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In this part of the note series we return to the notion of flatness, which is a concept that is very
algebraic at first glance. We could have discussed this way before, but a number of examples that shows
that this algebraic notion is in fact geometric are very connected to the notion of cohomology. For example,
if 7: X — Y is a projective flat morphism over a connected Noetherian base Y, then we will see that a lot of
numerial invaraints of fibers are constant, including dimension and numbers interpretable in terms of Euler
characteristics:

1. The Hilbert polynomial.
2. The degree in projective space.

3. As a special case of 2, if we have a finite morphism 7, then it’s degree is constant. Recovering our
previous fact that the degree of a finite morphism between regular curves are constatn.

4. The arithmetic genus.
5. The degree of a line bundle if the fiber is a curve.

6. Intersections of divisors and line bundles.

Therefore, this flatness seems to be the right notion we need to describe a nice varying family over a base.
This is indeed case, and you will see in the next chapter that flatness will be the starting point of the definition
of a moduli space. For example, you will see, as an example, the Hilbert scheme of P" parametrizes
closed subschemes of P". Maps from a scheme B to the Hilbert scheme correspond to finitely presented
closed subschemes of P flat over B. Another example is the moduli space of smooth projective curves,
which is defined by universal property that morphisms into this moduli space correspond to projective flat
finitely presented families whose geometric fibers are smooth curves. (However, this modulis space doesn’t
exist.)

Flatness is also very central in deformation theory, which is the key to understand schemes or other
geometric objects can deform. Finally, if you further read the notes on etale cohomology, flatness is central
in the faithfully flat descent theory which tells you how to glue in Grothendieck topologies in the same
way as we do in the usual Zariski topolygy.

Finally, since flatness implies a lot of numerical invariants coming from cohomology is constant, you
should not be surprised that flatness can also be characterized cohomologically. We will do this first before
we head to the pleasant geometric implications coming out of flatness. Besides from the general criterion we
give to check flatness, you should also pay attention to how flatness is checked over special kinds of rings,
such as over an integral domain, a PID, a DVR and a local ring.

1 Easier facts

Some facts about flatness are easy and immediate, but there are facts out there that requires more work.
We begin with the low-hanging fruits of flatness first.

Recall that if M is an A-module, we say M is flat over A if M ® 4 — is an exact functor from Mod 4 to
itself. We say a ring map A — B is flat if B is flat as an A-module.



Recall that we have seen that free modules are flat and projective modules are flat (as the consequence
of higher Tor vanish and the LES). Moreover, recall that localization is exact, therefore we know that
B — S~!B for any multiplicative system is exact. Some easy examples are: since any module over a field
is free, then any module over a field is flat. Since for any ring A, the polynomial ring A[zq,--- ,2,] is also
free, then A — A[xy,--- ,xz,] is free.

Example 1.1. Consider the ring map:

Qlz] - Qlyl, =y

Recall that this is the double cover of the affine line, let’s show that this is flat as this will be an important
example later.
I claim that Q[y] is free over Q[z]. Consider the map:

Q] ® Q[z] — Q[y]

where the first 1 maps to 1 and the second 1 maps to y. Then consider the image of (f(z),g(z)) we know
that it’s image is:

FW*) +ya(y?)
Notice that the degree of each term in these two polynomials f(y?) and yg(y?) are either all even or all odd,
therefore in order for the sum to be 0, the only way is that f = g = 0. This proves that this is an injective
map. Notice that any F(y), by separating the even and odd degrees in y, it can be written as the form of
f(y?) + yg(y?), therefore it’s surjective, therefore Q[y] is free.

Here is an important observation we will use later. Notice that if a € A is a non zero divisor and M is
flat over A, then we know that the map M =5 M where you multiply every element in M with a is going to
be injective. This is because this can be identified with the map we get by tensor A =% A with M. Therefore

if there is a non zero divisor such that M =5 M is not injective then M is not flat. Therefore this is usually
used as a criterion for nonflatness.

Example 1.2. For another example, if A now is a PID, then we will show that a finitely generated module
is free iff it’s torsion-free iff it’s flat.
Recall that we know that any finitely generated module M over A is isomorphic to:

AT @ A/(f)@A/(f2) @ @ A/(fr)

where f;|fi+1 and none of them is 0. Then we know that M is free iff it’s torsion-free. We also know that if
M is free it’s flat, therefore now we assume M is flat.

Since A is a domain, then we know that any nonzero element is a nonzerodivisor, therefore we know that
if M is not free, then for example we know that the following map is not injective:

M5 M
Therefore M is not flat, therefore flatness implies freeness.

Proposition 1.3. If B —» A is a ring map and M is flat over B, then M ®p A is flat over A. This is
saying that flatness is preserved by base change.

Proof. Notice that we have natural isomorphisms:
N®sy(M®pA) ~N®pM
and — ®p M is exact. O

Proposition 1.4. If B — A is flat and M is flat over A then M is flat over B. This can be summarized to
flatness is preserved by composition.



Proof. Notice that:
N®p M ~NQRp(AR®s M)~ (N®p A)®a M

Then we use the composition of exact functor is exact. O
One good property about flatness is that it can be checked stalk locally:

Proposition 1.5. An A-module M is flat iff M, if flat over A, for all prime ideals p. (We can easily prove
it suffices to check only all maximal ideals, but we don’t need it.)

Proof. If M is flat over A, then M, is flat over A, is just the result of M, is isomorphic M ®4 A, and flatness
is preserved by base change.

Now if M, is flat over A, for all p, to check flatness of M, we only need to recall that injectiveness can
be check stalk locally. O

Now we define flatness on the level of schemes:

Definition 1.6. Let X be a scheme and F a quasicoherent sheaf on X. We say that F is flat at p e X if
Fp is flat over Ox ,. We say that F is flat over X iff it’s flat at any point p € X.

Since F is quasicoherent, we can check this on an affine cover of X. That is to say that is M is flat over
SpecA for an A-module M iff M is flat over A.

Definition 1.7. Let 7 : X — Y be a morphism of schemes, we say that it’s flat at p if Ox ) is flat over
Oy x(p)- We will say that 7 is flat over Y if it’s flat at all p € X.

These two definitions can actually be made into one definition:

Definition 1.8. Let 7 : X — Y be a morphism of scheme and F a quasicoherent sheaf over X. We will say
that F is flat over Y at p € X if F, is flat over Oy, ;(,). We say that F is flat over Y if it’s flat over Y at
any pe X.

Then the two definitions above are just when 7 is the identity morphism of X and when F = Ox. And
you should notice that this can be both checked locally on Y and locally on X.

Example 1.9. One easy example of a class of flat morphisms is the open embedding. As we know that
the corresponding morphism of the stalks is just the identity.

Example 1.10. Let’s see what this notion of flatness looks like in the affine case.

Let B — A be a ring map, then I claim this ring map is flat iff SpecA — SpecB is flat. More generally,
if M is an A-module, then M if flat over B iff M is flat over SpecB.

This is most easily proved by consider it’s contrapositive. First suppose that M is not flat over B, then
there will be an exact sequence of B-modules:

0>N 5>N->N' -0

such that:
N/ ®B M and N ®B M

is not injective. Notice that this map can also be viewed as a map of A-modules, then we know that it’s not
injective, therefore there will be a prime p in A such that:

N' ®p M, > N®p M,
is not injective. But note that the above map is identified with:
Né ®p, Mp — Nq ®p, M,
and this is not injective where ¢ is the inverse image of p. This is because we have a natural isomorphism:

N@BAp2N®BBq®Bqu2Nq®Bqu



Notice that N; — N, is injective, therefore M, is not flat over B,. Therefore M is not flat over SpecB.

Conversely, let’s assume M is not flat over SpecB, we know that there will exist a prime in A such that
M, is not flat over B, where ¢ is the inverse image of p. Then we know that there is a SES of B;-modules:

0N —-N->N' -0

such that N’ ®p, My - N ®p, M), is not injective. Using similar argument as above we know that:
N' ®p M, > N®p M,

is not injective, thus N’ ® g M — N ®p M is not injective, we are done.

Corollary 1.11. If 7 : X — Y is an affine morphism and F is a quasicoherent sheaf over X, then F is flat
over Y iff m F is flat over Y.

Proof. Since m : X — Y is affine and flatness can be checked affine locally, we know that we can assume
that 7 is just SpecA — SpecB and F = M. Then we know that M is flat over SpecB iff M if flat over B.
However we know that the pushforward of M to SpecB is just M where M is regarded as a B-module. []

Example 1.12. Let X be a scheme, then the canonical map SpecOx , — X is flat. To check this, notice
that we can assume X is just an affine scheme, say SpecA, then the morphism is just SpecA, — SpecA,
then we know that A — A, is flat.

The canonical projection A” — SpecA is flat, as we know that A — Afxy,--- ,x,] is flat.

Similarly, if F is a locally free sheaf of finite rank over X, then PF — X is flat. We check it again locally
on X, and we can assume this is just P’} — SpecA, this is because if we want to check it’s flat over p e P,
we only need to assume we work with the canonical projection A’y — SpecA, which is flat, therefore we are
done.

