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In this part of the notes, we will use what we have developed to study something concrete, i.e. curves.
Let’s be more specific about what we mean by curves. Throughout this chapter, we will assume that all
curves are projective, geometrically integral, regular, purely one dimensional schemes over a field
k. Sometimes, if necessary, we will add the hypothesis that k is algebraically closed.

The strategy we will use to understand curves is to first prove a criterion to determine when a morphims
is a closed embedding. Then assuming Serre duality, we will observe a few useful properties which are really
useful, and you will find we actually have seen quite a lot of them before. Then using these, we will study
curves of various genera and finally develop the theory of hypereppliptic curves in a hands-on way.

1 A Criterion for a Morphism to be a Closed embedding

Recall that if π : X Ñ Y is a closed embedding, then we know that it’s projective and is injective on points,
but only these two properties don’t ensure a morphism to be a closed embedding, and the following examples
shows that:

Example 1.1. Consider the field k “ Fp and the following morphism:

A1
k Ñ A1

k x ÞÑ xp

I claim that this is a bijection of the underlying topological space. To see this, notice that the corre-
sponding morphism is injective, and it is obviously finite since we know that 1, x, ¨ ¨ ¨ , xp´1 generates krxs,
thus it’s projective. Therefore, since it’s a finite extension, by the lying over theorem, we know that the
corresponding morphism of schemes is surjective. To show it’s injective, say pfq is a prime, then we know
that it’s inverse image is pfq since we know that pfq is mapped to pfpq and pfq is already a maximal prime,
therefore it’s injective.

Moreover, this morphism even induced isomorphisms on closed points we already showed that this mor-
phism will induce morphisms on the same residue field, and I will let you show that this morphism is not
0.

However, this morphism is not a closed embedding, as the morphism is induced by a surjective ring map.

We will find out soon enough that the piece of information we are missing is that we have to make sure
π also induces injective morphisms on tangent spaces at closed points, for example when k is algebraically
closed. The issue of the above Forbenius morphism is that it’s not injective on tangent spaces at all closed
points. For example, consider pxq, we have to show that it’s not surjective on the cotangent space, i.e.:

pxq{px2q Ñ pxq{px2q

is not surjective where the morphism is given by x ÞÑ xp for p ě 2, therefore this morphism on the cotangent
space is 0, not surjective.

We are now ready to state the criterion:

Theorem 1.2. Suppose that k “ k and π : X Ñ Y is a projective morphism of finite type k-scheme that is
injective on closed points and injective on tangent vectors at closed points, then π is a closed embedding.

1



We have already saw that if π : X Ñ Y is a closed embedding, then the corresponding morphism on the
cotangent space is m{m2 Ñ m{m2 ` I which is surjective, thus the corresponding morphism on the tangent
space is injective and a closed embedding is of course injective on closed points since it’s even injective on
all points.

Remark 1.3. Consider the example SpecC Ñ SpecR, this is injective on closed points, and the corre-
sponding tangent space is 0 thus the map on tangent spaces is injective, but this is not a closed embedding,
therefore, the hypothesis that k is algebraically closed is important and can’t be removed.

The hypothesis that the morphism is projective can also not be removed. An example is the normalization
of the nodal cubic, we know that this is not a closed embedding since it’s firstly not injective on points, but if
we erase one point in the preimage of the node point, it’s injective on closed points, and injective on tangent
vectors, but it’s still not a closed embedding. The reason is that it’s not projective. To see why, notice that
the morphism is of finite fiber, therefore, if it’s projective, then it’s finite, but notice that the morphism is
induced by:

krx, ys{py2 ´ x2px` 1qq ãÑ krts ãÑ krt, pt´ 1q´1s

But this is not finite since using pt´ 1q´1, we have elements of arbitrarily low degree. And this is definitely
not a closed embedding as the morphism is not surjective, for example pt´ 1q´1 is not in the image.

Now we can prove the above theorem, which seems to be a statement that is fundamentally about finite
type k-schemes since we are using something like the tangent space. However, it’s actually a consequence of
the following result:

Theorem 1.4. Suppose that π : X Ñ Y is a morphism of Noetherian schemes whose degree at each closed
point of Y is 0 or 1, then π is a closed embedding.

We now make some general remarks about finite morphisms whose degree is 1 or 0 at all points of the
target, which also helps review a lot of algebra facts.

Remark 1.5. Notice that if the degree is 0 or 1, then it’s necessarily injective on points. This actually
holds for all finite morphisms between Noetherian schemes, since we know that the degree at a point is the
dimension of the space of function on the fiber of p, considered as a vector space over kppq, or in other words,
it’s SpecpB b kppqq. To proceed further, we need to recall some algebra fact we proved before.

Recall that if M is a finite length module over A, then it has a finite composition series, and then it’s
annihilated by the product of maximal ideals appearing in the composition series, in other words, M is a
A{m1 ¨ ¨ ¨mn module if m1, ¨ ¨ ¨ ,mn are the maximal ideals appearing in the decomposition. We can apply
this to A itself, and recall that if A is finite length over itself, we call A an Artinian ring. Then this implies
that A{m1 ¨ ¨ ¨mn is just A (moreover, these mi’s are all the maximal ideals of A, even better they are all
the primes, can you see why? therefore, we have showed that Artinian rings only has finitely many maximal
ideals), and if we write it as A{nl11 ¨ ¨ ¨nlss to avoid repeated maximal ideals, Chinese Remainder theorem tells
us that we can decompose A to A{nl11 ˆ ¨ ¨ ¨ ˆ A{nlss . Then consider the elements in A that is mapped to
p1, 0, ¨ ¨ ¨ , 0q, ¨ ¨ ¨ , p0, ¨ ¨ ¨ , 0, 1q in the product, we call them ei, we know that ei “ 1 mod ni and is 0 mod any
nj for j ‰ i. Then we know that we can also decompose A into the following form:

A »
ź

i

eiA

the morphism is easy to built, just a ÞÑ paeiq.
Similar stories also hold for finite length A module M , we pick out all the maximal ideals in the com-

position series and conclude that M is actually A{m1 ¨ ¨ ¨mn-module, then we decompose A similarly and
decompose M similarly.

Then we can apply this ti Bbkppq, notice that the prime ideals of Bbkppq can be thought as BbAp{pAp »

Bp bAp
kppq, therefore we know that the prime are exactly the primes of B such that the inverse image is

p. Notice that this is a finite dimensional vector space over kppq (since Bp is a finite module over Ap), thus
Artinian (you have to argue a little bit more than just Bp b kppq is a finite dimensional kppq vector space,
we need to say it is a finite dimensional kppq-algebra). Therefore all the primes are maximal, therefore we
can apply the previous decomposition and notice that if there is more than one point, then the dimension is
at least 2, a contradiction to degree 1 or 0.
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Remark 1.6. More than that we can show that π induced isomorphisms on the residue fields. Let’s again
work affine locally and assume that SpecB Ñ SpecA is a finite morphism between specs of Noetherian rings.
We know that if q is mapped to p, we want to show that:

Ap{pAp Ñ Bq{qBq

is an isomorphism. It’s injective, thus we only have to show it’s surjective. What we know right now is
B bA kpqq is one dimensional over kppq, or in other words, Bp bAp

kppq is one dimensional, but I claim that
this implies that BqbAp kppq “ Bq{pBq is also one dimensional over kppq, thus using the canonical surjection
Bq{pBq Ñ Bq{qBq, we conclude that Bq{qBq is also one dimensional over kppq.

To see why Bp bAp
kppq being one dimensional implies that Bq bAp

kppq is one dimensional. We need a
general algebra fact. Suppose that S is a multiplicative set in B, then S´1B bA C » S1´1pB bA Cq where
S1 is the image of S in B b C. Then we know that Bq bAp

kppq is the localization of pBp bAp
kppqq, but

notice that Bp bAp kppq is a field! Thus any localization is itself, we are done.

Remark 1.7. The above remark makes it possible to discuss the corresponding morphism on tangent spaces,
and we will show that it’s also injective.

Recall that we need this isomorphism of residue field since it we consider the corresponding morphism
on the cotangent space:

my{m2
y Ñ mx{m2

x

We want to define the corresponding morphism to be the dual. However, recall that the definition of the
dual depends on the field, since it’s Homp´, kq and this k matters here. Therefore, we don’t know which
field we need to use if the residue field is not the same, thus the morphism of tangent spaces is not always
well defined.

Now we go back to question we are interested, SpecB Ñ SpecA is a finite morphism of specs of Noetherian
spaces and the degree at each point of SpecA is either 0 or 1. Now we only have to prove the morphism
on the cotangent space is surjective. We already know that my is mapped into mx, but if you look at the
isomorphism:

Ay{my Ñ Bx{mx

then since the inverse image of mx is my, thus all the elements in Ay that is mapped to mx comes from my,
but notice that Ay Ñ Bx is surjective, thus my Ñ mx is also surjctive.

From the above three remarks, we know that the key hypothesis: injective on points and injective on
tangent vectors is implictly embedded in the assumption of Thm 1.4, and now we show that we can reduce
the proof of Thm 1.2 to the proof of the more general version Thm 1.4:

Proof. The property of being a closed embedding is local on the target so we may assume Y is affine say
SpecB. I claim that π actually has finite fiber over any point, not just closed points. Recall that the fiber
dimension of a projective morphism is upper semicontinuous, therefore we know that the locus where the
fiber has dimension at least 1 is a closed subset of Y , thus since Y is Noetherian, if it’s not empty, it must
contain a closed point of Y , a contradiction, thus it’s empty. Therefore we have prove that π is a projective
morphism with finite fibers, thus it’s finite.

Now I claim that the degree of π at any point of Y is at most 1. Let’s first prove it for closed points of
Y , or in other word, we want to prove that if SpecA Ñ SpecB is a finite morphism of finite type k-schemes
whose induced morphism on tangent spaces at closed points is injective, then the degree at closed points is
at most 1. We need to show that A bB k is one dimensional over k, but if you consider the fiber Cartesian
diagram:

SpecAbB k Speck

SpecA SpecB

we find that AbBk is actually a finite k-algebra for k algebraically closed. Notice that AbBk “ AbBB{mB “

A{mBA where m is the corresponding maximal ideal of B, and since we assumed that the corresponding
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tangent map is injective, the cotangent map is surjective, thus the maximal ideal mB of B maps surjectively
to that mA of A, thus A{mBA “ A{mA which a a field! Therefore we know that:

k ãÑ AbB k

is actually a finite field extension, but notice that k is algebraically closed, thus the only possible such
extension is that AbB k is one dimensional over k, we are done.

Then notice that the degree of a morphism is the rank of a finite type quasicoherent sheaf, thus is upper
semicontinuous, then exactly the same argument: the locus whose degree is at least 2 is closed and if not
empty, includes a closed point, a contradiction, shows that for all points in Y , the degree is 0 or 1.

Therefore, now we have reduced Thm 1.2 to Thm 1.4, we only have to prove the later:

Proof. Again, closed embedding is local on Y , the let’s assume Y is affine, say SpecB, thus X is also affine,
say SpecA, and π correspond to the ring map B Ñ A, and we want to show this is surjective. Let K be the
cokernel of B Ñ A and we only have to show K “ 0(recall that this ring map can be though as a B-module
morphism).

TO show it’s 0, recall that we only have to check the localization at each maximal ideal n of B, thus we
obtain an exact sequence for each n:

Bn Ñ An Ñ Kn Ñ 0

Now apply the the right exact functor bBn
Bn{nBn, we get an exact sequence:

Bn{nBn Ñ An{nAn Ñ Kn{nKn

we know from the hypothesis that An{nAn is either one dimensional over Bn{nBn or it’s 0. If it’s 0,
then Kn{nKn “ 0. If it’s one dimensional, we know that Bn{nBn Ñ An{nAn is a Bn{nBn vector space
morphism which is between two finite dimensional vector spaces of the same dimension, and it’s injective,
thus it’s surjective. Therefore, either way Kn{nKn “ 0. Recall that An is a finite module over Bn, thus Kn

is finitely generated over Bn, then Nakayama’s lemma tells you that Kn “ 0, we are done.

Remark 1.8. Recall we proved that if π : X Ñ Y is an affine morphism over k and l{k is a field extension,
then π is a closed embedding iff π ˆk l is. This is a great result, and the affine hypothesis is not necessary,
it’s only there so that the proof is easier and we will use it to prove some result over schemes not over an
algebraically closed field. Details in the next example:

Example 1.9. We already know that the Veronese embedding is a closed embedding, but let’s pretend we
don’t know it and we want to prove it using the criterion we just established.

First, we need to pass to the algebraic closure to apply our criterion and to do so we need to make sure
it’s an affine morphism. But if you think about how we define the morphism, you will see that:

vd : Pnk Ñ PNk

using the complete linear series |Opdq|, we see that the inverse image of each D`pxiq in PNk correspond to
D`pfq where f is a homogeneous polynomial of degree d, thus this is indeed an affine morphism.

Then consider the corresponding morphism after we base change to the algebraic closure, i.e. the following
diagram:

Pn
k

PN
k

Speck

Pnk PNk Speck

A good way to see the pullback is still the d-th Veronese embedding is to see what is the pullback of Op1q

on PN
k

to Pn
k
. We know that the two vertical morphisms are determined by Op1q, thus we know that the

pullback of Opdq on Pnk to Pn
k
is Opdq and f is pullback to f . Then the following details are left to you.

Therefore we can pretend that we initially work with an algebraically closed field.
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Then we need to prove that it’s injective on closed points and injective in tangent vectors. Recall that
when you work with an algebraically closed field, the closed points of Pnk is represented by pk0 : ¨ ¨ ¨ : knq and
we know that this morphism act on closed points by:

x “ pk0 : ¨ ¨ ¨ : knq ÞÑ pf0pxq : ¨ ¨ ¨ : fN pxqq

Then suppose that pf0pxq : ¨ ¨ ¨ : fN pxqq “ pf0pyq : ¨ ¨ ¨ : fN pyqq, then we know that there is a k such that
pf0pxq, ¨ ¨ ¨ , fN pxqq “ kpf0pyq, ¨ ¨ ¨ , fN pyqq, since this is an algebraically closed field, there is a t P k such that
td “ k, therefore since fi’s are homogeneous of degree d, we know that we can conclude that fipxq “ fiptyq

in particular, xdi “ ydi t
d for some xi ‰ 0, yi ‰ 0, this implies that xi “ yitˆ η for some d-th root of unity η,

since we can scale x, y, let’s assume that t “ 1, then we know that xi “ yiη, we apply to xd´1
i xj “ yd´1

i yj ,
we conclude that xjη

d´1 “ yj , but notice that ηd´1 ¨ η “ 1, thus we know xj “ yjη, we are done. Therefore
we know that this implies that x “ y.

We can also prove it’s injective on tangent spaces, or equivalently, surjective on cotangent spaces. To see
this, we can work with the standard affine D`pxdi q Ñ D`pxjq, where the ring morphism is given by:

pkrx0, ¨ ¨ ¨ , xN sxj
q0 Ñ pkrx0, ¨ ¨ ¨ , xnsxd

i
q0

which is surjective, then of course the corresponding maximal ideal map is going to be surjective.
You can also do this for Segre embedding, but it’s not too enlightening to do so, so we omit it.

2 A Series of Crucial Tools

In this section, we mainly reviewed a lot of the results we have established before, as they are going to show
up really often when we study curves, so it’s best if they are at the tip of your tongue.

In what follows, all curves C are assumed to be projective, gemetrically regular, geometrically integral,
variety over a field k and L is an invertible sheaf on C.

1. The first thing we will use is Serre duality, on a geometrically irreducible projective k variety of
dimension n, there will be a dualizing sheaf, and in our case, on C, we call it ωC , we have already
see that if the genus of C is g, there will be g linearly independent sections and the degree is 2g ´ 2.
Moreover, for any finite rank locally free sheaf F , we have:

hipC,Fq “ h1´ipC,ωC b F_q

2. Then we know that negative degree line bundles have no nonzero global sections. The reason is that
geometrically regular implies regular, then we know that degree of a line bundle can be computed
using any nonzero rational section, and the result will be the number of zeros minus the number of
poles, suitably counted, but if there is a regular section, then it has no poles, thus the degree of L is
necessarily nonnegative.

3. Next, we would like to understand when degree 0 line bundles are trivial since we already know that
trivial line bundle has degree 0 just by definition.

Now, if degL “ 0, then I claim that the dimension of the global section is 0 or 1 and if the dimension
is 1, then it’s isomorphic to the structure sheaf, i.e. trivial. This is because if we have any two nonzero
global sections s, t, we can compute the degree using the zeros and poles. Since they have no poles,
thus no zeros, therefore both are nonwhere vanishing sections, and I want to claim that s is a scalar
multiple of t. To see this, we first notice that s gives a trivialization of L » OC or you can think of this
as the line bundle and divisor correspondence on a normal locally Noetherian scheme, but either way,
we know that s, t are actually regular functions on C, but we know that C is geometrically integral and
projective, thus we can base change to k, and we already know that an integral projective variety over
k has 1 dimensional global sections, and cohomology is stable under field extension. (This is where we
need geometrically integral, but again if you want to work with algebraically closed field, then this is
not a problem.)
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4. Next, we can compute the dimension of the global section using the degree if the degree is high
enough. We can do this because of Serre duality which can convert the computation on degree 0 to
degree at least of 2g ´ 2.

I claim that if degL ą 2g ´ 2, then h0pC,Lq “ degL ´ g ` 1. To see why, we first notice that
again, h0pC,OCq “ 1, then we know that h1pC,OCq “ g, therefore, Riemann-Roch, which is degL `

χpC,OCq “ χpC,Lq becomes:

h0pC,Lq ´ h1pC,Lq “ degL ` 1 ´ g

Then if h1pC,Lq vanishes, we obtain the formula.

To see that it vanishes, we use Serre duality:

h1pC,Lq “ h0pC,L_ b ωCq

Notice that on a projective curve, degree is additive upon tensors, therefore degL_bωC is 2g´2´degL,
then if degL ą 2g ´ 2, the degree is negative, thus no nonzero global sections.

Remark 2.1. With somewhat similar ideas, we can show that if a line bundle L is of degree 2g ´ 2,
then it’s of g ´ 1 or g sections, and if it admits g sections, then it’s isomorphic to the dual sheaf.

You can imagine that this is still a consequence of Serre duality, to prove that L » ωC , it’s equivalent
to prove that L_ b ωC » OC and notably, the degree of L_ b ωC is 0, thus we know that it’s global
section is either of dimension 1 or dimension 0, if it’s of dimension 1, then L is isomorphic to ωC .
Moreover, we have:

h1pC,Lq “ h0pC,L_ b ωCq

which is 0 or 1, but we know from Riemann Roch that h0pC,Lq ´ h1pC,Lq “ 2g ´ 2 ´ g ` 1 “ g ´ 1,
therefore depending on whether h1pC,Lq is 0 or 1, h0pC,Lq is either g or g ´ 1.

Remark 2.2. Suppose that C is now of genus g ą 1, then I claim that there is a closed point of degree
at most 2g ´ 2 over the base field, i.e. the degree of the field extension is at most 2g ´ 2. To see why,
consider the canonical bundle ωC , it’s of degree 2g ´ 2, but since g ą 1, the degree is positive, and we
know that since the dimension of the global section is g, there is a nonzero global section, and we use
this section to compute the degree, or in other words, we need to compute the degree of the divisor
divpsq, but notice that it’s a regular section, thus no poles, only zeros, therefore even if the divisor only
has one zero (it at least has a zero since the degree of ωC is positive), then we know that it’s degree is
at most 2g ´ 2, not even to mention if there are multiple zeros.

5. Let’s go back to our tool package. Now we show that if you twist a line bundle by a degree 1 closed
point, the dimension of the global section is twisted by at most 1, i.e. if p is a closed point of degree
1, then h0pC,Lq ´h0pC,Lp´pqq “ 0 or 1. The reason is again simple, since we assume regularity, then
we have a closed embedding diagram of effective Cartier divisor:

0 Ñ Op´pq Ñ OC Ñ O|p Ñ 0

tensor it with L and look at the LES:

0 Ñ H0pC,Lp´pqq Ñ H0pC,Lq Ñ H0pC,L|pq

Notice that being a degree one point, then O|p is the skyscraper sheaf at p with stalk the base field,
i.e. L|p is also the skyscraper sheaf at p with the stalk the residue field since L is locally free, therefore
the dimension of H0pC,L|pq is at most 1, then this gives you the desired result.

