGiuiPI be an inverse system of profinite groups and let tAiuiPI be
a direct limit of abelian groups such that each Ai is a Gi-module. For i ď j in I, suppose that Ai Ñ Aj is
compatible with the homomorphism Gj Ñ Gi in the obvious sense. Set G “ lim

ÐÝi
Gi and A “ lim

ÝÑi
Ai, then

there is a canonical isomorphism of complexes:

lim
ÝÑ
i

C‚pGi, Aiq Ñ C‚pG,Aq

Recall that the direct limit is an exact functor, thus commutes with the cohomology functor, thus we have
an isomorphism:

lim
ÝÑ
i

H‚pGi, Aiq Ñ H‚pG,Aq

Like the assumption we made in the previous sections, by an inverse limit of topological groups, we
mean that the transition maps between them should be continuous as well. The proof of the theorem is not
interesting, but a lot of details, just make sure you understand it and don’t have to be too serious:

Proof. First, note that C‚pGi, Aiq is indeed a direct system of complexes since we have the diagram:

Ak Aj Ai

Gn
k Gn

j Gn
i

where k ě j ě i. Then we know that given a morphism Gn
i Ñ Ai, we can use the above diagram to

give a morphism Gn
j Ñ Aj and so on. You can check this is indeed a direct system. Then the map

lim
ÝÑi

C‚pGi, Aiq Ñ C‚pG,Aq is just defined by the universal property of the direct limit.
Another thing to notice here is that A the direct limit is still equipped with the discrete topology as it’s

just the quotient of a discrete space, thus is still discrete. Then we know that the action of G on A is defined
by ppgiq, ajq ÞÑ gkak where k is some index dominating i, j. This is well defined since if we consider another
representative aj1 , then we know that we can now take k1 to dominate k, j1 and we know that we need to
prove that gk1ak1 “ gkak, since we know that the image of ak is ak1 , then we use the fact that the group
action is compatible with the map to conclude the assertion. Then we know that this is also a continuous
action. We only need to check the stabilizer, for example of ak. We know that if pgkqak “ gkak is equal to
ak, then we know after passing to some larger j, aj “ gjaj , therefore we know that gj is in the stabilizer of
aj . We notice that the stabilizer of ak in this case is just union of the intersection of lim

ÐÝi
Gi with one of the

open of the product of Gi where we have the stabilizer of aj at the j-th component and all other components
are all Gi. Therefore is open, therefore we know that this action is indeed a continuous action.

Then let’s first prove this map lim
ÝÑi

C‚pGi, Aiq Ñ C‚pG,Aq is injective. I will let you check that it suffices
to prove that for f1, f2 : Gn

i Ñ Ai, if they are are mapped to the same map Gn Ñ A, then after passing to
something larger say Gn

j Ñ Aj , f1 “ f2. Let’s denote f 1
1, f

1
2 : Gn

i Ñ Ai Ñ A, the map induced by f1, f2.
Let:

X “ tx P Gn
i : f 1

1pxq “ f 1
2pxqu

Notice that f 1
1, f

1
2 is the composition of Gn

i Ñ Ai with Ai Ñ lim
ÝÑi

Aj , which are both continuous, therefore
the composition is also continuous. Therefore X will be open in Gn

i . Let

πi : G
n “ lim

ÝÑ
i

Gn
i Ñ Gn

i

be the projection to the i-th component and πji : G
n
j Ñ Gn

i be the transition map where j ě i.
Notice that the image of πi is the intersection of all images of πji for j ě i. It’s clear the image of π is

contained in the intersection. Suppose that something is in the intersection, then we need to find something
in the inverse limit such that it’s mapped to the intersection. We know that for any other index i1, we can
find some j dominating i, i1, then we pick the i1 component to be the image of that in the j component, I
will let you show that this indeed defines an element in the inverse limit which satisfies our need. Or you
can prove this by defining for x P XjěiImπji and each j1 ě j2 ě i:

Aj1,j2 “ tpxjq P
ź

i

Gn
j : πj1j2pxj1q “ xj2q, πj2ipxj2q “ xu
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Notice that each such set is closed since it’s the inverse image of the identity element of the continuous map:
ź

i

Gn
i Ñ Gn

j2 ˆGn
i , pxjq ÞÑ p

xj2
πj1j2pxj1q

,
x

πj2ipxj2q
q

We know that any finitely many such intersection is nonempty, then since the product space is compact, the
intersection for all pairs pj1, j2q will also be nonempty. Take one element y in in such a intersection, I will
let you check it can be extended to an element in the inverse limit, say pxiq such that πipxiq “ x.

Notice that since we assume that after precomposing πi : Gn Ñ Gn
i , f

1
1 “ f 1

2, then we know that
Imπi Ă X, therefore XjěiImπji Ă X. Since X is open, we know that Gn

i ´ X is closed thus compact, and
Gn

i ´ Imπji, j ě i forms an open covering of Gn
i ´X. (Here we know that the image of πij is open since we

know that the topology is the discrete topology.) Therefore we know that we can pick finitely many to do
the covering, then we find a common upper bound and conclude that Impπjiq Ă X for a single j. Therefore:

f 1
1 ˝ πji “ f ´ 21 ˝ πji

Notice that A is discrete and Gn
j is compact, therefore the image of f 1

1 ˝ πji “ f ´ 21 ˝ πji is finite in A, then
by further enlarging j, we can assume that f1, f2 induces the same map from Gn

j to Aj , therefore we are
done with injectivity.

Then let’s show surjectivity. Let f : Gn Ñ A be a continuous map, we know that Gn is compact and A
is discrete, therefore we know that the image is finite, so let’s say the image is Imf “ ta1, ¨ ¨ ¨ , aku. For each
aλ, f

´1aλ is both open and closed in Gn, so we know that each f´1aλ is a finite union of sets of the form:

p
ź

i

Uiq X plim
ÐÝ
i

Gm
i q

where Ui is open in Gm
i and Ui “ Gm

i for all but finitely many i. (Finite because we know that the inverse
limit is also compact, then we know that we can use only finitely many basic opens to cover it.)

Let j be large enough such that for any i ě j, Ui in the above product is Gm
i , then for any x, x1 P Gn

such that πjpxq “ πjpx1q, we have fpxq “ fpx1q. Notice that x, x1 will be mapped to one of the aλ, but we
know that to determine where x, x1 lie in which inverse image, we only need to see where πjpxq, πjpx1q is.
Therefore if πjpxq “ πjpx1q, we know that fpx1q “ fpxq. So we know that we can factor f by:

Gn πj
Ñ πjpGnq

f 1

Ñ A

for some continuous map f 1. This is because we can think of πjpGnq with the subspace topology as the
quotient space of Gn with the kernel of πj , therefore we know that by the universal property of the quotient
space we get such continuous f 1, which can be checked to be a group homomorphism.

Notice that the space πjpGnq in Gn
j is again compact, then we know that for each aλ, the inverse image

of aλ under f 1 is closed in a compact subset, therefore is again compact, therefore I will let you check why
we can find disjoint opens in Gn

j , say Vλ such that f 1´1paλq Ă Vλ. Then since we only have finitely many
aλ, by again enlarging j if needed, we can assume that these aλ are images of aλj P Aj .

Then we define:
fj : G

n
j Ñ Aj

by fpVλq “ taλju and those that are not in any Vλ is mapped to 0. We know that this in by definition
continuous and clearly it induces f .

Remark 3.6. Before we go to further discussion, let’s make a useful observation here. If we deal with a
finite group G with discrete topology, then we know that continuous maps from Gn to A where A is a discrete
abelian group is the same as all the maps from Gn to A as both are with discrete topology. similarly, all left
actions of G on A will be discrete. Therefore the conventions we make for profinite groups all degenerates
to the normal group cohomology conventions.

Corollary 3.7. Let G be a profinite group and A is a G-module, then we have:

HipG,Aq » lim
ÝÑ
U

HipG{U,AU q

where U goes over the set of open normal subgroups of G. In particular, for all i ě 1, HipG,Aq are torsion
groups.
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Proof. Since G acts continuously on A, we know that A is the union of AU where U is an open subgroup of
G. Recall that in a profinite group, any open subgroup contains an open normal subgroup, we know that A
is also AU where U runs over all the normal open subgroups of G. Therefore we know that we have a direct
set of open normal subgroups ordered by inclusion. We also know that we have a direct system AU whose
direct limit is A. Similarly we have an inverse system G{U , whose inverse limit is G. G{U ’s are all finite
groups, therefore every act is continuous and I will let you show that the action will be compatible with the
transition maps.

Then by the above theorem, we have:

HipG,Aq » lim
ÝÑ
U

HipG{U,AU q

since G{U is a finite group, then we know that for i ě 1, every HipG{U,AU q is annihilated by the order of
G{U , therefore the direct limit is also torsion.

Corollary 3.8. For each i ě 0, HipG,´q define above is the i-th derived functor of the functor A Ñ AG

on the abelian category of G-modules where G acts continuous.

