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1 Line Bundles, Maps to Projective Spaces and Divisors

The goal of this chapter is to let you know the importance of line bundles, with many applications. The
reasons behind are quite a lot: They are the simplest vector bundles we are often able to classify and we can
always build and manipulate them via a lot constructions to get interesting new stuff. Finally, they help us
to understand maps to projective spaces and divisors in general.

1.1 Some Line Bundles on Projective Spaces

We now describe an important family of invertible sheaves on projective spaces over a field k.
As a warm up, we begin with a line bundle called OP1

k
p1q on P1

k “ Projkrx0, x1s. The subscript indicates
the space on which the line bundle lives and is often omitted when it’s clear from the context. We describe
the invertible sheaves Op1q using transition functions:

Recall that we cover the space by U0 “ Dpx0q and U1 “ Dpx1q and they are just U0 “ Speckrx1{0s and
U1 “ Speckrx0{1s. We define the line bundle Op1q by being trivial on U1 and U2, we now need a transition
function on the intersection. Notice that the global sections of the line bundle on U0 are just polynomials
in the variable x1{0 and the global sections on U1 are just polynomials in the variable x0{1. Recall that the
intersection is Dpx0x1q and we know that the structure sheaf restricts to the structure of Speckrx1{0, x0{1s

and we define the transition function from U0 to U1 by multiplying x0{1 and from U1 to u0 by multiplying
by x1{0, then you see that the composition is the identity, thus indeed defined a transition function.

What you should notice here is that if we define the transition function on the intersection to be 1, then
the stuff we get in the end is just the structure sheaf.

To test our understanding, let’s compute the global section of this line bundle, we claim that the global
section is isomorphic to the degree 1 piece of krx0, x1s. Recall that the global section can be determined by
the sections on U0 and U1 such that they agree on the intersection recall that for a polynomial fpx1{0q in
U0 which is a section on U1, it restrict to fpx1{0q on the intersection then we multiply it by x0{1 it should
be equal to the restriction of gpx0{1q. Then we know that f can’t have degree larger than 1, since we are

just asking that for a one variable polynomial fpxq when do we have fpxq 1
x “ gp 1

x q, thus the degree of f can
only be 1, thus f is linear, that f “ ax1

x0
` b and for each such f we get g “ a ` bx0

x1
, thus we get the global

section are just all linear functions in x1

x0
, or equivalently linear combination of x0, x1.

Remark 1.1. Notice that this tells you that the dimension of ΓpP1
k,Op1qq “ 2 ‰ 1 “ ΓpP1

k,Oq, thus this
line bundle is not trivial!

Now we can define Opmq on P1 similarly, with the transition function on Speckrx1{0, x0{1s being ˆxm
1{0

from U0 to U1 and ˆxm
0{1 from U1 to U0. Recall that the transition functions on Op1qbm is just the m power

of the transition function on Op1q, thus we see that Opmq » Op1qbm.
This construction also makes sense for m ă 0, since the transition function with m being negative also

makes sense, thus you see that Opmq » Op1qbm makes sense even for m ă 0 with the meaning of Op1qbm

being pOp1qb´mq_ since the transition of the dual is the inverse. Also, we see that OpmqbOpnq » Opm`nq

still for the reason of they have the same transition functions. And this again comes to the fact that tensor
product can be computed locally.
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Proposition 1.2. The dimension of ΓpP1,Opmqq “ m ` 1 for m ě 1 and 0 otherwise, moreover, for m ě 0
you can identify the global section to be the space of homogeneous polynomials of degree m with variables
x0, x1.

Proof. This is just a generalization of the computation we had earlier. Let’s first consider m ě 2, it just
reduces to find a pair of polynomial f, g such that:

fpxqp
1

x
qm “ gp

1

x
q

Thus you see that the degree of f must be less than or equal to m, and for a f “ amxm ` ¨ ¨ ¨ ` a1x ` a0,
we know that g “ a0x

m ` a1x
m´1 ` ¨ ¨ ¨ ` am, thus we can identify the global section as span of degree m

homogeneous polynomials in two variables thus m ` 1.
For m ă 0, we see that we are looking for:

fpxqx´m “ gp
1

x
q

and just for degree reasons, there is no such polynomials, we are done.

Example 1.3. The line bundles Opmq on P1 gives a surprising example of the importance of sheafification
when doing tensor product.

Recall that for Op1q b Op´1q » O, the global secitions of Op´1q is just 0, thus if we don’t do any
sheafification and just simply tensor the global sections, we get 0, however, we know that the the global
sections of the sturcture sheaf is not 0.

Proposition 1.4. If m ‰ n, then Opmq is not isomorphic to Opnq, thus we have an injective map:

Z ãÑ PicpP1
kq

Proof. We only have to worry about when both m,n are negative since the discussion above have settled
other cases.

Say m ą n Now if they are isomorphic, then tensor preserves being isomorphic, thus we have:

Opm ´ mq “ O » Opn ´ mq

However, since n ´ m is negative, we get a contradiction.

Remark 1.5. As what we have seen in the proposition of determining global sections of Opmq for positive
m, it’s intuitive to identify the global sections of these invertible sheaves as homogeneous polynomials of
degree d. This is not just for the sake of looking good. For example, consider where does the global section
x3
0 ´ x0x

2
1 of Op3q vanish. We claim that they vanish exactly at homogeneous primes that contain them.

To see this, of course you pass to the two affine covers, for example in Dpx0q, the global section becomes
1 ´ px1

x0
q2, then for a prime in the affine open containing this, the corresponding homogeneous polynomial

contains x3
0´x0x

2
1 by just multiply by x3

0 and conversely any homogeneous prime lying in Dpx0q that contains
this section will translate to a prime in the affine open that contains 1 ´ px1

x0
q2.

There are other intuitive reasons for why the identification is useful: the section x0 ` x1 of Op1q can
be multiplied by a section x2

0 of Op2q to get a section of Op3q, and you intuitively think of the section as
x3
0 ` x1x

2
0, and this is the correct answer if we use the rigorous way to find this section. To see how this is

done, recall that when we mean multiply sections to get a section in the tensor product, we mean the image
of the tensor of the two elements under the morphism from the presheaf to the tensor sheaf. This operation
is well defined wrt restrictions, in the sense that we can use an affine cover and restrict to open covers to
compute the global section. However, when you restrict to U0, U1, both the line bundles are trivial, hence
here we don’t have to do sheafification and the tensor product just correspond to product here and use this
interpretation you will find the section I told you is correct one.

For one more example, consider Op´2q and the rational section
x4
0px1`x0q

x7
1

defined on Dpx0q (it’s indeed

a rational section since the only associated point is the generic point). We will ask where does it have poles
and zeros and what is the order. To rigorously answer the questions requires some work, but you can already
from the global section itself where are the vanishing points intuitively.
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More generally we can define Opmq on Pn
k by cover Pn

k with the n ` 1 standard affine cover and still
defines it to be trivial on each Dpxiq, while the transition function between Dpxiq and Dpxjq is defined to
be multiplication by xm

i{j and from Dpxjq to Dpxiq is multiplication by xm
j{i. We need to check the cocycle

condition, recall that the triple intersection of Dpxiq, Dpxjq and Dpxkq is just Specpkrx0, ¨ ¨ ¨ , xnsxi,xj ,xk
q0

and the restriction of xm
j{i is still itself, then we are just verifying:

xm
i{j ¨ xm

j{k ¨ xm
k{i “ 1

which is obvious since we the symbol xi{j just stands for xi

xj
and similarly for other variables.