6. Here is a criterion for a line bundle to be base point free. Suppose that we now assume k is algebraically
closed, so all closed points have degree 1. Then I claim that if h0pC,Lq´h0pC,Lp´pqq “ 1 for all closed
points p, then L is base point free. The reason is that if this equation holds, then we know that the
morphism H0pC,Lq Ñ H0pC,L|pq is surjective (can you see why?), then this fact plus H0pC,L|pq “ 1
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implies that there is a global section of L such that when you evaluate it’s value at the fiber at p, it
doesn’t vanish.

This bu since we work with a Noetherian scheme (a variety), for each closed point, if we have a
neighborhood, then the union is the whole space, this implies that it’s base point free(can you see
why?).

7. Next, we assume further more that there are p, q, distinct closed points of degree 1 each. What we can
say for sure is:

h0pC,Lq ´ h0pC,Lp´p´ qqq “ 0, 1, 2

However if this difference is exactly 2, we observe that this 2 is obtained in essential one way, i.e.
h0pC,Lq´h0pC,Lp´pqq “ 1 and h0pC,Lp´pqq´h0pC,Lp´p´qqq “ 1, then by what we just discussed,
there is a section of L that doesn’t vanish at p, and there is a section of L that vanishes at p but it
doesn’t vanish at q (the global sections of Lp´pq is a subspace of the global sections of L and they all
vanish at p). Then consider the morphism f to the projective space that is given by L, I claim that
fppq ‰ fpqq, or in other words, people often call this this linear series separates the points p and q.

The reason is that if you think about how this morphism is defined, you find that since the coordinate
hyperplanes of the projective space is pulled back to global sections of L, then the locus where the
section vanishes is the inverse image of the hyperplane, then consider all the coordinate hyperplanes,
we find that there is one of them whose inverse image contain p but it doesn’t contains q. This is
because if not, then all sections of L that vanish at p also vanish at q, which is contradiction.

Remark 2.3. We didn’t really explicitly proved that the vanishing locus of pullback of sections of a
line bundle, thus we discuss it here. Say f : X Ñ Y is any morphism of schemes and L is a line bundle
on Y with x P ΓpY,Lq, then if we consider f˚x in ΓpX, f˚Lq, then I claim that V pf˚xq “ f´1V pxq.
To see why, assume that p is the vanishing locus of f˚x, we want to show that x vanishes at q “ fppq,
and we also want to prove that if q is a vanishing locus of x there is a p P X where f˚x vanishes such
that fppq “ q. These are all local properties, thus we can choose an affine open of q “ fppq where L
is trivial, then we know that the pullback of L on the inverse image is also trivial, then we know that
here the pullback morphism is equal to the scheme pullback morphism, therefore we can just assume
that if f : X Ñ Y is a scheme morphism and x is a regular function on Y , we consider it’s pullback
as a regular function of X and we want to figure out the desired property. To do this, we may assume
that X,Y are affine, and I will let you do the reduction, thus the question just becomes if f : A Ñ B is
a ring morphism and x P A, then if p is a prime in B such that fx vanishes, then x vanishes at f´1p.
And if p is a prime of B such that x vanishes at f´1p, then we want to show that fpxq P p, which is
again trivial. We are done.

Well, you might also wonder why the pullback morphism on the structure sheaf of Y is the same as
that of the pullback morphism given by the scheme morphism. There are a lot of ways to see this,
one common way to do this is to first look at what happens on SpecB Ñ SpecA, where we have a
clear description of the pullback morphism. Then for the global description, we use the sheaf axiom
(identity axiom), details are left to you.

8. By exactly the same method, consider the following quantity:

h0pC,Lq ´ h0pC,Lp´2pqq

we know that it’s 0, 1, 2, and we are still interested in the case when this quantity is 2. I claim that
in this case the morphism to the projective space which correspond to L (using the section doesn’t
vanish at p, or just the complete linear series |L|) separates tangent vectors at p, or in other words,
it’s injective as tangent maps, or equivalently, it’s surjective on cotangent spaces.

Let’s see what is the corresponding cotangent morphism:

mq{m
2
q Ñ mp{m2

p

since we assumed regularity, the dimension of this vector space mp{m2
p is the same as the dimension of

the local ring, or the codimension of the closed point, i.e. 1 since in variety, dimension and codimension
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add up to the total dimension. Then this morphism on tangent spaces is a vector space morphism to
a one dimensional space, thus, it’s surjective iff it’s not 0. Therefore, it suffice to find a local function
on the projective space that vanishes at q, whose pullback vanishes at p only at order 1 but not order
2.

To find this element, let’s first interpret the equation h0pC,Lq ´ h0pC,Lp´2pqq “ 2, this means that
there is a global section of L that vanishes at p, but it doesn’t vanish at order 2. To see why, consider
the following SES:

0 Ñ Lp´2pq Ñ Lp´pq Ñ Lp´pq|p Ñ 0

The key is how to interpret Lp´pq|p, I will let you figure out why the global section of Lp´2pq exactly
correspond to global sections of L that vanish at p and also vanishes at degree 2 at p, or in other words
is in m2

pLp, then this global section x is what we are looking for.

This is because that there is a hyperplane that is pulled back to x, and we know that this implies that
fppq is in the hyperplane, thus we know that we can choose any affine open of fppq where Op1q is trivial,
and restrict the section determining the hyperplane to that open, we know that the function we obtain
vanishes at fppq since it vanishes on all points on the hyperplane and fppq is in the hyperplane. And
we consider the pullback of this function, which is the restriction of x, and we know that x vanishes at
p but not with order 2 at p, we are done.

9. Combining our previous arguments, we found a criterion for a line bundle to be very ample if we work
over an algebraically closed field. Then I claim that L is very ample if for all closed points p, q of C,
not necessarily distinct, the following equation holds:

h0pC,Lq ´ h0pC,Lp´p´ qqq “ 2

The key here is to show the morphism to the projective space is a closed embedding, then we can use
our criterion.

Remark 2.4. Suppose that we work with a algebraically closed field k, so the previous criterion
applies. Let p be a closed point on C, then I claim that C ´ tpu is affine. To show this, consider the
line bundle Opjpq, then I claim that for j " 0, this is base point free. To see why, we use a previous
remark and show that h0pC,Opjpqq ´h0pC,Opjp´ qqq “ 1 for any closed point q in C. The first thing
we need to notice is that the degree of Oppq is 1 since we can compute the degree using the divisor and
the result is just a degree 1 closed point, thus the degree of the line bundle is 1, this implies that for
high enough j, the degree of Opjpq and Opjp´ qq are necessarily larger than 2g ´ 2, therefore we can
compute h0 using degree and g, then I will let you see why this implies that the assertion. Moreover,
the same method shows that for j " 0, there are at least two linearly independent sections of Opjpq,
we can take one of them to be the one that vanishes only at p and we need another one to be a section
that doesn’t vanish at p, but this holds since we can know that h0pC,Opjpqq ´ h0pC,Opjp´ pqq “ 1.

Now these two sections determined a morphism to P1 and we know that we can choose the morphism
such that the preimage of r0 : 1s is going to be p. I claim that this morphism is finite. You probably
want to conclude that this is a closed embedding since we know that for j " 0 the line bundle Opjpq

satisfies the desired property, but this only means that L is very ample, not meaning that any morphism
determined by the sections of L is a closed embedding. To show it’s finite, we already know that it’s
projective, thus the only thing we need is to show that it has finite fibers. We already know that it’s
not a constant map since there will be some points whose image is r1 : 0s. Then we know that for each
closed point of P1, it’s preimage is a proper closed subset of C, and we know that closed subsets of
C, since it’s a curve, are just finite collections of closed points, and we know that the preimage of the
generic point of P1 is going to be the generic point of C. Then since C ´ tpu is the preimage of A1,
then it’s affine.

A similar argument shows that C with finitely many closed points removed is going to be affine. Since
if you want to remove, say p1, ¨ ¨ ¨ , pn, you can consider the line bundle Opnp

ř

piqqq and notice that
the preimage of r0 : 1s is going to be the union of all the closed points, we are done.

But you can also argue that projective implies separate, and separated implies intersection of affines
is affine, we are also done.
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10. We now combine all the discuss above and give a numerical criterion for a line bundle to be base point
free and very ample.

I claim that if degL ě 2g, then it’s base point free and if degL ě 2g ` 1, it’s very ample. The reason
is that when the degree of L is at least 2g, then the degree of Lp´pq is at least 2g ´ 1, which enables
us to compute the dimension of sections using degree and genus. Similarly, if degL ě 2g ` 1, then
degLp´p ´ qq ě 2g ´ 1 and we can still compute the dimension using degree and genus. Moreover,
in this case, any basis s0, ¨ ¨ ¨ , sdegL´g of the global sections of L gives a closed embedding to the
projective space.

Corollary 2.5. An invertible sheaf on a projective, regular, integral curve over k “ k is ample iff
degL ą 0.

Proof. First, if it’s ample, then we know that it has global sections, thus if a line bundle has negative
degree, it has no global sections, therefore we know that an ample line bundle must have nonnagative
degree, but if it’s degree is 0, I claim that it is not ample. This is because that if it’s isomorphic to
the structure sheaf, we know that it’s not ample. Or else it has no nonzero global sections, thus not
ample.

Then we prove that for a line bundle with degree ą 0, it’s ample, we only have to show that high
powers of that is very ample, but notice that degree is additive upon tensor and we know that for all
line bundles with degree at least 2g ` 1, it’s very ample, we are done.

Remark 2.6. We didn’t mention why the structure sheaf is not ample on a projective curve, at least if
we assume that we work over an algebrically closed field and with an integral projective curve. Recall
that ample means that the locus where sections s P ΓpC,Lbnq don’t vanish form a basis of C, but if L
is OX , the only possible nonzero global sections are the constants, thus any of the nonvanishing locus
is going to be all of C, a contradiction except when C is a point, we are done.

11. Finally, we want to drop the assumption that k is algebraically closed. And it turns out that if we
assume geometrically regular and geometrically integral, then for a large part of our discussion, we
can indeed drop the assumption that k is algebraically closed and still obtain the same result. For
example, we can prove that degree at least 2g implies base point free and degree at least 2g`1 implies
very ample.

Not surprisingly, we still use the base change to the algebraic closure. Since the dimension of coho-
mology groups are stable under base change, then the degree of the pullback line bundles remains the
same as those on the base. For example, if we first deal with base point free line bundles, we know
that if L has degree at least 2g, then it’s degree is also at least 2g on the base change, which implies
that it’s base point free there. But we have proved that base point free is independent of base changing
to the algebraic closure, thus we are done. Now if we consider very ampleness, we can consider the
following diagram:

Ck Pn
k

C Pnk

if we can show that the morphism downstairs is affine, we are done since an affine morphism is a closed
embedding iff it’s base change is. But the morphisms downstairs is actually finite as it’s projective
and has finite fiber (not constant since we know that the locus where xi vanishes are all hit by the
image as the degree of L is at least 1, thus it can’t be the structure sheaf, thus it wonlt happen that
the pullback of xi doesn’t vanish anywhere.)

Corollary 2.7. Suppose that L is a geometrically integral, geometrically regular projective curve over
an arbitrary field k, then it’s ample iff degL ą 0.

Proof. Suppose that L is ample, which means that there is a power of L such that the morphism it
induces is a closed embedding to a projective space, then we again consider the pullback morphism,
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which is still a closed embedding and this implies that the pullback of L is ample, therefore it’s degree
is positive, then we use the fact that degree is preserved under base change.

Conversely, say the degree is positive, then the degree of the pullback is positive, which means that
for each high enough tensor power of L, the morphism defined by any basis of the global section will
be a closed embedding, then recall that a basis of the tensor product downstairs, after you pull back
them, gives a basis of the global sections on the base change (to prove this you need something more
than just knowing the dimension, you have to prove that the pullbacks are still linearly independent,
or you have to prove that f˚x “ 0 iff x “ 0, but this is tensor with a field, which is implies that
if it’s 0 after tensor with 1, then it’s originally zero.) Then we use the fact that an affine morphism
is a closed embedding iff it’s a closed embedding after pullback (the morphism downstairs is a finite
morphism).

Finally, we can reproduce the result that C´tpu is affine even without algebraically closed assumption.

Corollary 2.8. Let C be a projective, geometrically regular, geometrically integral curve over a field
k, then for any closed point p in C, C ´ tpu is affine.

Proof. Recall that Serre duality doesn’t require any algebraic closed assumption, thus the conclusion
that we can compute dimension of global sections using degree and genus when the degree is ą 2g ´ 2
still applies, then consider the the line bundle Oppq, we know that it’s degree is positive, thus for a
high enough power, we know that any basis of the global section gives a morphism to the projective
space, we can pick one section which only vanishes at p and expand it to a basis by arbitrary sections.
Then we know that we can choose this morphism such that the preimage of r0 : ¨ ¨ ¨ : 0 : 1s is p, then
we know that the preimage of D`px0q is C ´ tpu, which implies that C ´ tpu is affine.

These are all the crucial tools we will use in the next section, before we end, we briefly discuss a result we
mentioned but didn’t prove before: all proper curves are projective. For the purpose of this study we don’t
assume that curves are smooth, regular or even reduced so this is a result that has much more generality.
We will use Serre’s cohomological criterion for ampleness:

The first result we want to prove is that for a reduced proper curve (a finite type k-scheme that is purely
dimensional) C, ampleness can be checked on it’s normalization:

Proposition 2.9. Let C be a reduced proper curve over k and L is a line bundle on C such that the
pullback to the normalization v : rC Ñ C, v˚L is ample, then L is ample.

Proof. We will use the fact that normalization maps are finite. There is a wired fact that for every finite
morphism between schemes, say π : X Ñ Y there is a right adjoint for the pushforward functor π˚, which
we will call π!? which takes quasicoherent sheaves on Y to quasicoherent sheaves on X, and we know that
for each quasicoherent sheaf F on Y we have a canonical morphism:

π˚π
!?F Ñ F

We don’t want to go into the details construction of this weird adjoint, and we will do it later when we need
it later, here we will only state the properties we need.

Apply this to our question we take the kernel and cokernel of the canonical morphism and obtain the
following SES:

0 Ñ E Ñ v˚v
!?F Ñ F Ñ G Ñ 0

Recall that for finite type k-schemes, normalization is going to be an isomorphism on a dense open subset of
C, therefore we want to conclude that (like what we have for the adjoint between pushforward and pullback)
v˚v

!?F Ñ F is an isomorphism on that dense open, therefore both E and G can only be supported on a
proper closed subset that doesn’t contain any generic points of the components, thus a finite collection of
closed points. But to do this, we need to do some work, since even for the adjoint pair of pushforward and
pullback, we have to do some work to show this and in general this adjoint map commutes with restriction
property doesn’t hold for each adjoint pair. Recall that it’s really confusing when we proved this kind of

10



results for pullback and pushforward, but things are simpler here since we are dealing with finite morphisms
which is affine and extremely simplifies stuff. (for more discussion see the remark down below.)

Now, we will use the exact sequence above to show that HipC,F b Lbnq “ 0 for i ą 0 if F is a coherent
sheaf. Now I claim that v!? takes coherent sheaves to coherent sheaves and notice that since v is finite the
pushforward of a coherent sheaf is also going to be coherent, then we twist the above exact sequence by Lbn

and break it into two SES. We first can prove that:

HipC, v˚v
!?F b Lbnq “ 0

for n " 0 and i ą 0 since we can apply the projection formula, cohomology is invariant under pushforward
of affine morphisms and conclude using Serre’s cohomological criterion for ampleness. Notice that since
the support of E is just a finite collection of closed points, easy computation using a suitable cover shows
that the higher cohomology of E vanishes, therefore, we know that the higher cohomology of the cokernel of
E bLbn Ñ v˚v

!?F bLbn also vanishes. This fact plus the second SES tells you that the higher cohomology
of F b Lbn also vanishes for n " 0, which shows that L is ample.

Remark 2.10. The way we prove that the adjoint map between pushforward and pullback commutes with
restriction is by the following sequence of isomorphisms:

HomXppπ˚Gq,Fq HomY pG, π˚Fq

HomU pi˚pπ˚Gq,F 1q HomXppπ˚Gq, i˚F 1q HomY pG, π˚i˚F 1q HomY pG, j˚pπ|U q˚F 1q

HomU ppπ˚Gq|U ,F 1q HomV pG|V , pπ|U q˚F 1q HomV pj˚G, pπ|U q˚F 1q

»

» » “

“

»
“

where the “’s stands for exactly the same object and F 1 is actually i˚F , then I will let you figure out the
rest of the details.

But the reason the proof is so complicated is becasue we are dealing with any morphism f , it it so general
that you can imagine that the proof is also some general abstract nonsense. But this doesn’t happen for this
π!? for a finite morphism π, since it’s affine and proof is going to be a lot easier.

Use the above result we have the following proposition:

Proposition 2.11. Reduced proper curves are projective.

Proof. We will produce an ample line bundle on C, which means that a high enough power of that gives a
closed embedding to the projective space which proves that C is projective.

To do this, recall that on a reduced curve, the regular points are dense, there is a regular point on each
component of C, let’s consider the corresponding effective Cartier divisor and the corresponding line bundle.
We want to prove that this line bundle is ample. We know from the previous proposition that we can check it
by pulling back to the normalization, where you will have a regular curve. Now we can choose these regular
points to be in the dense open where v happens to be an isomorphism, then we know that the pullback of
this line bundle is

Recall that the normalization is a proper regular curve over k, therefore it’s projective as we already
proved this before. As a quick recap, we know that every irreducible regular proper curve admits an open
embedding into a projective curve, but notice that this open embedding is also proper, therefore it’s a closed
embedding, thus finite, thus the composition is projective. Now if the curve is not irreducible, but still proper
and regular, I claim that it’s just a disjoint union of irreducible regular proper curves. This is because that
since C is regular, then every point only has one irreducible component passing through it, then we know
that different components don’t have a point in common, therefore they are also the connected components,
therefore we know that each open embedding of the components is also a closed embedding, then we only
have to show that this finite disjoint union of projective varieties is projective, we only have to produce a
ample line bundle, and notice that we proved that for proper schemes, Serre’s cohomology criterion shows
that we can check ampleness on each component, and we can pick an ample line bundle on each component,
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and since they are disjoint, we can define a line bundle on the whole space by considering on each component
finitely any we know that on each component it’s ample, we are done.

In conclusion, the normalization is a projective regular curve over k and we have a line bundle on C and
we wish to check that this line bundle is ample. Then recall that to check a line bundle is ample on a proper
scheme, we can check it on each irreducible component of of the normalization. Notice that the pullback
of the line bundle L to the normalization correspond to the line bundle associated to the effective Cartier
divisor which is the inverse image of the regular closed points in C. To be more precise, if you consider the
injective morphism:

L “ I ãÑ OC

Then you pull it back, obtain:
v˚L Ñ v˚OC

The problem is that this may not be injective since the pullback morphism is only right exact. However, in
our case this is indeed exact. To see this, notice that to check it’s injective, we can restrict to opens and
check there. First, we restrict to the open that excludes the inverse images of the finite closed points. We
know that pullback commutes with restriction, then since we know that I ãÑ OC is the identity downstairs,
then the pullback is also the identity upstairs.

Then we can restrict to a open on each of the closed subset downstairs, where the normalization is an
isomorphism, then the assertion is trivial. Therefore, we know that the pullback has a natural injection
to the structure sheaf upstairs thus is an ideal sheaf, and it coincides with the line bundle associated to
the effective Cartier divisor upstairs defined by these finite closed points. Then we further restrict this line
bundle to each of the irreducible components, which is also open, thus this restriction is trivial, and it’s just
the line bundle corresponding the effective Cartier divisor on that component which is those points that lie
in that component. We only need to prove that it’s ample on this component. Notice that this line bundle is
the tensor product of the line bundle determined by just one closed point, if there are multiple closed points
in this component. Since tensor product of ample line bundles will be ample, we now assume that we work
with a regular projective integral curve and a line bundle that is associated to a single closed point, we wish
to prove that this is ample.

To do it, we only have to prove that a higher enough power of this line bundle is very ample. We first
notice that if we want to prove that L is ample on C, by Serre’s cohomology criterion, we need to show that
HipC,F b Liq “ 0 for all coherent sheaves F on C, but notice that we have the following result:

HipC,F b Lbnq bK » HipCK , pF bKq b pL bKqbnq

Then what we are left is *** to be completed, don’t know how to do it, it’s true if we assume k is algebraically
closed, but if not, I am not sure

Proposition 2.12. Every proper curve over k (not necessarily reduced) is projective.

Proof. To be completed.

Proposition 2.13. A line bundle on a projective curve is ample if and only if it’s of positive degree.