Proof. Let’s first check that H0pG,Aq is AG. Recall that the complex is the following:

0 Ñ C0pG,Aq Ñ C1pG,Aq Ñ C2pG,Aq Ñ ¨ ¨ ¨

Then we know thatH0pG,Aq is the 0-th cohomology of this complex, i.e. the kernel of C0pG,Aq Ñ C1pG,Aq.
Notice that C0pG,Aq is just A, then we know that the map is defined by:

a ÞÑ fpgq “ ga´ a

Then we know that the kernel is given by those in A that is invariant under G actions, therefore is AG.
Then we know that taking cohomology of the complex C‚pG,Aq is a δ-functor. Moreover, we know that

if I is an injective G-module, we know that IU is an injective G{U -module for any open normal subgroup
of G. To prove this, consider the functor from the category of G{U -modules to the category of G-modules
where G acts continuously:

A ÞÑ A

where the action of U is trivial. Then I claim that this action is indeed continuous as if we compute the
stabilizer of a P A, we know that if it’s stabilizer in G{U is the subgroup H{U , then the stabilizer in G is
just H. Since H{U is open in G{U we know that H is the inverse image of H{U under the quotient map
G Ñ G{U , thus is still open. Let’s call this functor the inflation functor, denoted by Inf. Then notice that
we have an adjoint relation:

HomGpInfA, Iq Ñ HomG{U pA, IU q

Clearly if we have a map f : InfA Ñ I, then we know that since U acts on InfA trivially, then we know that
the image of f lies in IU . Conversely, if we have any f : A Ñ IU that is G{U -linear, then clearly that if we
compose it with IU ãÑ I, we get a G-map. Clearly these are inverses of each other. I will let you check this
is functorial in both slots. But this implies that the functor I ÞÑ IU preserves injective objects.

This implies that
HipG, Iq » lim

ÝÑ
U

HipG{U, IU q “ 0

The fact that this δ functor vanishes for injective modules implies that it’s also a universal δ-functor such
that on the 0-th degree, it’s ΓG, therefore it’s uniquely isomorphic to the derived functor of ΓG.

Let f : G1 Ñ G be a continuous homomorphism of profinite groups. Let A be a G-module and A1 be a
G1-module, both with discrete topology. Let ϕ : A Ñ A1 be an additive map that is compatible with the
group actions, i.e.

ϕpfpg1qaq “ g1ϕpaq

Then we know that ϕ induces an morphism AG Ñ A1G1

, then again the universal property of derived functors
gives a canonical extension:

HipG,Aq Ñ HipG1, A1q
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This map is induced by the chain map C‚pG,Aq Ñ C‚pG1, A1q induced by f and ϕ. The definition of the
chain map is obvious and let’s check it’s indeed a chain map. On the one hand, a map h : Gn Ñ A is mapped
to:

h1pg1
1, ¨ ¨ ¨ , g1

n`1q “ ϕpfpg1
1qhpfpg1

2q, ¨ ¨ ¨ , fpg1
n`1qqq `

ÿ

j“1n

p´1qjϕphpfpg1
1q, ¨ ¨ ¨ , fpg1

jg
1
j`1q, ¨ ¨ ¨ , fpg1

n`1qqq

`p´1qn`1ϕphpfpg1
1q, ¨ ¨ ¨ , fpg1

nqqq

I will let you check another way of mapping h gives you the same result.
In particular, let H be a closed subgroup of G and A is a G-module, then we have the restriction

homomorphism:
Res : HipG,Aq Ñ HipH,Aq

Now let H be a closed subgroup of G and let B be an H-module, we denote by IndGHB the group of
continuous maps ϕ : G Ñ B, satisfying ϕphgq “ hϕpgq. This is meant to mimic our definition before that
HomZrHspZrGs, Aq, but here we will want to impose the continuous condition, therefore we will directly say

we want continuous maps ϕ : G Ñ B such that ϕphgq “ hϕpgq. Again, we will define a G-action on IndGHB
by:

pgϕqpg1q “ ϕpg1gq

Again this is a functor from the category of H-modules to the category of G-modules which is called the
induction (no continuous action assumed). This is also a continuous action if we put discrete topology on
IndGHB. To prove this it suffice to prove that the stabilizer of ϕ is open in G. It suffices to prove that there
is a neighborhood of 1 such that for all g in that neighborhood gϕ “ ϕ.

Recall that since B is discrete, for each x P G, we can consider the inverse image of ϕpxq, which is open,
therefore there is an open neighborhood of 1, say Ux, such that for all g P Ux we have ϕpxgq “ ϕpxq. Then
we know that xUx covers G and G is compact, therefore we can pick finitely many of them, say Ux1 , ¨ ¨ ¨ , Uxn .
Then we know that let U to be the intersection of all these finitely many opens. Then suppose that g P U ,
then for any g P G, we know that since xiUxi

covers G, we can write g “ xivi for some vi P Uxi
, then we

know that:

uϕpgq “ ϕpxiviuq “ ϕpxiq “ ϕpxiviq “ ϕpgq

Therefore elements in U fixes ϕ. Then suppose that g also fixes ϕ, then we know that gU fixes ϕ since:

pguqϕpxq “ ϕpxguq “ puϕqpxgq “ ϕpxgq “ gϕpxq “ ϕpxq

Therefore the stabilizer is indeed open.
Then let:

θ : IndGHB Ñ B, θpϕq “ ϕp1q

where B is an H-module and IndGHB is a G-module. Clearly this is compatible with the group actions,
therefore we have the induced maps:

HipG, IndGHBq Ñ HipH,Bq

Again, we have Shapiro’s theorem in the context of profinite groups:

Theorem 3.9. (Shapiro) Using the notation from the above discussion, for any H-module B, the map:

HipG, IndGHBq Ñ HipH,Bq

induced by θ is an isomorphism.
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Proof. First, we need to prove that this induction functor is the right adjoint of the forgetful functor, i.e.
we need to prove the following functorial isomorphism:

HomHpA,Bq Ñ HomGpA, IndGHBq

Here again by H-modules A and B, we mean that H acts continuously on A,B. Recall that the proof is no
different from the fact that now in the induction we only think about continuous group maps since if you
look back to the proof of the adjointness there we know that a map f : A Ñ B is mapped to the map that
maps a to φa and φapgq “ fpgaq, then this map is the composition:

G
¨a
Ñ A

f
Ñ B

Notice that since G acts continuous on A, then the first map is continuous and f is also continuous since
A,B are discrete. Therefore this φa is indeed a continuous map from G to B. Clearly, the inverse is given
by any map F from A to IndGHB is mapped to f where fpaq “ F paqp1q. The fact that these are inverses
doesn’t change as we know that the hom sets in this new subcategory is the same as the hom sets in the
larger category since the smaller category is full.

We also know that this induction functor is exact. Recall that this functor is clearly left exact. Suppose
that we have a SES of H-modules:

0 Ñ B1 Ñ B2 Ñ B3 Ñ 0

If we have a continuous map ϕ : G Ñ B3 such that ϕphgq “ hϕpgq for all h P H, g P G, I want to show that
it factors through B2. Notice that the value of ϕ is determined by it’s value on any representative of the
cosets G{H. Say we choose a representative set S.

Then we define ϕ1 : G Ñ B2 by ϕ1psq is any lift of ϕpsq in B3 to B2. Notice that the extends to a map
from G to B2. Moreover we automatically have the factorization:

G B2

B3

ϕ1

ϕ

Notice that ϕ is continuous and B2 Ñ B3 is continuous and is surjective and is a quotient map. Then
automatically ϕ1 is continuous. By our definition we have ϕ1phgq “ hϕ1pgq. Therefore IndGH is indeed exact.
Then using the same argument as in the general theory for group cohomology, we are done.

Let H be the trivial subgroup, i.e. tHu “ 1, any abelian group M is an H-module. We can form the
G-module IndGt1uM , which is continuous maps from G toM . A G-module is called induced if it’s isomorphic

to IndGt1uM for an abelian group M . A G-module is called weakly injective if it’s a direct factor of an
induced G-module. Notice that for an induced G-module, by the above theorem, the cohomology vanishes
for all i ě 1. This is because we know that in this case Γt1u is the identity functor, which has trivial higher
cohomology. Then we know that a weakly injective G-module also has trivial higher cohomology.

Again, we know that any G-module A can be embedded in an induced G-module which is:

A ÞÑ IndGt1uA, a ÞÑ pg ÞÑ gaq

This is clearly injective. Then if A itself is injective, we know that it’s automatically a direct sum of an
induced G-module, therefore any injective G-module is again weakly injective. Again, we can use resolutions
of weakly injective G-modules to compute HipG,Aq.

Similar to the usual group cohomology, we have the Hochschild-Serre-Spectral sequence. *** to be
completed later

Ei,j
2 “ HipG{H,HjpH,Aqq ñ Hi`jpG,Aq

Now if H is an open subgroup of G, we know that H has finite index in G, therefore we can also define
the corestriction map for any G-module A:

Cor : HipH,Aq Ñ HipG,Aq
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Again, this is induced by:

π : IndGHA Ñ A

where f ÞÑ
ř

gHPG{H gfpg´1q, again you check that this is compatible with group actions of H ãÑ G.
We call the morphism it induces on the cohomology the corestriction. By the same argument as in general
group cohomology theory, we have:

Proposition 3.10. Suppose that H is a closed subgroup of G which has finite index n, then we have
Cor ˝ Res “ n.

Proof. Notice that a closed subgroup with finite index is open. Then we notice:

A
ι

Ñ IndGHA Ñ A

is just multiply by n.

Proposition 3.11. Let H be a closed subgroup of a profinite group G such that rG : Hs is prime to a prime
number p, then for any G-module A and any i, the restriction map:

Res : HipG,Aq Ñ HipH,Aq

is injective on the p-primary part.