The following proposition tells you the global sections of Opmq on Pn
k , which is essential:

Proposition 1.6. We can identify the global sections of Opmq on Pn
k as the space of homogeneous polyno-

mials of degree m in variables x0, ¨ ¨ ¨ , xn, thus the dimension of which will be
`

n`m
n

˘

.

Proof. Similar to what we did for P1, this time we cover Pn
k with the standard n ` 1 affine opens, and we

want to find a n ` 1 tuple of polynomials:
pf0, ¨ ¨ ¨ , fnq

with fi in variables x0

xi
, ¨ ¨ ¨ , xi

xi
“ 1, ¨ ¨ ¨ , xn

xj
, such that they agree on intersections. For example we need:

f0p
x1

x0
, ¨ ¨ ¨ ,

xn

x0
q ¨

xm
0

xm
1

“ f1p
x0

x1
,
x2

x1
, ¨ ¨ ¨ ,

xn

x1
q

in pkrx0, ¨ ¨ ¨ , xnsx0,x1
q0.

From this, we notice that each term in f won’t have more than m variables, if so, f0px1

x0
, ¨ ¨ ¨ , xn

x0
q ¨

xm
0

xm
1

will have terms with x0 on the denominator while the stuff on the right hand side doesn’t have such terms,
thus they can’t be equal. This immediately tells you that when m ă 0, there is no global section.

Therefore, f should be a polynomial in these variables with degree less than m. Conversely, for each such
polynomial, we can produce other n polynomials uniquely and get a global section juts by homogenizing the
polynomials. This also helps us to identify the global section as degree m homogeneous polynomials.

Remark 1.7. Now from the above proposition, the function that maps n P Z ÞÑ dimkΓpPn
k ,Opmqq “

`

n`m
n

˘

is a polynomial with coefficients in Q and with variable m for any m ě 0. This suggests that this function
want to be a polynomial in m, but won’t succeed without help. To see which part falls apart, we need the
higher cohomology and will also need to define Euler characteristic using higher cohomology. You will find
that this the polynomial that the funcition in m tend to be is the Euler characteristic, and it will agree with
the dimension of the global section when m ě 0 precisely because all the other cohomology vanishes.

Remark 1.8. The above definition can be applied without change to any ring A and define Opmq on Pn
A,

you will find that the dimension of the global section is just a rank
`

n`m
n

˘

A-module still identified with
homogeneous polynomials of degree m with coefficients in A.

The following example might be enlightenling:

Example 1.9. Recall that, for n ą 0 we defined a morphism before:

π : An`1 ´ t0u Ñ Pn

You can define it by divide up into affine opens and define morphisms there and show that they glue together.
Or if you recall, we know that the functions x0, ¨ ¨ ¨ , xn have no common zeros on An`1 ´ t0u, thus they
determine a unique morphism An`1 ´ t0u Ñ Pn, but the moral is still the same.

We claim that for every m P Z, we have an isomorphism:

π˚Opmq » OAn`1
A ´t0u

To see how this is isomorphism is defined, we still have to first work locally, notice that D`pxiq is pulled
back to Dpxiq. Then on Dpxiq, we define a rational polynomial f is mapped to f ¨ xm

i , we claim that this
glues well on the intersections. Recall that on Dpxiq, the pullback is identified with the structure sheaf by:

kr
x0

xi
, ¨ ¨ ¨ ,

xn

xi
s bkr

x0
xi

,¨¨¨ , xn
xi

s krx0, ¨ ¨ ¨ , xn,
1

xi
s
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Then you notice that the transition function on the intersection is still times
xm
i

xj
, then you can use this to

show that this is a well defined morphism.
It’s also an isomorphism since it’s an isomorphism of krx0, ¨ ¨ ¨ , xn,

1
xi

s-modules on each Dpxiq. It’s
obviously injective and it’s also surjective since we know xi is invertible on each Dpxiq.

The above construction depends on you understanding of how the pullback controls the transition func-
tions on affine schemes. For example, we have a morphism of affine spaces:

SpecA Ñ SpecB

and we have an endomorphism for quasicoherent sheaf ĂM on SpecB, which is induced by the B-module
morphism M Ñ M , then we claim that if you consider the endomorphism induced on the pullback, it’s still
induced induced by M Ñ M on:

M bB A Ñ M bB A

which is something we discussed before.
This isomorphism π˚ induces a morphism π˚ : ΓpPn

A,Opmqq Ñ ΓpAn`1 ´ t0u,OAn`1´t0uq by first maps it
to the tensor product and then to the sheafification, you can check that this correspond to the map that maps
the global section correspond to a homogeneous polynomial of degree d to the global section of An`1

A ´ t0u

which correspond to the homogeneous polynomial, thus obviously injective.
Moreover, recall we know that we have an isomorphism on global sections α : ΓpAn`1,OAn`1q Ñ ΓpAn`1´

t0u,OAn`1´t0uq induced by the inclusion morphism:

An`1 ´ t0u ãÑ An`1

Then the composition gives you an morphism:

α´1 ˝ π˚ : ΓpPn
A,Opmqq Ñ Arx0, ¨ ¨ ¨ , xns

You should check that it’s injective and maps the section that correspond to the homogeneous polynomial
of degree m to itself in Arx0, ¨ ¨ ¨ , xns.

You will see later that the only line bundles on Pn
k are these Opmq, which uses more tools than we have

now, but for P1
k, we can prove it right now.

Proposition 1.10. The only line bundles on P1
k up to isomorphism are Opmq we defined before.

Proof. Recall that we prove that all locally free sheaf of finite rank on A1
k is free of rank n, thus every

invertible sheaf on A1 is trivial.
Now suppose that P1

k has a line bundle L, then from the discussion above, we know that it’s trivial on
Dpx0q and Dpx1q, thus we know that on the intersection, Speckrx, 1

x s if L1 is another line bundle that has
the same transition function on the intersection, then we know that L1 is isomorphic to L, thus the question
just becomes how to find all the invertible functions on krx, 1

x s, now suppose that f
xn ¨

g
xm “ 1 we know that

fg “ xm`n, therefore we know that f and g are all powers of x, thus the only invertible functions in this
ring are xm for all m P Z, we are done.

Remark 1.11. One thing you should pay attention to is that if we are not working with k, but an arbitrary
ring A, Pn

A may have more line bundles than Opmq, and you will see an example later.

The last part of this section will generalize Opmq construction to ProjS‚, where S‚ is a finitely generated
graded ring over A, or in other words we are generalizing the construction to projective A-schemes, let’s first
focus on the case where S‚ is generated in degree 1.