Proof. To be completed.

3 Curves of Genus 0

We now use what we have learned before to answer the question, what are curves of genus 0. Recall that the
curve x2 ` y2 ` z2 “ 0 in P2

R is of genus 0 (the genus is computed by pd´ 1qpd´ 2q{2), but I claim it is not
isomorphic to P1

k even if we know that P1
k also has genus 0. The reason is that it doesn’t have any R-valued

point. The reason is that x2 ` y2 ` z2 “ 0 doesn’t have any real solution except for x “ y “ z “ 0, but this
is not a point in P2

R. To make it more precise, we know that since any k-algebra morphism:

krx0, ¨ ¨ ¨ , xns{f Ñ k
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is determined by where xi goes such that f is mapped to 0, we know that if f doesn’t have a solution,
then we know that there is not k-valued point.

It turns out that this is not a coincidence, as we will show below: a genus zero curve with a k-valued
point is isomorphic to 0. Again, we will assume that all curves is projective, geometrically integral and
geometrically regular

Proposition 3.1. Let C be a genus 0 curve, such that p P C is a k-valued point, then C » P1
k.

Proof. Let p be such a point and consider L “ Oppq, which is of degree 1, then we know we can compute the
dimension of the global section using degree and genus since ´ ą ´2. Then we know that h0pC,Oppqq “ 2
and we know that it’s very ample since 1 ě 2 ¨0`1, therefore, the complete linear series |Oppq| gives a closed
embedding to P1

k. However, recall that the only closed embedding to P1 of something that is also integral of
dimension 1 is an isomorphism.

Corollary 3.2. There are no degree 1 line bundles on x2 ` y2 ` z2 “ 0 in P2
R.

Proof. If there is, then apply the above argument, we know that it’s isomorphic to P1, which is a contradic-
tion.

This example shows that over a non-algebraically closed field (even if the curve is regular), there might
be a curve who has genus 0, but not isomorphic to P1.

Proposition 3.3. All genus 0 curves can be described as conics in P2
k.

Proof. Any genus 0 curve has a degree 2 line bundle, i.e. the dual of the dualizing sheaf ω_
C , which has genus

´2g ` 2 “ 2.
Now since 2 ě 1, we know that this sheaf is very ample, then since the dimension of global sections is

2 ` 1 “ 3 it gives a closed embedding into P2
k.

Now we have to show that this is a conic in P2
k, i.e. it can be cut out by a homogeneous polynomial of

degree 2. First, we notice that the since this regular curve is embedded using a line bundle of degree 2, we
know that the degree of this closed embedding is 2. Consider the map:

Sym2H0pC,Lq Ñ H0pC,Lb2q

which is defined using the product of H0pC,Lq to H0pC,Lb2q. Notice that the first space is of degree 6
but the second space, as the global section of a line bundle of degree 4, is of dimension 5, therefore is has
nontrivial kernel.

Now, if you consider the following diagram:

Sym2H0pP2
k,Op1qq H0pP2

k,Op2qq

Sym2H0pC,Lq H0pC,Lb2q

»

»

we know it’s commutative and we also know that the top horizontal map is an isomorphism. Therefore, the
fact that the morphism below has a nontrivial kernel implies that the vertical morphism on the right has a
nontrivial kernel, say f is one conic in the kernel.

I claim that f is the conic we desire. The reason is simple, our goal is to find a conic f such that V pfq

is the image of i : C Ðâ P2. Recall that how this closed embedding i is defined, it’s defined locally by on
D`pxiq

xj

xi
goes to trivializations of the basis of global sections of L. Then I will let you think about why

f
x2
i
is mapped to 0, thus the image is contained in V pfq, or in other words, we have the following diagram:

C ãÑ V pfq ãÑ P2
k

We now only have to show that the closed embedding C Ðâ V pfq is an isomorphism. Recall that both of
them has degree 2 in P2 and degree is the leading coefficient of the linear term of the Hilbert polynomial
of C, V pfq. Notice that the Hilbert polynomial of V pfq is 2m ` 1 and the Hilbert polynomial of C is also
2m` 1, then we know that they have the same Hilbert polynomial, thus by a previous exercise, they are the
same closed embedding.
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Proposition 3.4. Suppose that C is a genus 0 curve, still projective, geometrically integral and regular.
Then C has a point of degree at most 2.

Proof. Suppose that the closed embedding of degree 2, i : C Ñ P2 is given by the line bundle L of degree 2.
Then since we work with a regular curve, there is a divisor D such that OpDq » L and since we know that
OpDq is just the tensor product of a few Oppq for closed points p, then using the fact that degree is additive
upon tensor, we know that degree of each Oppq is at most 2.

4 Classical Geometry Arising from Curves of Positive Degree

Now we begin to investigate curves of positive genus, and before that we will introduce a useful proposition
when we study curves of positive degree and use it as an excuse to say something about classical geometry
using modern point of view.

Proposition 4.1. Let C be a projective, gr, gi curve over a field k and suppose that C is not isomorphic
to P1

k, with no assumption on the genus of C, and L is a line bundle of degree 1, then h0pC,Lq ă 2.

Proof. If L is a degree 1 line bundle whose global sections has dimension at least 2, the pick any two linearly
independent sections. Since the degree of L is one, then the divisor determined by these two sections s1, s2
are a single closed point with degree 1, then if they vanish at the same point, then consider the regular
function s1

s2
in OC , this is going to be a regular function on C, but you know that since the regular functions

on C are all constants(after base change to CK where K is the algebraic closure), then s1, s2 are dependent,
contradiction. (You may want to make this precise by think about L b L_). Then these two sections
determines a morphism to P1

k and I claim that this is a closed embedding thus an isomorphism. This is first
a finite morphism since it’s projective and finite fiber and we already proved it’s degree 1 using a previous
proposition.

Then we know that the induced extension of function field is a degree 1 extension, this is because that
the pushforward of the structure sheaf is locally constant of rank 1, therefore, we know that the fiber at the
generic point is 1 dimensional over the function field, and the fiber at the generic point is just the function
field, thus as a degree one extension, it’s an isomorphism, thus we are done since we know that integral
regular curves whose function fields are isomorphic will be isomorphic as curves.

The following corollary is also very helpful:

Corollary 4.2. If C is a projective, gr, gi curve over k, not isomorphic to P1
k, then OCppq » OCpqq iff p “ q

for degree 1 points p, q.

Proof. Say OCppq » OCpqq but p ‰ q, then recall that OCppq has a global section whose divisor is q and
it also has a global section whose divisor is q, again, these two sections are linearly independent, but this
contradicts the fact that the dimension of the global sections will be less then 2.

Proposition 4.3. Suppose that C is a projective, gr, gi curve over an algebraically closed field, then it’s of
genus 0 iff all degree 0 line bundles are trivial.

Proof. Say it’s of genus 0, then we know that a degree 0 line bundle has degree larger than ´2, thus the
dimension of the global sections is 1, thus it’s trivial.

Then conversely, say that all degree 0 line bundles have dimension 1 global sections. Let’s assume that C
has positive genus, then it’s not isomorphic to P1 as the genus of P1 is 0. However, choose two distinct closed
points, p, q, we know that Opp ´ qq is a degree 0 line bundle which is not trivial from the above corollary,
but on the other hand, by assumption, the dimension of global sections is 1, thus the line bundle is trivial,
a contradiction.

Now we prove something that help us to understand the classical geometry we are going to talk about
later:

14



Proposition 4.4. Suppose that C is a gr, gi projective plane curve of degree e ą 2, and D1, D2 are two
plane curves of degree d that doesn’t contain C. By Bezout’s Theorem, we know that since D1, D2 doens’t
contain the generic point of C, the degree of the intersection Di X C is de(we know that the intersection is
just a finite collection of closed points).

Now suppose that D1 XC and D2 XC have de´ 1 ”same points” in common, then the last point is also
the same. To be precise, suppose that there is an effective Cartier divisor E in C such that Di XC “ E ` pi
for some degree 1 point pi and i “ 1, 2, then p1 “ p2.

Proof. Notice that since p1 and p2 are all of degree 1, we want to use the above proposition, i.e. we will
show that Opp1q » Opp2q since we know that the degree of C is larger than 2, thus it can not be isomorphic
to P1 since for we know that the genus of a degree e hypersurface in P2 is computed by pe ´ 1qpe ´ 2q{2,
which is not 0, thus it’s not isomorphic to P1, thus the corollary above can be applied.

Then we show that Di XC is an effective Cartier divisor in C, recall that this is a complete intersection
in P2, thus DiXC is indeed an effective Cartier divisor in C. We are now assuming that this effective Cartier
divisor can be written as the sum of two effective Cartier divisors E ` pi, and recall that this means that
the corresponding invertible sheaf of Di X C is the tensor product of that of E and pi. Therefore we have
an isomorphism:

OpEq b Opp1q » OpEq b Opp2q ñ Opp1q » Opp2q

we are done.

As two interesting applications if the above result, we prove two classical result:

Theorem 4.5. Suppose that l,m are distinct lines in the projective plane and α, β, γ are distinct points
on l and α1, β1, γ1 are distinct points on m with all six points different from l X m, then the points x “

αβ1 X α1β, y “ α1γ X αγ1 and z “ βγ1 X β1γ are colinear.

The above theorem is called Pappus’s Theorem and it will be the degenerate case of the following
theorem:

Theorem 4.6. If a hexagon αγ1βα1γβ1 is inscribed in a smooth conic K and the opposite pairs of sides are
extended until they meet, then the three intersection points x, y, z are colinear.

Remark 4.7. This theorem is always called Pascal’s theorem and the above Pappus’s Theorem can be
viewed as a degeneration case. The reason is also simple, recall that the scheme-theoretic union of two lines
in P2 is also a conic as if we assume that ax` by ` cz “ 0 cuts the first line and dx` ey ` fz “ 0 cuts out
the second line, then the scheme-theoretic union is cut cut out by pax ` by ` czqpdx ` ey ` fzq “ 0, which
is also a conic.

And you can see from this that the condition that the six distinct points are inscribed in this conic just
means that the conic contains these six points.

Before we prove Pascal’s Theorem, we can use it to prove the following:

Proposition 4.8. Suppose that α, β, γ, α1, β1 are five points in P2
R no three on a line, then there is a unique

conic K passing through the five points and is regular.

Proof. *** to be completed

Now let’s prove Pascal’s theorem, and for convenience we will assume that k is algebraically closed, even
though this can be removed:

Proof. Let’s first do some preparations. First, notice that for distinct two lines in P2, they meet at exactly
one k-valued point, i.e. degree 1 point. Then if you unpack what we need to prove, we need to make sure
that the line xy meets βγ1 and β1γ at the same point *** to be completed
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5 Hyperelliptic Curves

Let’s assume in this section that the field k is algebraically closed and k is not of characteristic 2.
A projective regular integral curve C of genus g is called hyperelliptic if it admits a double cover, i.e.

degree 2 finite morphism to P1
k. When we say that C is hyperelliptic, we implictly mean that we have in

mind a choice of this double cover map π : C Ñ P1. We will later see that if g ě 2, then there always at
least one such morphism and this morphism π is called the hyperelliptic map. Recall that as this finite
morphism is of degree 2, and we can compute the degree using preimages of closed points. Recall that this
morphism is always surjective, this is because that this morphism is always dominant, and this is again
because that it’s not a constant map (recall that finite ring maps are integral, and for integral ring maps
A Ñ B we know that if p Ă q and p ‰ q in B, then the inverse image is different.). Now finite plus dominant
between integral schemes implies surjective, this again follows the properties of integral extension.

Now we know the preimage of a closed point p P P1
k can only possibly be 1 or 2 points, if π´1p consists

of only one point, we say that p is a branch point and π´1p is a ramification point of π.
All these stuff will be discussed in detail later, but right now, we can prove the following special case of

Riemann-Hurwitz formula:

Theorem 5.1. Suppose that k “ k and chark ‰ 2, then if π : C Ñ P1 is a double cover by a projective
regular integral genus g curve over k, then there are 2g ` 2 branch points for π.

In complex geometry, this is a generalization of the statement that a genus one complex curve covers P1

branching at four points.
To prove this theorem, we need the following result:

Proposition 5.2. Assume that chark ‰ 2 and k “ k, given r distinct points p1, ¨ ¨ ¨ , pr P P1, there is
precisely one double cover branched at precisely these points if r is even and none if r is odd, all modding
out automorphisms of C over P1

k.

Proof. First, we know that by an appropriate automorphism of P1, I can assume that none of these r points
are either 0 “ r1 : 0s or 8 “ r0 : 1s. This is becasue that since k is algebraically closed, we can assume that
besides the r points, there are still two other points, and we already know that the automorphic on P1 acts
strictly three transitively on P1, therefore we can assume that there is an automorphism such that after we
apply it, r1 : 0s and r0 : 1s are not the branch points.

Now we can assume that all branch points are in P1´t8u “ A1 “ Speckrxs. To study this, we first study
a double cover of A1, C 1 Ñ A with x the coordinate on A1. We know that we have a quadratic (i.e. degree
2) field extension K over kpxq, since chark ‰ 2, this will be a Galois extension. This is because the minimal
polynomial is T 2 ´ fpxq where fpxq P kpxq is square free for a degree 2 extension and we know that when
chark ‰ 2, this polynomial is separable since the derivative is not 0. This is also normal since the extension
is kpx, yq{py2 ´ fpxqq and this polynomial T 2 ´ fpxq has roots y,´y that is in kpx, yq{py2 ´ fpxqq and we
know that this is a finite, separable, normal extension thus is Galois and the order of the Galois group is 2,
then we consider the nontrivial element σ in the group(the Galois involution):

σ : K Ñ K

we let y be the element such that σpyq “ ´y and y, 1 will be the basis of K over kpxq, and are eigenvectors
of σ, we know that σpy2q “ y2, so y2 P kpxq and say y2 “

f
g . Now since k is algebraically closed, we can

replace y by an appropriate multiple of kpxq such that y2 is in krxs and is monic (for example we can first
replace y by gy, then looking at fg, we read off the leading coefficient c, and since k is algebraically closed,
there is a b such that b2 “ c).

Now assume that y2 “ xN ` aN´1x
N´1 ` ¨ ¨ ¨ ` a0 where the polynomial on the right call it fpxq has no

repeated roots (if it has, we can again muldify y to eliminate it). Now consider the curve C 1
0 in A2

k cut out
by y2 “ xN ` aN´1x

N´1 ` ¨ ¨ ¨ ` a0 or in other words, by y2 ´ xN ` aN´1x
N´1 ` ¨ ¨ ¨ ` a0 “ 0, we know

that since this has no repeated roots, after we compute the derivative with respect to x, there is no place
where it vanishes, thus there are no singular closed points, thus C 1

0 is a regular curve, thus normal. Then we
know that C 1 and C0 are both normalizations of A1

k in the finite extension of function field generated by y
(both of them have the same function field). Therefore, we know that C 1

0 and C 1 are isomorphic, therefore,
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we have obtained a explicit construction of C 1 over A1
k. Now consider the branch points, of C 1

0 Ñ A1
k, which

are points whose inverse image is only one point. Consider the diagram below of fibers:

krys{py2 ´ fpaqq k

krx, ys{y2 ´ xN ` aN´1x
N´1 ` ¨ ¨ ¨ ` a0 krxs

xÞÑa

we know that the fiber has 1 point, since k is algebraically closed, iff when fpaq “ 0 where fpxq “ xN `

aN´1x
N´1 ` ¨ ¨ ¨ ` a0. Therefore, we know that the branch points of A1 are exactly the roots of f .

Now we consider the case over P1
k. Notice that there are two affine covers of P1

k, the first one is Speckrxs

and the other one is Speckrus and the two are glued using u “ 1
x . Now suppose that:

C Ñ P1
k

is a double cover, then we know that if you consider the corresponding morphism from the inverse image
to Speckrxs and to Speckrus, they are also finite and the degree is also 2 since the degree can be computed
using inverse image of closed points and valuations. Then we know how C Ñ P1

k looks like over each of the
two affine covers A1 by the discussion we had before and the only problem is how to glue them together.

Recall that since the function field of C is the same as those of the inverse image over the two A1
k, thus

we can apply the same argument to Speckrus and obtain that C2 Ñ Speckrus is just:

SpecrZ, us{pZ2 ´ pu´ 1{p1q ¨ ¨ ¨ pu´ 1{prqq

Here we have to use the reciprocal of pi since if we are think that the function field extension in the following
diagram:

kpxq K

kpuq

x ÞÑ 1
u

thus we know that u is mapped to the inverse of x thus we know that y2 “ fp 1
u q, then we use Z instead of

y and get the above description. Notice that we can modify this ideal: pZ2 ´ pu ´ 1
p1

q ¨ ¨ ¨ pu ´ 1
pr

qq and it’s

ppp´1qr
ś

piqZ
2 ´ urfp1{uqq. Therefore, to glue them, we have the following picture:

krZ, us{pp´1qr
ś

piqZ
2 ´ urfp1{uq krZ, u, 1

u s{pp´1qr
ś

piqZ
2 ´ urfp1{uq kry, x, 1x s{y2 ´ fpxq kry, xs{y2 ´ fpxq

krus kru, 1
u s krx, 1x s krxs

xÞÑ 1
u

and we need a k-algebra isomorphism in the middle on the top row such that the square in the middle
commutes.

I now claim that this translates to the following situation: we need that in KpCq, i.e. the function field
of C, the following equation holds:

z2 “ urfp1{uq “ fpxq{xr “ y2{xr

where z is obtained by multiplying Z by a square roof of p´1qr
ś

pi. This is because if there is such a ring
isomorphism (k-algebra isomorphism), then we know that x is already determined to go to 1

u , thus we don’t
have a choice for 1

x as well, therefore we can only determine y such that y2 ´ fpxq goes to 0. Then in the
function field, y2{xr “ fpxq{xr is mapped to urfp 1

u q “ z2, thus we know that in the ring morphism y2

should be mapped to z2xr. In other words, where y2 should go is already determined, then if this equation
y2 “ z2xr has a solution, for example when r is even, we can take y “ ˘zxr{2 and these two gluing result in
the same C (differ by an automorphism of C over P1, notice that this minus sign gives an isomorphism on
the gluing it’s y, z that are affected by the minus sign, thus you can project u, x down to P1 without being
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affected), thus we are done if we can prove this is an isomorphism. Notice that it’s easy to see that this is
a surjective morphism, and by computing the transcendence degree of the function field, we know the two
rings are of the same dimension and they are integral domains, thus we know that this is an isomorphism
since surjective morphism between integral domains of the same dimension is an isomorphism.

However, this r is odd, I claim that there is no solution of y2 “ xrz2, i.e. there is no such gluing and this
the content of the following proposition:

Proposition 5.3. Suppose that chark ‰ 2, then x doesn’t have a square root in the field kpxqrys{py2 ´fpxqq

where f is a polynomial with nonzero roots p1, ¨ ¨ ¨ , pr

Proof. Let’s first consider the following question: I claim that
?
3 is not in the field Qp

?
2q. Recall that this

is a degree 2 extension of Q, therefore a basis is 1,
?
2, then we know that every element is uniquely of the

form a` b
?
2, then if

?
3 is in this field, we know that a2 ` 2b2 ` 2ab

?
2 “ 3, therefore we know that ab “ 0

by comparing the coefficients, then a2 ` 2b2 “ 3 and a “ 0 or b “ 0, therefore we are just asking if there is
a rational number x such that x2 “ 3 or x2 “ 3

2 , and the question is transferred back to Q, and the answer
is no.

Back to our question, we know that every element in the field can be written as a ` b
a

fpxq, and if x
has a square, we know that:

a2 ` b2fpxq ` 2ab
a

fpxq “ x

then we are just asking is there is an element n in kpxq such that n2 “ x or n2 “ x
fpxq

and there is no such

element and we can use the fact that krxs is a DVR and we know that for every n P kpxq, the valuation of
n2 in kpxq should be even, but we know that x has valuation 1 at x “ 0, contradiction. Then when f has
non zero roots, we know that x

fpxq
has valuation 1 at x “ 0.

Then we explain why this helps us to answer the question: whether xrz2 or equivalently y2{xr is a square
or not in KpCq. Recall that KpCq can be viewed as the field kpxqrys{py2 ´ fpxqq, and when r is odd, we
know that if y2{xr is a square, then pa` b

a

fpxqq2 “ y2{xr, or in other words, we know that:

a2 ` fpxqb2 “ fpxq{xr

and a “ 0 or b “ 0, then if b “ 0, we are asking if a2 “ fpxq{xr. I claim that in our case, x “ 0 is not a
root of fpxq, and if this holds, we know that the valuation of fpxq{xr at x “ 0 is odd, thus not a square. To
see this, recall that in our preparation, we already used a automorphism of P1 and avoided x “ 0 and u “ 0
being a branch point, therefore we are done.