Proof. First, if rG : Hs ă 8, then we know H is actually open and from the previous proposition that if x
is a nonzero element annihilated by a power of p, we know that it’s not annihilated by n as n is prime to p,
therefore annihilated by n and a power of p implies that 1x “ 0, that is x “ 0. But this implies that the
image of x in HipH,Aq is not 0, otherwise the image Cor ˝ Respxq “ nx “ 0, a contradiction, therefore we
know that the those annihilated by a power of p is only mapped to 0 by Res if it’s 0.

Then assume that rG : Hs is a infinite surnatural number. First, notice that H is the intersection of all
open subgroups containing H. To see why, notice that if g is not in H, we know that we can find an open
neighborhood of g and an open neighborhood of H such that they are disjoint. Notice that since U contains
H, we know that U´1 contains H, then by using U XU´1, we can assume that the open neighborhood of H
is an open subgroup, therefore we are done. Then in particular, we know that:

H “ lim
ÐÝ
U

U

where U are open subgroups of G containing H. Then we know that the cohomology of H is the direct limit
of the cohomology of U , i.e.:

HipH,Gq » lim
ÝÑ
U

HipU,Gq

Now for each of these U , we know that G{U is finite, and we know that since rG : U s divides rG : Hs then
it’s also prime to p, then we know that the restriction:

HipG,Aq Ñ HipU,Aq

is injective on the p-primary parts. Notice that if U 1 Ą U , we have the following diagram:

HipG,Aq HipU 1, Aq

HipU,Aq

Therefore we get a morphism HipG,Aq to the direct limit lim
ÝÑU

HipU,Aq that is independent of how we

choose HipG,Aq Ñ HipU,Aq.
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Then I will let you show that this is compatible with HipG,Aq Ñ HipH,Aq and therefore we know that
we have a morphism:

HipG,Aq HipH,Gq

lim
ÝÑU

HipU,Aq

Res

Res »

Then we know that if x is in the p-primary part of HipG,Aq then only 0 is mapped to 0 in the direct limit,
therefore the same happens for the top map as well.

Then let’s compute some concrete examples of cohomologies of profinite groups. The first example if to
consider the following abelian group, which is called profinite completion of Z:

Ẑ “ lim
ÐÝ
ně1

Z{n

Here the index is given by n ď m iff n|m and the transition map between Z{m Ñ Z{n is just the usual
map. Before we study it’s group cohomology, we make the following observation: recall that we have the
p-adic integers Zp for each prime number p, which is the inverse limit of Z{pn. I claim that we have the
following isomorphosm of topological rings:

Ẑ »
ź

p

Zp

To see what is this isomorphism, we first notice that for each n, we have it’s prime factorization:

n “
ź

p

pnp

Then we know that by the Chinese Remainder Theorem, we have an isomorphism:

Z{n »
ź

p

Z{pnp

We know that if n|m, we can also write:

Z{m »
ź

p

Z{pmp

where we know that for each p, mp is at least as large as np. We also have the following diagram:

Z{m Z{n

ś

p|m Z{pmp
ś

p|n Z{pnp

» »

where the map between the two product is defined by if p is present in both product, then we define it by
the usual map Z{pmp Ñ Z{pnp . If p is present in the first product but not the second one, we define it to be
projected all to 0. Then clearly this diagram commutes. Therefore we know that the former inverse limit of
lim
ÐÝn

Z{n can be now written as:

lim
ÐÝ
n

ź

p|n

Z{pnp

Then notice that we have a morphism:

ź

p

Zp Ñ lim
ÐÝ
n

ź

p|n

Z{pnp
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where pxpq is mapped to each
ś

p|n Z{pnp by:

ź

p

Zp Ñ
ź

p|n

Zp Ñ
ź

p|n

Z{pnp

Then I will let you check that by the universal property of inverse limit, this gives you a map
ś

p Zp Ñ

lim
ÐÝn

ś

p|n Z{pnp . Conversely, we define a morphism from lim
ÐÝn

ś

p|n Z{pnp to
ś

p Zp by first defining limÐÝn

ś

p|n Z{pnp Ñ

Zp by:

lim
ÐÝ
n

ź

p|n

Z{pnp Ñ
ź

n

ź

p|n

Z{pnp “
ź

p

ź

n

Z{pn Ñ Z{p1n1

Then you check that this is compatible with the inverse limit structure in Zp, thus indeed gives a morphism
to Zp. Then you check these two are inverses of each other. This isomorphism is an isomorphism of rings
and since everything is defined by universal property (including universal property in topological spaces, this
is also an isomorphism of topological rings).

Definition 3.12. If G is a topological group, we say that a subset S Ă G is a set of topological generators
of G if the subgroup generated by S is dense in G.

One observation is that in the profinite completion of Z, the element p1q is a topological generator of Ẑ.
To see why, we notice that it generates Z ãÑ Ẑ. This is because we have a canonical map Z Ñ Ẑ, then this
is injective since if n is mapped to 0, then it’s 0 in every Z{m, therefore n “ 0. Therefore we need to show
Z is dense. We only need to show that Z is dense in Zp as we know that the profinite completion is just a
product of Zp, and the any open in the product contains a fundamental open. To show Z is dense in Zp,
suppose that we have a p-adic integer

ř

ně0 anp
n where each an is 0 ď an ă p, then we know that any open

neighborhood of this number will contain a fundamental open, which means that we only need to consider
finitely many Z{pn, say the largest n we need to think about in N , then we know that we know that the
number:

N´1
ÿ

ně0

anp
n P Z

is in the open neighborhood.

Proposition 3.13. Let Ẑ be the profinite completion of Z as in the above discussion, then for any torsion
abelian group A with a continuous Ẑ action, we have:

HipẐ, Aq “

$

’

&

’

%

AẐ if i “ 0,

AẐ if i “ 1,

0 if i ě 2.

Proof. The full computation of this result is going to be a bit complicated.
Let T “ p1q P Ẑ be the canonical topological generator of the profinite completion, then for any n P N,

let:
ATn

“ ta P A : Tnpaq “ au

Notice that this is the invariant part of A under Tn where we use T and Tn to denote the automorphism
induced by T and Tn(you should check that the restriction of T to ATn

indeed maps ATn

to itself). Notice
that since T is the topological generator, I claim that the union of ATn

for all n P N is the whole abelian
group A. Let a P A, we consider it’s stabilizer, which is open Ẑ by our assumption that Ẑ acts continuous on
A. Then it contains some Tn where n is an integer, but we know that we can assume that n is nonnegative
since if it’s negative, we know that T´n is the inverse of Tn and since Tnpaq “ a, then we know that
T´na “ T´nTnpaq “ a.

Then we conclude that A “ Yně0A
Tn

. Notice that Z{n acts on ATn

continuously by letting 1 to act
like T . Then the induced action on the inverse limit of Z{n, i.e. on the profinite completion will still be the
same action as we started with. To see this, if we have a continuous maps:

f, g : G Ñ A
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where A is with the discrete topology and f, g agrees on a dense subgroup of G, then f, g agrees on all of G.
To see why, say f, g differs on x, then we know that fpxq ‰ gpxq, which is open in A. Consider the inverse
image of x under f, g, which are open and contains x, then consider the intersection, which is again open
and contains x. But we know that this open intersects with the dense subgroup, which is a contradiction.

Therefore:
HipẐ, Aq » lim

ÝÑ
n

HipZ{n,ATn

q

Here the transition maps in HipZ{n,ATn

q are determined by the complex maps for m,n P Z:

C‚pZ{n,ATn

q Ñ C‚pZ{mn,ATmn

q

or more specifically determined by the following diagram:

pZ{nqk ATn

pZ{mnqk ATmn

Now for each n,m, we have the following diagram:

0 ATn

ATn

ATn

ATn

ATn

ATn

ATn

¨ ¨ ¨

0 ATmn

ATmn

ATmn

ATmn

ATmn

ATmn

ATmn

¨ ¨ ¨

T´1

1
Tn´1

`¨¨¨`T`1
1

T´1

m
Tn´1

`¨¨¨`T`1
m

T´1

m2

Tn´1
`¨¨¨`T`1

m2 m3

T´1

Tmn´1
`¨¨¨`T`1

T´1

Tmn´1
`¨¨¨`T`1

T´1

Tmn´1
`¨¨¨`T`1

Notice that the horizontal row on top is obtained by apply the functor HomZrGsp´, ATn

q (where G here is
Z{n) to the free free resolution of Z we obtained in the general theory of group cohomology. Then we know
that the cohomology HipZ{n,ATn

q is just the cohomology of this complex. Similar situation happens for the
horizontal row at the bottom. The vertical maps are multiplications by 1,m,m2 and etc. I claim that this
gives a chain map. Notice that ATn

is a subgroup of ATmn

therefore the multiplication makes sense. Those
squares with the same multiplication obviously commute, therefore we only need to consider the squares
with multiplication of mi and mi`1.