If you recall that for any graded S‚-module M‚, we have a quasicoherent sheaf on ProjS‚. Now there is
an operation called twisting defined for all such graded modules. We define Mpmq‚ to be the graded module
where each graded piece:

Mpmqd “ Mpm ` dq

4



It’s still the module M‚, just with a different grading. It’s easy to check that it’s indeed still a graded
S‚-module, that we can apply the associated sheaf operation and get a quasicoherent sheaf on ProjS‚. If
you do the computation you will find that on each Dpfq, we have:

ΓpDpfq, ČMpmq‚q “ ppM‚qf qm

where the subscript m means that you take the m’s graded piece.

Proposition 1.12. Recall that when S‚ “ Arx0, ¨ ¨ ¨ , xns with the usual grading, we have ProjS‚ “ Pn
A.

Then ČSpmq‚ » Opmq on Pn
A.

Proof. Let’s use transition functions to determine the isomorphism, which means that we need to show they
have the same transition function.

Since we already know the transition function for Opmq, we only have to deal with Spmq. To see this, we

first need to show that ČM‚pmq is indeed trivial on D`pxiq. Notice that on D`pxiq, ČM‚pmq is just ČppS‚qxi
q1,

and there is an ppS‚qxi
q0-module isomorphism:

ppS‚qxi
q0 Ñ ppS‚qxi

qm

defined by f
xn
i

ÞÑ
fxm

i

xn
i
, this is clearly injective and surjective thus an isomorphism. Now we need to figure

out the transition function. Notice that the isomorphism is compatible with restriction to the intersection
in the sense that we have the following diagram:

pSxi
qm pSxixj

qm pSxixj
qm pSxj

qm

pSxi
q0 pSxixj

q0 pSxixj
q0 pSxj

q0

res

id res

ˆxm
i

res

ˆxm
i

?

ˆxm
j ˆxm

j

res

thus we are only have to consider that is the invertible map, indicated by the dotted arrow such that the
diagram commutes, and you can check it’s exactly the transition function of Opmq.

Motivated by the above computation, we define:

Definition 1.13. Suppose that S‚ is a finitely generated A-graded ring such that it’s generated in degree

1, then we define Opmq on ProjS‚ to be ČSpmq‚.

Proposition 1.14. If S‚ is generated in degree 1, then Opmq is an invertible sheaf on ProjS‚.

Proof. The main reason we want S‚ to be generated in degree one is that we want pSf qm » pSf q0. Since f
is of degree 1, we can define a morphism by:

pSf q0 Ñ pSf qm

x
fn ÞÑ

xfm

fn , and if f is not of degree 1, we know that this may not be defined just for degree reasons.

And we know that ProjS‚ is covered by D`pfq for finitely many degree 1 homogeneous elements, then
we are done.

Definition 1.15. If S‚ is generated in degree 1 and F is a quasicoherent sheaf on ProjS‚, we define
Fpmq “ F b Opmq, this is called twisting F by Opmq or twisting F by m.

More generally, for an invertible sheaf L on ProjS‚ we define F b L to be twisting F by L.

Proposition 1.16. If S‚ is generated in degree 1, then ĂM‚pmq » ČMpmq‚, thus the placement of the dot is
not important.

Proof. We can define the morphism locally and show that they patch together. Again, suppose that ProjS‚

is covered by finitely many D`pfq where f is homogeneous of positive degree 1. Let’s first define the
morphism on D`pfq.
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Since ĂM‚ and ČSpmq‚ are quasicoherent, we know that the result is quasicoherent and is described on

D`pfq by pMf q0 b pSf qm, then since ČMpmq on D`pfq is pMf qm, we can just define the morphism by
the module morphism corresponding to the multiplication. Then I claim that the following morphism is
commutative for another g, homogeneous of positive degree 1:

pMf q0 b pSf qm pMf qm

pMfgq0 b pSfgqm pMfgqm

pMgq0 b pSgqm pMgqm

this tells you that they agree on intersections, which I will let you check since there are indeed some identi-
fications you need to notice, but after you check it, it defines a morphism.

Now we have to prove it’s an isomorphism, we can do this by defining a inverse pMf qm Ñ pMf q0 bpSf qm,
and I will let you figure out what is it.

Using the above exercise, we are able to show that:

Proposition 1.17. If S‚ is generated in degree 1, then Opm1 ` m2q » Opm1q b Opm2q.

Proof. Notice that Opm1q is just ČSpm1q, then twist it by m2, from the previous proposition, you get it’s

isomorphic to ČSpm1qpm2q “ ČSpm1 ` m2q “ Opm1 ` m2q.

1.2 Line Bundles and Maps to Projective Spaces

Before we discuss what we will do, let’s tell you our goal of this section and tells you a non-formal example
to give you some flavor on what we will do later.

First, recall that a morphism from any scheme X to An corresponds to choose n functions on X. And
from the Yoneda representable functor point of view, we can define An as the object such that morphims to
it correspond to n functions. In this section we will reinterpret Pn using this idea. To do this, we need to
understand how to use line bundles to give morphisms to Pn, which is the core of this section. To give you
a feeling of what happens here, I claim that:

rx3
0, x

2
0x2, x0x1x2 ` x3

1, x
3
2s

give a morphism from P2 to P3. Clearly, none of the stuff in the bracket is a function on P2, thus the strategy
we used before of giving functions that has no common vanishing points doesn’t work here. However, say
for a k-valued point r1 : 1 : 1s, it’s sent to r1 : 1 : 2 : 1s, and the same point is sent to r8 : 8 : 16 : 8s, thus
their rations still makes sense. Therefore, you know where each point should go.

However, the following bracket doesn’t give a morphism from P2 to P3:

rx3
0, x

2
0x2, x0x1x2 ` x3

1, x
3
1s

This is because the point r0 : 0 : 1s will be mapped to r0 : 0 : 0 : 0s, which doesn’t make sense. These stuff
in the bracket, as what we have mentioned before, correspond to global sections of the line bundle O3 on
P2, the difference between the two collections is that the first collection has no common zero locus while the
second collection has such a common zero. This observation is key for the following vital construction:

Proposition 1.18. Suppose that X is any A-scheme and there is a line bundle L on X with n ` 1 global
sections of L with no common zeros, then there is a corresponding morphism to Pn:

X
rs0:¨¨¨:sns

Ñ Pn

This works over any base ring.
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Proof. Here the meaning of no common zero means that for every point p, there is at least one of the si’s
such that it’s image in the fiber L|p is not 0.

To see how this works, let’s pick a collection of trivialization opens of L, say one of them is U , then
we know that s0, ¨ ¨ ¨ , sn will correspond to n functions on U , and they have no common zero, then the
previous idea works which allows up to give a morphism from U to Pn. We first need to show that these
morphisms agree. Notice that if V is another trivialization neighborhood, using the transition function on
the intersection, we know that the functions fi, gi differs by an invertible function on the intersection, thus
they define the same morphism on the intersection, which is the restriction of the morphism from U, V to
U X V , thus the map is well defined.