Remark 5.4. For future reference, we write down here the explicit description (two affine) of the hyperelliptic
cover C Ñ P1:

krx, ys{py2 ´ fpxqq kru, zs{pz2 ´ urfp 1
u qq

krxs krus

z ÞÑ
y

xr{2

x ÞÑ 1
u

Now we go back to the proof of the Riemann-Hurwitz formula:

Proof. Our explicit description of the double cover of P1 indicates that first, the brach points can only be
even and larger than 2 on P1 for algebraically closed field. This will correspond to 2g ` 2 for g ě 0.

Now, our strategy is to watch every such double cover C Ñ P1
k with 2g` 2 branch points, and prove that

the genus of C is g. Recall that this explicit description of C using two affine covers helps us to compute
everything using Cech complex, thus g “ h1. Therefore, let’s consider the Cech complex:

0 k krx, ys{py2 ´ fpxqq ˆ kru, zs{pz2 ´ urfp 1
u qq

pkrx, ys{py2 ´ fpxqqqx 0

d

and we need to compute the cokernel of d to figure out the dimension of h1.
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First, I will let you think about why there is a basis consisting of xnym with n P Z and m “ 0, 1 for
pkrx, ys{py2 ´ fpxqqqx. Then notice that the morphism krx, ys{py2 ´ fpxqq Ñ pkrx, ys{py2 ´ fpxqqqx can gives
you all the basis xnym for n being a nonnegative integer and y “ 0, 1. Then if you think about the map
kru, zs{pz2 ´ urfp 1

u qq Ñ pkrx, ys{py2 ´ fpxqqqx since z is mapped to y
xr{2 , you get all the basis x´np

y
xr{2 qm.

Thus you can see that all the basis that the linear combinations are missing are x´1y, x´2y, ¨ ¨ ¨ , x´ r
2 `1y,

thus the dimension is r
2 ´ 1 “ g ` 1 ´ 1 “ g, we are done.

Remark 5.5. As a consequence of the hyperelliptic Reimann-Hurwitz formula, we can obtain curves of each
genus if we work with an algebraically closed field of characteristic not 2. To be precise, we have already
proved that there are double cover C Ñ P1 that branch at 2g` 2 points for each g ě 0 and the genus of the
curve C is g, thus we have obtained curves for genus g ě 0.

We will later show that every genus g ď 2 curve over an algebraically closed field of characteristic not
2 can be obtained using this description. However, for g ą 2, we will later give you a vague evidence that
most of the curves don’t arise as a hyperelliptic curve.

Proposition 5.6. A regular, projective, integral curve C of degree at least 1 over an algebraically closed
field has a double cover of P1 iff it admits a degree two invertible sheaf L with h0pC,Lq “ 2.

Proof. Let’s first assume that C admits a double cover of P1, then we want to show that it has a degree
2 line bundle with exactly 2 linearly independent global sections. We know that it has at least 2 linearly
independent sections, that is the pullback of x0 and x1. This is because this morphism, being a degree 2
cover, is surjective, thus the pullback of x0 and x1 will not vanish at exactly the same locus, thus they are
not independent. Now I claim that it only has these two linearly independent sections. To see this, first
notice that L is base point free and then notice that h0pC,Lppqq ´ h0pC,Lq “ 1 since h0pC,Lppqq is base
point free, then we can keep going by tensoring with Oppq as tensor of base point free is base point free, then
we know that h0pC,Lpnpqq ´ h0pC,Lq “ n and we know that when n is large enough, the degree of Lpnpq

is large enough, then we can compute the global dimension using:

h0pC,Lpnpqq “ degL ` n´ g ` 1

and we know that its at most 2 ` n, then we know that h0pC,Lq is at most degL. Then if we can prove
that degL is 2, we are done. Recall that since C is regular, we can compute the degree of the line bundle
using global section. Then we can pullback global sections of Op1q and use it to compute the degree. Recall
that this is a degree 2 cover and the branch points are only finite, we choose one of the non branch points
and conclude that the inverse image are two points, and we know that the valuation of that global section
at that point are both going to be 1. Or you can also use branch points to do this, but this time, the inverse
image is only of point, but the valuation there is going to be 2, thus no matter how you compute the degree,
it’s going to be 2.

Conversely, suppose that it has a degree 2 line bundle with global section of dimension 2. Let’s first
prove that it’s base point free, thus giving a morphism to P1, and it’s automatically finite, similarly, you can
compute the degree using inverse images and valuation to show that this morphism is of degree 2. To prove
it’s base point free, let’s assume that for the sake of contradiction, there is a base point of L, then we know
that the dimension of Lp´pq is still 2 whose degree is 1, but we already saw that if C is not isomorphic to
P1, and degree 1 line bundle can not have dimension 2 global sections, a contradiction since the genus of C
is 1, not isomorphic to P1. We are done.

Remark 5.7. In the process of proving this above proposition, we actually proved that if C is of genus at
least 1, then any degree 2 line bundle that has at least 2 linearly independent sections at most have 2 and
it’s base point free, and it gives a hyperelliptic map.

Proposition 5.8. Assume g ě 2, if L correspond to a hyperelliptic cover C Ñ P1, then Lbg´1 » ωC .

Proof. Recall that if L is a degree 2g´ 2 invertible sheaf with g independent sections (or at least g since it’s
either g or g ´ 1), is isomorphic to the dualizing sheaf. Therefore this is our goal.

Now to prove this, we compose the hyperelliptic map with the g ´ 1 Veronese embedding:

C P1
k Pg´1

k
π |Opg´1q|
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then we know that this morphism correspond to the linear series of Lbg´1. Now notice that the degree of L
is 2, which can be still computed using the pullback of global sections, therefore we know that the degree of
Lbg´1 is 2g ´ 2. Then if we can show that it has g independent sections, we are done.

We only have to show that it at least have g independent sections since we know that it at most has g
independent sections. I claim that the pullback map H0pPg´1,Op1qq Ñ H0pC,Lbg´1q is injective, then since
the dimension of H0pPg´1,Op1qq is g, we are done. Suppose that x is in H0pPg´1,Op1qq such that f˚x is
0. If you examine what this means, if it vanishes, we know that this morphism is degenerate and conversely,
if it doesn’t vanish, it’s not degenerate. Therefore, we only have to show that this is not degenerate. The
reason is simple, we know that Veronese embedding is a complete linear series, thus not degenerate and π is
surjective, thus the composition is not degenerate.

Remark 5.9. The fact that H0pPg´1,Op1qq Ñ H0pC,Lbg´1q is injective immediately implies that it’s an
isomorphism, thus this composition morphism is a complete linear series and you can also use this to show
that it’s not degenerate.

Now we can classify hyperelliptic curves over an algebraically closed field not of characteristic 2:

Proposition 5.10. Any curve C of genus at least 2 admits at most 1 double cover of P1. More precisely, if
L and M are both line bundles that gives a degree 2 morphism to P1

k (then automatically the degree of L
and M is 2 and they have exactly 2 linearly independent sections), then L » M.

Proof. Before we proceed, we need to make a remark, the morphisms C Ñ P1 defined by L and M could
differ by an automorphism of P1, and you will see this feature in the proof.

Recall that if we consider some complete linear series |L|, which gives you a morphism X Ñ Pn, this is
actually not a one hundred percent clear statement, since and I will let you think why this actually represent
morphisms to Pn modding out automorphisms of Pn (they are in bijection with PGLn), or in other words,
two such morphism can differ by an action of something in PGLn.

Then we know that if you have two line bundles L,M, then you can compose it with this g´1-th Veronese
embedding and the result will be a morphism to Pn induced by ωC , then they differ by an automorphism of
Pn, then the following diagram is commutative:

P1
k Pg´1

k

C

P1
k Pg´1

k

vg´1

automorphism

vg´1

automorphism

where we can choose the automorphism of P1
k to make the square commute. This is because the automor-

phism of Pg´1
k preserves the image of P1

k. Notice that the automorphism can be written as a matrix in PGL2,
say it’s:

B “

„

a b
c d

ȷ

Recall that this matrix acts three transitively on P1, therefore, we only need to make sure where p1 “ r1 :
0s, p2 “ r0 : 1s, p3 “ r1 : 1s are mapped to uniquely determine B, but we know that the automorphism
preserves vg´1, then say we call if α, we only need to find where αpvg´1ppiqq goes, we are done.

This also proves that L » M and details are left for you.

Remark 5.11. This morphism determined by the dualizing sheaf ωC , or sometimes called the canonical
bundle, is called the canonical morphism(modding out the automorphism of the target). We will use this
a lot when we discuss curves of other genus, and especially elliptic curves.

Recall that when we constructed the hyperelliptic cover π : C Ñ P1, we saw that for each even number of
branch point on P1, there is exactly one nontrivial, automorphism of C over P1(i.e. the one where we choose
the negative sign instead of the positive sign and obtain another gluing), and this is called the hyperelliptic
involution, denoted by ι:
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Proposition 5.12. Suppose that C is a hyperelliptic curve of genus at least 2, then the hyperelliptic
involution commutes with any other automorphisms of C.

Proof. Suppose that g is an automorphism of C, we just want to show that:

g ˝ ι ˝ g´1 “ ι

If we can prove that this is still an automorphism of C over P1, we are done, since we know that this is of
order 2 (conjugation preserves order), we are done since there is only one nontrivial order two automorphism
of C over P1, i.e. ι.

To show this is indeed an isomorphism over P1, notice that π ˝ g is a degree 2 finite morphism to P2,
then since we know that there is a unique automorphism ϕ of P1 such that we know that:

π ˝ g “ ϕ ˝ π

Therefore we know that if we compute:

π ˝ g ˝ ι ˝ g´1 “ ϕ ˝ π ˝ ι ˝ g´1 “ ϕ ˝ π ˝ g´1 “ π ˝ g ˝ g´1 “ π

we are done.

Remark 5.13. By what we have discussed in this section (the following will only be a vague discussion
since we didn’t laern any thing about moduli spaces at all), we find that given any 2g ` 2 points on Pn,
we can modulo the symmetric group S2g`2 (as the order of this points is not important), then mod out the
automorphisms of P1, and we get all the degree g ě 2 hyperelliptic curves. Therefore, in some sense, you
find that the dimension of the space of hyperelliptic curves is 2g ` 2 ´ dimAutP1

k “ 2g ´ 1.
After you learn moduli spaces, you can make this discuss precise.

6 Curves of Genus 2

Remark 6.1. In this section, we will start officially study positive genus and investigate curves of genus 2.
The reason we skip curves of genus 1 is because that the theory of genus 1 curves are very rich so we will
later discuss them in great details and since curves of higher genus is not related to genus 1 in any essentialy
way, we can fist end our discussion on higher genus and come back to genus 1.

Genus 2 curves don’t have quite enough interesting properties we can say now, thus we first start with a
general comment:

In general, curves can have quite different behaviors due to different genus. For example, we know that a
genus 0 curves (projective, gr,gi) can have infinitely many rational points (k-valued points), and so is genus
1 curves, which you will see later when we study elliptic curves. But by Flating’s theorem, people know that
curves of genus at least 2 only have finitely many rational points. Therefore, before the proof of Fermat’s
last theorem, we know that in P2, since the curve xn ` yn “ zn for n ě 4 has genus pd´ 1qpd´ 2q{2 ą 1, we
know that the rational solutions is only finitely many.

In the language of complex geometry, this result is know as that Riemann surfaces of genus 0 are positively
curves, Riemann surfaces of genus 1 are flat, while if the genus is at least 2, it’s negatively curved. In terms
of automorphism groups, you will see that for genus at least 2 curves, the automorphism group is finite, for
genus 1, it’s dimension 1 and for genus 0 curves over algebraically closed field (which is P1), it’s automorphism
group is PGL2 which is of dimension 3.

Now we go back to genus 2 curves: Fix a curve C of genus 2, then it’s canonical bundle has degree
2g ´ 2 “ 2, and I claim that it’s base point free. This is because it has g “ 2 sections, and we know that
for a curve of genus at least 1, any degree 2 line bundle on C with at least two sections only have these two
sections, and is base point free and gives a hyperelliptic map.

Now we assume we work over an algebraically closed field k “ k. Then we have classified all double
covers of P1 and given such a cover π : C Ñ P1, we know that it comes from a degree 2 line bundle on C
with at least 2, thus only two sections. And since genus is 2, we know that this sheaf is the dualizing sheaf.
Then consider the following map:
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tgenus 2 curves over k “ ku Ñ tgenus 2 double curves of P1u{PGL2

where C is mapped to the morphism induced by ωC . And our discussion shows that this is a bijection, as
the inverse is given by π : C Ñ P1 is mapped to C. Checking that going from right to left and then to right
is the identity is the hard part, I will let you do it, but the key here is to recall that on C, since it’s genus is
at least 2, double cover to P1 defined by the same line bundle only differs by an isomorphism on P1. These
above discussion doesn’t use the Riemann Hurwitz formula, bu if we assume further that the field is not of
characteristic 2 as well, we can apply the Riemann-Hurwitz formula and conclude that each genus 2 curve
branch over P1 at 2 ˆ 2 ` 2 “ 6 points. And we have a informal discussion last section that there will be a
2g ´ 1 “ 3 dimensional space of genus 2 curves. This is not precise, but the following proposition is precise:

Proposition 6.2. Fix an algebraic closed field k of characteristic not 2, there are infinitely many pairwise
nonisomorphic genus 2 curves over k.

Proof. We still need to assume characteristic not 2 in order to use Riemann Hurwitz formula. Recall that
given any 6 points on P1, there is exactly one such genus 2 curve C, and we know that for any automorphism
of P1, you will also obtain isomorphic C. Therefore, our task is to make precise the following statement:
Even if we quotient out the automorphisms of P1, there are still infinitely choices of 6 distinct points on
P1. This is easy actually, since we know that automorphism on P1 is strictly transitive. Then if we fix 5
points and let one vary, it has infinitely many choices and strict three transitive guarantees that there is no
automorphism on P1 such that we can get one configuration from another.

This is enough, as we know that if two genus two curves are isomorphism over P1, modding out auto-
morphisms of P1, we have the following diagram:

C1 C2

P1 P1

»

π1 π2

»

then the branch points of π2 is taken to branch points of π1 by an automorphism of P1.

Proposition 6.3. any genus 2 curve over a field not of characteristic 2 has a finite automorphism group.

Proof. Let’s first prove this over the algebraic closure of k, then recall that the following fibered product:

Ck Ck Speck

C C Speck

»

»

it gives you a map from AutpCq Ñ AutpCkq. I claim that this morphism is injective, this is because tensoring
with K is faithfully flat.

Therefore we know that if AutpCkq is finite, then AutpCq is finite.
Now assume k is algebraically closed, we need to prove the automorphism group is finite. Now suppose

that α is an automorphism of C, then the following diagram is commutative:

C C

P1 P

π

α

π

σ

where σ is the unique automorphism of P1 such that this diagram is commutative. This gives you a group
homomoprhism:

AutpCq ãÑ AutpP1q
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Now, given such an α, say the branch locus is B, consisting of six points, we know by the above diagram
that σpBq “ B, therefore, we have a homomorphism to permutation group of order 6:

ψ : AutpCq Ñ S6

Then consider the following SES:

1 Ñ kerψ Ñ AutC
ψ
Ñ Imψ Ñ 1

Let’s compute the kernel. Suppose that α1, α2 is mapped to the same σ (we can assume this again because
automorphisms of P1 are strictly 3-transitive.) Then we have the following diagram:

C C

P1 P

π

α1

α2

π

σ

If you examine what happens, you find that the following commutes:

C C

P1

π

α1˝α´1
2

π

thus it’s either the hyperelliptic involution or the identity, thus the kernel is of rank 2, thus we know that
the number of elements in the automorphism is at most 2 ˆ 6!, we are done.

7 Curves of Genus 3

We will begin with a general discussion of curves of genus g ą 1 and then specialize to g “ 3.

Proposition 7.1. Assume k “ k (which can be removed and you will see why in the proof), suppose that
C is a curve of genus g ą 1, then if C is not hyperelliptic, the dualizing sheaf gives a closed embedding
C ãÑ Pg´1.

Proof. Recall that the line bundle Opp`qq if of degree 2, then we know that if Opp`qq has at least 2 linearly
independent sections, C is hyperelliptic, thus by our assumption, it can only have 1 or 0 independent sections.
Then recall that for a line bundle L, if we can prove that:

h0pC,Lq ´ h0pC,Lp´p´ qqq “ 2

for any closed points p, q not necessarily distinct, then it induces a closed embedding. Thus we need to show
the above quantity holds, or we can split it into two equations:

h0pC,Lq ´ h0pC,Lp´pqq “ 1 h0pC,Lp´pqq ´ h0pC,Lp´p´ qqq “ 1

Now if L is the dualizing sheaf, we need to show that h0pC,ωCp´p ´ qqq “ g ´ 2. Or we need to show
that h1pC,ωCp´pqq and h1pC,ωCp´p ´ qqq “ 0. Using Serre duality, we know that this converts to show
that h0pC,Oppqq “ 1 and h0pC,Opp ` qqq “ 1. But this suffice to show only the second, since we know
that a degree one line bundle on a curve not isomorphic to P1 at most have 1 dimensional sections, and if
h0pC,Opp` qqq “ 1, we know that h0pC,Oppqq ‰ 0 and we are done.

Remark 7.2. The corresponding statement on non algebraically closed field need the assumption of gr,gi
and we can base change to do the above argument.

Definition 7.3. Such a curve embedded in Pg´1 via the dualizing sheaf, also known as the canonical line
bundle, is called a canonical curve and the closed embedding is called a canonical embedding.
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Now we go back to our study of genus 3 curves. First, a genus 3 curve could be hyperelliptic, and suppose
that we work with algebraically closed fields of characteristic not 2, we have a pretty good understanding
of these hyperelliptic genus 3 curves already. Therefore, let’s think about those non-hyperelliptic genus 3
curves. Now ωC is a line bundle of degree 4, with 3 linearly independent sections, therefore, we know from
the first proposition in this section that: if C is not hyperelliptic, then the canonical bundle expresses C as
a closed embedding in P2, whose degree is 4. Now I prove that all this is a quartic curve in P2. To do this
we will use a similar method that proved all genus 0 curves are conics in P2. Consider ωb4

C , it has degree
16 ą 4, therefore the dimension of global sections is h0pC,ωb4

C q “ deg ´ g ` 1 “ 16 ´ 3 ` 1 “ 14. Now
consider Sym4H0pC,ωCq, which has dimension 15, then the canonical map:

Sym4H0pC,ωCq Ñ H0pC,ωb4
C q

has a nontrivial kernel, therefore, we conclude that it’s contained in a quartic, then to show they are
the same, we only need to show that their Hilbert polynomial agrees for large m. Notice that the Hilbert
polynomial is linear, since the support is both 1 dimensional, then we know that we only have to show the
constant term agrees. Now, notice that the curve is regular and integral, thus you know that topologically
C is an irreducible component of V pfq, and scheme theoretically, it’s the unique reduced closed subscheme
whose underlying topological space is that component. We know that topologically, if we write the irreducible
component of f , C is one of them, but this will contradict with the degree of C, therefore C can only be
V pfq, we are done.

Conversely, we know that any integral quartics in P2, as a closed embedding has degree 4, thus the
line bundle that embeds it into P2 has degree 4, and it has genus 3, and I claim that this line bundle has 3
sections. To see why, this line bundle is actually the pullback of Op1q, i.e. i˚Op1q, now consider the following
SES of the effective Cartier divisor (any quartic H is an effective Cartier divisor)

0 Ñ Op´4q Ñ O Ñ O|H Ñ 0

Now twist it by Op1q, we get:

0 Ñ Op´3q Ñ Op1q Ñ i˚OH b Op1q Ñ 0

Using the projection formula, we know that the last term is:

i˚pOH b i˚Op1qq

Then we take the associated LES using some vanishing and cohomology is invariant under pushforwards
by closed embeddings, we are done. Therefore, this closed embedding is given by a degree 4 line bundle
with exactly 3 sections. If we assume that we work with algebraically closed field, then this integral quartic
has an invertible sheaf, which is the only degree 4 line bundle with 3 sections, thus this integral quartic is
canonically embedded.

Remark 7.4. The above argument shows that any nonhyperelliptic curve, modding out automorphisms of
P2, can be expressed as a regular integral quartic in P2 in essentially one 1 way.