Let x P ATn

, then it’s first mapped to mix in ATmn

, then we have:

mipTmn´1pxq ` ¨ ¨ ¨ ` T pxq ` xq

Notice that Tnx “ x, then we know that Tmn´1pxq ` ¨ ¨ ¨ ` T pxq ` x is just mpTn´1pxq ` ¨ ¨ ¨ ` T pxq ` xq,
therefore it’s easy to see that the square still commutes. Notice that the induced map on cohomology, for
example on the 0-th cohomology is just:

KerpT ´ 1|ATn q ãÑ KerpT ´ 1|ATmn q

That is pATn

qZ{n ãÑ pATmn

qZ{mn. Notice that in the map induced using C‚pZ{n,ATn

q Ñ C‚pZ{mn,ATmn

q

on the 0-th cohomology is also pATn

qZ{n ãÑ pATmn

qZ{mn, then we know that the uniqueness of the extension
of derived funcotrs to another δ-functor implies that the transition maps we obtained using C‚ or the above
computation are the same, therefore we know that:

H0pẐ, Aq » lim
ÝÑ
n

pATn

qZ{n “ AẐ

I will let you check the this direct limit is indeed the Ẑ-invariant part. This computation agrees with our
definition that the 0-th derived functor should be the functor itself, which is not a surprise.

To compute H1pẐ, Aq, let:

A1 “ ta P A : Tnpaq “ a, pTn´1 ` ¨ ¨ ¨ ` T ` 1qpxq “ 0, for some n P Nu
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Again, we have the direct limit description of the cohomology:

H1pẐ, Aq “ lim
ÝÑ
n

H1pZ{n,ATn

q

We know from the description of the group cohomology of Z{n that:

H1pZ{n,ATn

q “ KerpTn´1 ` ¨ ¨ ¨ ` T ` 1|ATn q{ImpT ´ 1|ATn q

Recall that the direct limit is exact, therefore we have:

lim
ÝÑ
n

H1pZ{n,ATn

q “ plim
ÝÑ
n

KerpTn´1 ` ¨ ¨ ¨ ` T ` 1|ATn qq{plim
ÝÑ
n

ImpT ´ 1|ATn qq

Notice that the inverse limit of the kernel is A1 and the inverse limit of the image is pT ´ 1qpAq Ă A.
Therefore we know that:

H1pẐ, Aq “ A1{pT ´ 1qpAq

Notice that since A is torsion, then for any a P A, there are m,n P N such that mx “ 0 and x P ATn

,
therefore we know that:

pTmn´1 ` ¨ ¨ ¨ ` T ` 1qpxq “ mpTn´1 ` ¨ ¨ ¨ ` T ` 1qpxq “ 0

Therefore A “ A1, therefore we know that the cohomology is just:

A{pT ´ 1qA

Recall that the definition of the coinvariant is A mod the subgroup generated by ga ´ a. Since T is the
topological generator and A is discrete, consider the continuous map:

Ẑ Ñ A, g ÞÑ gx

Then we consider the inverse image of gx, then using the fact that A is discrete and Z is dense, we know
that there is Tn such that Tnx “ gx, we know that:

gx´ x “ Tnx´ x

Notice that Tnx´ x “ pT ´ 1qpx` Tx` ¨ ¨ ¨ ` Tn´1xq. Therefore we know that the subgroup generated by
gx´ x is the image pT ´ 1qA, therefore:

H1pẐ, Aq “ AẐ

Finally for higher cohomology, since every x P A is torsion, which means that mx “ 0 for some m P N,
then if x P ATn

, consider:
HipZ{n,ATn

q Ñ HipZ{mn,ATmn

q

where the class of x is mapped to mjx for some j ě 1, therefore we know that it’s mapped to 0. In other
words, every element in HipZ{n,ATn

q will eventually be mapped to 0, therefore the direct limit is 0.

Besides this profinite completion of Z, we have another kind of completion. Notice that if we fix a prime
number p, then the subgroups nZ of Z where n is prime to p can be used to define a basis for the point
0 P Z, then the completion of Z with respect to this topology is often called the prime to p completion of
Z. This is usually denoted by:

Ẑppq “ lim
ÐÝ

pn,pq“1

Z{n

Again the index is given by m ě n iff n|m and the transition map Z{m Ñ Z{n is the usual map. Using

similar arguments as of how to prove Ẑ »
ś

p Zp, here we can show there is an isomorphism of topological
rings:
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Ẑppq »
ź

q‰p

Zq

Notice that if q is a power of p, then multiplication by q induces a continuous isomorphism of groups:

q : Ẑppq Ñ Ẑppq

Notice that to prove this is an isomorphism, we only need to show that q is invertible in Ẑppq. Notice
that since q is a power of p, we know that if we consider the map Z Ñ Ẑppq, we know that the image of q in
each component is invertible (this is similar to how to prove Fp is indeed a field), therefore the image in Ẑppq

is also invertible. This is also continuous since we know that both of the two groups are actually topological
rings, therefore multiplication is going to be continuous.

Proposition 3.14. Let A be a Ẑppq-module and suppose that every element of A is annihilated by some
elements relatively prime to p. Then we have:

HipẐppq, Aq “

$

’

&

’

%

AẐppq

if i “ 0,

AẐppq if i “ 1,

0 if i ě 2.

Moreover, let ϕ : A Ñ A be a homomorphism compatible with a homomorphism of groups q : Ẑppq Ñ Ẑppq,
i.e.:

ϕppqgqxq “ gϕpxq

Then q, ϕ induces morphisms on H0pẐppq, Aq and H1pẐppqq by:

ϕ : AẐppq

Ñ AẐppq

qϕ : AẐppq Ñ AẐppq

where qϕpxq “ qϕpxq.

Proof. The assertion about the cohomology is basically proved the same way as the cohomology for Ẑ, so
we omit it here.

Recall that ϕ induces a map:

ϕ : AẐppq

Ñ AẐppq

Then we know that by the universal property of derived functors, it gives maps HipẐppq, Aq Ñ HipẐppq, Aq.
Obviously on degree 0, it’s just ϕ and for degree i ě 0, since everything is 0, the induced map is 0. Therefore
we only have to look at degree 1.

Let’s first compute the degree 1 cohomology using the definition in the start of this section, i.e. using
the complex C‚pẐppq, Aq. Notice that by this definition, a 1 co-cycle is the kernel of d1, that is a continuous
map:

f : Ẑppq Ñ A, such that fpg1 ` g2q “ g1fpg2q ` fpg1q

Similar to the profinite completion, we know that in Ẑppq, the element T “ p1q P Ẑppq is a topological

generator of Ẑppq. Then recall that we proved before a continuous map Ẑppq Ñ A is completely determined
by it values on Tn. However, if f is such a map, then we know that fpT ` T q “ TfpT q ` fpT q, therefore we
know that the map f is completely determined by it’s value fpT q P A.

Conversely, let a P A, we define f : Z Ñ A by fp0q “ 0, fp1q “ a, fpnq “ Tn´1fp1q ` fpn ´ 1q and
fp´nq “ ´T´nfpnq. This implies that for all g1, g2 P Z, we have fpg1 ` g2q “ g1fpg2q ` fpg1q. This is
indeed continuous, since recall that a is again in ATn

for some n relatively prime to p (if m is not relatively

prime to p, say it has a factor of pk, recall that pk is invertible in Ẑppq with inverse q, then we can take Tnq,
which is equal to Tn1

where n1 is prime to p), and since we assume that every element in A is annihilated
by some m which is prime to p, we then have:

pTmn´1 ` ¨ ¨ ¨ ` T ` 1qpaq “ mpTn´1 ` ¨ ¨ ¨ ` T ` 1qpaq “ 0
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Then if you expand fpmnq using our inductive definition of f , we find fpmnq “ 0. Then if δ P mnZ, then
fpδq “ 0. Moreover, we have:

fpg ` δq “ gfpδq ` fpgq “ fpgq

Therefore we know that the inverse image of any thing in A under f is open, therefore f is continuous.
Then we note that f can be extended to a continuous map f : Ẑppq Ñ A. To see why, recall that we know

f factors though Z{mn since we know that f vanishes on all mnZ, then we define the map f : Ẑppq Ñ A by:

Ẑppq Ñ Z{mn Ñ A

The projection is continuous therefore the composition is continuous and clearly we have a commutative
diagram:

Z

Ẑppq Z{mn A

f

therefore the definition indeed extends Z Ñ A. You can check that these two constructions are inverses of
each other, therefore the 1-cocycle is identified with A.

Under this identification, you can check that the group of 1-coboundary is identified with those f : Ẑppq Ñ

Z such that fpgq “ ga ´ a for a fixed a P A and all g P Ẑppq. But notice that if f is in the coboundary, it’s
in the cocycle, therefore f is determined by fpT q, then f need to satisfy Ta´ a “ fpT q, therefore we know
that the degree 1 cohomology is:

H1pẐppq, Aq » A{pT ´ 1qA

Again, you can prove pT ´ 1qA is the subgroup generated by ga´ a, therefore the quotient is AẐppq .
Let’s figure out what is the map induced by ϕ in this identification. Notice that we have the following

diagram:

Ẑppq A

Ẑppq A

f

ϕq

We know that in this case f is mapped to ϕ ˝ f ˝ q, therefore T is mapped to qT and mapped to fpqT q “

T q´1fpT q ` T q´1fpT q ` ¨ ¨ ¨ ` fpT q, then to ϕpT q´1fpT q ` T q´1fpT q ` ¨ ¨ ¨ ` fpT qq. Let fpT q “ a, then the
image is ϕpT q´1a` T q´2a` ¨ ¨ ¨ ` Ta` aq, but we notice that:

ϕpT q´1a` T q´2a` ¨ ¨ ¨ ` Ta` aq “ qϕpaq ` ϕp

q´1
ÿ

i“0

pT ipaq ´ aqq

Recall that ϕ induces a morphism of degree 1 cohomology implies that the image of the subgroup pT ´ 1qA

under ϕ is invariant, therefore we know that ϕp
řq´1

i“0 pT ipaq ´ aqq is still in pT ´ 1qA, therefore the class in
the quotient is the same as that of qϕpaq, therefore the map induced is qϕ.