Finally Speck — Speck[t]/(t?) is not flat. Consider the inclusion:

() = Kk[t]/(t*)
Let’s tensor with k, which is: -
() @rpry/(e2) b — K[E1/ (1) ®npagjzy K

Notice that the first term is just (¢)/()?, but notice that > = 0, therefore we know that we get:
t)—>k t—t-1=0
which is not injective. Therefore we are done.

Proposition 1.13. If 7 : X — Y is a flat morphism, then 7* : Qcohy,, — Qcohy is exact.

Proof. Let:
0->F >F—->F" -0

be an exact sequence of quasicoherent sheaves over X. We want to show that 7*F — 7*F is exact. Recall
that if p € X, we know that the induced morphism on stalk (7*F"), — (7*F), can be identified with:

]:Tlr(p) ®Oy, (p) Ox.p = Frp) QOy (p) Oxp

where F/. » = Fr) is injective. Then since Ox j, is flat over Oy, r(,), we know that after we tensor with
Ox p, it’s still injective. O

Proposition 1.14. Suppose that 7 : X — Y is a morphism of scheme and F is a quasicoherent sheaf on X
flat over Y. Let ¢ : Y — Z be a flat morphism, then F is flat over Z.

Proof. We need to show that for each p € X, F, is flat over Oy yr(,) where we have a ring map:
Oz.ump) = Ovimp) = Oxp

Since we know that ¢ is flat, we know that Oz ) — Oy r(p) is flat. Moreover F, is flat over Oy r(,), then
we know from the fact that flat module is preserved by composition, we are done.



Proposition 1.15. Suppose that 7 : X — Y is a morphism and F is a quasicoherent sheaf on X that is flat
over Y. Let p: Y’ — Y be any morphism of schemes with p' : X xy Y’ — X being the induced morphism.
Then (p')*F is flat over Y.

Proof. The diagram looks like:

Y’T>Y

We need to show that for each p € X xy Y’, (p')*F}, is flat over Oy r(,). Recall that this Cartesian diagram
induces a diagram:

OY'JT'(P) % Ovq

where g € Y is mp/(p) = p7’(p). Recall that Ox .,y p is a further localization of Ox () ®oy., Oy x(p) (see
the remark below), which is flat. Then We have the following diagram:

OX,D’(IJ) ®oy 4 OY’,W’(p) (' )*F F

OY/J‘.I (p) <T OYH

Here the dotted map is induced by the universal property of tensor products of algebra, which is identified
with alocalization map. (Again, see the remark below) We know that the stalk of (p)*F at pis F()®o0 s,
OXXyY’,p~ Here we know that: -Fp’(p) ®Oy,q Oy/m./(p) is flat over Oy/m./(p), then Oxxyy/yp - OX,p’(p) ®OY,q
Oy 7r(py 18 flat. Moreover, we can think of F, ;) ®o,., Oy’ x(p) as:

For(p) ®0x iy Ox.0(9) ®Ov.4 Oy ()

Then we know that since Ox () oy, Oy x(p) = Oxxyv,p is flat, then consider:

For(p) ®0y.s Oy n(p) For () @0y, Oxxy vy p

OY’,W’(p) ’ OXW'(P) ®oy, OY'JT'(P) — Oxxyvip

We know that .Fp/(p) ®Oy,q OXXyY’,p is flat over OXXyY’,p as OX,p’(p) ®Oy,q OY’,W/(p) — OXXyY’,p is flat.
Then once we prove Oy 1) — Oxxyyryp is flat, we are done, i.e. we need to prove that Oy /() —
Ox,p(p) ®0y., Oy’ 7 (p) 18 flat, but this is again the fact that flatness is preserved by change of the base ring.

In conclusion, this proposition is proved by noting Ox () ®oy., Oy’ x(p) = Oxxyy’p is flat and use
flatness is preserved by change of the base ring. O

Remark 1.16. We see a similar remark in the note series of etale cohomology about why the stalk of the
pullback localizes to the tensor product of algebras. Here we prove it again just for completeness.



We only need to consider the affine case, and we can assume that we are considering a diagram:

SpecA®c B —— SpecA

LT

SpecB —2— SpecC

suppose that p is a prime ideal in AQ¢ B, again we use p'(p), 7' (p) and g. Notice that there is a multiplicative
system S in A®¢ B, which consists of element 2®y where x ¢ 7'(p) and y ¢ p'(¢) (you can easily check this is
indeed a multiplicative system). Then notice that this is contained in the multiplicative system A®¢c B — p.

Then notice that we have a natural isomorphism of A ®¢ B-algebras: S~} (A ®¢c B) ~ Ay ) ®c, Brp
where the isomorphisms are indicated below:

q

The map from S~1(A ®¢ B) is given by the universal property of localization. It’s inverse is given by the
universal property of tensors of Cj-algebras. We first define:

_ ®1
A ’ — 1 A B E — z
o' (p) ST (A®c B), Y 1
Similarly we define:
— 1®x
By — ST A®c B), %
(p) (A®c B) Y 10y

Then you can check that after precomposing Cy — A, () and Cy — Br(,, they agree, therefore we are
done.

In particular, taking F to be Ox, you get the fact that flat morphsims are preserved by base change.

Remark 1.17. We have already said that flat morphisms can be checked locally both on the source and
target. The previous two propositions shows that flat morphisms also behave well with respect to composition
and base change. Therefore flat morphism is a nice class.

Another good property of flat morphism is that it will send associated points to associated points:

Proposition 1.18. Suppose that 7 : X — Y is a flat morphism of locally Noetherian schemes, then any
associated point of X will be mapped to an associated point of Y. More generally, if F is a coherent sheaf
of X (still with the Noetherian hypopthesis) flat over Y, then any morphism 7 : X — Y maps associated
point of F to associated point of Y.

Proof. First, suppose that 7 : (B,n) — (A, m) is a local morphism of Noetherian local rings, such that A is
flat over B. If n in B is not an associated prime of B, then I claim there is an f € n such that it’s not in any
associated prime of B and hence a nonzerodivisor. To see why, we use prime avoidance lemma, since n is
not an associated prime, then we know that if all elements in n are zerodivisors, it’s contained in the finitely
many associated primes, then prime avoidance tells you that n is such an associated prime, a contradiction.

Then since B — A is flat, we know that consider tensor B *{ B with A, which gives A Xﬂf A, which is
injective, therefore 7 f € m is also a nonzerodivisor. Therefore m is not an associated prime of A.

Now consider 7 : X — Y, if z € X is an associated point, we want to show that y = 7n(z) is also an
associated point. Consider the induced map Oy, — Ox ., recall that we know that the maximal ideal of
Ox , is an associated prime, as it’s preserved under localization. Recall that the notion of associated primes
commutes with localization, then y is an associated prime of Y iff the maximal ideal of Oy, is an associated
prime. But we proved that if y is not, then z is not. Since x is, then y is.

Immediately, this argument can be extended to coherent sheaf F on Y. Here we will use the fact that if
7. (B,n) — (A, m) is a local map between local Noetherian rings and suppose that M is a finitely generated



module over B that is flat with n is not an associated point of B. Then we know that there is an f € n such

that B { B is injective, then M “{ M s also injective since M is flat, therefore we know that m is not an
associated point of F. The rest of the proof looks similar. O

The above result can help us determine what morphisms are not flat:

Example 1.19. Let’s first show that the morphism Speck|z,y]/(xy) — Speck[z], i.e. the morphism that
project the xz-axis and y-axis down to the z-axis is not flat. Notice that (x) and (y) are associated primes of
Speck[z,y]/(xy), while (z) is mapped to (z) in Speck[z], which is not an associated prime since z is not an
zerodivisor.

Then consider the morphism Speck[z,y]/(y?, zy) — Speck[x], which you can think of as project the
z-axis with a fuzz at the origin to the reduced z-axis. Notice that again we know (x) is an associated prime
of Speck[z,y]/(y?, ry), whose image is (z), not an associated prime.

Finally, consider the canonical map BI(O,O)Ai — A%. I claim that this is not flat. To see why, consider
the following pullback diagram:

Projk[X,Y,z]/(2Y) —— Projk[X,Y,z,y]/(Xy — zY)

| |

Speck[x] Speck|[x,y]

Since flat morphism is preserved by base change, we know that if BI(O)O)Ai — AZ is flat, then Projk[X,Y,z]/(zY) —
Speck[z] is flat. Since flatness is local on the source, we know that the following morphism should be flat:

Y
Speck[y, T

But we already know this is not flat from the first example.

J/(a) — Speckz]

Remark 1.20. Case 1 and 3 in the previous example will be quite important as they are examples showing
that there is a jumping in the fiber dimension. In the case of Speck|z,y]/(zy) — Speck[z], we know that
the fiber of the origin is dimension 1 while all the other fibers of k-points is of dimension 0. Similarly, in the
morphism BI(O,O)Ai — A2, the fiber of (0,0) is P! which is dimension 1 while other fibers of k-points have
dimension 0.

We will later show that flat morphisms won’t have such jumpings in fiber dimensions.

Then let’s show that cohomology plays well with flat base change:

Theorem 1.21. Suppose we have the following Cartesian diagram:

X 2 x

N

Y’T>Y

let m be quasicompact and separated. Suppose that p is flat and F is a quasicoherent sheaf on X, then the
natural push-pull morphism: ‘ ‘

p* (R, F) — R, (/" F)
is an isomorphism.