We also have to show that this map doesn’t depend on the trivialization we pick. Say we pick another
trivialization tVju and we want to show the morphism given by this trivilization agrees with the morphism
given by tUiu. Notice that we can combine the two trivializations and get a larger one tUi, Vju, then you
can show that the morphisms given by tVju and tUiu agrees with the one given by tUi, Vju.

We will see later that these are all the morphisms from X to Pn, but before that let’s give some useful
definitions:

Definition 1.19. If L is an invertible sheaf on X, then those points where all global sections of L vanish
are called the base points of L, thus if L has no nonzero sections, every point is a base point of L.

The set of base points are called the base locus of L and it will be closed in X since it’s the intersection
of the vanishing points of all global sections, and the vanishing points for a global section is a closed subset
of X, you can prove that pretty easily by the fact that vanishing points of a function is closed and you can
choose trivializations. You can also refine this to the scheme theoretic base locus by taking the scheme-
theoretic intersection of all the vanishing loci of global sections of L, each equipped with the reduced closed
subscheme structure. It’s called the scheme-theoretic base locus.

The complement of the base locus is called the base-point-free locus. If L has no base point, we will
say that it is base-point-free. As the complement of a closed subset, the base-point-free locus is an open
subset of X.

Definition 1.20. Similar to the above definition, if we only have a collection of global sections, perhaps not
all of the global sections. We can still define the base point of this collection to be the point where all of the
sections in the collection vanish. You can also define the scheme-theoretic version.

The complement is call the base-point-free locus of the collection, and this collection is called base-point-
free if it has no common base point.

Based on this definition, the previous proposition just tells you that a base-point-free collection of n ` 1
global sections of L gives you a morphism to Pn.

Definition 1.21. A linear series or a linear system on a k-scheme X is a k-vector space V usually
finite dimensional, an invertible sheaf L on X and a k linear map from V to the global sections of L:
λ : V Ñ ΓpX,Lq.

Such a linear series is always only written as V , with other data being implicit. If the map λ is an
isomorphism, it’s called a complete linear series and is often written as |L|.

You can also define base points of V , base locus of V , base-point-free locus of V and when V is called
base-point-free. These all refer to the image of V in ΓpX,Lq via the map λ.

As a reality check, the previous proposition tells you that a n` 1-dimensional linear series on a k-scheme
X, with a choice of basis and with base point free locus U , gives a morphism from U to Pn.

Proposition 1.22. If L and M are base point free on X, then so is their tensor product L b M.

Proof. Since L and M are all invertible sheaves on X, the stalk at p is identified with OX,p via:

OX,p b OX,p » OX,p

and the map is just multiplication. Then notice that we have the following commutative diagram:

ΓpX,Mq bk ΓpX,Lq ΓpX,M b Lq

OX,p OX,p
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where the left vertical map is x ˆ y ÞÑ xp ¨ yp the top horizontal map is x, y ÞÑ pxp b yp “ xp ¨ ypqpPX and
the left vertical map is the projection (thus the stalk map) and the bottom horizontal morphism is just the
identity. In other words, this is the diagram that tells you that the stalk of the presheaf is the stalk of the
sheafified sheaf.

This tells you that if M b L has a base point, then in particular xp ¨ yp vanishes at p for all x, y global
sections of L an M, but since they are base point free, there is at least some x, y such that their image in
OX,p is not in the maximal ideal, thus invertible, thus the product is invertible, not in the maximal ideal,
thus a contradiction to xp ¨ yp vanish.

In the next exercise we introduce the important notion of degeneracy. Suppose that we have a morphism
X Ñ Pn

k , we say this morphism is degenerate or X is degenerate if the scheme-theoretic image of X is in a
hyperplane of Pn. If this morphism corresponds to a base-point-free linear series V Ñ ΓpX,Lq, we say the
linear series is degenerate if the scheme theoretic image of X is contained in a hyperplane. If otherwise,
we say it’s nondegenerate.

Proposition 1.23. A base-point-free linear series V Ñ ΓpX,Lq is nondegenerate iff it is injective.
In particular, a complete linear series is always nondegenerate.

Proof. We will prove that if it’s not injective, then there is a hyperplane in Pn that contains the scheme
theoretic image. The main tool we will use is that if X Ñ Y always factors through it’s scheme theoretic
image and if X Ñ Y factor through a closed subscheme Z of Y , then it’s scheme theoretic image factors
through Z, thus in particular the scheme theoretic image is contained in Z, which we proved in a previous
appendix.

Suppose that the basis of V is e0, ¨ ¨ ¨ , en whose image in ΓpX,Lq is base point free, but it’s not linearly
independent. If we still call the image ei, then there is a k-linear equation

ř

riei “ 0 with not all of ri zero.
Then recall how we defined the morphism from X to Pn using this series. Suppose that U is a trivializing
neighborhood of L, then we claim that the scheme theoretic image of U Ñ Pn is in a hyperplane. We claim
that this hyperplane is

ř

rixi “ 0, this is because that if you consider this hyperplane locally in each chart
D`pxiq, you find that the morphism from U to Pn is just:

Uei Ñ Speckr
x0

xi
, ¨ ¨ ¨ ,

xn

xi
s

defined by
xj

xi
ÞÑ

ej
ei

where Uei stands for the locus where ei doesn’t vanish, however, notice that p
ř

rj
ej
ei

q “ 0,
thus it factors through the hyperplane locally in D`pxiq. This is summarized in the following commutative:

U Pn H

Uei D`pxiq D`pxiq X H

Then if you consider other ej , you will show that U Ñ Pn factors through H. Then this tells you that
X Ñ Pn factors through H.

Conversely, if the scheme-theoretic image is contained in the hyperplane
ř

rixi, and the morphism
corresponds to the basis e0, ¨ ¨ ¨ , en in V , we claim that the image satisfies

ř

riei “ 0. To see this, we still
choose a trivializing cover of X and on each U we use the same argument as above to show that since the
scheme-theoretic image is contained in the hyperplane the morphism factors through the hyperplane, thus
locally it factors through the hyperplane, therefore we know from the universal property of the quotient, we
know that locally on U ,

ř

riei “ 0 is satisfied. Since U covers X, we know that it’s satisfied globally by the
sheaf axioms.

The following theorem provides the converse to the statement that base-point-free linear series give
morphisms into projective spaces. It tells you that they are all the possible morphisms you can ever get. It
tells you why line bundles are of crucial importance.

Theorem 1.24. For a fixed scheme X over any base ring, morphisms X Ñ Pn are in bijection with the
data pL, s0, ¨ ¨ ¨ , snq where L is an invertible sheaf and s0, ¨ ¨ ¨ , sn are global sections of L with no common
zero, up to isomorphism of these data.
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Before prove it, let’s make some useful remark which helps proving the theorem:

Remark 1.25. First, we say that an isomorphism of the data pL, s0, ¨ ¨ ¨ , snq and pM, t0, ¨ ¨ ¨ , tnq is an
isomorphism of line bundles L » M such that under this isomorphism si is mapped to ti.