Let’s compute one more example before moving forward. Recall that if k is a separably closed field, say
of characteristic p. This p has to be a positive prime number since we know that if the characteristic is
0, then every algebraic extension is separable. Then if n is a positive integer that is prime to p, then we
consider the following set:

µnpkq “ tx P k : xn “ 1u

which is the set of all n-th root of unity. Since k is separably closed, we know that since 1 is a root
of xn ´ 1, then this splits in k, which means that every root of xn ´ 1 is in k. Notice that the derivative
of xn ´ 1 “ nxn´1 and the only root of this is 0, which is not a root of xn ´ 1. Therefore we know that
xn ´ 1 has n distinct roots in k, and µnpkq has exactly n elements. Notice that this is a finite abelian group,
moreover we know that for each d|n, there are most d-elements x P µnpkq such that xd “ 1, therefore µnpkq
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is cyclic, therefore we can pick one generator, denoted by ζn, which is called the primitive n-th root of unity.
Via this primitive root, we have an isomorphism of groups:

Z{n Ñ µnpkq, 1 ÞÑ ζn

Now suppose that m is another positive integer prime to p such that m|n, then we know that we can also
consider µmpkq Ă µnpkq. Consider the following map:

µnpkq Ñ µmpkq x ÞÑ xn{m

Notice that this map is surjective since each we know that if we pick an n-th root of unity ζn in µnpkq,

then the order of ζ
n{m
n is now m, therefore we know that it’s now a primitive m-th root of unity. Conversely,

suppose that ζm is a primitive m-th root of unity. We need to show that it’s the image of x, which means
that xn{m “ ζm and x is a primitive n-th root of unity. Notice that if n{m “ r, which is also prime to p,
then consider:

xr ´ ζm “ 0

Notice that x ÞÑ xr is surjective, therefore there is such a x, then we only need to show that we can pick
an x such that the order of x is n.

Suppose that we have a surjective group homomorphism φ from cyclic group A to cyclic group B, then I
claim that the preimage of each generator in B contains a generator of A. Notice that if b is a generator, we
know that we can assume that b “ φpxqu while the order of φpxq is m. Then we know that gcdpu,mq “ 1.
Then we want to find a “ xt a generator of A such that:

φpxqt “ φpxqu

This implies that t “ u mod m. Notice that since a is a generator of A, gcdpt, nq “ 1. Suppose that
t “ u ` rm we want to find a suitable r such that gcdpt, nq “ 1 while gcdpu,mq “ 1. Notice that for each
prime p|m, we know that since t divide tm but not u, we know that p doesn’t divide t. Then for any p|n
but not divide m, then we know that m is going to be invertible mod p. Then we have r such that:

u` rm ‰ 0, mod p

We can do this for all p1, ¨ ¨ ¨ , pr which are distinct primes those divide n but not m, then we know that
if we consider:

Z{pp1 ¨ ¨ ¨ prq » Z{pp1q ˆ ¨ ¨ ¨ ˆ Z{pr

There will be an r in Z such that u`rm ‰ 0 mod pi for all pi. Then we know that u`rm is not divisible
by all prime factors that divide n but not m and it’s not divisible by m, therefore it’s not divisible by n,
therefore we have found such an r and we let t “ u` rm, which the desired object.

Clearly we know that this roots of unity form an inverse system and we can consider the inverse limit:

lim
ÐÝ
n

µnpkq

I claim that there is an element in this inverse limit pζnq such that each ζn is an n-th root of unity. To
see why, consider the following procedure. Let the characteristic of the field be p, then we have a sequence:

1|2!| ¨ ¨ ¨ |pp´ 1q!|pp´ 1q!pp` 1q| ¨ ¨ ¨

Then for each number in this field, we can consider the following sequence:

µ1pkq Ð µ2!pkq Ð ¨ ¨ ¨ Ð µpp´1q!pkq Ð µpp´1q!pp`1qpkq Ð ¨ ¨ ¨

Notice that by the above discussion, we can choose a compatible sequence of primitive roots of unity.
Then for each integer n not divisible by p, we know that there is one number N in the above sequence such
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that n divides that, then we know that we can pick the primitive in µnpkq by the map µN pkq Ñ µnpkq.
Then we only need to check this is indeed a compatible sequence which is omitted.

Then notice that once we choose ζn, ζm in µnpkq,µmpkq, then the map:

µnpkq Ñ µmpkq

is identified with the map:
Z{n Ñ Z{m

Then we know that the inverse limit is identified with Ẑppq as an abstract topological group. But notice
that this identification depends on the choice of the compatible sequence pζnq, therefore is not canonical.
Notice that if we consider a number q, which is a power of p, then we have an isomorphism of groups:

q : lim
ÐÝ

pn,pq“1

µnpkq Ñ lim
ÐÝ

pn,pq“1

µnpkq, x ÞÑ xq

That is raising every element to the q-th power. This is indeed an isomorphism since you can identify
this with multiplication by q in Ẑppq Ñ Ẑppq.

Proposition 3.15. Let k be a separably closed field of characteristic p, then using the above notation, we
let:

G “ lim
ÐÝ

pn,pq“1

µnpkq

Let A be an abelian group such that every element of A is annihilated by some integer relatively prime to
p, then we have:

HipG,Aq –

$

’

’

&

’

’

%

AG if i “ 0,

Hom
´

lim
ÐÝpn,pq“1

µn, AG

¯

if i “ 1,

0 if i ě 2.

Let q be the isomorphism q : G Ñ G we talked about above and let ϕ : A Ñ A be an additive map that is
compatible with q, i.e.:

ϕppqgqxq “ gϕpxq

for all g P G and x P A, then ϕ induces an map:

ϕ : AG Ñ AG

which induces a map on H1:
Homp lim

ÐÝ
pn,pq

µnpkq, AGq Ñ

by map any ψ P Homplim
ÐÝpn,pq

µnpkq, AGq to ϕ ˝ ψ ˝ q

Proof. By our discussion above, after we choose such ζ “ pζnq, we have an isomorphism of topological groups:

G Ñ lim
ÐÝ

pn,pq“1

Z{n

where ζ “ pζnq is mapped to p1q, a topological generator.
Then by the above theorem we have:

HipG,Aq »

$

’

&

’

%

AG if i “ 0,

AG if i “ 1,

0 if i ě 2.

Recall that the 1-th cohomology being isomorphic to AG is given by the map:

pG Ñ Aq Ñ A : f ÞÑ fpζq
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But this isomorphism will depend on the choice of ζ, so we want to make it canonical. Consider the following
map:

H1pG,Aq bẐppq p lim
ÐÝ

pn,pq

µnpkqq Ñ AG

defined by:
rf s b g ÞÑ fpgq

Recall that Ẑppq is not only just a topological group, it’s a topological ring and we have a ring map:

Ẑppq Ñ ZrẐppqs

which means that H1pG,Aq is also a Ẑppq-module in the sense of Ẑppq as a ring, not as an abelian group.
Similarly, after choosing ζ, we get a ring isomorphism:

Ẑppq Ñ G

Then the above tensor is understood that over objects are Ẑppq-module.
Then notice that we know that g1g2 is the addition in G and gn1 is the multiplication by n in G. Then

we need to check the tensor map is well-defined. That is to check that it’s independent the representative of
rf s and is Ẑppq-balanced. However one thing to notice is that when checking balanced is to show that:

fpxgq “ Φpf, xgq “ ϕpxf, gq “ xfpgq P AG

For all x P Ẑppq. I claim that you don’t have to worry about all elements in Ẑppq, but only Z Ă Ẑppq. To see
why, recall that Ẑppq and G are Hausdorff, which means that limit is unique. Then Z is dense in Ẑppq, then
we know that for each x P Ẑppq, we can find xi P Z converging to x, then notice that multiplication and f
are continuous, therefore we know that:

fpxigq Ñ fpxgq

Then if fpxigq “ xifpgq, we know that xifpgq Ñ xfpgq, therefore by uniqueness of limit we know fpxgq “

xfpgq.

Then, notice that via the isomorphism Ẑppq Ñ G 1 ÞÑ ζ we know that we have the following diagram:

H1pG,Aq bẐppq plim
ÐÝpn,pq

µnpkqq AG

H1pG,Aq

ζ ÞÑ1 f ÞÑfpζq

Therefore we know that the horizontal map is an isomorphism, therefore if we cal this map Φ : H1pG,AqbẐppq

plim
ÐÝpn,pq

µnpkqq Ñ AG, it’s an isomorphism, then it induces an isomorphism:

H1pG,Aq » HomẐppq pp lim
ÐÝ

pn,pq

µnpkqq, AGq

where f : G Ñ A is mapped to the map f , which is canonical! Using this, we obtained a canonical description
from something depending on choices.