Proof. Recall that we assumed that 7w and quasicompact and separated, then so is 7’. Then Cech cohomology
and Cech higher pushforward makes sense. Also recall that we have proved a similar result when p is affine.
We defined the push-pull morphism above using the Cech definition and FHHF theorem. So to check this is
an isomorphism, we only need to do it locally.

Let’s review again how we defined push-pull map locally. Notice that if we pick an affine open of Y, say
SpecC. Then we can cover the inverse image p~!SpecC using affines. Let one of be SpecB. Now we want
to give a map:

p*(Rimy F)(SpecB) — Rixl (o™ F)(SpecB)



which will be a map: ) .
H'(X,F)®c B — H' (X', p*F)

Therefore we can assume that p is affine. Recall that we need to choose an affine open cover of X to compute
HY(X,F), and since p’ is affine, we know that the inverse images in X’ can be used to compute H*(X’, p'* F).
Then I will let you see that the complex we use to compute the cohomology of p'*F is the complex we use to
compute the cohomology of F tensored with ® B, then the HFFH theorem gives you the desired morphism.

Now since B is flat over C, then tensor Q¢ B is exact, then the HFFH map is going to be an isomorphism,
we are done. O

Remark 1.22. If we only want to prove i = 0, then we can just assume w is quasiseparated instead of
separated since separated is only intended for the Cech cohomology to make sense. If we only care about
the usual pushforward, we only need qcgs to make sure the pushforward is still quasicoherent and now we
only care about the 0-th cohomology of the complex, so we don’t care if the intersection is affine or not.

Remark 1.23. Recall that if Y’ — Y is SpecOy,; — Y where ¢ is the generic point of a reduced component
of Y (that is to make sure that Oy, is a field), then we know that since Y’ — Y is flat, we can apply
the above result and get an isomorphism between the stalk of the i-th higher pushforward and the i-th
cohomology of the sheaf F on the fiber of the generic point.

This is the first example something that is important: understanding cohomology of quasicoherent sheaves
on fibers through the stalk of the higher pushforward. This point of view provide the higher pushforward very
important geometric meaning. In the next chapter, we will discuss when and how an when the cohomology
a flat quasicoherent sheaf commutes with any base change.

Now we will study how closed subschemes and the corresponding ideal sheaf pullback under flat mor-
phisms. Recall that if i : X < Y is a closed embedding and p : Y’ — Y is any morphism, then we can form
the fiber product ¢ : X’ — Y’ which is also a closed embedding:

X — X
Y —u—Y

We know that as closed embeddings, i, 4’ correspond to quasicoherent ideal sheaves Ty /y and Zy/y+. Consider
the exact sequence of the closed embedding i:

0—>IX/Y—>OY—>Z*OX—>O

We can apply the pullback functor p* to get a right exact sequence:

W Ixy — p*Oy — p*iuOx — 0

Notice that we also have the exact sequence corresponding to the closed embedding ', and we will have:

,U'*IX/Y — M*Oy — /L*i*OX — 0

0 —_— IX'/Y’ OY/ Z;OX/ —_— 0

where the isomorphism between p*QOy — Oy is the canonical one. Then notice that if Y = SpecA then
we know that the exact sequence of i is:

0-I—>A—>A/T—>0
Say we pick SpecB in p~'SpecA, then we know that the pullback morphism on SpecB is:

I®aB—B—>A/I®sB
Then you can check that p*Zx,y — p*Oy — Oy — i,,Ox on SpecB is:



I®sB—B— B— B/IB

Therefore p*Zx )y — p*Oy — Oy — i, Ox is 0, then the universal property cokernel gives a canonical
map p*ixOx — i, Ox/, and we know that affine locally it’s just A/I ®4 B — B/IB and you can see that
this an isomorphism, therefore we actually have the following diagram:

ﬂ*IX/y E— /J,*Oy E— i*OX — 0
i | \

" v v
0 e IX’/Y’ OY’ Z;OX/ E— 0

where the dotted morphism is induced by the universal property of kernel which affine locally looks like
I®4 B — IB. This maps is clearly surjective and if the row on the top is exact, then we can use five lemma
to show that the induced morphism is an isomorphism. Recall that when g is flat, the pullback is exact,
then in this case the induced morphism is indeed an isomorphism. We will later using the ideal theoretic
criterion to prove that not only flat morphsim implies this above isomorphism, the above isomorphism also
characterizes flatness.

Remark 1.24. As an example of what happens when p is not flat, consider the map Speck — Speck|[z]
which maps Speck to the origin. We know that this is a closed embedding and the exact sequence is:

0—(t) > k[t] > k—0
However, if we again pullback this along Speck — Speck[t], we get:

(t)/(t) = (£) ®xpe K[t]/(£) — k[t]/(t) = k — 0

Notice that (t)/(t?) — k[t]/(¢) is at — 0, therefore not injective.
Moreover we know that the induced map between the pullback ideal sheaf and the ideal sheaf of the
pullback is:

(t) ®xpe k[t]/(t) — 0

this is clearly not an isomorphism.

Therefore we know that the ideal sheaf of the pullback closed embedding is the pullback of the ideal sheaf
of the original closed embedding in a canonical way. We not only just have this:

Proposition 1.25. Let D be an effective Cartier divisor on Y and 7 : X — Y is a flat morphism, then the
pullback of D by 7 is also an effective Cartier divisor of X.

Proof. Let Zp be the ideal sheaf of D. We just prove that the ideal sheaf corresponding to the pullback of
D is just m*Zp. We want to check that locally it’s generated by a nonzero divisor, I will let you see that we
can assume that Y is SpecA and Zp is just (f) where f in A is a nonzero divisor, say X is SpecB we know
that the ideal sheaf is (f) in B. Notice that to check f is a nonzerodivisor is to check B “{ B is injective,

but this is the tensor of A “{ A with B, which is injective since B is flat over A. O

Corollary 1.26. If i : X — Y is a regular embedding, then if Y’ — Y is flat, then the pullback i’ : X’ — Y’
is also a regular embedding.

Proof. Recall that to check that the pullback is still a regular embedding, it suffices to check affine locally,
then again we can think that X = SpecA/I,Y = SpecA,Y’ = SpecB are affine and we can assume that I is
generated by a regular sequence fi,---, fg, then we know that we can factor this embedding as a sequence
of effective Cartier divisors:

- — SpecA/(f1, f2) — SpecA/(f1) — SpecA

I | I

- —— SpecB/(f1, f2) — SpecB/(f1) —— SpecB



This implies that I B is also generated by a regular sequence since each embedding in the row at the bottom
is also an effective Cartier divisor. O

For later use, we here explore more on pullbacks of closed embeddings:

Proposition 1.27. Suppose that 7 : X — Y is a morphism and Z < Y is a closed embedding cut out by
an ideal sheaf 7 c Oy. Just for this exercise, we use 7°Z < Ox to denote the ideal sheaf of the pullback of
Z <Y by m (so 7*Z — 7T is also surjective but not injective if 7 is not flat). Then (7°Z)" = 7"(Z"™).

Proof. Recall that the two quasicoherent sheaf are both ideal sheaves of Ox. Then we only need to check
that they are locally the same, therefore we can again assume X = S’pecA/I Y = SpecA Y’ = SpecB are
affine. Then we know that locally 77 is just IB < B and >(T™) is just I"B — B. By the definition of
(7)™, locally on SpecB it’s IB™ = ["B, therefore we are done. O

Proposition 1.28. If we use the notation from above, and assume = is flat with Y = A} and Z is the origin.

W —— Z = Speck

| I

Let J = ©*Z be the quasicoherent ideal sheaf of ideals on X cutting out W, the pullback of Z by X
Then the quasicoherent graded sheaf of Ox algebras @®,>0J"/J""! is isomorphic as Ox-algebra to the
pushforward of Ow [z, , 2]

Proof. The multiplication in @®,>0J"/J"*! can be defined by working affine locally and then check it is
compatible with restricting to distinguished opens since @,>0J"/J" ! is quasicoherent. We assume that
affine locally we have @,>0J"/J" "1 and multiplication from J"/J"*1 and J™/J™* 1 goes to J™+"/Jmtr+L,
You should check this is indeed well defined and compatible with localization to a distinguished open.