And in particular, since there are regular integral quartics, there are nonhyperelliptic genus 3 curves.
Informally, just like what we did for hyperelliptic curves, we can try to get a space of nonhyperelliptic

genus 3 curves. We already know that it’s in correspondence with regular integral quartics in P2 quotient
the automorphism groups of P2, i.e. PGLp3q. The space of quartics in P2 is of dimension 15, but we need
regular quartics, which is characterized by the Jacobian condition, which makes the dimension drops by 1,
then we quotient out the automorphism group, which is of dimension 8, then in the end, we get a space that
is of dimension 15 ´ 1 ´ 8 “ 6.

Now given the fact that the space of nonhypereeliptic genus 3 curves is of dimension 6, since we also
know that the dimneison of hyperelliptic genus 3 curves is 5, we seem to get a simple classification of genus
3 curves. But there is actually more to it, as in some sense, hyperellptic curves is a limit of non-hyperelliptic
curves, therefore the space of genus 3 curves can be viewed as a single space of dimension 6, but these
discussion in details go far beyond what we want to say here.
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There is another question of genus 3 curves that is interestingl i.e. are there any genus 3 curves with
no nontrivial automorphism groups. We already know that that for hyperelliptic genus 2 curves since the
hyperelliptic involutio is nontrivial, there is always a nontrivial automorphism. But we show below that
there are certain nonhyperelliptic genus 3 curves such that there are no nontrivial curves. The first thing
you need to notice is that automorphisms of C, as C can be embedded to P2 as a quartic, can be viewed
as automorphisms of P2 that preserves C, this is because if α is an automorphism of C we think about the
following diagram:

C C

P2 P2

i

α

i

»

where the automorphism down below, say denoted by σ, is the unique such that this diagram commutes.
Moreover, notice that this diagram is Cartesian and you can directly check it by hand by verifying the
universal property.

Conversely, if σ is given that preserves C, then if we think about C as V pfq in P2, then we know that
there is a diagram:

V pfq V pfq

P2 P2

»

»

induced by an isomorphism of the graded ring(here this automorphism between V pfq exists because as the
automorphism preserves V pfq, it preserves it as a set, then since we know that the image of V pfq is the
image of P2 ´Dpfq, which is P2 ´Dpφpfqq “ V pφpfqq “ V pfq where φ is the isomorphism of graded rings.
Recall that pfq is a prime ideal since V pfq is C which is irreducible closed, therefore V pfq “ V pφpfqq implies
that pφpfqq “ pfq, then since they are not zerodivisors, we know that φpfq “ kf for some constants k, we
are done.). Then this diagram gives a unique automorphism between C by C » V pfq. I claim the above
two constructions are inverses, and I will let you check why this is true.

Then by the above argument, we know that if we want to find such a genus 3 curve that only has trivial
automorphism group, we need to find automorphisms of P2, which has the property that if it preserves C
then it’s the identity. Our guess is that there has to be some quadric that satisfies this property, but in order
to find one of such regular integral quartic needs work and Poonen gives such an example in characteristic
0:

y3z ´ 3yz3 “ 3x4 ´ 4x3z ` z4

I will not let you verify this, but the following statement is interesting:

Proposition 7.5. Suppose that C is an irreducible smooth projective curve with no nontrivial automor-
phisms, then no two distinct open subsets of C are isomorphic.

Proof. Suppose for the sake of contradiction that there are two of such nonempty opens that are isomorphic,
say we have an isomorphism f : U » V , then consider f : U Ñ C, we know that by repeated applying the
Curve to Projective theorem (smooth implies regular), we get an extension f : C Ñ C. Then we consider
the inverse g : V » U , which extends to g : C Ñ C. Now if you compose f ˝ g and g ˝ f , you find that
they are identity on a dense open, i.e. the intersection U X V , then since we know that C is proper, thus
separated, therefore we know that morphism that agrees on dense opens agrees everywhere, thus f, g are
nontrivial automorphisms, a contradiction.

There are also genus 3 curves that has nontrivial automorphisms, for example, hyperelliptic curves. And
people have also found nonhyperelliptic such curves, for example, there is the so called Klein quartic:

x3y ` y3z ` z3x “ 0

in P2
C, which has 168 automorphisms, which is the unique finite simple group of order 168 and later, if we

assume that automorphism groups of genus at least 2 curves are finite, we can prove that no genus 3 curves
can have more automorphisms.
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8 Curves of Genus 4 and 5

Again, we consider nonhyperelliptic curves of genus 4, then we know that the dualizing sheaf is of degree
6 and has 4 sections, thus the canonical embedding i : C Ñ P3 describes i as a degree 6 curves in P3,
and we shall see that all such curves are complete intersections of quadric surfaces and cubic surfaces and
conversely all complete intersections of quadric surfaces and cubic surfaces will be genus 4 nonhyperelliptic
curves, canonically embedded.

To begin with, notice that the pullback of Op1q is of degree 6 and since the pullback morphism is injective,
we know that it has at least 4 sections, thus it’s the canonical line bundle, then using Riemann-Roch and
Serre duality:

h0pC, i˚Op2qq “ h0pC,ωb2
C q “ 12 ´ 4 ` 1 “ 9

On the other hand, we know that h0pP3,Op2qq “
`

3`2
2

˘

“ 10, therefore we know that the pullback map:

H0pP3,Op2qq Ñ H0pC, i˚Op2qq

has a nontrivial kernel, and say a quadric f is in that kernel, we know that the embedding is scheme-
theoretically contained in V pfq. Recall that a quadric can only be either a double plane, or the union of two
planes or a cone or a regular quadric. Since this embedding is not degenerate, we know that this quadric
can not be a union of planes or a double plane, therefore we can assume that it’s either a cone or a regular
quadric, and in particular, we know that Q is irreducible.

It’s not possible that C is contained in the intersection of two such quadrics since we know that if Q1, Q
are distinct such quadrics, then Q1 X Q is a curve since they are both irreducible, thus not containing the
generic point of the other and they don’t have embedded points, therefore we know that by Bezout’s theorem,
the closed embedding Q1 XQ has degree 4 “ 2ˆ2, then since the degree of C is 6 ą 4, it will not be contained
in QXQ1.

Next, we consider cubic surfaces, again, we know that h0pC,ωb3
C q “ 18 ´ 4 ` 1 “ 15 and SymH0pC,ωCq

has dimension
`

3`3
3

˘

“ 20, therefore consider:

Sym3H0pP3,Op1qq H0pP3,Op3qq

Sym3H0pC,ωCq H0pC,ωb3
C q

»

since the bottom has a kernel of at least dimension 5, the vertical map on the right has a kernel of at least
dimension 5, thus we know that the canonical embedding is contained in cubic of dimension 5. Now, since
this embedding is contained in Q, then we can multiply this by linear terms ax` by` cz` dw and conclude
that in these 5 dimensions, 4 of them comes from Q, and there is another cubic that is not divisible by Q,
thus we take that cubic and denote it by K, we know that K XQ is a complete intersection since Q and K
shares no components and hypersurfaces have no embedding points, therefore, we know that the degree of
K X Q is just 2 ˆ 3 “ 6 and so is C and C is contained in K X Q. Moreover, we know that the genus of
K X Q, as what we have computed before, is 4, therefore the degree and the genus completely determines
the Hilbert polynomial since the polynomial is nothing but a linear one. Therefore C and K X Q has the
same Hilbert polynomial, therefore, they are the same.

We now show the converse, i.e. all irreducible regular complete intersections of C of a quadratic surface
with a cubic surface is canonically embedded. Notice that it’s of genus 4 since it’s a complete intersection.
Then we will show:

Proposition 8.1. OCp1q has at least 4 sections, thus since it’s of degree 6, it’s the canonical curve.

Proof. We only need to show that the pullback map is injective, or equivalently, C is not degenerate. Suppose
that for the sake of contradiction, we assume that it’s contained in a hyperplane, then we know that Q and
K, the quadric and cubic, can’t be divisible by the hyperplane say H, otherwise, we know that this will
not be a complete intersection. Let’s assume that K is not divisible by H, then the intersection H X K is
complete, thus has degree 3. And we know that k X H contains K X pK X Qq. But this is a contradiction,
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since they both had dimension 1 and the degree K X Q is 6 while something larger only has degree 3, a
contradiction, this also holds if we assume that Q is not divisible by H. Therefore a contradiction always
happens if we assume K XQ is contained in a hyperplane, we are done.

In particular, the above theorem shows that the line bundle OCp1q is the unique line bundle that has
degree 6 and 4 sections, thus the canonical line bundle.

Now we go to the discussion of genus 5 curves and then end the discussion by briefly looking at what
happens for larger genus in general. We still try to understand nonhyperelliptic curves in terms of complete
intersections. But unfortunately, things already start to get a little bit messy at genus 5:

Proposition 8.2. Let C be a nonhyperelliptic curve of genus 5, then the canonical embedding is of degree 8
and it’s going to lie in the intersection of three quadric surfaces (not necessarily equal and this intersection is
not necessarily complete) in P4. Conversely, any irreducible regular complete intersection of three quadrics
will be canonically embedded as a degree 8 genus 5 curve.

Proof. Recall let’s first consider the following map:

Sym2H0pC,ωCq Ñ H0pC,ωb2
C q

The stuff on the left has dimension is 5 ` 4 ` 3 ` 2 ` 1 “ 15 and the stuff on the right has dimension
deg ´ g ` 1 “ 16 ´ 5 ` 1 “ 12, therefore we know that the kernel is at least of dimension 3. Therefore this
canonical embedding lies in at least a three dimensional space of quadrics and we pick three independent
sections. Notice that we know that any of these quadrics can not be a union of two lines or double lines since
the embedding is nondegenerate, therefore we can assume that Q1, Q2, Q3 doesn’t contain the component
of each other. But we don’t know whether the intersection is complete or not, since we don’t know if Q3

contains components of Q1 XQ2 or not.
But if there is an irreducible regular intersection of three quadrics, I claim that it’s going to be be

canonically embedded as a genus 5 curve. Again, we only need to show that the line bundle OCp1q has 5
sections, or in other words, this complete intersection is not degenerate, we use a similar argument as above
to show this, the genus is 5 can also be computed using an earlier result.

Sadly, when g ě 6, our luck of describing nonhyperelliptic curves using complete intersections has run
out:

Proposition 8.3. Say C Ă Pg´1 is a canonical curve, then it’s not a complete intersection for g ě 6. Notice
that the degree of this embedding is 2pg ´ 1q and if it’s a complete intersection, since it’s not contained in
any hyperplane, those in the intersection should be quadrics or higher degree, but even if we assume that
they are all quadrics, the degree is 2g´2, when g “ 5, this is the last g such that 2pg ´ 1q and 2g´2 could be
equal, and for g ě 6, 2g´2 is always larger than 2pg ´ 1q, we are done.

These are basically all we can say for curves of higher degrees for now without the knowledge of stacks
or moduli spaces. There are some particular cases where we can indeed say something, for example a del
Pezzo surface, but we will discuss these stuff later after we know what is differentials and blow-ups. For
now, let’s just be satisfied with what we have done and move to the discussion of genus 1 curves, on which
we spend the rest of the notes:

9 Curves of Genus 1

The plan is we will present the theory by discussing line bundles of gradually increasing degree. Recall that
degree d line bundles on C are denoted by PicdC.

Suppose that C is of genus 1 and L is a line bundle of degree 0, which is of degree 2 ˆ 1 ´ 2, then we
know that the canonical bundle is of degree 0 and it has 1 sections, thus ωC » OC . This is not saying that
there are not degree 0 line bundle without nontrivial global sections, this is just saying that one important
property of genus 1 curves is that the structure sheaf is the dualizing sheaf.

Now we move to line bundles of higher degree. Notice that if degL ą 0, then we can compute the global
sections using degree, then we know that:

h0pC,Lq “ degL
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9.1 Line Bundles of Degree 1

Recall that a degree 1 point p defines a degree 1 line bundle by taking the associated line bundle of this
effective Cartier divisor Oppq, and we know that for different p, q, Oppq is not isomorphism to Opqq. This
is because that if they are isomorphic, then the section that vanishes at p also vanishes at q as L only has
one independent section of any degree 1 line bundle. Then conversely, given such a line bundle L, we can
compute the degree using any global section, that we know that the only independent section vanishes at a
degree 1 point at order 1, and we already know that in this case, Oppq » L.

Therefore we know that we have a canonical bijection between degree 1 line bundles (mod the isomor-
phism, thus actually the bijection is from Pic1C) and degree 1 closed points.

Definition 9.1. An elliptic curve is a genus 1 curve E with a choice of k-valued point p. This choice of
point p is also part of the definition of an elliptic curve and elliptic curve is not just a synonym for genus 1
curves.

An elliptic curve is always denoted by E instead of C.

Remark 9.2. If we don’t work with algebraically closed field, there could be no k-valued points at all for a
genus 1 curve. For example, consider the curve:

y2 “ ´x4 ´ 1

in A2
Q. It’s obvious that it doesn’t even have any R-valued point, therefore not Q-valued point. It’s genus 1

since it’s part of a hyperelliptic genus 1 curve over P1
Q that branches over 4 points. Therefore, this is another

warning that elliptic curves are not just a genus 1 curve.

If pE, pq is an elliptic curve, there is a canonical bijection between the set of degree 0 invertible sheaves
(up to isomorphism, thus still from Pic0E) to the set of degree 1 points of E:

L Ñ divpLppqq q ÞÑ Opp´ qq

Recall that degree 0 line bundles form a group under tensor product, so we have proved the following
result:

Proposition 9.3. The above bijection determines a abelian group structure on the set of degree 1 points
on E, with the identity p.

So from now on, we will identity closed points of E with degree 0 line bundles without comment. For
the time being, this bijection is just a bijection of groups, but we know that E has much richer structure,
i.e. E itself is a variety, thus we should be motivated to think that there is some scheme structure on Pic0E
and this is indeed true after we develop enough backgrounds and this bijection of sets can be upgraded to
an isomorphism of schemes.

9.2 Line Bundles of Degree 2

Notice that Op2pq has two sections for degree 1 point p, therefore since the genus is 1, we have proved that
it admits a double cover of P1 and we know that one of the ramification point will be p as there is a section
of Op2pq that vanishes only at p with order 2, and say that via the pullback map, some linear form is pulled
back to that section, then the vanishing locus of that linear form is going to be a brach point. If we assume
further that k “ k and chark ‰ 2, we can apply the Riemann-HUrwitz formula and conclude that E has
four ramification points p and three others. Conversely, given any 4 distinct points of P1, there is a unique
double cover with genus 1.

Therefore, given an elliptic curve pE, pq, you can obtain an hyperelliptic map with one ramification
point being p and given a hyperelliptic map and a choice of one of the four branch points, we obtain an
elliptic curve. Up to automorphisms of P1, we know that elliptic curves pE, pq correspond to the choice of
4 points in P1, one marked by P , mod automorphism of P1 (can you figure out why we need to quotient
automorphisms?).

Proposition 9.4. The other three ramification points correspond to the 2-torsion points on E, i.e. those q
such that Opqq is not isomorphic to Oppq, but Op2pq » Op2pq.
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Proof. Suppose that q is another ramification point, thus p ‰ q, then we know that Oppq is not isomorphic
to Opqq. Now we consider the pullback of Op1q via the double cover, and I claim this pullback is isomorphic
to Op2pq and Op2qq, thus concluding that Op2pq » Op2qq.

To see this, notice that we pullback is isomorphic to the line bundle that is determined by the divisor
computed using any global section(since everything is regular here, thus normal), then we know that there
are sections of the pullback that vanishes at 2p and 2q, therefore, we are done.

Also, if we assume that q is a 2-torsion point, i.e. Op2pq » Op2qq, then we know that the double covers
π, π1 : E Ñ P1 defined using Op2pq and Op2qq differs by an automorphism of P1, and q is going to be a
ramification point of π1, then using the following diagram:

E

P1 P1

π π1

»

we know that q is also a ramification point of π.

Therefore, (again assume k “ k and chark ‰ 2), every elliptic curve has exactly four 2-torsion points,
one being the identity and three others. All ramification points of the double cover to P1.

Remark 9.5. An elliptic curve with full level n-structure is an elliptic curve with an isomorphism of it’s
n-torsion points with pZ{nq2. In particular, we know that a an elliptic curve with full level 2-structure has
2-torsion points isomorphic to pZ{2q2. The algebraic structure of pZ{2q2 and the fact that there are always
4 distinct 2-torsion points implies that once we give an order to these four points, it’s naturally isomorphic
to pZ{2q2.

Now we insist the assumption that k is algebraically closed and not of characteristic 2. Say pE, pq is an
elliptic curve and we consider the double cover E Ñ P1 given by Op2pq. Let’s label the other three branch
points by Q1, Q2, Q3, and we know that there is a unique automorphism of P1 that takes P,Q1, Q2 to 8, 0, 1
respectively, then say Q3 is taken to some number λ where we know necessarily λ ‰ 0, 1,8.

This value λ is called the cross-ratio of the four points pP,Q1, Q2, Q3q in P1. This number λ is useful
since we have the following result:

Proposition 9.6. Isomorphism classes of of four ordered distinct closed point on P1 over an algebraically
closed field, up to automorphisms of P1 is classified by cross-ratio.

Proof. Let’s first be specific about what is an isomorphism class of four ordered distinct four points up to
automorphisms of P1. Two sets of four ordered distinct points on P1, pP1, P2, P3, P4q and pQ1, Q2, Q3, Q4q

are isomorphic if there is an automorphism of P1 such that under this automorphism Pi is mapped to Qi.
Then we know that if they are isomorphic, then they have the same cross-ratio.

Conversely, suppose that they have the same cross-ratio, we know that this implies that the last point
in the two sets is mapped to the same point in P1 if we insist the first three are mapped to 8, 0, 1, then we
can use this to give an automorphism such that the image of this first set is the second.

Proposition 9.7. The cross-ratio of pa, b, c, dq is the same as that of pb, a, d, cq and further more, if we
consider the action of S4 acting on the cross ratio, then when we restrict to V4 Ă S4, the Klein 4 group, it’s
trivial.

Proof. To prove this, we view the cross-ratio in a different way. Say P P PGL2pkq is:

P “

„

x y
z w

ȷ

Then we know that if the homogeneous coordinate of a point is ra : bs, then it’s taken to rxa` yb : za`wbs.
Then since we are only interested in the ratio:

xa` yb

za` wb
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in the end, let’s use the coordinate t “ a
b where t P kYt8u, and we can write this as a Mobius transformation:

t ÞÑ
xt` b

zt` w

when t “ 8, we define it to be x
z , and when the numerator is 0, we define it to be 8. Then I will let

you check that this is consistent with any possibilities and we can now assume that a, b, c, d are numbers in
k Y t8u. (You should also be aware that since P is invertible therefore z, w are not 0 simultaneously and
since we know that zt`w could be 0, then z is not 0.) The condition we are imposing says that xa`y

za`w “ 8,
xb`y
zb`w “ 0 and xc`y

zc`w “ 1, and we are interested in what is xd`y
zd`w . Notice that za ` w “ 0 xb ` y “ 0 implies

that this Mobius transformation can be written as:

t ÞÑ
xpt´ bq

zpt´ aq

then when t “ c, it’s mapped to 1 implies that x
z “ c´a

c´b , therefore we know that d is mapped to:

c´ a

c´ b

d´ b

d´ a

When d “ 8, we see the result is c´a
c´b , which is consistent.

Then with this description, we see that there are certain permutations of a, b, c, d that doesn’t change
the cross-ratio, i.e. those in S4 that are two distinct two cycles. We are done.

Remark 9.8. Notice that if we fix our elliptic curve pE, pq and the double cover E Ñ P1. If we now map
P,Q2, Q1 to p8, 0, 1q, then you can check that Q3 is mapped to 1 ´ λ, this is because, we are in this case,
considering the cross-ratio of pP,Q2, Q1, Q3q, thus by the formula we just established, it’s:

P ´Q1

Q2 ´Q1
¨
Q2 ´Q3

P ´Q3

And the cross-ratio of pP,Q1, Q2, Q3q is:

P ´Q2

Q1 ´Q2
¨
Q1 ´Q3

P ´Q3

You can check that the sum is:

´pP ´Q3 `Q3 ´Q1qpQ2 ´Q3q ` pP ´Q3 `Q3 ´Q2qpQ1 ´Q3q

pQ1 ´Q2qpP ´Q3q
“ 1

And you can also try to map pP,Q1, Q3q, pP,Q3, Q1q, pP,Q2, Q3q and pP,Q3, Q2q to p8, 0, 1q, you will get
the cross-rations 1

λ , 1´ 1
λ ,

1
p1´λq

and λ
λ´1 . But these are all the same elliptic curve, it’s just we are choosing

different orders of Q1, Q2, Q3, therefore, there will be |S3| “ 6 possible cross-ratios, all related to each other.