Notice that this identification is made by:

H1pG,Aq » H1pG,Aq bẐppq p lim
ÐÝ

pn,pq

µnpkqq » AG » HomẐppq pẐppq, AGq » HomẐppq pp lim
ÐÝ

pn,pq

µnpkqq, AGq

where f ÞÑ f b ζ ÞÑ p1 ÞÑ fpζqq ÞÑ pζ ÞÑ 1 ÞÑ fpζqq “ f .
Then other assertions of how pq, ϕq works can be proved similar to the above proposition.
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4 Cohomological Dimensions

Before we discuss Galois cohomology, let’s introduce a quite useful tool, the cohomological dimensions. We
won’t explain everything in general but instead we will focus on how this notion applies to the study of
profinite groups. We begin with the definition:

Definition 4.1. Let G be a profinite group, for each prime number p, we define the p-cohomological
dimension cdppGq (resp. the strict-p-cohomological dimension scdppGq) to be the smallest integer n
such that for any torsion G-module (resp. any G-module) A and any i ą n, the p-primary part of HipG,Aq

vanishes.
We define the cohomological dimension cdpGq (resp. the strict cohomological dimension scdpGq)

to be the suppcdppGq (resp. suppscpppGq).

Proposition 4.2. Let G be a profinite group, then the following conditions are equivalent:

1. cdppGq ď n.

2. HipG,Aq “ 0 for all i ą 0 and any p-torsion G-module A.

3. Hn`1pG,Aq “ 0 for all simple p-torsion G-module A.

Proof. Recall that for any torsion G-module A. We know that we have the following decomposition:

A “ ‘pAppq

where p is the p-primary part of A. This is not just as a direct sum of abelian groups, it’ also a direct sum
of ZrGs-modules.

Then we know that recall that cohomology commutes with direct sums, therefore:

HipA,Gq » ‘pH
ipG,Appqq

Notice that using our description of the cohomology using C‚pG,Aq, we know that every element in
HipG,Appqq is annihilated by some power of p. Therefore we know that HipG,Appqq lies in the p-primary
part of HipG,Aq. Now notice that multiplication by any power of p will be an automorphism on Apqq if p ‰ q.
I will let you show this, but this is essentially the fact that gcdppk, qq “ 1 then you can show multiplication
is both surjective and injective. This map is also compatible with the group action, therefore we know that
multiplication by p on HipG,Apqqq also induces an isomorphism on HipG,Apqqq, therefore we know that if
a nonzero element in HipG,Aq is mapped to 0 by multiplication of pk, then this element is necessarily in
HipG,Appqq.

Then if we assume 1: by definition we know that the p-primary part of HipG,Aq will vanish, that is
HipG,Appqq will vanish. Then if A itself is p-torsion, A “ Appq, we are done with 1 ñ 2. Conversely, Appq

is a p-torsion module for any torsion A-module, therefore 2 ñ 1.
Clearly if 1 holds, then 3 holds since a simple p-torsion module is also a p-torsion module. So let’s assume

3 holds. Recall that any finite R-module have a finite filtration whose successive quotients are simple. To
see why, we know that the set of submodules of a finite R-module is finite, therefore we can pick one with
minimal size, then it has no submodule. Then it’s simple, then we consider the quotient, and do induction
on the size of the quotient, we are done. Then notice that each submodule in the finite filtration here is still
a p-torsion G-module.

Another observation is that any torsion G-module is a direct limit of it’s finite G-submodules. To see
why this is true, we first know that this module is the direct limit of it’s finitely generated submodule. For
each finitely generated torsion G-module, I claim that it finite. Recall that G is compact and A is discrete,
we know that the orbit of each element in A is going to be compact in A, therefore finite, then you can use
this to show that the finitely generated submodule is finite. Now if further that A is a p-torsion G-module,
then each finite submodule in the direct limit is also p-torsion, then since cohomology commutes with direct
limit, we know that:

Hn`1pG,Aq » lim
ÝÑ

Hn`1pG,A1q

38



where A1 is a finite p-torsion G-module. Recall that G has a filtration of simple p-torsion G-modules. Then
you can use the associated LES to show that Hn`1pG,A1q “ 0, therefore Hn`1pG,Aq “ 0 for any torsion
G-module A.

Then to prove for other i ą n, let’s notice that we have an embedding:

0 Ñ A Ñ IndGt1uA Ñ coker Ñ 0

Then consider the induced LES of the cohomology we notice that HipG, IndGt1uAq “ 0 for i ě 1. Then we
know that:

¨ ¨ ¨ Ñ Hn`1pG,Aq Ñ Hn`1pG, IndGt1uAq Ñ Hn`1pG, cokerq Ñ Hn`2pG,Aq Ñ Hn`2pG, IndGt1uAq “ 0 Ñ Hn`2pG, cokerq

Notice that ifA is p-torsion, then so is the induced module, therefore so is the cokernel. ThenHn`1pG, cokerq “

0, then we know that that Hn`2pG,Aq » Hn`1pG, cokerq “ 0. Then we can use induction to keep going to
conclude condition 2.

Proposition 4.3. For any profinite group G, we have:

cdppGq ď scdppGq ď cdppGq ` 1

Proof. The first inequality is easy since we know that cdppGq is defined for all torsion G-modules but scdppGq

is defined for all G-modules. Therefore we know that if n is a number such that all the p-primary part of
HipG,Aq vanishes for all i ą n and all G-modules A, then this holds for all torsion G-modules as well.

To prove the second equation, let A be a G-module, consider the following 2 SES:

0 Ñ Ap Ñ A Ñ pA Ñ 0

0 Ñ pA Ñ A Ñ A{pA Ñ 0

where Ap is the kernel of the map p : A Ñ A, a ÞÑ pa. Notice that Ap, A{pA are both p-torsion G-modules.
We know that HipG,Apq and Hi´1pG,A{pAq vanishes for all i ą cdppGq. Hence if we consider the associated
LES of the two SES, we get:

HipG,Aq Ñ HipG, pAq, HipG, pAq Ñ HipG,Aq

are both injective for any i ą cdppGq ` 1. Notice that the composition is ˆp, therefore we know that:

p : HipG,Aq Ñ HipG,Aq

is injective for all i ą cdppGq ` 1. This implies the p-primary part vanishes, therefore we are done.

Proposition 4.4. Let H be a closed subgroup of a profinite group G, then:

cdpH ď cdpG, scdpH ď scdpG

If rG : Hs is relatively prime to p, then we get equality in the above equation.

Proof. Recall that from Shapiro’s theorem we have an isomorphism:

HipG, IndGHBq Ñ HipH,Bq

Moreover we notice that if B is p-torsion then so is the induced module IndGHB. Then this isomorphism
tells us that if the p-primary part of HipG, IndGHBq vanishes, then so is HipH,Bq. This gives us the two
inequalities.

To show the equality recall that when rG : Hs is prime to p, the restriction map:

Res : HipG,Aq Ñ HipH,Aq

will be injective on the p-primary part, therefore we know that when the p-primary part ofHipH,Aq vanishes,
so is that of HipG,Aq. Therefore we know that we get the inverse inequality, we are done.
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Corollary 4.5. Let Gp be a Sylow-p-subgroup of a profinite group G, then:

cdpG “ cdpGp “ cdGp

scdpG “ scdpGp “ scdGp

Proof. By definition of a Sylow-p-subgroup, we know that the index is prime to p. Then the first equality
in the two rows is clear. To show that cdpGp is equal to cdGp, notice that if ℓ is a prime number prime to
p, we know that the number rGp : 1s will be prime to ℓ, therefore:

cdℓpGpq “ cdℓt1u “ 0

scdℓpGpq “ scdℓt1u “ 0

Proposition 4.6. Let H be a closed normal subgroup of G, we have:

cdpG ď cdpH ` cdppG{Hq

Proof. Recall that for a closed normal subgroup H, we have the Hochschild-Serre-Spectral sequence:

Ei,j
2 “ HipG{H,HjpH,Aqq ñ Hi`jpG,Aq

Now let m “ cdpH and n “ cdppG{Hq. We know that if A is a torsion A-module, then it’s a torsion
H-module and HipH,Aq will be a torsion G{H-module. Similar statement holds for p-primary G-module A.

Recall that by previous theorem we only need to prove that for i ą m`n, HipG,Aq vanishes for p-torsion
G-modules A. Notice that by assumption that when A is p-torsion, HipG{H,HjpH,Aqq vanishes for i ą n
and HjpH,Aq vanishes for j ą m. This implies that the E2-page vanishes out side the rectangle 0 ď i ď n
and 0 ď j ď m. Therefore if r ą m ` n, we know that nothing converging to HrpG,Aq can be nonzero,
therefore the limit is 0.

Lemma 4.7. Let G be a finite p-group and A a nonzero p-torsion G-module, then AG ‰ 0.

Proof. Let let’s replace A by subgroup generated by the orbit of a single element, then since A is torsion,
we can assume that this subgroup is finite as well. Then let’s assume A is finite as well.

Notice that A is p-torsion and is finite, then we know that by the structure theorem of finitely generated
abelian group, we know that |A| “ pn for some positive integer n. We can assume that there are x1, ¨ ¨ ¨ , xk
such that A is disjoint union of the orbits Gxi.