Then, we give another way of think the morphism X Ñ Pn given by s0, ¨ ¨ ¨ , sn. First, recall that since
the locus where a section of a line bundle vanishes is closed, the locus where it doesn’t vanish is open. Then
we can consider Xsi , which is open. Now we claim that for a line bundle L on Xsi , L is trivial, and the
isomorphism is given by:

OXsi
Ñ L|Xsi

where 1 is mapped to si. To see it’s indeed an isomorphism, let’s consider it’s action on the stalk. It induces
a morphism OX,p Ñ OX,p where 1 is mapped to some invertible function in OX,p for any p P Xsi , and I will
let you see why. This tells you that this is indeed an isomorphism.

Then, on Xsi , I can define a morphism Xsi Ñ D`pxiq by the same method we define a morphism from
any trivilizing neighborhoods of X, this is the same as any other morphism defined by find trivializations
not Xsi .

Moreover, under this trivilization, you can check the the transition function on UiXUi is given by multiply
by si

sj
. And the inverse image of D`pxiq is just Xsi .

Remark 1.26. To show we have a bijection, we need to take a look at what a morphism π : X Ñ Pn gives
you.

First, you know that there is a line bundle on the projective spaceOp1q, with global sections x0, ¨ ¨ ¨ , xn, no
common zero. Surprisingly, the locus where xi is not zero is exactly D`pxiq which you can check quite easily
and the transition function of this line bundle on intersections of D`pxiq XD`pxjq is given by multiplication
by xi

xj
, which is quite similar to the transition function we see up there. Then if you consider the pullback

π˚O, with global sections π˚x0, ¨ ¨ ¨ , π˚xn. Then we know that the locus where π˚x0 is not zero is just
π´1pD`pxiqq since we already prove that the fiber of π˚Op1q at p is kpqq bkpqq kppq, and the image of π˚xi

in the fiber is xipqq b 1, then it’s not zero iff xipqq is not 0 where πppq “ q, thus we know that only those p
in the inverse image of the nonvanishing locus of xi gives you nonvanishing locus of π˚xi.

Again, here are some identifications you need to check, for example we know that the global sections xi

is given by the morphism that maps 1 to s:

OY Ñ Op1q

where Y “ Pn, then the global sections π˚xi is actually the section determined by:

f´1OY b OX Ñ f´1Op1q b OX

we want to see what is the stalk of this new global section, it’s the same to watch the morphism induced on
stalks by f´1OY b OX Ñ f´1Op1q b OX and see where does 1 go. To figure where does 1 go, we need to
first focus on:

f´1OY Ñ f´1Op1q

Then use the colimit description of the inverse image, you see that 1 in the stalk at p is mapped to the
element corresponding to the image of s at the stalk of of q where πppq “ q. I will let you do the detailed
work.

But this tells you that if we take the trivializing neighborhoods of π˚Op1q on X determined by the

nonvanishing locus of π˚xi. The transition functions will be multiplication by π˚xi

π˚xj
. This comes from the

fact that if we have an endomorphism of OY , defined by multiplication by some global section of OY , then
after you apply the pullback functor, the endomorphism induced on the pullback is the one by multiplication
by the pullback global section, which is summarized in the following diagram:

OY OY f´1OY b OX f´1OY b OX
s f˚s

9



then since pullback functor commutes with restriction to open subschemes, thus we have the following
diagram:

π˚pOY |U q π˚pOp1q|U q

pπ˚OY q|π´1U pπ˚Op1qq|π´1U

π˚
ps|U q

» »

pπ˚sq|π´1U

this tells you the transition function of the pullback.

Remark 1.27. The last remark we would like to give is still about the pullback sections. Suppose that
f : X Ñ Y is a morphism of scheme, and a global section y of OY is mapped to the global section x of OX ,
then we claim that the pullback section f˚y “ x.

Here is why, recall that the image of the pullback section f˚y in the stalk of p where q “ fppq is just:

y1 b 1 P OY,q bOY,q
OX,p

where y1 is the image of y in the stalk of f´1OY , I will let you show that in the induced morphism:

OY,q Ñ OX,p

y1 is mapped to x1 where x1 is the image of x in OX,p, thus the stalk of f˚y at each point is the same as the
stalk of x at each point, thus they are the same since sections are determined by stalks.

Now we are ready to prove the theorem and it’s surprisingly easy if you figure out the right notation to
use:

Proof. Suppose that we have s0, ¨ ¨ ¨ , sn, base point free sections of L on X, which determines the morphism
π : X Ñ Pn, we claim the inverse is given by π˚Op1q, i.e. there is an isomorphism of line bundles:

L » π˚Op1q

and such an isomorphism can be chosen such that the image of si is π˚xi for global sections x0, ¨ ¨ ¨ , xn of
Op1q.

To see how this works, we already see that the inverse image of D`pxiq is Xsi and the transition function
of L associated to this trivilization is si

sj
(of course the quotient of two sections of line bundle doesn’t make

sense therefore this notation stands for the element r in the ring such that rsj “ si can you see why there is
indeed a unique r). On the other hand, we also have seen that π˚Op1q is also a line bundle on X with same
trivializing opens Xsi with transition functions π˚ xi

xj
(Here this fraction xi

xj
is still interpreted to be the ring

element such that xi ¨
xj

xi
“ xj). However, from the previous remark, since xi

xj
(now considered an element

in the ring pkrx0, ¨ ¨ ¨ , xnsxi,xj q0) is mapped to si{sj then the pullback π˚p xi

xj
q “ si

sj
, thus the transition

functions of L and π˚Op1q are the same, thus they are isomorphic.
Finally, we only have to show the isomorphism can be chosen so that the image of si’s are π˚xi’s or vice

versa. To show this, notice that on each intersection we have: si{sj “ π˚p xi

xj
q “ k Recall that the transition

function xi

xj
is computed under the trivialization that on each D`pxiq we identify the restriction of Op1q with

the structure by mapping 1 to xi|D`pxiq, thus we know that the way we trivialize π˚Op1q is via:

OXsi
» π˚Op1q|Xsi

1 ÞÑ π˚xi|Xsi

Recall that we can conclude π˚Op1q and L by the fact that they have the same transition function is because
that we can use the function to glue a new invertible sheaf and show that it’s isomorphic to both L and
π˚Op1q where on each Xsi the isomorphism locally looks like:

π˚Op1q|Xsi
L|Xsi

OXsi

»

1ÞÑπ˚xi
1ÞÑsi

10



Now to show that the image of si under the global isomorphism is indeed π˚xi, we only have to check this
on an open cover, and we will take the open cover to be Xsi , Xsi X Xsj for all j ‰ i. The checking in
Xsi is trivial. For simplicity, we will call the global isomorphism Φ : L Ñ π˚Op1q, then Φpsi|Xsi

XXsj
q “

Φpsj |Xsi
XXsj

¨ si
sj

q “ si
sj
Φpsj |Xsi

XXsj
q “ si

sj
¨ pπ˚xjq|Xsi

XXsj
“ π˚ xi

xj
pπ˚xjqXsi

XXsj
“ pπ˚xiq|pπ˚xjqXsi

XXsj
,

thus we are done.
For the other direction, suppose that we are given a map π : X Ñ Pn, let’s first produce a line bundle

L on X with sections s0, ¨ ¨ ¨ , sn no common zeros. A natural thought is to take L “ π˚Op1q and take
si “ π˚xi. Since we know that xi’s have no common zeros on Pn, we have proved that their pullbacks have
no common zeros. Then we know that L and si gives a morphism to Pn, we need to prove that the two
morphisms agree. Recall that the inverse image π´1D`pxiq is Dpπ˚xiq “ Dpsiq. Thus we only have to show
that the two morphisms Dpsiq Ñ D`pxiq agree.