This result is already very satisfactory since if you want to check if two elliptic curves are isomorphic or
not, you can consider their double cover to P1, and if since we know that to determine if they are isomorphic
or not, automorphisms of P1 doesn’t matter, therefore, we know that we only have to think about if it’s
possible to bring the branch points of pE, pq to branch points of pE1, p1q, and we know that they can be
checked using cross-ratio, and since there is the question of how to choose the order, we know that you only
need to check all the six possible cross-ratios.

Well, we can actually be more greedy and ask instead of 6 cross-ratios, can we actually find a single
valued criterion to determine whether two elliptic curves are isomorphic or not. This is possible and it will
be called the j-invariant, or we want to have such a j that jpλq “ jpλ1q iff:

λ1 “ λ,
1

λ
, 1 ´ λ, ¨ ¨ ¨

i.e. iff two elliptic curves are isomorphic. You can try to figure out what is this function and there are
indeed some work you need to do if you are the first one who tries to do this and there are some philosophy
that can help you find this j, but it’s not super important, and we just hand you such a function:

j “
28pλ2 ´ λ` 1q3

λ2pλ´ 1q2
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9.3 Line Bundles of Degree 3

Consider the degree 3 invertible sheaf Op3pq, by Riemann-Roch, we know that it has three sections and it
thus gives a morphism to P2

k, also, since this is a line bundle that has degree larger than 2, thus it’s very
ample and every morphism it gives using all the linearly independent sections will be a closed embedding.
Therefore, we have described C as a degree 3 curves in P2, then we can use similar method to prove that
it’s contained in a cubic curve and since the genus of this cubic curve is p3 ´ 2qp3 ´ 1q{2 “ 1, and degree is
3, therefore we know that this degree 3 embedding is a cubic curve. Now, recall that the pullback map is
injective since this closed embedding is not degenerate, therefore for dimension reasons, it’s an isomorphism.
Then since we know that the inverse image of the place where a section of Op1q vanishes will be the locus
where the pullback vanishes, we take the section that is pullback to the section where it vanishes at p of
order 3, say it’s a linear homogeneous polynomial f , then consider the line V pfq, we know that V pfq only
meet E at p, therefore we know from Bezout’s theorem that the scheme theoretic intersection is of degree
3 “ 3 ˆ 1.

Remark 9.9. This remark is not essential.
Recall that when we discuss the smooth variety in An cut out by f , we defined the tangent line of V pfq

at a k-valued point(where V pfq is not contained in the tangent line), from the point of view of what we
know right now we can think of this as the intersection of V pfq and a hyperplane in the projective space
and the we restrict to the standard affine open D`pxiq. Then we know that this intersection is at least of
degree 2. We now extend this definition, and say that as long as the intersection of a smooth curve with a
line is of degree at least 2 at a point, the line is called a tangent line, and if the intersection is one point and
the degree is at least of degree 3, the line is said to be a flex line.

Now, we can choose an automorphism of P2 such that p is now r0 : 1 : 0s, and we know that the line
V pfq should vanish at r0 : 1 : 0s, therefore, it has no y term, and we know that we can further choose this
automorphism such that r0 : 1 : 0s is preserved by the line is not z “ 0. Then we consider what is the cubic
of pE, pq in P2. First, we know that when x “ z “ 0, the cubic vanishes at y “ 1, therefore we know that this
cubic has no y3 term. Furthermore, I claim that it has no x ´ y cross term since we know that z “ 0 only
intersect this cubic at one point r0 : 1 : 0s and if there is any cross term, since the field is algebraically closed,
there will be another intersection point. Then, we also know that the coefficient of x3 is not 0, otherwise
it’s contained in V pzq. Now I claim that the coefficient of y2z is not 0 since otherwise, the curve is singular
at x “ z “ 0, then by scale z, we know that we can assume that the coefficient of y2z is ´1. Now if the
characteristic is not 2, by further apply an automorphism of P2, we can replace y by y`?x`?z and so that
the coefficient of xyz, yz2 are 0. If the characteristic is not 3, we can apply another automorphism that maps
x to x`?z and fixes y, z, so that xz has coefficient 0, therefore in the end, we can represent this elliptic curve
by:

y2z “ x3 ` axz2 ` bz3

with the flex line z “ 0. This is called the Weierstrass normal form of the elliptic curve.

Remark 9.10. We can recover the hyperelliptic form from the Weierstrass normal form by the following
procedure.

Recall that there is a rational map P2 99K P1 defined from D`pxq Y D`pzq Ñ P1. You should think of
this map as defined by map of graded rings:

krx, zs Ñ krx, y, zs x ÞÑ x, z ÞÑ z

We know that this ring morphism gives you a morphism:

P1 ´ V px, zq “ D`pxq YD`pzq Ñ P1

You can also try to think of it using sections of line bundles, i.e. we know that x, z on P2 gives a rational
map from D`pxq XD`pzq to P1.

Then via the closed embedding E ãÑ P2, notice that the the locus where E lie in V pxq Y V pzq is the
closed point r0 : 1 : 0s, therefore, we get a morphism:

E ´ tpu Ñ P1
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then recall that P1 is projective with no embedded point, therefore the curve to projective theorem tells you
that this extends to a honest morphism E Ñ P1. I claim that this is the hyperelliptic cover, i.e. it’s induced
by the line bundle Op2pq. To see why, notice that in the composition:

E ´ tpu Ñ D`pxq YD`pyq

is just the restriction of the map E ãÑ P2 to D`pxq Y D`pzq, then we compose with the morphism to P1,
you can think of this as still defined by Op3pq, but only the two sections, i.e. the pullback of x, z on Op3pq.
The reason why this doesn’t give a morphism from E to P1 is because the pullback of z vanishes at p with
order 3 and the pullback of x vanishes at p with order 1. We already know that pullback of z vanishes at p
with order 3, the reason the pullback vanishes at p with order 1 is becasue the we know that V pxq intersect
with E for at least 3 closed point, then we know that if we compute the degree of the morphism using the
pullback of x, we need to compute for at least 3 points, thus each of those 3 points contribute at most 1
vanishing order.

Knowing this, recall that we can view the global sections of Op3p ´ pq as a space of Op3pq,consisting of
those that vanish at p, thus the pullback of x, z are in the global sections of Op2pq, and this time, x, thought
as a section in Op2pq doesn’t vanish at p, otherwise it’s vanishing order is 2, thus Op2pq gives you a honest
morphism to P1 and we know that away from p, Op2pq » Op3pq, thus we know that the morphism defined
agrees on E ´ tpu, we are done, thus the hyperelliptic map is the extension of E ´ tpu Ñ P1 we obtained
before.

To see more explicitly how this works, say the Weierstrass normal form is:

y2z “ x3 ` axz2 ` bz3

I claim one of the two affine description of the hyperelliptic double cover is obtain by setting z “ 1, i.e. the
hyperelliptic map restricted to two affines can be viewed as:

Speckrx, ys{py2 “ x3 ` ax` bq

The reason is very simple: we already saw that the morphism E Ñ P1 defined by Op2pq restricted to D`pzq,
if the same as the morphism E ´ tpu Ñ P1 defined by x, z restricted to D`pzq.

But we will not be able to obtain the other affine description by a similar method since we know that
the hyperelliptic map E Ñ P1 only agrees with the morphism E ´ tpu Ñ P1 on a set not including p. This
doesn’t matter since we know that for hyperelliptic maps, we only have to know it on one such affine, as the
gluing is going to be either the involution or the trivial gluing.

The reason we are explaining this here is that, this tells you that the j-invariant can be expressed by a, b
in the Weierstrass normal form by the above discussion, I will not let you do it and it’s listed below:

jpa, bq “
2833a3

4a3 ` 27b2

The following exercise is interesting:

Proposition 9.11. The three torsion points on E are precisely those flex points on E.

Proof. Let q be a three torsion point, by definition, this implies that Op3q ´ 3pq is trivial. I want to claim
that this q is a flex point, or in other words, we need to find a line V pfq in P2 such that V pfq X E is only
q. To see why, notice that Op3qq also induced a closed embedding of degree 3 into P2, then we know that
there will be something in the global section of Op1q such that the pullback only vanishes at p, for degree 3,
we are done.

Conversely, say q is a flex point, under the closed embedding to P2 induced by Op3pq, and the line
that only meets E at q for degree 3 is V pfq, then we know that there will be a global section of Op3pq

whose associated divisor is 3q, then we know by the correspondence between line bundles and divisors that
Op3qq » Op3pq.
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9.4 Group Law: Geometrically

Recall that we described all the closed points on E as a group abstractly using line bundles. Now using the
Weierstrass form, we can do this in a geometric way(actually we don’t really need this Weierstrass coordinate,
as you will see in the discussion below).

Recall that in the Weierstrass coordinate, the identity in the group law, p, is the only closed point that
meets the line V pzq. Then now if we assume that another line V pfq meets E at three points p1, p2, p3, since
the total degree is 3, the vanishing degree at each point pi is 1. Then we can say by the correspondence
between divisors and line bundles:

Opp1 ` p2 ` p3q » Op3pq

Notice that this translate to p1 ` p2 ` p3 “ 0 in the group. Then say q a point on E that is different
from p, then we can consider the line pq, now what we know is that there are two possibilities: The first is
the intersection only has two points, then we know that Op2p` qq or Opp` 2qq is Op3pq, i.e. we know that
either q “ 0 or 2q “ 0, but the first case is not possible, since we assumed that q is not p, the second case
implies that the inverse of q is itself. Another possibility is that the intersection has p, q, r three points, then
r is going to be the inverse of q.

If we want to know what is q ` s for q ‰ s, we only need to look at the line qs, if we want to know what
is 2q “ r. We can use the tangent line at q, then if the line intersects only at q with degree 3, then q is a
three torsion point, if not since we know that the intersection degree at q with the tangent line is at least 2
(this is because that if we want to show that f vanishes to order 2 at a k-valued point pk1, ¨ ¨ ¨ , knq, we first
can assume that pk1, ¨ ¨ ¨ , knq “ 0 by a linear change of coordinates(it doesn’t affect the derivative), then
we know that we need to first verify fp0, ¨ ¨ ¨ , 0q “ 0, then we want to prove that it doesn’t have any linear
terms, but is equivalent to the second partial derivative vanishes, we are done.)

What is worth-noting is that we can tell anyone this rule of inverses and additions and and they can
understand this pretty easily if there are familiar with projective space. But then you will have to prove
that this is indeed a group law, which is had to verity without the help of line bundles.

9.5 Line Bundles with Higher Degree

We can keep increasing the degree of the line bundle we can study E using Op4pq, which is a line bundle of
degree 4, and we want to study the closed embedding it gives to P3:

Proposition 9.12. The above closed embedding is the complete intersection of two quadrics in P3.

Proof. The argument is very similar to what we saw before, you first show that it’s a dimension at least 2
vector space of quadrics and use the fact that this embedding is not degenerate to conclude that the two
quadrics we choose are irreducible, then use Bezout’s theorem to conclude that the degree is 4 and the genus
is 1, then they have the same Hilbert polynomial, we are done.

The story doesn’t end here, for example, we can try to study the closed embedding given by Op5pq, but
as the degree gets higher, the situation gets quite complicated. We will choose to omit the related discussions
and move on to something that is not useful and interesting.

10 Elliptic Curves are Abelian Varieties

The main goal of this section is to show that elliptic curves are group varieties. Before we head to the real
content, we first discuss a little bit on group varieties and abelian varieties.

We first discuss group objects in a category C: Say that C is any category with a final object Z and with
products. Then a group object in C is an object X along with three morphisms:

1. Multiplication: m : X ˆX Ñ X.

2. Inverse: i : X Ñ X.

3. Identity element: e : Z Ñ X, not the identity map!

33



These morphism are required to satisfy the following properties:

1. Associativity axiom: The following diagram commutes:

X ˆX ˆX X ˆX

X ˆX X

mˆid

idˆm m

m

This correspond to the fact that multiplication in a group is associative.

2. Identity axiom:

X » Z ˆX
eˆid
Ñ X ˆX

m
Ñ X

is equal to:

X » X ˆ Z
idˆe
Ñ X ˆX

m
Ñ X

and they are both equal to the identity object. This correspond to the fact that multiply by the identity
element on the left or right is the identity.

3. Inverse axiom:
X ˆX

iˆid
Ñ X ˆX

m
Ñ X

and
X ˆX

idˆi
Ñ X ˆX

m
Ñ X

are both X Ñ Z
e

Ñ X. This is the fact that in a group the element times it’s inverse on the left or
right are both the identity element.

Using this definition, you can easily see that group objects in the Category of Sets is the same as the
usual groups.

Definition 10.1. A group scheme is a group object in the category of schemes, a group scheme over a ring
A or a scheme S is a group object in A-schemes or S-schemes.

Now let’s look at a few example to get you familiar with this notion:

Proposition 10.2. A1
Z is a group scheme.

Proof. To show it’s a group scheme, we need to first determine what are the three morphisms.
For the identity morphism, we define it to be:

SpecZ Ñ A1
Z

induced by Zrxs Ñ Z where x ÞÑ 0. For the multiplication, we define it to be:

Zrxs Ñ Zrxs bZ Zrys “ Zrx, ys

where x ÞÑ x` y. You can also view this as map x ÞÑ xb 1` 1b x. Finally the inverse is given by x ÞÑ ´x.
Then I will let you check the corresponding axioms.

Proposition 10.3. If G is a group object in a category C, then for any X P C, the object MorpX,Gq has a
natural structure as a group and this group structure is preserved by pullback.

Proof. We define the multiplication map by f, g is mapped to fg where fgpxq “ fpxq ¨ gpxq, or you could
view it as defined by the following diagram:

X X ˆX GˆG G∆ fˆg m
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Notice that the composition of ∆ with f, g can be viewed as the morphism induced by f : X Ñ G and
g : X Ñ G. The inverse is defined by:

X G G
f i

and the identity morphism in MorpX,Gq is:

X Z G
f

To prove this satisfies the axioms, for example, to verify the associativity axiom, I will let you figure out
how to use the following diagram

X

X ˆX ˆX X ˆX

GˆGˆG GˆG

X X ˆX GˆG G

∆

fˆgˆh

idˆ∆

fˆpgˆhq

idˆm

mˆid

∆

∆ˆid

pfˆgqˆh m

Proposition 10.4. The group structure on X “ A1
Z and the previous proposition gives a group structure

on ΓpX,OXq “ Zrxs that is the same as the addition structure on Zrxs.

Proof. Recall that MorpX,Xq “ ΓpX,OXq. Then via the previous proposition, we know that if f, g P

ΓpX,OXq we want to compute the product, then what you do is looking at the following composition:

Zrxs Ñ Zrxs b Zrys
f,g
Ñ Zrxs b Zrys Ñ Zrxs

Then x ÞÑ pxb 1 ` 1 b yq ÞÑ pf b 1 ` 1 b gq Ñ f ` g where the morphism in the middle is defined by:

Zrxs b Zrys Zrys

Zrxs Zrxs b Zrys Zrys

Zrxs Z

g

f

Remark 10.5. Similarly, we can try to define abelian group objects in any category or ring objects
in any category, these are all defined using a similar idea as the definition of group objects, where you just
need to generalize the usual set definition to category.

For example, if you want a definition of abelian group structure, first it’s a group object, but the multi-
plication morphism need to satisfy one more axiom, i.e. the commutativity axiom:

GˆG

GˆG GˆG G GˆG G

G Z

p1

p2p2ˆp1

p1ˆp2 m
p2

p1

where I require the first morphism factor via the coequaliser diagram (or in other words, m ˝ pp1 ˆ p2q “

m ˝ pp2 ˆ p1q) and p2 ˆ p1 is defined in the diagram next to it.
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There is a more functorial way to understand group schemes:

Proposition 10.6. Suppose that we have a contravariant functor F from the category of schemes to the
category of groups, suppose further that after we compose the forgetful functor, this functor is representable
and represented by an object Y , then the group operations on F pXq as X varies through Sch uniquely
determines group structure on Y such that induced group structure on MorpX,Y q is the same as F pXq.

Proof. Since that F is represented by Y , we know that there is a functorial isomorphism:

MorpX,Y q » F pXq

functorial in X. Let’s assume that the multiplication map on F pXq is(after transferring it to MorpX,Y q,
notice that the new group law on MorpX,Y q may not be the usual one):

m : MorpX,Y q ˆ MorpX,Y q Ñ MorpX,Y q

This will be functorial in X since F is a contravariant functor to the category of groups, thus F pfq : F pXq Ñ

F pZq for a morphism f : Z Ñ X will be morphism of groups, thus the following diagram is commutative:

F pXq ˆ F pXq F pXq

F pZq ˆ F pZq F pZq

and you can then translate it to a daigram of MorpX,Y q,MorpZ, Y q.
Notice that there is a natural bijection:

MorpX,Y q ˆ MorpX,Y q » MorpX,Y ˆ Y q

functorial in X, then we can consider the map:

MorpX,Y ˆ Y q Ñ MorpX,Y q

As it’s a composition of maps functorial in X, it’s also functorial in X, thus by Yoneda’s lemma, this is
induced by a morphism Y ˆ Y Ñ Y , this will be the candidate for the multiplication map and I claim that
it is. Well too see this, you need to prove that a certain diagram of Y is commutative and what is available
for us is a similar diagram, but for MorpX,Y q is commutative, for all X:

MorpX,Y q ˆ MorpX,Y q ˆ MorpX,Y q MorpX,Y q ˆ MorpX,Y q

MorpX,Y q ˆ MorpX,Y q MorpX,Y q

mˆid

idˆm m

m

but I will let you figure out why we can convert that diagram to the commutativity of following diagram:

MorpX,Y ˆ Y ˆ Y q MorpX,Y ˆ Y q

MorpX,Y ˆ Y q MorpX,Y q

˝pmˆidq

˝pidˆmq

but this diagram commutes for all X implies that the original diagram commutes. You will use the similar
method to obtain the inverse and identity and check the corresponding diagram is commutative.

Therefore, you obtained a group structure on Y , which is forced upon you by the group structure of F pXq

for each X. We still need to check that the group structure on MorpX,Y q induced by the group structure
on Y is the structure on F pXq, but this is just a tautology and I will let you check is if you like to.
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Remark 10.7. Combine what we have developed in the above two propositions, we get a clearer picture.
What you should think is that we have known the fact that A1

Z is the scheme that represents the the global
section functor:

F : X ÞÑ ΓpX,OXq

from the category of schemes to the category of groups and the fact that A1
Z is a group scheme. These

two facts are both easy to establish separately, but what we have shown above tells you that these two are
not separated and in fact they are consequences of each other and this relation can be generalized to any
category.

Given a group scheme Y , you know that it represents a functor to the category of groups, i.e. Morp´, Y q.
Moreover, you find that this functor is actually represented by Y . Conversely, given a representable functor F
from the category of schemes to groups, we find that the representing object Y is a group object and moreover,
Morp´, Y q has exactly the same group structure as we started with. Therefore, these two constructions are
kind of inverses of each other.

Moreover, our experience tells us that the idea can work further than just groups, and you should expect,
for example, F is a representable functor from schemes to some category that is set with some additional
structures, then the representing object should have similar properties.