Notice that if we denote by Gxi
the stabilizer of xi, then we know that we have bijections:

G{Gxi Ñ Gxi, gGxi ÞÑ gxi

Then |Gxi| “ |G{Gxi
|. Since G is finite p-group, we know that |G{Gxi

| “ pni with ni “ 0 iff x P AG.
Then:

pn “ |A| “

k
ÿ

i“1

|Gxi| “
ÿ

niě1

pni ` |AG|

Then we know that p||AG| with |AG| ě 1, then we know that |AG| is at least p.

Lemma 4.8. Let G be a pro-p-group, any nonzero simple p-torsion G-module is isomorphic to Z{p with the
trivial G action.

Proof. Let A be a nonzero simple G-module, we know that if we consider the submodule generated by a
nonzero element in A, it’s the whole module due to simplicity, then A is finite. Consider the stabilizer of
each a P A, which is an open subgroup, then we consider the intersection, which is still an open subgroup.
Notice that if g is in the intersection, then clearly xgx´1 is also in the group as it also fixed every element in
A, therefore we know that this subgroup is normal. Then we know that the group action factors through a
finite quotient group, therefore AG ‰ 0. Since A is simple A “ AG, so G acts trivially on A, therefore being
simple simply means that A has no sub abelian group, therefore we know that A “ Z{p by the structure
theorem of finitely generated abelian groups.
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Proposition 4.9. Let G be a pro-p-group, then cdpGq ď n iff Hn`1pG,Z{pq “ 0.

Proof. Recall that by the previous proposition cdpGq ď n is equivalent to the fact that Hn`1pG,Aq vanishes
for all simple p-torsion G-module A.

But we saw that they are all Z{p with trivial action.

5 Galois Cohomology

In this section, let K be a field and we fix a separable closure Ks of K, which is by definition an algebraic
closure of K such that Ks has no nontrivial separable extension. Recall that we proved in the preliminary
section on Galois theory that we have an isomorphism:

GalpKs{Kq » lim
ÐÝ
L

GalpL{Kq

where L{K is a finite Galois extension inKs and the isomorphism is given by restriction of automorphisms.
Recall that if we give the discrete topology on each GalpL{Kq, then the absolute Galois group GalpKs{Kq is
a profinite group, and we can talk about GalpKs{Kq-module A. Then we know that we have an isomorphism:

HipGalpKs{Kq, Aq » lim
ÝÑ
L

HipGalpL{Kq, AGalpKs{Lqq

Here what we are using is that if L{K is a finite Galois extension of K then the group GalpKs{Lq is
a normal subgroup of GalpKs{Kq such that the quotient is GalpL{Kq. Moreover, we know that if U is a
normal subgroup of any group G, then for any G-module A, we know that AU will be a G{U -module. In
the case of the Galois group, we know that if we consider the projection:

GalpKs{Kq Ñ GalpL{Kq

defined by restriction, we know that the kernel is just GalpKs{Lq. Moreover we know that any automor-
phism L{K extends to an automorphism of Ks{K, thus the restriction is surjective. Then we know that
any element of of GalpL{Kq comes from a restriction of GalpKs{Kq, then it’s action on AGalpKs{Lq is just
defined to be the action of the lift restricted to AGalpKs{Lq. Notice that this is independent of choice of the
lift since the difference of the two lifts is in GalpKs{Lq, thus is the trivial action. Moreover suppose that
x P AGalpKs{Lq, then we want to check that gx is still in AGalpKs{Lq, let g1 P GalpKs{Lq, then we know that
g1gx “ gg´1g1gx “ gx since GalpKs{Lq is a normal subgroup. Finally, you can easily see that for x P A, it’s
stabilizer is open in GalpKs{Kq thus contains an open normal group corresponding to such a L{K. Therefore
every x P A is fixed by some GalpKs{Lq. Therefore the union (direct limit) of AGalpKs{Lq will be A.

Therefore everything we know about the Galois group action agrees with the general theory of profinite
group action.

Let’s further review some Galios theory as they are quite useful in this section. The first one we will
need is the normal basis theorem:

Lemma 5.1. Let L{K be a field extension and let σ1, ¨ ¨ ¨ , σn be a finite family of distinct K-automorphisms
of L, i.e. distinct family in GalpL{Kq, then they are linearly independent over L, that is if:

n
ÿ

i“1

aiσi “ 0

Then ai “ 0 for all i.

Proof. Let’s assume that they are not linearly independent over L, therefore we can pick a minimal set
ta1, ¨ ¨ ¨ , amu P L´ t0uu such that:

a1σi1 ` ¨ ¨ ¨ ` amσim “ 0

Since »i are all automorphisms, we must have m ě 2. For any x, y P L, we have:

a1σi1pxyq ` ¨ ¨ ¨ ` amσimpxyq “ 0
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that is;
a1σi1pxqσi1 ` ¨ ¨ ¨ ` amσimpxqσim “ 0

We also have:
a1σi1pxqσi1 ` ¨ ¨ ¨ ` amσi1pxqσim “ 0

Therefore:
a2pσi1pxq ´ σi2pxqqσi2 ` ¨ ¨ ¨ ` ampσi1pxq ´ σimpxqqσim

Notice that σi1 ‰ σi2 , therefore there is a x such that σi1pxq ´ σi2pxq ‰ 0, but the above equation is a
contradiction to the minimality.

Lemma 5.2. Let L{K be a finite Galois extension and let GalpL{Kq “ tσ1, ¨ ¨ ¨ , σnu, then there exists x P L
such that σ1pxq, ¨ ¨ ¨ , σnpxq is a basis of L over K.

A basis of L over K of the above form is usually called a normal basis of L over K.

Proof. We will divide the proof of this result to two cases: the first case is when K is infinite and the second
case is when the Galois group GalpL{Kq is cyclic. Recall that when K is a finite field, then any finite
extension of K will be Galois and that it’s Galois group will be cyclic generated by a power of the Frobenius
map. This justifies our strategy.

Now we make the following observation: tσ1pxq, ¨ ¨ ¨ , σnpxqu is a basis iff the determinant of the matrix
pσiσjpxqq is 0. First if:

detpσiσjpxqq ‰ 0

and
ř

j ajσjpxq “ 0 for some aj P K. Then firstly by apply σi to
ř

j ajσjpxq “ 0, we conclude that
ř

j ajσiσjpxq “ 0 for all i. Since the determinant is none zero, we conclude that the column vectors are
independent, then we know that:

ÿ

j

ajσiσjpxq “ 0

implies that the aj-linear combinations of the column vectors vanish, therefore aj “ 0 for all j. Therefore
σjpxq will be independent, thus a basis.

Conversely, suppose that the determinant is 0. Then there will be b1, ¨ ¨ ¨ , bn P L not all 0 such that:

ÿ

j

bj »i σjpxq “ 0

for all i. Let’s assume b1 ‰ 0, then recall that we proved in the etale covering space chapter that L{k is
finite separable iff the following bilinear form is nondegenerate:

Lˆ L Ñ k, px, yq ÞÑ TrL{kpxyq

Therefore take x “ 1 which is not 0, then there will be a b P L such that TrL{Kpbq ‰ 0. Now replace bj by

bb´1
1 bj we can assume that TrL{Kpb1q ‰ 0. Then recall that another definition of the trace of b1 will be the

summation of all the Galois conjugates of bi, i.e.:

TrL{Kpb1q “
ÿ

j

σjpb1q

Then we know that by apply σ´1
i to

ř

j bjσiσjpxq “ 0, we get:

ÿ

j

σ´1
i pbjqσjpxq “ 0

Summing over i we get:
ÿ

j

TrL{Kpbjqσjpxq “ 0

Therefore σjpxq will not be linearly independent.
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Then let’s assume that K is infinite and prove the existence of a normal basis. Recall that for all σi, σj ,
we know that σiσj will be another σppi,jq. Then we define the function ppi, jq by the above relation. Consider
the polynomial:

fpX1, ¨ ¨ ¨ , Xnq “ detpXppi,jqq

I claim that f is not 0. To prove this, since K is infinite, we only need to prove that there is one element
x in Kn such that fpxq ‰ 0. Notice that if ppi, jq “ ppi1, jq, then i “ i1 and if ppi, jq “ ppi, j1q we conclude
that j “ j1. Then we know that fp1, 0, ¨ ¨ ¨ , 0q is the determinant of a matrix whose entries are either 1
or 0. Moreover we know that 1 only appear once on each column and each row, therefore this matrix has
determinant ˘1, thus f is not 0.