Recall that π : Dpsiq Ñ D`pxiq is determined by where each
xj

xi
goes, we know that the pullback section

of
xj

xi
is equal to π˚ xj

xi
“ sj |Xsi

. However, notice that si|Xsi
is identified with 1, thus sj |Xsi

“ sj |Xsi
{si|Xsi

,
thus the two morphisms agree.

Remark 1.28. The above proof can be carried out with no change for a collection of global sections
s0, ¨ ¨ ¨ , sn on X, but with vanishing locus V ps0, ¨ ¨ ¨ , snq defined to be the intersection of the vanishing locus
on each s0, which is closed, then you can define a morphism:

X ´ V ps0, ¨ ¨ ¨ , snq Ñ Pn

In particular, if X is integral, then this gives you a rational morphism.

Now it’s time to see a few examples and applications of this idea. One important thing to keep in mind
is that whenever you see a morphism into projective space, you should think what line bundle and global
sections this morphism corresponds to.

Example 1.29. In this example, you will see that Veronese embedding corresponds to the complete linear
series |OPn

k
pdq| with the choice of the standard basis corresponding to the degree d homogeneous polynomials.

They have no common zeros since you only have to look at xd
0, ¨ ¨ ¨ , xd

n. Therefore this complete linear series
gives you a morphism:

Pn
k Ñ PN

k

where N “
`

n`d
d

˘

´ 1. I claim that this is the Veronese embedding.
Consider the d-th Veronese embedding vd : ProjSd‚ Ñ PN

k , where S‚ “ krx0, ¨ ¨ ¨ , xns this morphism
correspond to the morphism induced by the pullback of OPN

k
p1q, we also have an isomorphism between

Pn
k Ñ ProjSd‚ induced by the natural inclusion Sd‚ ãÑ S‚. Together, they give us a closed embedding:

Pn
k Ñ PN

k

We only have to check they agree locally, I claim that the morphism given by the complete linear series is
locally given, for example on the locus where xd

0 doesn’t vanish, by the obvious ring morphism:

pkry0, . . . , yN sy0
q0 Ñ ppkrx0, ¨ ¨ ¨ , xnsqxd

0
q0 » pkrx0, ¨ ¨ ¨ , xnsx0

q0

where each yi is mapped to a homogeneous monomial of degree d. To see this, you only have to worry
about what is the trivialization on Opdq on the locus where xd

0 doesn’t vanish, we first have the trivialization
on Dpx0q, the use the isomorphism ppkrx0, ¨ ¨ ¨ , xnsqxd

0
q0 » pkrx0, ¨ ¨ ¨ , xnsx0

q0, you get a trivialization on

ppkrx0, ¨ ¨ ¨ , xnsqxd
0
q0, then you will see what I promised you is correct. You can also do this for all the other

xd
i ’s.
Now for the Veronese embedding, we know it’s induced by the ring morphism:

kry0, ¨ ¨ ¨ , yN s Ñ Sd‚ Ñ S‚

Then recall how do we define a morphism out of a graded ring morphism, then you will find the two
morphisms locally are the same.

11



Remark 1.30. When we defined Opdq, we only consider the standard affine open D`pxiq and the transition
functions between them. Actually, we can consider this construction for all f with f homogeneous of positive
degree. One reason for this construction is obviously that it doesn’t depend on the choice of coordinates,
another reason for doing this is that we can get a trivialization on each D`pfq, which can be convenient in
situation like above where we want to know the trivialization on D`pxd

0q or other distinguished opens.

The following is a more general method of checking morphisms to projective spaces are a closed embed-
ding:

Proposition 1.31. Suppose π : X Ñ Pn
A is a morphism corresponding to an invertible sheaf L on X and

sections s0, ¨ ¨ ¨ , sn, then it’s a closed embedding if and only if:

1. Each Xsi is an affine open.

2. For each i, the map of rings Ary0, ¨ ¨ ¨ , yns Ñ ΓpXsi ,Oq given by yj ÞÑ
sj
si

is surjective.

Proof. Suppose that π is a closed embedding, notice that we already proved that the inverse image of D`pxiq

is Xsi , and since a closed embedding is affine, we know that Xsi is affine and surjective is also from definition.
The converse is also easy to check.

Example 1.32. Recall that the image of the Veronese embedding when n is 1 is called a rational normal
curve of degree d. Then it’s given by:

P1
k Ñ Pd

k

where rx, ys ÞÑ rxd, xdy, ¨ ¨ ¨ , xyd´1, yds and d “
`

d`1
1

˘

´ 1. This notation stands for the morphism induced
by |Opdq| on P1

k.

Proposition 1.33. Suppose that π : P1 Ñ Pn
k which correspond to the invertible sheaf Opdq(this can be

called a degree d morphism), then if d ă n, the image is degenerate and if d “ n and the image is not
degenerate, it’s isomorphic to a rational normal curve via an automorphism of the projective space.

Proof. Say d ă n, we know that we picked n ` 1 base point free elements in ΓpP1,Opdqq, which are linearly
dependent, since the dimension of this vector space is only of dimension d ` 1, thus what we proved earlier
tells you that this is degenerate since the corresponding linear series is not an inclusion.

Suppose that d “ n and the morphism is not degenerate, we know that the n ` 1 elements should be
linear independent (thus a basis). Now since there is an invertible transformation taking the standard basis
of ΓpP1,Opdqq to the basis we just picked.

Recall that such a linear transformation can also be applied to krx0, ¨ ¨ ¨ , xns and induces an automorphism
on Pn, now consider the following diagram:

Pn

P1

Pn

»

π

standard

where the isomorphism is induced by the inverse of the invertible linear transformation and the lower arrow
is induced by the standard basis of ΓpP1,Opnqq. We claim that it’s commutative, which will be proved by
showing that the data corresponding to the morphism are isomorphic.

Consider the morphism P1 Ñ Pn Ñ P1, notice that Pn Ñ P1 is induced by Op1q and the global sections
are the sections you get after you apply the inverse of the linear transformation to the standard basis. Then
you pullback these sections along π, which commutes with the linear transformation, then you get they
pullback to the standard basis. But this is just the data induce the lower arrow, we are done.