Then let’s prove that J7/J" 1 ~ Sym"(7/J?). Note that Y is affine, therefore we know that each affine
open SpecB in X, we can assume it’s in the inverse image of an affine open of Y, i.e. itself. We will use A to
denote k[x1,- - ,x,]. Let’s still say that the image of x; in B is z;. Then we know that J locally looks like
J = (x1, - ,1,). Let C = B/J, we know that J"/J"*! are C-modules and I claim that we have a canonical
C-module isomorphism:

)T > @y g = Ol - 2]

where the right hand is the direct sum labeled by monomials of degree n in z1,--- ,z,. Clearly we have a
map from right to left defined by x;, - - - x;, to T;, -~ - x;,. This is clearly surjective and we only need to show
it’s injective. To show this, we will show that if:

Z baya, 9t xom =0

ay-an=r

Then bg,...q, € J. To see this, we will need the fact that x1,---,x, is a regular sequence. Moreover, this
is not just any arbitrary regular sequence, since we know that in k[z1, - ,2,], we can arbitrarily reorder
Z1,-+ , &, and it remains a regular sequence, therefore so is (z1,- - ,,) € B. Let’s first prove the case when
r =2 ie J/J?is ®1<i<nC[r;]. Then we first module by (1, ,Z,41), we get b, € J, then we proceed by
induction. Then we know that Sym”(J/J?) is free over C' and can be though of as the monomials of degree
r with variables z1,--- ,x,, and we have a canonical C-linear map:

Sym”(J/J?) — J"/J 1

which is defined by the universal property of symmetric products and it’s clearly surjective, therefore only
injective is the issue. We know that under our identification of J/J 2 as ®1<i<nC|z;], the above map is the
obvious map:

®aytota,—rC[xd 28] — J7/J
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We only need to show this is injective. Let’s again prove this using induction on n. First, let’s assume that
there is only one variable, i.e. we only have x; and the result is trivial. Now suppose that this holds for
n — 1 and we want to prove for n, that is to say if:

Z bay.a, - xn e JrH

ai+-+an=r

we want by, ...q, € J. Let’s group these monimials in terms of exponents of x,,, that is:

T
J 02 .0n-1 r+1
Z mn( Z bal”'anfljxl Tp—1 ) eJ
7=0

a1+ Fan_1=r—7j

Let’s modulo z,., we know that 1, - ,z,_1 is still a regular sequence in B/(z,), and we know that:

ai Apn—1 r+1
Z baras-an_r02y" a0y € I/ (ar)
ai+-tanp—1=n

By our inductive hypothesis, we know that boa,...q,, € J/(2;), therefore we know that by, ay...a,_,0 € J+(21) =
J. We can subtract these terms and the result are still in J”*!, and now we have:

T
j ai Apn—1 r+1
Z ), ( Z bayan i T2 Ty 1) €
Jj=1

a1+ tan—_1=r—j

Now we can factor out a x,, and we have z,, - z € Jt! where z is what is left after we factor out z,. Notice
that each term in z is in J" therefore we know that z € J”, then we can use the same method to conclude
that the coefficients of these terms with 0 exponent of x,, is in J. Then we can keep doing this and conclude
all coeflicients are in J. This concludes injectivity.

Finally you can check this is compatible with localizations to distinguished opens which finishes the
isomorphism. Therefore:

®nz0T" /T =~ ®yzoSym”™ (T /T?)
Therefore now we only need to show that:
@nzoSym™(J/T?) ~ Ow a1, -, 2,]

Notice that if we can prove J/J? is Ow[z1] @ - - Ow|[z,], then we are done. We already proved the local
version above and notice that both are quasicoherent, and the isomorphism build affine locally obvious is
compatible with restricting to a distinguished open, thus we are done. O

Proposition 1.29. Let 7: X — Y be a flat morphism and Z < Y is a closed embedding. Then there is a
canonical isomorphism:
(B12Y) Xy X ~ BIZXYXX

Proof. Consider the following diagram:

EzY —— Bl;Y

7 Xy (X Xy Blzy) — X Xy Blzy

— Y

_— |

Zxy X — X

Here the dotted morphism is induced by the universal property, and you can see that all sides of the square
are Cartesian. Then we know that since 7 is flat, so is X xy BlzY — BlzY. Then we know that since
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the pullback of an effective Cartier divisor by a flat morphism is also an effective Cartier divisor, then
Z xy (X xy BlzY) —» X xy BlzY is also an effective Cartier divisor. Then we need to check the universal
property. Consider the following diagram:

where D < W is an effective Cartier divisor and the square D, W, X, Z xy X is Cartesian. The dotted
morphisms are induced by the obvious universal properties of Cartesian squares which are all uniquely given.
This suffice to check the universal property of blow-ups. O

Example 1.30. Here is an example that tells you that without flatness, blow-up does not necessarily
commute with base change.
Let’s consider the blow-up of the plane at the origin and the following diagram:

E(OmAi — B1(070)A%

Projk[X,Y] —— Projk[X,Y]

Speck ——— Speck|[z,y]

|

Speck ——— Speck

Clearly Speck — Speck[xz,y] defined by z,y — 0 is not flat then the blow-up of Speck at (0) should still be
Speck, instead of P!.

2 Flatness through Tor

Recall that in the previous section, we defined the Tor functor and we prove that an A-module M is flat iff
Torf(M ,N) =0 for all A-modules N. In this section, we will exploit this easy fact and see that actually a
lot of useful results comes out of this.

Sometimes, we can compute the Tor functor using definition. For example, we will need the following
computation a lot:

Example 2.1. Let M be an A-module and = € A, we define (M : x) as the submodule of M killed by .
Then if x is not a zerodivisor of A (not of M), then we have the following computation:

M/zM ifi=0,
Torf (M, A/(x)) = { (M :2) ifi=1,
0 if ¢ > 1.

12



This is easy to compute, recall that to compute this Tor, we first need a free resolution of A/(x), and since
x is not a zerodivisor, we use:

~—>0—>AX—9>CA—>A/(:C)—>O

Then we know that after we tensor with M, we get:
> 0->MS5 M0

Compute the homology and we are done.

Remark 2.2. As a corollary of the above example, we see that if A is an integral domain (which means
that all nonzero elements are nonzerodivisors), then if M is flat, then since the first Tor vanishes, we know
that M is in fact torsion free. Moreover, recall that we only talk about torsion of a module over nonzero
divisors, therefore this above examples justifies the notation for Tor, which is just short for torsion.

Now if A — B is flat and M, N are two A-module. Given a free resolution of N:
ce A2, pOn1 _, A®ne _, N ()
To compute Torf‘(M ,N), we tensor M with the above resolution with N truncated and take the homology:

,_>M®TL2 _)M®n1 _>M@7l0 -0

Since B is flat over A, we know that the FHHF theorem gives us an isomorphism between B ®4
Tor (M, N) and the i-th homology of:

i > (M ®4B)®? - (M®4 B)®" - (M®4B)® -0

Notice that since B is flat over A, we have a free resolution of N ® 4 B by tensoring B with the free
resolution of N:

- — B%m2 - g , pOm . N®@y B — 0
We know that we can truncate N ® 4 B and then tensor with ® (M ®4 B), and then we get the complex:

> (M®4 B)®" - (M®4 B)®" — (M®4 B)®™ -0

Therefore the homology of the above complex is just TorfB (M ®4 B, N ®4 B), therefore we have an
isomorphism:

B®a Tor(M,N) ~ Tor?(M ®4 B, N ®4 B)

Recall that Tor is symmetric, i.e. we have isomorphisms Tori*(M, N) ~ Tor; (N, M), and this gives us a
very important result:

Proposition 2.3. If 0 > N’ - N — N” — 0 is a SES of A-modules with N” flat, then for any A-module
M, we have a SES:
0->N®@UIM->NRXIM—>N"®4M — 0

Proof. Recall that for such a SES, we have a LES:
- — Tord (M,N") > N'@s M - N@s M — N" @4 M — 0
Note that using symmetry we have Tor{ (M, N”) ~ Tor{'(N", M) = 0, we are done. O

Corollary 2.4. Suppose that 0 - F' — F — F” — 0 is a SES of quasicoherent sheaves on a scheme Y
with F” flat over Y, then if 7 : X — Y is any morphism of schemes, we have a SES:

0> " F > 7*F > a*F" -0
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Proof. Recall that we proved before that if 7 is flat, then we have this SES, but now we are saying that no
matter what morphism we use, this is still exact. We check it’s exact on the level of stalks. Say x € X, then
the induced morphism on stalks is:

0— ]:;(w) ®0y 12y Ox,2 = Fr(z) ®0y r(s) Ox,z — -7:7'7’(95) ®0y r(ay Ox,2 = 0

Then we use the above proposition. O

Proposition 2.5. Suppose that 0 — M’ — M — M"” — 0 is an exact sequence of A-modules. Then if
M, M" are both flat, so is M’.

Proof. Recall that to prove M’ is flat, we need to show that for all N, we have Tor‘f(M’7 N) is 0. For N,
we consider the LES of Tor(N, —), which is:

- — Torg (N, M") — Tor{ (N, M’) — Torly(N, M) — - -

Notice that since M”, M are flat and Tor is symmetric, we know that Tors (N, M”) = 0 and Tory (N, M) = 0,
therefore Tor{ (N, M') ~ Tor{(M’,N) = 0. O

Proposition 2.6. Using the same notation as above, then if M’, M" are flat, so is M.
Proof. Use the same idea as above, i.e. consider the LES. O

Example 2.7. Here is an easy example that M’, M are flat but M’ is not flat: let A be an integral domain
x € A is not zero, then consider:

0->AS A A)(z)—0
We know that as an A-module, A/(x) is not trosion free, thus not flat.

Remark 2.8. This is very much like the result we had for SES of vector bundles. If we have a SES sequence
of quasicoherent sheaves, then if the first and third are vector bundles, then so is the one in the middle. If
the one in the middle and the last one are vector bundles, then so is the first one. Similarly, we still can not
conclude the last one is a vector bundle just from the fact that the first two are.