Example 10.8. Let’s see a few example and try implementing our idea from the above proposition.
The first example is our old friend A1

Z, we know that it represents the function of global sections and we
want to use this fact to give a group structure on A1

Z. First, to obtain the multiplication map, we need to
consider:

MorpX,A2
Zq Ñ MorpX,A1

Zq

and this morphism comes from:

MorpX,A1
Zq ˆ MorpX,A1

Zq Ñ MorpX,A1
Zq

where the morphism that correspond to pf, gq is mapped to the map that correspond to f ` g. Then we
know that the morphims X Ñ A2 that corresponds to x ÞÑ f and y ÞÑ g goes to the morphism X Ñ A1

where x ÞÑ f ` g. And we know that this holds for each X and is functorial, therefore, this correspond to a
morphism A2 Ñ A1 where we know it must be x ÞÑ x ` y. Therefore, the multiplication map is forced by
the group structure on MorpX,A1

Zq.
Another example is Gm “ SpecArt, t´1s where A is a ring. I claim that this is also a group scheme. To

see this, notice that MorpX,Gmq for any A-scheme correspond to t ÞÑ f where f is a invertible element in
ΓpX,OXq. Or in other words, we know that MorpX,Gmq “ ΓpX,OXqˆ. It has a natural group structure
given by multiplication, thus we will assume that Gm also has a well defined group structure by what we
have seen. Indeed, I will let you figure the multiplication map is:

SpecArt, t´1, s, s´1s Ñ SpecArt, t´1s

where t is mapped to ts. The inverse is t ÞÑ t´1 and the identity is the natural SpecA Ñ Gm.
The last example is the GLnpAq group. It’s defined to be:

GLnpAq “ SpecArxij ,∆
´1s

where xij are nˆn variables and ∆ is the formal determinant of these variables. This group scheme is called
the general linear group because you can see that an A-morphism from X to GLnpAq corresponds to choose
n ˆ n functions in the global sections of X such that the determinant of which doesn’t vanish. Let’s try to
figure out the product, inverse and identity. To figure out the product, as usual we need to look at:

MorpX,GLnpAq ˆ GLnpAqq Ñ MorpX,GLnpAqq

where the first morphism correspond to choose 2ˆnˆn global functions onX such that the determinant of the
first and second nˆn functions fij , gij doesn’t vanish. Then it’s mapped to a morphism X Ñ GLnpAq where
the n ˆ n functions comes from the matrix that is the product of pfijq and pgijq. Thus, the multiplication
map:

GLnpAq ˆ GLnpAq Ñ GLnpAq

is just xij maps to rpxijqpyijqsij , i.e. the ij-th element of the matrix. The remain stuff is left to you.
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Another advantage of this functorial point of view is that is allows us to prove abstract statements easier:

Proposition 10.9. Product of group objects can be interpreted as group objects.

Proof. Say X,Y are both group objects, then we know that Morp´, Xq and Morp´, Y q are both functors
from the category of schemes to the category of groups.

We only need to show that Morp´, X ˆ Y q is also a functor to the category of groups. But notice that
you have a canonical isomorphism:

Morp´, X ˆ Y q “ Morp´, Xq ˆ Morp´, Y q

the you give it the product group structure, we are done.

There is also a natural notion of morphisms of group objects:

Definition 10.10. Suppose that C is any category and X,Y are group objects in C. We say that a morphism
f : X Ñ Y in C is in fact a morphism of groups objects if it commutes with the multiplication morphism, in
the sense that the following diagram commutes:

X ˆX Y ˆ Y

X Y

fˆf

mX mY

f

Remark 10.11. In fact, just as in the category of groups, if a map preserves multiplication, then it auto-
matically preserves inverse and identity, we can prove similar stuff here.

to prove it preserves inverse, we want to show that the diagram involving inverse commutes, and we
translate is to the commutativity of:

Morp´, Xq Morp´, Y q

Morp´, Xq Morp´, Y q

˝f

˝iX ˝iY

˝f

Here the ˝iX and ˝iY will be the inverse of the group structure on MorpX,Y q. But recall that f preserves
multiplications implies that the following diagram commutes:

Morp´, X ˆXq Morp´, Y ˆ Y q

Morp´, Xq Morp´, Y q

˝pfˆfq

mX mY

˝f

but this diagram can be translated to the commutativity of the diagram that express the group structure
of Morp´, Xq and Morp´, Y q, then we have translated everything to the category of groups and things are
much easier here. The same strategy works for the identity morphism as well.

Example 10.12. We will show that there is a morphism of group schemes called the determinant map:

det : GLn Ñ Gm

I will give a functor morphism between:

Morp´,GLnq Ñ Morp´,Gmq

such that it’s compatible with the group structure on the object on both sides. This morphism is going to
be the determinant morphism on global section, and I will let you verify using Yoneda that this corresponds
to the morphism:

GLn Ñ Gm
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defined by t ÞÑ detpxijq. We are done.
Another example is the following morphism:

p¨nq : Gm Ñ Gm

defined by t ÞÑ tn is a morphism of group schemes(you could interpret this morphism as defined as an
A-algebra homomorphism which is determined by t ÞÑ tn, if you work over a field of characteristic dividing
n, then you could also think of this as some sort of Forbenius morphism). To check this, we again check that
if it defines a functor morphism for a functor to the category of groups.

Therefore, we need to first check that it defined a group morphism for each X, i.e. the following diagram
commutes:

MorpX,Gmq ˆ MorpX,Gmq MorpX,Gmq ˆ MorpX,Gmq

MorpX,Gmq MorpX,Gmq

the commutativity is just pfgqn “ fngn for any invertible element f, g in the global sections of X. Then you
need to show that this defines a functor morphism, i.e. the following diagram commutes:

MorpX,Gmq ˆ MorpX,Gmq MorpX,Gmq

MorpY,Gmq ˆ MorpY,Gmq MorpY,Gmq

but this is also easy to check, we are done.

Remark 10.13. Using the language of the above few propositions and examples, we can actually prove the
category of group schemes is a category, with the final object being also the initial object, thus the zero
object.

Proposition 10.14. Suppose that F : G1 Ñ G2 is a morphism of group schemes, consider the contravariant
functor:

ker : X ÞÑ kerpMorpX,G1q Ñ MorpX,G2qq

Assume further that this functor is represented by a scheme K, then it’s a group scheme, with a natural
morphism to G1 making it the kernel of G1 Ñ G2.

Proof. Recall that this functor ker has a natural morphism to Morp´, G1q, which is induced by the universal
property of kernel. If it’s representable, say by K, then we have a sequence of maps of functors:

Morp´,Kq Ñ Morp´, G1q Ñ Morp´, G2q

Let’s prove that K is in fact a group scheme, but the kernel of a group naturally induces a group structure,
thus ker can be viewed as a functor to the category of schemes that is representable, thus K has a induced
group scheme structure. Moreover, the functor morphism ker Ñ Morp´, G1q gives a natural morphism
K Ñ G1, then we only have to show that this is a morphism of group schemes that makes K the kernel.

Now surprisingly, we translate it to the category of groups using Yoneda. But what we have proved above
actually tells you that any functorial morphism in the category of groups gives you a morphism that is a
morphism of group schemes. Then to show that it’s the kernel, we need to show that it satisfies a certain
universal property, which again translates to Mor by Yoneda, we are done.

Example 10.15. The kernel of p¨nq is representable, denoted by µn. Over a filed of characteristic p dividing
n, this group scheme is not reduced.

To show this, notice that the kernel of the map of groups:

MorpX,Gmq Ñ MorpX,Gmq
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where f is mapped to fn, therefore, we know that the kernel is those functions f such that fn “ 1, i.e. all
n-th root of unity in the global sections of X. Then I claim that it’s represented by the following scheme:

µn “ SpecArts{tn ´ 1

To see why we consider the morphism of schemes Gm Ñ µn defined by t ÞÑ t, then you get a induced
morphism of the functor:

Morp´, µnq Ñ Morp´,Gmq

where f is mapped to f and fn “ 1, this is precisely the kernel functor of Morp´,Gmq Ñ Morp´,Gmq.
By a similar argument, you can show that the kernel of the determinant morphism det : GLn Ñ Gm is

also representable, which is called SLn, which is SpecArxij ,∆ ´ 1s.

There are more notions you can define, for example the action of a group scheme:

Definition 10.16. Suppose that G is a group scheme and X is an arbitrary scheme, a left action of G on
X is defined to be a morphism:

α : GˆX Ñ X

such that the following two properties hold:

1. Identity axiom: The following composition:

X Z ˆX GˆX X» eˆid

is the identity morphism X Ñ X.

2. Associativity axiom: The following diagram commutes:

GˆGˆX GˆX

GˆX X

idˆα

mˆid α

α

Remark 10.17. Similar to the notion of group schemes we can try to interpret this action using Yoneda
since everything here is just dependent on morphisms of schemes and almost everything about morphisms
can be described using Yodeda.

You will find that this is just a morphism of functors:

Morp´, GˆXq Ñ Morp´, Xq

which can be written as:
Morp´, Gq ˆ Morp´, Xq Ñ Morp´, Xq

and in the end you just obtain an action of Morp´, Gq on Morp´, Xq that is functorial. By functorial I just
means that the corresponding morphism Morp´, GˆXq Ñ Morp´, Xq is a morphism of functors.

Conversely, given such a functorial group action, you can recover this group action α : GˆX Ñ X.

Example 10.18. To given an example of actions by group schemes, I claim that a integer valued grading
on a ring A is the same as a Gm action.

To see why, say you have a Gm action on A, i.e. a ring morphism:

α : A Ñ Art, t´1s

that satisfies a two properties, i.e. the following diagram commutes:

Art, t´1, s, s´1s Art, t´1s

Art, t´1s A

α,tÞÑt

id,tÞÑts α

α
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and the following composition is the identity:

A Ñ Art, t´1s Ñ A

where t ÞÑ 1 in A. We know that this α give the image of each a P A a unique finite decomposition:

αpaq “
ÿ

nPZ
ant

n

but we also need this to be a after we apply the morphism Art, t´1s Ñ A, therefore we know that
ř

n an “ a.
One thing that is interesting is that you can see that the commutativity of the diagram is automatically
satisfied. Then we can define a grading on A by setting Ad “ ta P A : αpaq “ atdu.

Now you need to show this is indeed a grading, i.e. A decomposed as a direct sum and AiAj Ă Aij , the
second condition is easy to check, thus we only have to worry about the direct sum part. First, we already
see that every element in A has a decomposition, therefore, we only have to show that this is unique. Or
equivalently, we need to show that Ai X Aj “ 0 for i ‰ j. Say a is in Ai and Aj , then we know that the
image is both ati and atj for i ‰ j, but this only holds when a “ 0.

Now suppose that we have a grading, we want a Gm-action, we define the morphism A Ñ Art, t´1s to
be:

a “
ÿ

d

ad ÞÑ
ÿ

adt
d

This is a well defined morphism of rings and I will let you see why. I claim that this is a action of Gm, i.e.
you need to show the commutativity, i.e. if you have

ř

adt
d, then you need to show:

ÿ

ads
dtd “

ÿ

ads
dtd

which is obvious. For the composition to be the identity, this is just the definition of the grading, and thus
we get a Gm-action.

Finally, it’s easy to see that these two constructions are inverses of each other.

This is almost everything we want to say now about group schemes in general. There is definitely more
to this notion and when you learn stuff like etale cohomology, you will have a lot of chances to practice with
these kind of notions. But for now, let’s move to something that is more relevant for us. For now, we want
to work with varieties over a field k. One thing that we want to prove in the following discussion is that
proper group varieties are abelian, due to the simple rigidity lemma, here the group varieties are just group
objects in the category of varieties over a field k and in particular, it will be a group scheme.

Definition 10.19. An algebraic group over k is a smooth group variety over k.

Remark 10.20. This is a remark about some facts we won’t either use or prove, it’s here just for your
general knowledge on group varieties:

1. A group variety over a field of characteristic 0 is automatically smooth, but this is false for fields of
positive characteristics.

2. Algebraic groups are automatically quasi-projective.

3. An algebraic group is affine iff it admits a closed immersion into GLn for some n ě 0.

Definition 10.21. An abelian variety over a field k is an algebraic group that is geometrically integral
and projective over k.

As the name suggests, abelian varieties are abelian, i.e. abelian varieties are commutative algebraic
groups.

This is less tautological than you think since the two adjectives ”abelian” is used in different senses, one
is more in terms of geometric properties, i.e. geometrically integral and projective, but another one is a
completely algebraic notion. It’s somehow surprising that commutativity is forced by ”compactness”, i.e.
properness. The key result is the following called the rigidity lemma:
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Theorem 10.22. Let X,Y, Z be varieties, where X is proper and geometrically integral, with a k-valued
point p and Y is irreducible. Let pr : XˆY Ñ Y be the projection and let α : XˆY Ñ Z be any morphism
suppose that q P Y is such that α is constant on X ˆ tqu, say αpX ˆ tquq “ r P Z, then:

1. There is a morphism ψ : Y Ñ Z such that α “ ψ ˝ pr, in particular, for every q1 P Y , α is constant on
X ˆ tq1u.

2. If α is also constant on tpu ˆ Y , then α is constant on all of X ˆ Y .

The following diagram is helpful to understand what this diagram is saying:

X ˆ tqu X ˆ Y Z

q Y

α

pr
ψ

This diagram is saying that if there is such q, such that X ˆ tqu Ñ X ˆ Y Ñ Z is constant, then there is a
ψ such that the triangle on the right is commutative. Moreover, if α is also constant on the fiber over tpu,
α is constant.

Remark 10.23. The hypothesis of this theorem can be relaxed somewhat, but this version suffices for our
purpose, and when you read the proof below, you should first ignore the geometrically integral first and
assume that you are working with algebraically closed fields and integral schemes to focus on the main idea.

Example 10.24. Let’s use one example to show that the assumption that X is proper can not be removed.
Consider X “ Y “ Z “ A1

k and we define the morphism:

X ˆ Y Ñ Z

by x ÞÑ xy. Notice that if you pick q “ pxq, then we have the following diagram:

Speckrxs Speckrx, ys Speckrxs

Speck Speckrys

Then the top composition is defined by x ÞÑ 0, then you find that it’s indeed constant. But there is no ring
morphism krxs Ñ krys such that it’s composition with the canonical inclusion krys Ñ krx, ys is equal to the
morphism that is defined by x ÞÑ xy.

Now, let’s prove this theorem and you can try to interpret from the proof that where properness is
invoked:

Proof. Let’s first consider this projection map X ˆ Y Ñ Y , we will first construct a section, denoted by σp
which is pulled back from the p Ñ X. More precisely, we consider the following diagram:

Y X ˆ Y Y

p “ Speck X Speck

where we know that we can pick p “ Speck Ñ X such that the composition is the identity, which implies
that the above composition is an automorphism of Y , then pre-compose with Y Ñ X ˆY gives us a section.
This is σp fits into the original diagram:

X ˆ tqu X ˆ Y Z

q Y

α

pr σp
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Now we define β : X ˆ Y Ñ Z by β “ α ˝ σp ˝ pr. Now, if you can show that α “ β, we are done since we
can take ψ “ α ˝ σp.

To do this, we first know that X ˆ Y is still integral. This is because that geometrically integral times
integral is integral (varieties are themselves reduced). Recall that by reduced to separatedness theorem, we
only have to show that α and β agrees on a nonempty open of XˆY . Let U be an affine open neighborhood
of r, we know that α´1pZ ´Uq is a closed subset of X ˆ Y . Then as the projection pr to Y is proper (since
X is proper and proper is preserved by base change), we know that prpα´1pZ ´ Uqq is closed in Z, it’s
complement is open and contains q, then we can assume that we have an open neighborhood of q disjoint
from prpα´1pZ ´ Uqq.

Now, let γ : SpecK Ñ V be a geometric point of V , then we consider the following diagram:

Z

XK X ˆ V X ˆ Y X

SpecK V Y Speck

α

I claim that αK which is the restriction of α to XK is constant. The reason is that by definition of V ,
XK Ñ Z can be viewed as a morphism to U , which is affine, and morphisms to affine is determined by maps
of global sections. Now, since XK is integral proper over K, we know that it’s global section is K, thus we
know that a morphism XK Ñ U correspond to a k-algebra homomorphism:

A Ñ K

then we know that the kernel of this morphism is a k-algebra homomorphism, thus it factors as A Ñ k Ñ K
where k Ñ K is the structure morphism. Then we know that this is just choosing a maximal ideal in A,
thus we are done.

Similarly, we can prove that βK is also constant. Then if we can prove that they have one point whose
image is common, we can prove that αK and βK are equal as a map of sets. Recall that by definition
β “ α ˝ σp ˝ pr, thus we know that α ˝ σp ˝ pr ˝ i where i : XK Ñ X ˆ Y , then βKpxq “ α ˝ σp ˝ pr ˝ ipxq,
then if we can show that there is such a x such that σp ˝ pr ˝ ipxq “ ipxq, we are done. Recall that by our
definition of σp, if we can show that ipxq is some σppyq, then we are done and this is the content of the
following diagram:

¨ ¨ ¨ V Y p

XK X ˆ V X ˆ Y X

SpecK V Y Speck

σp

Now, I claim that the fact that αK , βk agree as a map of sets implies that they actually agree as maps of
varieties. To see why, recall that if you have a morphism X Ñ Y of varieties that is over an algebraically
closed field, then if they agree as a map of sets on closed points, they agree as morphisms of schemes. Now
the question here is that XK is over an algebraically closed field K, but Z is only over k, which is an arbitrary
field. So to apply this, we need more work. Notice that the k-scheme morphisms:

XK Ñ Z

is equivalent to a K-scheme morphism XK Ñ ZK since wecan use the universal property of fibered product
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and the following diagram:

XK

ZK Z

SpecK Speck

Notice that the morphism as a map of sets from ZK to Z is surjective, thus if two maps of sets XK to ZK
agree after apply ZK Ñ Z, then they agree before the composition, then we can use K is algebraically closed
and conclude that being equal as a set theoretic map implies that they are equal as a vairiety morphism.
Therefore, after the composition with ZK Ñ Z, we still get the same morphism.

Finally, I claim that this implies that α and β implies on pr´1V , which finishes the proof. To see this, let
E be the equaliser of α and β, which is closed (since we are working with varieties so everything is separated).
Then we consider the following diagram:

EK EV E

XK X ˆ V X ˆ Y Z

SpecK V Y

α

β

This implies that every geometric point of V lies in prpEV q, notice that X ˆ V Ñ V is also proper, thus
we know that the complement of the image of EV in V is open, but there is not a single geometric point in
that, using the fact that geometric points are dense, we know that the image of EV is all of V . Notice that
as we vary all the geometric point of V , we notice that the image of XK covers every closed point of X ˆV ,
therefore we know that the image of EV covers every closed point of X ˆ V , then since closed points are
closed and the image of EV is closed in X ˆ V , we know that EV to X ˆ V is an isomorphism. Therefore
we know that the image of E Ñ X ˆ Y covers X ˆ V , we are done.

Corollary 10.25. Let A be an abelian variety (algebraic group that is geometrically integral and projective),
and G is any group variety. Let ϕ : A Ñ G is any morphism of varieties, then ϕ is a composition of a
translation on A with a homomorphism of algebraic groups.

Let’s first be specific about what is a translation. For a group variety over k, we define a translation to
be the composition of the following morphisms:

G Speck ˆG GˆG G» m

where Speck Ñ G is a k-valued point. Then for this morphism ϕ : A Ñ G, let eA, eG be the identity
element (implicitly with morphisms Speck Ñ A,Speck Ñ G), suppose that ϕpeAq “ x, which is necessarily
a k-valued point, then I claim that there is a translation T on G such that T pxq “ eG. To see this, consider
the following composition:

Speck G Gi

where i is the inversion morphism and Speck Ñ G gives you the k-valued point x, we will call this translation
Tx´1 . I claim that the translation by this morphism gives you the desired property. To see why, let’s prove
something more general. First, fix a k-valued point x, and we denote the map Speck Ñ G by gx, if we have a
k-scheme T , then we can consider T Ñ Speck Ñ G, we call this morphism Tx then we consider the following
morphism:

MorpT,Gq Ñ MorpT,Gq

where f is mapped to:

T GˆG G
fˆTx m
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I claim that this is a natural transformation, since we know that if we have a k-scheme morphism S Ñ T :

T GˆG G

S GˆG G

fˆTx m

ϕ

pfˆTxq˝f m

and we know that pfˆTxq˝ is pf ˝ϕqˆpTx˝ϕq “ pf ˝ϕqˆpSxq, then we compose withm to getm˝pf ˝ϕqˆpSxq

but this exactly m ˝ ppf ˝ ϕq ˆ Sxq.
Therefore by Yoneda’s lemma, this is given by the composition of a unique morphism and I claim that

this morphism is the translation. Once we prove this, I claim the fact that gx´1 ˝ gx “ id is easy to prove
since all you need to do is to check that:

m ˝ ppm ˝ pf ˆ Txqq ˆ Tx´1q “ id

The key to prove this property is the associativity of the multiplication map, i.e.

m ˝ pidˆmq “ m ˝ pm ˝ idq

as morphisms GˆGˆG Ñ G. In particular, if you have some T -valued points Tx T Ñ G that comes from
T Ñ Speck Ñ G, We have:

mpTx,mpTy, Tzqq “ mpmpTx, Tyq, Tzq

this is because the first is:
m, ˝pidˆmq ˝ pTx, Ty, Tzq

while the second one is:
m ˝ pm ˝ idq ˝ pTx, Ty, Tzq

We are done.
Similarly, a homomorphism between group varieties is a morphism ϕ : G Ñ G such that ϕpa1, a2q “

ϕpa1qϕpa2q. Or if you want to make this precise, it’s the following diagram commutes:

GˆG GˆG G

G

ϕˆϕ

m

m

ϕ

Now, let go back to the proof:

Proof. Then we can assume that by composing ϕ with a translation on G, we assume that ϕpeAq “ eG. Let’s
consider the morphism:

α : AˆA Ñ G

given by αpa1, a2q Ñ ϕpa1, a2q ¨ϕpa1q´1ϕpa2q´1. Again, if you want to make this morphism precise, it’s just:

AˆA G4 G3 G
mˆiˆi m

where we map the first A to the first and third of G using ϕ and the second A to the second and forth G
using ϕ. Now if you look at what is αpteAu ˆAq or αpAˆ teAuq, you get teAu, therefore you can apply the
rigidity lemma and conclude that α is constant, therefore:

ϕpa1a2q “ ϕpa1qϕpa2q

we are done.