Below is a base point free description of the main theorem of this section:
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Proposition 1.34. Suppose that X is a k-scheme then a finite dimensional base-point-free linear series V
on X corresponding to L induces a morphism to projective space:

ΦV : X Ñ ProjV _

Proof. *** later

Proposition 1.35. Recall the graded ring R‚ “ kru, v, ws{pwu ´ v2q and S‚ “ krx, ys, we know ProjS‚ »

ProjR‚ when we discussed Veronese embedding. This isomorphism doesn’t come from any map of graded
rings S‚ Ñ R‚

Proof. *** later

Below, we take a look at some intersection theory related to Bezout’s theorem. Let’s first define some
notions. We will focus on the degree d morphism π : P1

k Ñ Pn
k defined by the standard basis of Opdq on

P1. We will interpret the classical degree of a curve in the projective space in this following proposition. To
make sense of this, first I claim that there is a hyperplane H in Pn such that the it doesn’t contain the image
of π. Suppose that H is defined by

ř

aixi “ 0, then this is equivalent to find a H “ aixi P OPn
k

p1q such that

the pullback of H, π˚H is not 0 in ΓpP1,Op1qq. Now we will define the degree of π to be the zeros of π˚H
with the appropriate multiplicity counted. To be precise, the multiplicity *** to be completed later

Proposition 1.36.

Example 1.37. The Segre embedding can also be interpreted in this way and it gives us some excuse to
intorduce a notation. Suppose that F is a quasicoherent sheaf on a Z-scheme X and G is a quasicoherent
sheaf on a Z-scheme Y , let πX , πY be the two canonical projections from X ˆZ Y to X,Y , we define F b G
to be π˚

XF b π˚
Y G. In particular, we define OPmˆPnpa, bq to be OPmpaq b OPnpbq, over any base Z.

Then we claim that the Segre embedding Pm ˆPn Ñ Pm ` n ` mn is determined by the complete linear
series Op1, 1q. *** to be completed later

This is also a good place to review Segre embedding since we haven’t done it really seriously before. To
get the motivation of what happens in the Segre embedding, first we can informally consider the following
map:

P2 Ñ P1 Ñ P5

define to be:

rx0, x1, x0s ˆ ry0, y1s Ñ

„

x0y0 x1y0 x2y0
x0y1 x1y1 x2y1

ȷ

You can see that this is well defined up to nonzero scalar multiplications and won’t be all 0 if xi and yj ’s
are not all 0. Again, from the result, we can recover xi and yj up to scalar multiplication. For example,
we can first look at the first row, if they are not all 0, we recover rx0, x1, x2s, it’s zero we go to the second
row, and it must not be all 0. This suggest that if we define a morphism like this, it should be some kind of
embedding, and indeed it’s true, which is called the Segre embedding defined below:

Suppose that A is any ring, then we will define a morphism: Pm Ñ Pn Ñ Pmn`m`n that looks like the
morphism above. Locally on Ui ˆ Vj where Ui “ D`pxiq and Vj “ D`pyjq, this morphism will map to
Wij “ D`pzijq where the coordinate on Pmn`m`n is given by z00, z0,1, ¨ ¨ ¨ , zij , ¨ ¨ ¨ , zmn. And it’s defined by
the ring morphism:

Ar
zst
zij

s Ñ kr
x0

xi
, ¨ ¨ ¨ ,

xm

xi
,
y0
yj

, ¨ ¨ ¨ ,
yn
yj

s

where Zst{zij is mapped to xs

xi
¨
yt

yj
. Notice that this is a surjective morphism, thus if it’s well defined globally,

we get a closed embedding.
Now we only have to check that they glue on intersections. The only point you need to figure out is what

is the restriction to Ui ˆ Vj X Ua ˆ Vb “ pUi X Ujq ˆ pVj X Vbq and the answer is just, for example:

kr
x0

xi
, ¨ ¨ ¨ ,

xm

xi
,
y0
yj

, ¨ ¨ ¨ ,
yn
yj

s Ñ kr
x0

xi
, ¨ ¨ ¨ ,

xm

xi
,
y0
yj

, ¨ ¨ ¨ ,
yn
yj

,
x0

x1
, ¨ ¨ ¨ ,

xm

xa
,
y0
yb

, ¨ ¨ ¨ ,
yn
yb

s
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Then the glue should be obvious. The morphism we get is always called Segre morphism or Segre embedding,
and if k is a field, the image will be called the Segre variety.

The image of the embedding, as a closed subvariety can be described by the closed subscheme corre-
sponding to the equations that makes the rank of the following matrix 1:

»

–

z00 ¨ ¨ ¨ z0n
¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

zm0 ¨ ¨ ¨ zmn

fi

fl

To see this, notice that the Segre closed subscheme is lcoally defined very clearly by the ideal generated
by the polynomials f in variables zst

zij
such that if we make the substitution zst “ xsyt, it becomes 0, notice

that if this conditions holds, then after we homogenize this polynomial by multiply a suitable power of zij ,
we get a polynomial in zst such that we substitue zst “ xsyt, we get zero. To proceed further, we need
some combinitoric on polynomial in several variables index by s, t. For simplicity, we will order all the zst
lexicographically, a monomial zs1t1 ¨ ¨ ¨ zsntn is called standard if the subscript is lexicographic in the sense
that s1 ď s2 ¨ ¨ ¨ ď sn and similarly for t, then there is an algorithm, which is not complicated, which allows
you to convert any monimial to a standard monomial plus some terms that has a factor in the 2 ˆ 2 minor.
Then suppose that f is any homogeneous polynomial, we convert each monomial in the term using the above
algorithm. Notice that if f vanishes after we substitute zst “ xsyt, then the terms which contains terms
coming from the 2ˆ2 minors vanishes, the remain terms are linearly independent since they are of standard
form, this tells you that f is in the ideal generated by the 2 ˆ 2 minors.

This algorithm tells you that locally the Segre subscheme is the same with the closed subscheme defined
by the 2 ˆ 2 minors and it’s easy to see that this local isomorphism is compatible on the intersections, thus
they are indeed isomorphic.

As an important example, we consider P1 ˆ P1 Ñ P3, which is the closed subscheme defined by:

rank

„

z00 z01
z10 z11

ȷ

“ 1

You should recall that this is just our old friend, the quadric surface. Therefore, we know the smooth
quadric wz ´ xy “ 0 is isomorphic to P1 ˆ P1.

1.3 Curve to Projective Extension Theorem

Recall that in the previous section, we had a failed attempt in defining a morphism P2 Ñ P3 where one
point of the domain doesn’t know where to go. However, in this section you will see that this kind of failure
doesn’t happen when we are dealing with morphisms with domains P1. For example it appears that the
rational morphism P1 Ñ P3 given by:

rx7, x3y4, x4y3 ` 4x5y2, x5y2 ` x7s

fails to give you where does r0, 1s go, however, if you divide each of the entry by x3, it becomes rx4, y4, xy3 `

4x2y2, x2y2 ` x4s whihc gives you a well defined morphism. We will generalize this kind of behavior to the
following theorem:

Theorem 1.38. Suppose that C is a pure dimension 1 Noetherian scheme over an affine base S “ SpecA,
and p P C is a regular closed point, suppose that Y is a projective A-scheme then any morphism C´tpu Ñ Y
extends to all of C.

Remark 1.39. To avoid any confusion, pure dimension 1 here means that it’s topologically dimension 1,
not relative of pure dimension 1 in any sense.