Proposition 2.9. If we have a exact sequence of flat A-modules:
"'M_2—>M_1 —>M0—>0
Then for any A-module N, tensor this sequence with NV remains exact.

Proof. Recall that we can always always divide a LES into a sequence of SES. For example, we have:

0 0

I e

im = ker im = ker

T~ W N
~

im = ker
W/// ‘\\\0

Notice that in My — im = ker = 0, 0 is clearly flat, therefore we know that the im = ker in im = ker — Mj is
still flat, then we keep going and we know that each term in these SES are flat, then tensor with any module
preserves exactness. Therefore tensor with any N preserves kernels and images, then we are done. O
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Proposition 2.10. If 0 > My —» M; — --- — M, — 0 is an exact sequence and M; is flat for ¢ > 0, then
My is also flat.

Proof. Let’s break this LES into SESs, the first of which is:
0—>M0—>M1—>1m—>0

First, we know that M is flat, then if Im is flat, we can use the previous proposition to conclude Mj is flat.
To show im is flat, we use the next SES and we keep proceeding, until we need the fact that M, is flat,
which is given, then we are done. O

Suppose that the following is a fibered product diagram:

W —25 X

|

YT>Z

Let V — X is a closed subscheme. Then Y xz V is a closed subscheme of W. Again, there are two
possible senses in which we can "pullback” Zy/x to W. First, we can think of it as the quasicoherent sheaf
a*Ty,x and then secondly we can think of the ideal sheaf corresponding to Y x 7 V, i.e. the quasicoherent
ideal sheaf Zy-, v /. As what we saw before, there is a canonical surjective morphism o*Zy x — Zy v w,
but this is not necessarily an isomorphism. We also saw that if 8 is flat, then the above morphism is an
isomorphism. Now we give another criterion when this morphism is an isomorphism.

Proposition 2.11. Let’s use the above notation, but with one more hypothesis that V' is flat over Z (with
no hypothesis on 3), then the canonical morphism a*Zy,x — Ly ,v/w is an isomorphism.

Proof. Let’s call the closed embedding V < X . Consider the canonical SES of closed embedding:
0_’IV/X - OX —>Z*OV —0

Recall that if i, Oy is flat over X, then we can apply the pullback functor o* and this sequence will remain
exact, then we know from the five lemma that the canonical morphism is an isomorphism. However, it
almost never happens that i, Oy is flat over X for the same reason that A/I is almost never flat over A, as
what we will see in the next section. Therefore we can not direct use the fact we proved before that if we
have a SES of quasicoherent sheaves with the last one being flat, then pullback functor is exact on this SES.

If we still want to prove the canonical morphism a*Zy /x — Zy « (v, w is an isomorphism, let’s check
locally. Recall that W can be covered by SpecA ®c B where SpecA, SpecB are affine opnes in Y, X that
maps affine open SpecC on Z. Then we know that locally this Cartesian diagram looks like:

<o ——— SpecB/I
SpecB ®c A — SpecB

| |

SpecA —— SpecC

We know that by our assumption B/I is flat over C. Then we know that in this local case, the canonical
morphism is defined by:

l X

04)[(3@0/1) 4)B®CA*>B®CA/I(B®CA> — 0

We know from five lemma that if the top row is exact, then we can conclude the dotted morphism is an
isomorphism. Notice that the top row can be identified as tensor by ®c A, however, recall that B/I is flat
over C', therefore we know that the tensor is exact, we are done. O]
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Before we end this section, let’s spend sometime discussing the Kunneth formula for quasicoherent
sheaves. Since we will not use it later, we will only prove a special case of it. The way we prove it can
be generalized considerably to cover a wide variety of situations.

Proposition 2.12. If X is a separated scheme with j : SpecA < X an open embedding. Then j,Ogpeca
is quasicoherent on X which is flat over X.

Proof. First I claim that this open embedding SpecA — X is an affine morphism. To see this, recall that in
a separated scheme, intersection of two affine opens is still affine. Or you can consider the following diagram:

-

SpecZ,

SpecA

Since X — SpecZ is separated, we know that the diagonal is a closed embedding, in particular affine,
therefore we know from the cancellation theorem that SpecA — X is also affine.

Recall that affine morphisms are all qcgs, therefore the pushforwad of quasicoherent sheaves is quasi-
coherent. Then we know that j.Ogpeca is quasicoherent. To show it’s flat, for z € SpecA, we know that
the ring map is just the identity Ox , — Ox ,, flat. If x ¢ SpecA, you might be tempted to try to show
that there is always some open of x that doesn’t intersect SpecA (since this is what Hausdorflness implies
in topology). But this is not true here as one easy example is to consider:

Speck[t,t™*] < Speck][t]

So we need to use another way to prove this. Recall that we prove that for an affine morphism 7: X - Y
and a quasicoherent sheaf F on X, we know that F is flat over Y iff w,F is flat over Y. Therefore here we
only need to prove that Ogpeca is flat over X, that if we need to show that for each x € SpecA, Ogpeca,» is
flat over Ox ,, but the corresponding morphism is just the identity, thus flat. O

Now let X be a quasicompact separated scheme and we have a finite affine cover X = U} ,U;. We will
use 4 = {U;} to denote this cover. Using the usual notation from the Cech complex, for I < {1,2,--- ,n},
we use U to denote nie;U; and let j7 : U; < X be the corresponding open cover. Recall that since X is
separate, then any Uj is still going to be affine.

For the purpose of proving the Kunneth formula, we define the Cech complex of sheaves for the
cover Y, denoted by C% (H):

0 = Dy71=1J:Ou; = By11=2J20u; = -+ = ®1j=njsOuv, — 0

The differential in this complex is again defined like what we have seen in the usual Cech complex. For
V < X, we define for example:

®11=1Jx O, (V) = @112+ 145 0u; (V)

which is:

®|I|:iOX(UI N V) - @|I\:i+10X(UI N V)

This is defined to be the Cech complex differential for the quasicoherent sheaf Oy on V', with respect
to the cover Uy n'V,--- U, n' V. You can easily check this is indeed a morphism of Ox-modules and the
composition of two differentials is indeed 0.

We also define the augmented Cech complex of sheaves for the cover il = {U;} denoted by C% . (1)
by appending Oy, i.e.:

0— Ox = ®=1J:0u; — ®j11=2J40u;, — -+ = B|11=njsOv; — 0

The first morphism Ox — @71 jEOy, is defined by restriction and you can check the composition is
still 0.
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Proposition 2.13. The augmented Cech complex of sheaves C%
over X.

aug (M) is an exact complex of flat sheaves

Proof. Flatness is easy by the previous proposition. To prove exactness, let’s check this locally. Suppose
that SV is an affine open of X, since each of these sheaves are quasicoherent, we know that this sequence is
determined by the morphism on the global sections. Recall that the first few maps are:

0— F(‘/, Ox) - (—BZF(V N UZ‘,OX) - @iJ‘F(V N Ui (@) Uj,OX)

We know from the sheaf axioms that this sequence is exact at I'(V, Ox) and at &;I'(V nU;, Ox). Exactness
later comes from the fact that quasicoherent sheaves on an affine scheme has no higher Cech cohomology. [

Before proceeding further, let’s prove a useful homological statement. Recall that we proved before that
a finite exact sequence of flat modules remain exact upon tensoring with any module and tensoring any exact
sequence by a flat module preserves exactness. The following result generalize these two results:

Proposition 2.14. Let C* be a finite exact sequence of A-modules and F'* is a finite exact sequence of flat
modules. Then the total complex of the double complex C* ® 4 F'* is also exact.

Proof. Recall that to prove a complex is exact is to prove that all cohomology groups are 0. The following
is the double complex:

I I I
0 ——= Co®@aFy —= C1®@aF —— Co®a Fp —— -+

| | |

0 — Co®@ua 1 — Ci@aF) —— Co@a Fy —— -+

| | |

0 — Co®aFy — C1®4 Fy —— Co®@a Fy —— -+

| | |

0 0 0

We can first compute the spectral sequence in the rightward orientation. Notice that since F; are all flat,
then we know that tensoring with F; remains exact, therefore we know that the first page are all 0. Therefore
we know that the spectral sequence stabilizes at the first page and are all 0, therefore we know that the
cohomology of the total complex are all 0. This agrees with the result if we compute the spectral sequence
in the upward direction since we know that a finite sequence of flat modules remains exact upon tensoring
with any modules. O

Remark 2.15. First notice that the above result indeed generalize the two result we stated before the
proposition. For example, if we want to prove that a finite exact sequence of flat modules remains exact
upon tensoring with any module, say C. We can take the finite exact sequence to be 0 > C — C — 0. I will
let you see why this suffices. Similarly, we can take the finite sequence of flat modules to be 0 - F' — F — 0.