We have:
fpσ1pxq, ¨ ¨ ¨ , σnpxqq “ detpσiσjpxqq

Let tx1, ¨ ¨ ¨ , xnu be a basis of L over K, any x P L is x “
ř

j ajxj where aj P K. Then σipxq “
ř

j ajσipxjq. let:

gpY1, ¨ ¨ ¨ , Ynq “ fp
ÿ

j

σ1pxjqYj , ¨ ¨ ¨ ,
ÿ

j

σnpxjqYjq

Now notice that the matrix pσipxjqq is an invertible matrix. Indeed, is
ř

j bj »i pxjq “ 0 for some
b1, . . . , bn P L and for all j, we find that

ř

i biσi vanishes on all basis, therefore
ř

i biσi “ 0 therefore bi “ 0.
Let pbijq be the inverse matrix of pσipxjqq. Then we have:

gp
ÿ

j

b1jXj , ¨ ¨ ¨ ,
ÿ

j

bnjXjq “ fpX1, ¨ ¨ ¨ , Xnq

Then since fpX1, ¨ ¨ ¨ , Xnq is not 0, we get gpY1, ¨ ¨ ¨ , Ynq ‰ 0. Since K is infinite, there will be pa1, ¨ ¨ ¨ , anq P

Kn such that:
gpσ1pa1q, ¨ ¨ ¨ , σnpanqq ‰ 0

That is:
fpσ1p

ÿ

j

ajxjq, ¨ ¨ ¨ , σnp
ÿ

j

ajxjqq ‰ 0

Let x “
ř

j ajxj , we know that σjpxq will be a basis, thus a normal basis.
Now if K is finite, we can assume that GalpL{Kq is cyclic, then choose a generator σ P GalpL{Kq, then

we know that we have a KrT s-module structure on L defined by:

p
ÿ

i

aiT
iqx “

ÿ

i

aiσ
ipxq

Notice that σ satisfies Tn ´ 1 “ 0. Moreover, if σ any relation of lower degree, then consider the automor-
phisms:

1, σ, σ1, ¨ ¨ ¨ , σn´1

which are distinct K-automorphisms of L, will be linearly dependent contradicting the previous result.
Therefore the minimal polynomial of σ is Tn ´ 1. We also notice that rL : Ks “ n.

Recall that KrT s is a PID, and L is finitely generated over KrT s. Moreover, notice that since every x P L
is annihilated by some polynomial in KrT s, then L is a torsion KrT s-module therefore by the structure
theorem of finitely generated module over KrT s:

L » ‘n
i“1KrT s{pfiq

such that f1|f2| ¨ ¨ ¨ |fn. Moreover, we know that the action of T over the direct sum is just multiply by T ,
therefore it’s minimal polynomial is the least common multiple of fi, therefore is fn, therefore fn “ Tn ´ 1.
Notice that KrT s{Tn ´ 1 is already dimension n over K, therefore L » KrT s{Tn ´ 1.

Then let x P L be the element corresponding to 1 P KrT s{pTn ´ 1q. Then we know that x, σpxq, σn´1pxq

correspond to 1, T, ¨ ¨ ¨ , Tn´1 in KrT s{pTn ´ 1q, thus is a basis, we are done.
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Remark 5.3. Let’s make a short remark here about why a normal basis is useful. Recall that if L{K is
a finite Galois extension, we have a natural GalpL{Kq-module structure on L. Let σ1pxq, ¨ ¨ ¨ , σnpxq be a
normal basis, then I claim that L{K is an induced GalpL{Kq-module.

To see why, let G “ G⊣↕pL{Kq, then we have an ZrGs-module isomorphism:

KrGs Ñ L, σi ÞÑ σipxq

This is indeed an isomorphism of K-vector spaces which is compatible with the group action. Then notice
that we have an isomorphism of ZrGs-modules:

HomZpZrGs,Kq » KrGs

Therefore we know that KrGs is induced and thus L is also induced.

Proposition 5.4. For any finite Galois extension L{K, we have:

HipGalpL{Kq, Lq “

#

K if i “ 0,

0 if i ą 0,

hence:

HipGalpKs{Kq : Ksq “

#

K if i “ 0,

0 if i ą 0,

Proof. This first assertion just following from the fact that L is an induced GalpL{Kq-module and therefore
H0pGalpL{Kq,Kq “ LGalpL{Kq “ K. Moreover all the higher cohomology vanishes due to Shapiro’s theorem.

Using the direct limit formula we have:

HipGalpKs{Kq,Ksq “ lim
ÝÑ
L

HipGalpL{Kq,KGalpKs{Lq
s q

Notice that Ks{L is again Galois, therefore in particular normal, then in the section of field theory, we know

that K
GalpKs{Lq
s is purely inseparable over L. Moreover since Ks{L is separable we know that K

GalpKs{Lq
s “

Ks XK
GalpKs{Lq
s “ L. Therefore:

HipGalpL{Kq,KGalpKs{Lq
s q “ HipGalpL{Kq, Lq

Then we can use the first part the assertion.

Theorem 5.5. (Hilbert 90) For any finite Galois extension L{K, we have:

H1pGalpL{Kq, L˚q “ 0, H1pGalpKs{Kq,K˚
s q “ 0

Proof. Clearly that we have a left action of GalpL{Kq on L˚. Then let:

f : GalpL{Kq Ñ L˚

be a 1-cocycle, then since fpσq ‰ 0 for all σ P GalpL{Kq, then from the normal basis theorem, there is a
x P L such that:

y “
ÿ

σPGalpL{Kq

fpσqσpxq ‰ 0

For any τ P GalpL{Kq, since f is in the kernel of the first differential, we have:

fpτσq “ τ ¨ pfpσqq ¨ fpτq

Then we know that:
τpyq “

ÿ

σPGalpL{Kq

τpfpσqqτσpxq

“
ÿ

σPGalpL{Kq

fpτq´1fpτσqτσpxq

“ fpτq´1y
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So fpτq “ yτpyq´1. Recall that the image of the 0-th differential if there is an a P A such that:

fpgq “ ga´ a

Since the addition in the group L˚ is represented using multiplication, then notice that fpτq “ y´ τ ¨y using
the additive form. Therefore f is in fact in the image of the 0-th differential, therefore H1pGalpL{Kq, L˚q “ 0
as well.

Then notice that K˚
s is the union of all L˚, then the direct limit formula tells us:

H1pGalpKs{Kq,K˚
s q “ 0

We will give another proof of this later using descent theory and etale cohomology in the next chapter.
The above Hilbert 90 tells us that the degree 1 cohomology of K˚

s vanishes. Then a natural question
becomes can we say anything about it’s higher degree cohomology. For example we can ask when all it’s higher
cohomology vanishes? The following theorem tells you that the key is lies in whether H2pGalpKs{Kq,K˚

s q

vanishes or not.

Theorem 5.6. 1. Let K be a field of characteristic p, then cdppGalpKs{Kqq ď 1.

2. Assume thatH2pGalpKs{Lq,K˚
s q for any finite extension L ofK contained inKs, then cdpGalpKs{Kqq ď

1, that is for any torsion GalpKs{Kq-module A, we have:

HipGalpKs{Kq, Aq “ 0

for all i ě 2. Moreover we have:
HipGalpKs{Kq,K˚

s q “ 0

for all i ě 1.

Proof. Let’s deal with 1 first. Let Gp be a Sylow-p-subgroup of GalpKs{Kq and let M “ K
Gp
s . Recall that

we have an SES of GalpKs{Kq-modules:

0 Ñ Z{p Ñ Ks
℘
Ñ Ks Ñ 0

where GalpKs{Kq acts trivially on Z{p. This ℘ is the map ℘pxq “ xp ´ x for all x P Ks. Notice that this
indeed is compatible with the group action since σpxp ´ xq “ σpxqp ´ σpxq.

Recall that Gp, being a Sylow-p-subgroup, is a closed subgroup in GalpKs{Kq, therefore we know that
the Galois group of Ks{M is again Gp. Then we know from previous result:

HipGp,Ksq “ HipGalpKs{Mq,Ksq “ 0

for all i ě 1. Then we consider the LES associated to the above SES, therefore we know that HipGp,Z{pq “ 0
for i ě 2. Since Gp is also a pro-p-group, by the discussion in the previous section, we know that this implies:

cdppGalpKs{Kqq “ cdppGpq “ cdpGpq ď 1

Then let’s prove 2: Let ℓ be a prime number distinct from p and let Gℓ be a Sylow-ℓ-subgroup of
GalpKs{Kq and let M “ KGℓ

s , we know that M “ lim
ÝÑL

L where L goes over all finite extensions of K
contained in M . Then consider the following sequence of GalpKs{Kq-modules:

0 Ñ µℓpKsq Ñ K˚
s

x ÞÑxℓ

Ñ Ks Ñ 0

Notice that for any finite extension L contained in M , we have:

HipGalpKs{Lq,K˚
s q “ 0
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for i “ 1, 2 by Hilbert 90 and the assumption. Then the LES associated to the above SES gives:

H2pGalpKs{Lq,µℓpKsqq “ 0

Then notice that Gℓ “ GalpKs{Mq is the inverse limit of all GalpKs{Lq where L is a finite extension of K
contained in M . (Here the inverse image is just an intersection since if we have an automorphism of Ks over
K that doesn’t preserve M , then there is one element in M that mapped outside M , we can use this to show
that it’s not in the intersection of all GalpKs{Lq.) Therefore the direct limit formula gives:

H2pGℓ,µℓpKsqq “ lim
ÝÑ
L

H2pGalpKs{Lq,µℓpKsqq “ 0

Notice that µℓpKsq has no trivial subgroup (this is where we need the assumption ℓ ‰ p), therefore is simple
and isomorphic to Z{ℓ with trivial Gℓ action.

Therefore we know that this implies:

cdℓpGalpKs{Kqq “ cdGℓ ď 1

From one we see that cdppGalpKs{Kqq ď, thus:

cdpGalpKs{Kqq ď 1

Then we know that:
scdpGalpKs{Kqq ď cdpGalpKs{Kqq ` 1 ď 3

Then since K˚
s is a nontorsion GalpKs{Kq-module:

HipGalpKs{Kq,K˚
s q “ 0

for all i ě 3. Then the assumption plus Hilbert 90 implies that this actually vanishes for all i ě 1.
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