Corollary 10.26. Any abelian variety is an abelian group variety.
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Proof. Apply the above corollary to i : A Ñ A, since ipeq “ e, we know that i is a homomorphism, thus A
is abelian.

These are all the abstract properties we want to say about abelian varieties, now we turn to elliptic curves
again to show that they are abelian varieties. Let’s first prove that it’s indeed a group object in the category
of k-varieties. We have already seen that the degree 1 points on E forms a group and we have described this
both in terms of geometric property and in terms of abstract group law using line bundles. But if E is a
group object, we need to specify the multiplication, inverse and identity map, this is what we will do now.

Let’s do a warm-up below:

Proposition 10.27. If chark ‰ 2, 3, there is a morphism of k-varieties E Ñ E that sends all degree 1 points
to it’s inverse and this construction behaves well under field extensions of k.

Proof. When k is not of characteristic 2, 3, we can use the Weierstrass normal form and then let’s consider
the automorphism on P2 defined by the matrix:

»

–

1 0 0
0 ´1 0
0 0 1

fi

fl

Notice since the Weierstrass normal form of E is y2z “ x3 ` axz2 “ bz3, this automorphism induces an
automorphism on E, and we need to show that under this morphism, denoted by i, if q is a degree 1 point,
then ipqq is the inverse.

To see this, first notice that it preserves the identity p “ r0 : 1 : 0s. Now, suppose that q “ ra : b : cs is a
degree 1 point on E, we know that it’s inverse is computed by asking what is another point in the line qp,
but we know that if q “ ra : b : cs is on the line, we know that q1 “ ra : ´b : cs is on the line. But also notice
that q1 is the image of q under i. We are done.

Finally, the fact that this definition is independent of field extension just follows from that every morphism
we are considering here can be interpreted by a morphism induced by morphisms of graded rings, and this
is stable under field extension since you can just do it by straight-forwad computation.

To describe the addition algebraically, we will need a trick, which is the lemma below. We will give it
more generality than we need to use, but if you prefer, you can just think we are working with a regular
cubic in P2 for k “ k.

Lemma 10.28. Suppose that C Ă P2
k is a geometrically integral cubic curve (in particular, it contains no

lines, since if it does, then the defining equation F “ l ˆ Q where l is a linear and Q is a quadratic, then
topologically it’s the union of V plq and V pQq, if Q has no l factor, we know that this is not irreducible, and if
Q has, this is not reduced, either way, this is impossible), then there is a unique morphism CregˆCreg Ñ Creg

such that if p, q are distinct regular k-valued points of C, then tpp, qq is obtained by intersecting the line
pq with C and take the third point. More precisely, pq meets C at three points counted with multiplicity,
including p, q both with multiplicity at least 1, tpp, qq is the third point. This property holds after extension
to k.

Moreover, tpp, pq is where the tangent line l to C at p meets C again, or more precisely, l meets C with
multiplicity 3, including p at least 2, tpp, qq is the third point, this is also true after extending to k.

Proof. There are several preparations we need to do to prove this theorem. Let’s first prove that if p, q are
two regular points on C, then the intersection of pq with C are all regular. First, we know that C doesn’t
contain a line, thus the intersection of a line with C is of degree 3, which is the dimension of the global
sections of the closed subscheme, which is just a finite collection of closed points, thus we know that on each
closed point, it’s a vector space over k with dimension 1 or 2 or 3.

Now, if the third point r is p or q, then we are done, since p, q are regular. If not, we know that r is a
point with multiplicity 1, i.e. the dimension of the vector space over r is 1. This implies that r is k-valued
point, otherwise we know that the stuff over r is also a nonempty vector space of the residue field, if the
residue field is not k, then the dimension is never 1. This implies r is regular in C, since the codimension
of r is 1 and the dimension of m{m2 over k is 1 as well. Then recall that C is an effective Cartier divisor,
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the equation defining C is not a zero divisor locally, then we know that in a locally Noetherian scheme if a
point is regular on an effective divisor it’s regular in the original space.

Then, let’s assume that k “ k and deal with the general case later. One advantage of assuming this is
that over an algebraically closed filed, checking morphisms between varieties are equal, you only have to look
at how they map the closed points. Let’s first assume p ‰ q are two distinct regular k-valued points in C,
we will define a morphism for a neighborhood of pp, qq P Creg ˆ Creg. Or to be more precise, this pp, qq the
k-valued point in Creg ˆ Creg defined by:

tpu ˆ tqu tqu ˆ C q

C ˆ tpu C ˆ C C

p C k

notice that the stuff on the top left corner can be interpreted as k as well (k bk k is k), thus is indeed a
k-valued point in C ˆ C. We will define the morphism locally for Creg ˆ Creg Ñ Creg around pp, qq, and
since this is a morphism between varieties over algebraically closed field, we check the overlapping by see
where the map the closed points.

To do this, the first step is to choose projective coordinates of P2 one of the opens U0 “ Speckrx1, x2s

contains p, q and r and the line p, q is not vertical in Speckrx1, x2s. More precisely, we can choose a line
that misses these three degree 1 closed points, it’s possible since we are working with an infinite field. Say
this line is l0. Then we also need to choose the coordinates such that p, q in the affine chart is not vertical.
To satisfy this condition, we choose another line l1 such that l0pqql1ppq ‰ l1pqql0ppq where l0ppq is defined
by plugging in the projective coordinates of p to the linear form l0ppq. We can indeed choose such a l1 since

we know that l0pqq ‰ 0, then we only require l1ppq ‰ l1ppq
l0pqq

l0ppq
, for example, we can choose l1 to be l0 plus

some linear form l1 where l1ppq “ l1pqq and I will let you see why this works. The last coordinate l2 can
be chosen arbitrarily as long as it’s independent to l0, l1. After this new change of coordinates, the points
p, q has coordinates pl0ppq, l1ppq, l2ppqq and pl0pqq, l1pqq, l2pqqq. This coordinate works since we know that in
the affine chart D`pl0q, the coordinate of p “ pp1, p2q where p1 “ l0ppq{l1ppq and the first coordinate of q is
l0pqq{l1pqq and we choose l0, l1 such that these are not equal.

In this new coordinate and affine chart U0, C is again cut out by a cubic, which we sloppily denote
by C and Cpx1, x2q “ 0. Now suppose that P,Q are two points of C X U0, not necessarily our p, q, we
attempt to compute the intersection of PQ with C, in a way that works on an open of C ˆC that includes
p, q. We need some explicit by ugly high school algebra to explain this: In U0, the line PQ is described by
x2 “ mx1 ` b where m “

P2´Q2

P1´Q1
, this is why we need to choose the coordinate such that p1 ‰ q1, then we

know that there is a open neighborhood of pp, qq in C ˆ C such that all closed points in that open satisfies
P1 ‰ Q1 as this is an open condition. To be more precise, this condition is the complement of a closed
condition. Let’s just work locally with this affine chart Speckrx1, x2s{C, we know that the fibered product
Speckrx1, x2, y1, y2s{pCpx1, x2q, Cpy1, y2qq contains pp, qq and we consider the regular function x1 ´ y1. We
know that pp, qq is in Dpfq and any closed point in Dpfq satisfies x1 ‰ y1, thus we are done.

Now we solve for C X PQ, which requires some explicit algebra, but we can do some simplifications. We
need to substitute x2 “ mx1 ` b into the equations of C, this is a cubic in x1 i.e.:

rpx1q “ Ax31 `Bx21 ` Cx1 `D “ 0

We know that it has three roots as long as A ‰ 0, since A is a polynomial of m, b, thus a rational function
of P1, P2, Q1, Q2, therefore we are require a certain polynomial of P1, P2, Q1, Q2 is not 0, or in the fibered
product we only have to use x1, x2 and y1, y2 to substitude P1, P2, Q1, Q2. Therefore, it’s again an open
condition. Recall that Q1, P1 are two solutions of rpx1q since P,Q are on the line. Recall that the sum of
three roots of a cubic is ´B

A , thus the third solution R1 can be explicitly computed, thus R2 “ mR1 ` b.
Recall that pp, qq intersect C with degree 3, thus p, q lies in that open, thus we have produced an open
pCregXU0qˆpCregXU0q, which is an affine open (it’s actually the restriction of the morphismDˆD Ñ CXU0

where D is an affine open of C XU0 and this morphism is defined algebraically using the above formula) we
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don’t want to go to the weeds of this, but the above argument should convince you that this is an algebraic
map as it’s defined from affine to affine, using ring maps. On over laps they agree on closed points since the
above formula given is to compute the intersections point, but the intersection point is irrelevant of how you
compute it.

This finishes the proof of the proposition when k “ k and p ‰ q. Let’s try to extend this to arbitrary
fields except for k “ F2 (there will be a short discussion below about why F2 doesn’t work or more general,
if chark “ 2, it may not work). And these morphism we define are actually insensitive to field extensions.
The only place we are using algebraically closed is we want to conclude two morphisms are equal by saying
that they agree on closed points. Therefore, we can first pass to the algebraic closure and then conclude
that they are equal, but recall that for morphisms of k-schemes X Ñ Y , if they agree after base change to
l{k, then they agree before the base change, we are done.

We still need to discuss the case where P “ Q, but we can use our insight that for a regular plane curve,
tangent lines are limits of the secant, and od similar algebras, we don’t give the details here, but it’s going
to be similar to the above construction. The last possible case is where there is no such U0 such that it
contains p, q, r. I claim that there is always such a U0 when the field has at least 3 elements, but it maybe
bad if k “ F2. If there are at least 3 elements in the field, and p, q, r are colinear, say on the line L. Notice
that except the point p0, 0, 0q, if you solve:

ax` by ` cz “ 0

you get a two dimensional space, thus if F2 “ k, there are only three points on the line, and any other line
that intersects with L intersects at exactly one point, thus there is not way that there is a line missing p, q, r.
But if there are at least 3 point, we have 5 points on the line, we can choose a point on the line that is not
p, q, r, and let the line be a line passing through that point intersecting L exactly at that point.

Remark 10.29. To solve the case where k “ F2, we need to use some insight from descent theory, we don’t
include it here, but the above lemma remains true even if k “ F2.

We now can use the above lemma to define the group variety structure on E:

Proposition 10.30. Suppose that pE, pq is an elliptic curve (geometrically regular, integral projective curve
with genus 1 and a choice of a k-valued point p), take the Weierstrass embedding of E in P2

k, via the complete
linear series |OEp3pq|, we define three morphisms:

1. Identity morphism:
Speck Ñ E

where the image is p.

2. Inverse morphism i : E Ñ E where q ÞÑ tpp, qq, or more precisely i is the composition:

E Speck ˆ E E ˆ E E» eˆid t

where t is the morphism we get by applying the previous proposition to E, which is a regular cubic
which is geometrically integral in P2

k.

3. Multiplication morphism is defined by E ˆ E Ñ E where pq, rq is mapped to tpp, tpq, rqq, or more
precisely it’s the composition of:

Speck ˆ E ˆ E E ˆ E ˆ E E ˆ E E
pˆidˆid idˆt t

Then pE, e, i,mq defined above is a group variety over k, then if E is also smooth, it’s an abelian variety,
thus the multiplication map is also commutative.

Proof. Let’s check that the morphisms defined above satisfies all the axioms of a group variety. For example,
for the inverse axiom, we need to check that the two compositions:

m ˝ pi, idq “ m ˝ pid, iq
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which is the constant map from E to p, and you also need to check other morphism. Now, let’s first assume
that k “ k. Then we know that we only need to check that they agree on the level of closed points, or
k-valued points.

Therefore, to check that, for example, m ˝ pi, idq “ m ˝ pid, iq “ id, consider a k-valued point of E, say q,
it’s mapped by pi, idq to the k-valued point on E ˆE at pq´1, pq (this is because that we know that under i
and id separately, q is mapped to the k-valued points q´1 and p, then for the product, it’s a general fact that
it’s image is pq´1, qq). Then we are applying t, but by the construction of t and our understanding of the
group structure geometrically, the image of pq´1, qq is the product of q´1, q, which is p, thus the composition
is the constant morphism to p, we are done since another one can be checked similarly.

The rest of the checking is all similar to the discussion above.

Proposition 10.31. Suppose that p, q are k-valued points of a genus 1 curve, with our usual assumption,
then there is an automorphism of E that sends p to q.

Proof. Consider the following morphism:

E Speck ˆ E E ˆ E E» qˆid m

I claim that this is an automorphism that takes p to q. To see why it’s an automorphism, let’s first assume
k “ k, then consider the composition:

E Speck ˆ E E ˆ E E Speck ˆ E E ˆ E E» qˆid m » q´1
ˆid m

we know that any x, which is a k-valued point on E, is mapped to:

x ¨ q ÞÑ x ¨ q ¨ q´1 “ x

therefore this composition agrees with the identity on each k-valued point they are equal as morphism of
schemes, thus we are done.

For k not algebraically closed, all of the group morphisms are stable under base change since to k t is,
therefore we first base change, conclude they agree after the base change, then conclude they are equal before
the base change.

This above morphism tells you that if you want an automorphism of elliptic curves pE, pq, things are
more restrictive, as you will want the automorphism to preserve the identity p, and below is result you can
say about the automorphism group:

Proposition 10.32. Suppose that pE, pq is an elliptic curve over an algebraically closed field k of charac-
teristic not 2 or 3, then the automorphism group of pE, pq is isomorphic to Z{2Z, Z{4Z or Z{6Z.

Proof. Here this automorphism of pE, pq is an automorphism that fixes p scheme theoretically or equivalently
fixing the k-valued point p in the sense that if α is this automorphism, then the composition below:

Speck E Eα

still maps the point of Speck to p in E.
To see what are these automorphisms, let’s fix one hyperelliptic map:

h : E Ñ P1

induced by Op2pq, we know that by an automorphism of P1, we can assume that by an automorphism of
P1, one of the ramification point is at 8 and there are three distinct ramification points tp1, p2, p3u. Let’s
assume that 8 is the image of the point p.

Then suppose that you have an automorphism of E that preserves p, then you have the following diagram:

Speck E P1

E P1

α
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where the two morphism from E to P1 are the same map, which is the fixed hyperelliptic map. Most
importantly, the pullback of Op2pq by α is still Op2pq since α preserves p, therefore we know that there is
a unique automorphism of P1 such that the square is commutative. Then you also need to prove that this
unique automorphism must preserve the set of the other 3 branch points. The key here is to recall that the
ramification ponts on E are precisely the 2-torsion points. Then the fact that α preserve p is exactly the
condition we need for α to preserve the 2 torsion point. The reason is suppose q is E below, is a two torsion
point, then Opqq ‰ Oppq, but Op2qq » Op2pq, then when you pullback Opqq, you just get Opα´1qq and when
you pullback Oppq, you get Oppq, this shows you that α´1q is still a 2-torsion point.

Moreover, this is obviously a group morphism between:

AutpE, pq Ñ tψ P AutP1 : ψp8q “ 8, ψptp1, p2, p3uq “ tp1, p2, p3uu

This is obviously surjective since for each automorphism of P1 that preserve 8 and p1, p2, p3, we can consider
the following diagram:

E

Speck E P1 P1

h

h

α

the existence of the dotted map is guaranteed by Riemann-Hurwitz, and you can think of the existence by
the following diagram below:

E SE S1
E E

P1

»

α˝h

? »

h

where SE , S
1
E are the standard hyperelliptic maps, and the morphism with a question mark in the middle is

possibly the identity or the hyperelliptic involution, the composition of the three gives you the automorphism
of pE, pq that you want.

Then we are interested in the kernel. Say α is mapped to id, we would like to know that kind of map α
is, well, you still use the diagram above, the only difference is that α ˝ h is now h, then Riemann-Hurwitz
tells you that the top morphism only has two possibilities, differing by this hyperelliptic involution, thus the
kernel is Z{2Z. Now we only need to characterize the last term in the homomorphism, which plus the kernel
gives us full information on AutpE, pq.

Let’s now deal with this, what you know is that since you want the automorphism to first preserve r0 : 1s,
we can assume that you just work in Speckrxs “ D`px0q where the automorphism is just ax ` b for all
possible a, b P k at least one is not 0. Say that tp1, p2, p3u are three k-valued points (since we work with
algebraically closed field, closed points are k-valued points) in this affine affine chart. What we require is that
this affine change of coordinates to permute p1, p2, p3. Let’s first notice that there is a change of coordinates
that sends p1, p2, p3 to 0, 1, λ for some λ. We only require ap1 ` b “ 0 and ap2 ` b “ 1 since p1 ‰ p2, we
can take a ‰ 0. Then we can try to find those a, b such that 0, 1, λ is preserved. There are several possible
cases, for example, it’s can happen that 0, 1 is transposed but λ is fixed. in this case λ “ 1

2 , and there are
only two such affine change of coordinates. Or you can assume that there is a 3 cycle on t0, 1, λu, in this
case, there are 3 possible transformations. But for other S3 actions on t0, 1, λu, you can show that there is
only the identity that fixes these three points. Therefore, times Z{2, you get:

Z{2, 4, 6

Proposition 10.33. Genus 1 curves (not elliptic so we don’t choose a special p point!) over algebraically
closed fields are classified up to isomorphism by j-invariants.

Proof. Since we are over algebraically closed fields, we can choose a k-valued point. Suppose that E,E1 are
two genus 1 curves, then we choose p, p1 and use Op2pq and Op2p1q to give a hyperelliptic map to P1.
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If we first assume that they have the same j-invariant, this implies that the branch points of these two
hyperelliptic maps are the same, up to automorphisms of P1, then we know that then E1, E are isomorphic
by Riemann-Hurwitz.

Then, let’s assume that α : E » E1, we want to show that they have the same j-invariant. Let’s assume
that p, p1 are the k-valued points we choose for E,E1 such that αppq “ p1. Then consider the following
diagram:

E E1

P1

α

this commutes by the fact that morphisms to P1 correspond to line bundles and nonvanishing sections.
Therefore, E,E1 have the same j-invariant as they have the same branch points.

Proposition 10.34. Let k be an algebraically closed field of characteristic not 2, consider the genus 1 curve
C in P2 define by y2z “ x3`x2z with the choice of identity p “ r0 : 1 : 0s. Then, we consider C´tr0 : 0 : 1su,
it’s a group variety isomorphic to Gm.

Proof. Let’s first compute the Jacobian, we know that the partials are:

3x2 ` 2xz, 2yz, y2 ` x2

Then if we solve for when these are all 0, we know that it’s r0 : 0 : 1s, therefore, this curve is not regular at
this point! But it’s will be regular at all the other points, thus this is the reason we want to take out this
point. Degenerate just means this is not regular at r0 : 0 : 1s.

Then away from this point q, we know that each closed point is regular, thus we know that Opxq will
be a degree 1 line bundle. Similarly, we know that a degree 1 line bundle vanishes at a degree 1 point of
order 1, thus we can define a group structure on the degree 1 points by tensor products, and this is again
can be geometrically interpreted by intersecting lines. Then we use the general argument before that there
is a morphism from Creg ˆ Creg Ñ Creg such that px, yq is mapped to the third intersection point, we can
rebuild the group variety structure basically the same as any other elliptic curves.

To proceed further, one trick is to consider the following map:

P1 Ñ P2

where x ÞÑ 4uvpv ´ uq, y ÞÑ 4uvpv ` uq, z ÞÑ pv ´ uq3, this map is the normalization of this curve, with an
isomorphism on P1 minus the inverse image of r0 : 0 : 1s, which is 0,8, thus is Gm. To show that under this
diagram, the group morphisms is preserved. Notice that the inverse image of r0 : 1 : 0s is r1 : 1s, which is
the identity in Gm and you can similarly check other group maps.

11 Counter Examples Using Elliptic Curves
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