Moreover, we notice that the spectral sequence argument we use doesn’t need C'* to be finite. Moreover,
we don’t even need to require C'* to be exact. The spectral argument can still be ran and we still use the
rightward orientation. This time the first page looks like:

A * A

HY(C*) ® F, HYC*)® Fy H2(C*)® F,
A A~ A
H(C*)® F, HY(C)®F, H2(C*)® F,
~ A ~
H(C*)® Fy H' (C*)®Fy H*(C*)® Fy
A~ +~ A~
0 0 0
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Note that F'* is still finite, therefore it remains exact upon tensoring any module, therefore the 2-th page
vanishes and therefore this spectral sequence stabilizes at 2-th page and the cohomology of the total complex
is still 0.

Remark 2.16. One case of a nonexact complex of flat F'* is likely to be useful in general (though we will
not use it). Say that F'* is a flat resolution of A. Then we can run the same rightward orientation spectral
sequence argument it’s just this time on the second page, we will have on the first row the cohomology of
C* instead of all being 0. But it still stabilizes on 2-th page, therefore in this case we have the conclusion
that the cohomology of the total complex is the same as the cohomology of C*°.

Now we go back to the case of sheaves:

Proposition 2.17. Again, let X be a quasicompact and separated scheme, we use the notation from the
Cech complex of sheaves of the cover il as above. Let F be any quasicoherent sheaves on X, then I claim
that F ® C% (80 is still exact. Similarly F ® C%(U) is exact except at the first slot, with cohomology
sheaf canonically isomorphic to F.

Proof. Let’s first check FQC¥ 0 (40) is still exact. Again, we can check it locally on affine opens. Say V is
an affine open of X, then if we use F' to denote F (V') we know that the complex of sheaves corresponds to:

0—>].—‘(‘/,OX)®F—>@ZF(V0Ul,Ox)®F—>@ZJF(VﬁUlﬁUJ,Ox)®F—>

Recall that each term in the complex before we tensor with F' is exact over I'(V, Ox), therefore it remains
exact even after we tensor F. This proves exactness.

Now for the nonaugmented complex, the way we prove it’s exact beyong the first term is exactly the
same as the above proof. To show that the kernel of the first morphism is canonically isomorphisms to F.
Notice that we have a morphism:

0— F - @ji0u, ®F — @i i’ Ov,v, @ F

which you can think of as tensor the agumented complex by F, which is exact, therefore we know that F is
the kernel. O

Using these pleasant results from homological algebra, we can prove a version of Kunneth formula.
Say X,Y are both quasicompact separated k-schemes (for example both are k-varieties), we consider the
fibered product X x; Y and we will call the two projections 7x : X X3z Y - X and ny : X X3, Y = Y. Let
Ux, Uy be finite affine open covers of X,Y.

Proposition 2.18. 7% .;(,aug(ux) is an exact complex of flat quasicoherent sheaves on X x Y.

Proof. Recall that C'% ., (Ux) is a sequence of flat quasicoherent sheaves on X, therefore after pulling back
to X xj Y, it remains exact. Recall that flatness is preserved by base change, then we can consider the
following Cartesian diagram:

X x, VY 25 X

Lo

X x, VY 25 X

Then we can prove that 7% takes quasicoherent sheaves that is flat over X to quasicoherent sheaves that is
flat over X x, Y. O]

Similarly, we have 3. Cy, . (8ly) is an exact complex of quasicoherent sheaf that is flat over X x; Y.

We will use the notation C'§ X Cy to denote the total complex of the double complex 7% C% (Ux) ®
7y Cy (Uy).  Similarly we can define C% ., X C% ,,, to be the total complex of the double complex
TXO% ang(Ux) @ THCY 0 (Uy).

aug

Proposition 2.19. This complex C% X Cy is a complex of flat quasicoherent sheaves on X x; Y that is
exact except at the first step where the kernel is canonically identified with Ox«, v .
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Proof. To prove this result, again we use spectral sequence argument: we know that the double complex
looks like:

% (@121 0v, ) ® T (®)=341 Ov,) — T (®11=27400;) @ 75 (®)y)=371 Ov,) — 7% (®11=3740v,) @ 75 (D)41=374 Ov,)

| | |

% (@®)1121740u,) @ T (B y)=244 Ov,) — T (®)11=27:0v;) @ T8 (B 71=271 Ov,) — % (®11=374Ov,) @ 75 (B)4)=244 Ov,)

| | |

7% (@11=17400,) ® 13- (®)7=17{ Ov,) — 7% (@)11=2740v;) @ 75-(D171=17{ Ov,) — 7% (®)11=374Ov;) @ 75 (B} 71141 Ou, )
Let’s first compute the spectral sequence in the rightward direction. The first page looks like:

% Ox @ 5 (®)s)=371 Ou,)

I

% Ox @ 75 (®)s)=271 Ou,)

I

% Ox @ 75 (®)s1=1J1 Ou,)

O — O — O
O — O —> O

we know that only the first column is nonzero because we know that the complex 7% C% (4x) is exact only
except at the first step and elements in 73 C5 (4ly) are all flat. Then we compute the second page, we know
that since 73 C5 (Uy) is exact except at the first step and objects in 7§ C5. (Lly) are all flat, we know that
the second page looks like:

0
0 0
YO0x @7y
0 0

0
Therefore the spectral sequence stabilize on the second page and the cohomology of the double complex is
isomorphic to 7% Ox ® 15Oy ~ Ox«,y. To show that this complex consists of flat quasicoherent sheaves
over X x; Y, recall that each object in 7% C% (Ux) and 73 C5 (4y) are flat. Then we know that the tensor
product is also flat since we know that if M, N are flat over A, then M ® 4 N is also flat over A.

If you want you can also prove a similar result for C% ,,,KC% ., Dotice that part of the double complex
is:

% Ox @ mE (B)y1=374 Ov,) — Tk (®11=17:0v0;) @ T (B41=374 Ov,) — 1% (®)11=2420v,) @ 75 (®)51=344 Ou,)

[ | |

% Ox @ mE (By1=274 Ov,) — T (®y11=17400;) @ T (B41=274 Ov,) — 1% (®)11=2410v,) @ 5 (®)51=24 Ou,)

[ | |

% Ox @ mE (12174 Ov,) — T (®11=17:0v0;) @ T (®141=174 Ov,) — 1% (®)11=2410v,) @ 7§ (®)51=1J4 Ou,)

| | [

HO0x @15 Oy —————— 1% (@1=1J40v,) @ 15 Oy —————— 7% (®)11=2740v,) @ 7§ Oy
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This times you will see that the sequence still stabilizes on the second page but all terms are 0, therefore the
cohomology of the double complex is 0. O

Recall that if F,G are quasicoherent sheaves on X,Y, we use the notation F [X]G to denote the quasico-
herent sheaf 7% F @ 73.G.

Proposition 2.20. (FXG) ® (Cyx K Cy) is a complex of quasicoherent sheaves on X xj Y that is exact
except at the first step, with the kernel canonically identified with F [x]G.

Proof. Let’s append the kernel of the first morphism in the complex C% XC5,, which by our previous propo-
sition is canonically identified with Ox «,y. Then we obtained an finite exact complex of flat quasicoherent
sheaves on X x Y, therefore after you tensor with F[X]G, it still remains exact. Therefore the kernel of the
first map is identified with:

Oxx,vy ®(FXG) ~ FXG

Now we are able to prove a version of Kunneth formula:

Theorem 2.21. (Kunneth Formula) We use the above notation, then by identifying (FKG)® (C% X Cy)
with (F® C%) X (G ® Cy ), there is a canoncial isomorphism:

H"(X x4 Y, FRG) ~ @it j=n H'(X, F) @ H (Y, G)

Proof. Let’s first consider the complex 7 ® C%. Suppose that j : U — X is any affine open embedding, I
claim that we have a canonical isomorphism:

f@j*OU = ]*(]:|U)
Notice that there is a canonical morphism of presheafs on X:

which is defined by restriction, this gives a morphism from the tensor product to j,(F|y) and we need to
show it’s an isomorphism.

Recall that these two sheaves are all quasicoherent, therefore we only need to check it’s an isomorphism
on each affine. Say V is an affine, then we know that since X is separated, V n U is an affine open of V', then
I claim that since F is a quasicoherent sheaf, then the above morphism F(V)Q Ox(UnV) > F(U V) is
an isomorphism. To see why, suppose that F is a quasicoherent SpecA morphism and SpecB — SpecA is
an open embedding of affine schemes, then I claim that:

F(SpecA) ®a B — F(SpecB)

is an isomorphism of B-modules. To check that this is indeed an isomorphism, we only need to show that
for all f € B, after we localize at f, we get an isomorphism. Since SpecB < SpecA is an open embedding,
we can assume that f comes from some f € A and the maps to B by A — B. Then the open embedding
gives us an A-algebra isomorphism:
Af ™~ Bf
Therefore we are showing the following isomorphism:
F(SpecA) ®a By ~ F(SpecB) ®p By

Notice that since F is quasicoherent, suppose that the open of SpecB where f doesn’t vanish is D(f) <
SpecB < SpecA, the left hand side is F(D(f)) so is the right hand side and the map between then can be
identified the horizontal map in the following diagram:

F(SpecA)
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which is an isomorphism.
This implies that the complex F ® C% is identified with:

®11=1x (Fluy) = Orj=2ds (Flu,) = -+ = ®j1j=nds(Flo,)

with the differentials identified as the Cech complex differential. Then we know that if we apply the functor
I'(X,—), we get the Cech complex to compute the Cech cohomology of F on X. Similarly, we know that
the complex G ® CY is identified with:

®s1=171 (Flu,) = ®pj=2ii (Flu,) = -+ = @ jj=mii (Flu,)

Similarly, after we apply I'(Y, —), we get the Cech complex to compute the Cech cohomology of G.
Then let’s consider the total complex (F®C%)X(GRCYy ). This is the total complex of a double complex
and in the double complex, each term looks like:

T F @ 7%j10v, @ %G @ 73] Ou,

I claim that this is canonically isomorphic to jL/Oy,«xv, ® (FXG). To prove this, we need to show a
canonical isomorphism

W;}jﬂ{OUI ® ﬂ—;k/j;k]OUJ = jiJOUIXUJ
Notice that these are all Ox «, y-algebras, therefore we know that to define such a morphism, we only need
to define Ox «, y-algebra morphisms:

* T -IJ * - J -IJ
7TX]*CJUI — Jx OUIXUJ7 7T-Yj:k(,)UJ — Jx OUIXUJ

Using the adjoint property between (7%, (7x)x) and (73, (7y)x), we know that we need to define O x-algebra
and Oy-algebra morphisms:

3+0u; = (mx)xji’ Ovixu,s 200, — (7y)sis’ Ouvrxu,
For example let’s define 51Oy, — (7x)+jL/ Oy, v, For each open V, we need to define:
Ox(UrnV) > Oxx,y(UrnV xUy)
This can be defined by:

ﬂ'ﬁ 5
Ox(U[ M V) =3 OXXky(U] NV x Y) FEE Oxxky(U] NV x UJ)

This obvious is a morphism of Ox-algebras. Similarly, we can define ji Oy, — (my)sjl’Ov,xv,, which
gives us %10y, — 1Oy, xv,, 7l Ov, — i1/ Oy, <, and further:

* 1 * J -IJ
’R—X]*OUI ®7TY.7*OUJ — Jx OUIXU]

We want to check this is an isomorphism. Notice that both sides are quasicoherent sheaves, then we can
check on any affine cover of X x; Y (which waives us of the problem of having to care about the sheafifying
problem), recall that if we cover X,Y with affine opens, then their fibered product covers X xj Y say
SpecA, SpecB are two such opens of X, Y, then we need to show that on SpecA xj, SpecB, the above defined
morphism is an isomorphism. Recall that the adjoint property commute with restrictions, therefore we know
that the following morphism on SpecA x; SpecB:

7%340u, = ji Ov,xu,
is defined by:
Ox(UrnSpecA)®4 (AQk B) = Oxx,v(UrnSpecA x Uy n SpecB) ~ O(Ur n SpecA) ®;, Oy (Uj n SpecB)
This is identified with:

Ox(Ur n SpecA) ®; B — O(Ur n SpecA) ®;, Oy (Uy n SpecB)

21



Similarly we can figure out 77/ Oy, — i1/ Oy, «v, on SpecA x . SpecB is determined by:

A®y Oy (Uy n SpecB) — O(Ur n SpecA) ®i, Oy (U n SpecB)
Therefore the induced morphism on the tensor product is:

(Ox(Ur n SpecA) Qi B) Qag, B (A®r Oy (Uy n SpecB)) — O(Ur n SpecA) ®;, Oy (Uy n SpecB)
This is the same as the identity map:
O(Ur n SpecA) @i, Oy (Uy n SpecB) — O(Uy n SpecA) ®;, Oy (U n SpecB)
Therefore we are done and we know that each term in the double complex indeed is:
(FRG)®js Ov,xu, = i’ (FRGlu «u,)

The isomorphism holds because F[XG is still quasicoherent, then we can use the same argument as jLO0p, ®
F ~ jl(Flu,) that we gave before. Notice that U; xj U; where i € I, j € J forms an affine open cover of
X x; Y. If we want to consider the Cech complex of F [x] G with respect to this cover, we need to give this
finite set consisting of all the possible subsets of I x J an order so that we can define the differentials. We
notice that the double complex of (F X G) can be schematically written as:

Then we know that if we order I, J using lexicographic order where [ is the first index and J is the second
order, I will let you that after we apply global section functor I'(X x) to the total complex, we obtain the
complex to compute the cohomology of F [X] G over Speck. Now it’s not hard to check that after we apply
I'(X xj Y,—) to the total complex (F ® C%) X (G ® Cy ), what we get is the total complex we get from
the double complex that tensors up I'(X, F ® C%) and I'(Y, G ® C5.) over k. (Here we again use something
that we used above, suppose that M is an A-module N is a B-module and A, B are all k-algebra, then there
is a canonical isomorphism (M ®i B) ®ag,.5 (N ® A) ~ M ®; N). Therefore we only need to show the
following last step: O

Lemma 2.22. Suppose that we have two complexs of k-vector spaces:
A*=0—> Ag—> A; — - A, — -+
B*=0—>By—> By —> B, >

Then there is a canonical isomorphism between:

H"(A* ®) B*) ~ @it j—nH'(A*) ® H(B*)

Proof. We could directly use spectral sequences since we know that all k-modules are flat, but here let’s
compute it by hand so it’s more clear.
Since we work with a field k, consider the complex A®, notice that for each A*, we can first decompose
it to:
Ai ~ Zi @Li+1, Zi _ ker(Ai _ Ai+1)7 Li+1 _ 1m(AZ N Ai+1)

Further we can decompose Z° to: _ _ _
Z'=H'(A")® L’
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Then we know that for each i, we have an isomorphism:
A= L @ HI(A%) @ L
The differential is defined by:
Lo H(AY @ L — L2 @ HiTH(A*) @ LI

where L**! is mapped by identity to Li*! and the other two are mapped to 0. To differential A and B,
we will use subscript A, B. Then to see out assertion, you can write every term in the complex in terms of
tensors of:

L%, HY Ly, H e

Then you will find the conclusion not hard to see. O

Remark 2.23. It’s not hard to see why we assumed quasicoherence of F and G in the proof as what we
have pointed put in the proof. Notice that he only place where we used the fact that X,Y are over k is in
the last lemma where you either need flatness to use the spectral sequence or you need to use decomposition
properties of vector spaces to do the above explicit computation.

Then one natural question to ask after the above proof is: instead of working with Speck, which is a
point, can we work with quasicompact and separated morphisms pX : X — Z,p¥ : Y — Z over a general
base Z? In this case if we use p**Y to denoted morphism from X xz Y to Z, of course it doesn’t make
sense to take about Cech cohomology, but rather we need to ask what is he relation between R"p2 Y Fx; G
RipX F and R7pY F. You guess that you will have a similar Kunneth formula (but of course with more
conditions imposed on pX, p¥ and we may loose the claim that the formula is an isomorphism for nonaffine
base Z) however, a clear statement and proof will require derived categories therefore we don’t put it here.

Remark 2.24. Here is a proof which gives you a high point of view proof of why we can to compute
the Cech cohomology of F,G, F X] G by apply the global function to the complexes F ® C%,G ® Cy and
(FXG)® (C% X Cy) without show that after apply the global section functor we indeed get the Cech
complex.

Recall that affine morphisms gives an isomorphism between the cohomology of the pushforward and
the original cohomology. Also recall that quasicoherent sheaves on an affine scheme has no higher degree
cohomology. Finally recall that when the scheme is qusicompact and separated, the Cech cohomology of
quasicoherent sheaves is isomorphic to the derived functor cohomology and we can compute derived functor
using acyclic resolutions. Then you only need to show that F ® C%,G ® Cy- and (FXG) ® (C%x X Cy) are
acyclic resolutions of F,G, F xX]G, which are what we proved above.

3 Ideal-theoretic criteria for flatness

The following theorem which characterizes flatness using ideal theoretic methods will allow us to characterize
flatness over a number of rings:

Theorem 3.1. Let M be an A-module, then M is flat over A iff for any ideal I — A, Tor{!(M, A/I) = 0.

Remark 3.2. Before we prove the above theorem, let’s make a side remark about how you can think of this
theorem and why it helps you understand flatness.

Notice that the statement of the above theorem is equivalent to the following: for each ideal I < A, the
map I ®4 M — M is an injection, which is further equivalent to I® 4 M — IM is an isomorphism. Flatness
is often informally described as continuously varying fibers and this can be made precise as follows. An
A-module M is flat iff it restricts nicely to closed subschemes of SpecA, i.e. if we consider SpecA/I — M
and restrict M to SpecA/I, we know that in the process, the information we loose in M is the submodule
IM, that is the elements that vanishes on SpecA/I. Then we can state that M is flat iff TM is easy to
understand in the sense that elements in IM all comes from linear combinations of ¢ ® m with no surprising
relations.
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Let’s also take a moment to explain what this no surprising relations mean. Recall that the tensors are
defined as the quotient of a free abelian group and the subgroup we are quotienting out is the subgroup
generated by the A-bilinear relations. Therefore we can think of I ® M as formal linear combinations of
1 ® m, only subject to A-bilinear relations. Notice that in IM, we know that the elements can also be
written as linear combinations ¢m, but here is may be subject to more relations in M. Notice that in M,
these linear combinations im clearly subject to the A-bilinear relation. Then the fact that I® M — IM
being an isomorphism means that in M there are no other extra relations other than the bilinear relations.
This is the content of the following result:

Proposition 3.3. (Equation criterion for flatness) An A-module M is flat iff for any relation »;, a;m; =
0 with a; € A and m; € M, there exists m; € M independent of i and a;; € A such that Zj aijm; = m, for
all ¢ and ), a;a;; = 0 for all j.

Proof. Let’s first take a look at what does this relation mean:
Z a;m; = Z Z aiaijm;-
i j i

We know that the right hand side comes from the tensor:
2.2, ai; ®m]
joi
But we know that by assumption that:
Z a;a;; ® m; = (Z a;a;j) ® m; =0
i i

Therefore if we assume that a; € I for some ideal I, we know that some linear combination in IM is 0
because it comes from 0 in the tensor product I ® M. Moreover, if you compare:

Eai®mi7 Zzaiaij ® m;
i i

we know that the second term is ), Zj a;a;;@m;j =, Zj a;®@aijm; = Y, a;@m;, therefore Y. a;®@m; = 0,
therefore I @ M — IM is an isomorphism.
Conversely, suppose that M is flat over A. Consider the following A-module map:

0 — kerp 5 A" — A

where ¢ is defined by (z1,- - ,2,) — >}, a;z;. Then we know that since M is flat over A, we can tensor with
M and get:
0—>kerp@M — M" - M

We know that by assumption that (mq,---,m,) is mapped to 0. Therefore there will be something in
kere ® M that maps to (my, - ,my).
Notice that we know that elements in kerep ® M are of the form:

2k ®m]
J

!

; = m;. Moreover,

suppose that the i-th component of k; is a;;, then we find a;; and m; such that Zj a;m
by assumption k; € keryp, therefore we know that:

Zaijai =0
%

We are done. O
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Example 3.4. To give you a sense of when in IM, there are additional relations, think of the following
example which we have seen before. Let A = k[t]/(t?), I = (t)/(t?) and M = (k[t]/(#?))/((t)/(t?)) = k.
consider the map:

I®sM—IM

Notice that M is annihilated by I, therefore IM = 0. However, we know that I @4 M = I @ A/I = I/I? =
I ~ k, here we have:

t®1—t-1=0
Notice that since £®1 is mapped to 1 in k, we know that this is not 0 in the tensor product. Therefore this
is not subject to bilinear conditions, but it’s image in /M is 0, which means that the linear combinations in
IM has more relations than just the bilinear relation.

Remark 3.5. Another remark before we prove the theorem is that: actually, in the statement, we can require
I to be finitely generated instead of all ideals of A. To see why, we want to prove that if I ®4 M — M is
injective for all finitely generated ideal I, then I ® M — M is injective for all ideal I — A. Let’s prove the
contrapositive, i.e. if there is an ideal I such that I ® M — M is not injective for some ideal I, then we will
find a finitely generated ideal J such that J ® M — M is not injective.

Since I ® M — M is not injective, we know that there will be:

Eai®mi7 ij@?ﬂj
J

which are mapped to the same element in M. Consider the ideal generated by a;,b;, say it’s J, then we
have:
JOIM - IQM — M

we know that if we consider Y a; ®m;,  >;b;®m; in J® M, they are different since their images in 7@ M
are different, but the images in M are the same, we are done.

Now let’s prove the theorem:

Proof. We only need to show that Tor:' (M, A/I) = 0 implies Tori (M, N) = 0 for all A-modules N.

Let’s prove first for the case when N is finitely generated. Let’s do induction on the number of generators,
say first N is generated by one element n, then we know that N ~ A/Ann(n), then we are done. If this holds
for N with n generators, we want to prove it for n + 1 generators. Say these generators are ay,--- ,apy1, We
consider the following SES:

0— Aapy1 — N > N/Aap41 — 0

We consider the LES of Tor®*(M, —), since N/Aa, 1 is generated by n elements, we know that we can apply
the inductive hypothesis for Aa,;; and N/Aa, 1, and conclude Tor{'(M, N) = 0.

Then for a general N, we know that N is the union of all it’s finitely generated submodules N,, which
is a filtered colimit and we know that:

Tor{ (M, N) ~ Tor{'(N, M)

Then if we can show that:
Tori (N, M) ~ li_r)nTorf(Na,M)

«

Then we know that since Tor{ (N, M) = 0, Tor{'(N,M) = 0 = Tori'(M,N). Notice that if we have a
projective resolution of M, we have a filtered colimit of complex after we tensor with N,, then since we
know that filtered colimit is exact, then it commutes with taking cohomology, therefore we are done. O

We will not use this to give explicit characterizations of flat modules over PIDs, dual numbers and several
local rings. Recall that we prove before that over a domain, a module is torsion-free if it’s flat, now if we
assume further that the ring is a PID, the converse also holds:

Proposition 3.6. If A is a PID, then a module M is flat iff it’s torsion free.
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Proof. Recall that since A is a PID, then any ideal I is generated by one element, say (), then Tor{ (M, A/T) =
Tor{'(M,A/(x)) = (M : z), therefore we know that if M is trosion free, then Tor{!(M, A/I) = 0 for all I,
thus M is flat. O

Then let’s consider the condition for a module to be flat over the dual numbers k[t]/(¢?). This fact will
be important in deformation theory:

Proposition 3.7. M is flat over k[t]/(t2) iff M/tM 3 tM is an isomorphism.

Proof. One important observation is that k[t]/(¢?) only has three ideals. Besides the 0 ideal and the whole
ring, I claim that (¢) is the only nontrivial ideal. To see why, notice that if we consider a + bt, we know that
it’s not invertible only when a = 0 and b # 0 since if not we know that:

(a+ bt)(é - a—th) —1

Therefore we know that an nontrivial ideal can only contain elements of the form bt, that is the ideal (t).

Then for M to be flat, we only have to require () ® M — tM to be an isomorphism. Notice that (¢) as
an A-module is isomorphic to A/(t) since we know that ¢ acts on A/(¢) and (¢) trivially, therefore we know
that we have a diagram:

(t) ® M at@m—atm tM

M /tM

Therefore we are done. O
Let’s also see how flatness is characterized over a DVR:

Proposition 3.8. Let M be a module over a DVR A with uniformizer ¢, then M is flat over A iff ¢ is not
a zerodivisor of M.

Proof. Recall that any nonzero ideal of A is of the form (¢, then we know that M is flat iff Tor{! (M, A/(t")) =
0, that is to say that (M :¢™) = 0. This is equivalent to (M : ¢) = 0, that is ¢ is not a zerodivisor. O

You will see later that the above result gives a useful geometric characterization of flat morphisms over
a regular curve.
The following theorem will be absolutely important:

Theorem 3.9. Suppose that (A, m) is a local ring and M is a finitely presented A-module, then the following
are equivalent:

1. M is free.

2. M is projective.

3. M is flat.

4. Tor{ (M, A/m) = 0.

Remark 3.10. Here this finitely presented condition can not be dropped as there are flat modules over local
ring that is not free. Consider the Z,)-algebra (here this notation is localize Z at the prime (p)) Q, notice
that since Q is just a further localization, therefore is flat over Z,). However, I claim that it’s not free. The
reason is also easy, we know that elements in Z,) all have denominator that is prime to p, then we know that
if we want to write elements in Q whose denominator is a power of p is as a Z,) linear combination, we will

need some elements of the form # for n that runs over all positive integers. At the same time, only finitely

many such elements are not enough as we know that pi only suffices for elements in Q with denominator

whose exponent of p is at most n. However, any two p%, me are not linearly independent.
The above example doesn’t contradict the above result since our discussion already shows that Q is not

finitely presented over Z,.

26



Then let’s prove the theorem:

Proof. Note that the implications 1 = 2 = 3 = 4 are all trivial. Therefore the only thing we need to show
is4d=1.

Recall that by our assumption, M is firstly finitely generated, then we know that M/mM is a finite
dimensional vector space over A/m, thus there is a basis, which we lift back arbitrarily to M. Say they are
maq,--- ,my. Notice that by Nakayama’s lemma the map:

A®n—>M, €; —> My

is surjective. We will prove it’s an isomorphism. Notice that by our assumption that M is finitely presented,
we know that the kernel K is also finitely generated. Consider the exact sequence:

0K — A - M -0

Since we assumed that Tori (M, A/m) = 0, then we know that after we tensor with A/m, the sequence

remains exact:
0 — K/mK — (A/m)® — M/mM — 0

by our assumption (A/m)® — M/mM is an isomorphism, therefore K/mK = 0. Since K is finitely
generated, K/mK = 0 implies K = 0. O

The geometric interpretation of this result is:
Corollary 3.11. A finitely presented sheaf F over any scheme is flat iff it’s locally free.

Proof. Recall that for any finitely presented sheaf F, we can check locally freeness on stalk level, i.e. it’s
locally free iff each stalk is free. (Recall that we prove this using the fact that finitely presented implies
always finitely presented, thus the kernel is finitely generated, therefore the support of the kernel is closed).
Then since F,, is finitely presented over Ox ;, and is flat, we know that it’s free. O
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