In practice, we will most often use S “ Speck and C is a k-variety. The only reason we are assuming S
is affine is because we still don’t know the meaning of a projective S-scheme until we know the definition
of a projective morphism. But after we introduce that definition, you will find the proof extends to that
situation as well.
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Remark 1.40. Another point you need to notice is that if the extension exists then it must be unique. Recall
that a regular point of C is reduced, and we know that the nonreduced points are closed in C, therefore
there is a small neighborhood of p which is reduced, then since projective A-schemes are separated, you can
use the reduced to separated theorem to guarantee the uniqueness.

The following examples tell you that our hypothesis are necessary:

Proposition 1.41. Let A1
k “ C “ Y and p “ pxq. Consider the morphism from C ´ tpu to Y given by

t ÞÑ 1
t . Or in other words, it’s given by the ring morphism:

krts Ñ krt, t´1s t ÞÑ
1

t

Then this morphism can not extend to C and the reason is just there is no k-algebra homomorphism such
that he following diagram is commutative:

krts krt, 1
t s

krts

This tells you that Projectivity of Y is necessary.
The second example tells you that if C is not of dimension 1, extension may not hold. Let C “ A2

k and
p “ px, yq. Let P1

k “ Y , the morphism C ´ tpu Ñ P1 is given by px, yq ÞÑ rx, ys or in other words, given
by the two sections x, y of the trivial line bundle. We have seen that this morphism doesn’t extend to the
origin. For the sake of contradiction, if it extends, we know that we have the following diagram:

C ´ tpu P1

A2

where the pullback of x0, x1 of Op1q on C ´ tpu should be x, y, then we know the pullback along another
path is also x, y, since we know that there is only thing on A2 that pulls to x, y are x, y, thus we know that
x0, x1 pulls back to x, y on A2, but this doesn’t give you a morphism from all of A2 since x, y vanishes at
the origin, thus a contradiction to the theorem.

The third example shows that the regularity of p is also necessary: Let C “ krx, ys{py2 ´ x3q and p is
still the origin. Let Y “ P1. Consider the morphism from C ´ tpu Ñ Y still defined by px, yq ÞÑ rx, ys. This
is the cusp and we know that the origin is not regular

Now, let’s say a little bit about the central ideal of the proof. The main idea to to clear powers of
the uniformizer. To see what this means, suppose that you have a morphism A1 ´ 0 Ñ P1 defined by
t ÞÑ rt4 ` t´3, t´2 ` 4ts, then if you want to extend to the origin, you would definitely multiply by t3 and get
rt7 ` 1, t ` t4s. Or if you have something like rt2 ` t3, t2 ` t4s, you will divide by t2. And as what you will
see in the proof, we will maneuver ourselves into this situation:

Proof. Let’s begin with two reductions, we first know that p is a reduced point and nonreduced points are
closed, thus we can assume C is affine and reduced.

Next, we claim that we can require Y “ Pn
A since we can pick a closed embedding X ãÑ Pn

A and if we
can prove C ´ tpu is mapped to Y then we claim that if the map extends, then p is also in X. The reason
is not complicated, suppose that p is mapped to some distinguished open, we can take the inverse image
and assume that we are working with an affine source and the target is An

A. Consider Y X Pn, if we want
to prove C maps to Y , we only need to prove that pullback of those functions of An that lies in I, the ideal
corresponding to the closed subscheme Y X An vanishes on C (can you see why? Hint use the reducedness
of C thus if a function vanishes every where, then it’s 0). However, we already know that the functions
vanishing on Y X An vanishes on points not at p, which contains all the generic points (finitely many) of
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irreducible components of C, thus they vanish on all of C and since C is reduced, the function is pulled back
to 0, thus we are done.

Now, since p is a regular closed point, it’s of codimension 1, thus the local ring at p is a regular local
ring of dimension 1, thus a DVR, then we can choose a uniformizer t P m ´ m2 at p. As t comes from
some functions on a neighborhood of p we can assume that t is a global function by restricting to that
neighborhood of t. Now V ptq contains p, but it doesn’t contain the generic point of the component that
contains p. This is because if so, suppose that the generic point is q, then q correspond to the zero ideal 0
after we loclize at m since the local ring is a integral domain of dimension 1, but this implies that t “ 0,
contradiction that t is a uniformizer.

We claim that C ´ V ptq Y tpu is open in C. To see this, in a Noetherian scheme of pure dimension 1
every proper closed subset is a finite union of closed points, thus since V ptq is not all of C its just a finite
union of closed points, then if it only has p, we are good, if it has more than just p, we take out those points
and get the desired result, thus we can assume that on C, p is the only zero of t.

Now suppose that we have a morphism C ´ tpu Ñ Pn
k corresponding to a line bundle L on C ´ tpu with

n` 1 base point free sections. Let U Ă C ´ tpu be a trivializing neighborhood of L, then again by replacing
C by U Y tpu (it’s open in C again because we know the topology of C quite well), we can assume that the
morphism on C ´ tpu is defined by f0, ¨ ¨ ¨ , fn, n ` 1 rational functions with no common zero away from p.
Now, let N “ minipvalppfiqq, we claim that t´Nfi now has no zero at p(you should think a little bit on
why after we multiply t´N , these rational functions extend to a regular section or in other words, extend
to a neighborhood of p. Hint: You can take the trivializing neighborhood to be a distinguished open say
Dpfq, then we know that we can assume that f0, ¨ ¨ ¨ , fn are restrictions of functions on the larger affine
space since multiplication by powers of an invertible f doesn’t affect the morphism we define), thus regular
functions defined on C. To see this, notice that f has a zero at p iff valpfq ą 0, then after we multiply by
t´N , the valuation at p is at most 0, thus there is no 0 at p, and since t doesn’t vanish anywhere away from
p, we know that t´Nfi indeed are regular functions with no base point, thus induces a morphism from C to
Pn and since on C ´ tpu, t is invertible thus the morphism restricted on C ´ tpu is the same as the original
morphism since the sections only differ by an invertible function.

The following proposition is a good practice of the above idea:

Proposition 1.42. Suppose that X is a Noetherian k-scheme and Z is an irreducible codimension 1 subva-
riety whose generic point p is a regular point of X. If X 99K Y is a rational map to a projective k-scheme,
then the domain of definition of the ratiinal map includes a dense open subset of Z.

Proof. First, let’s prove a topology statement, in a Noetherian space, a dense open necessarily intersects
each component nontrivially. This is because a Noetherian space only has finitely many components and
suppose that U is a dense open such that it doesn’t intersect with the component X1, then we know that U
is contained in X2 Y ¨ ¨ ¨ Y Xn, then the closure of U is contained in X2 Y ¨ ¨ ¨ Y Xn since a finite union of
closed set is still closed. This is a contradiction to U is dense since X2 Y ¨ ¨ ¨ Y Xn ‰ X.

It suffice to prove that the domain of definition include the generic point of Z. First, we can choose a
reduced affine open U of the generic point, we know that the rational map is defined on a dense open of this
affine scheme to Y , then by choosing a embedding of Y into Pn we can assume the target is Pn since if the
rational map extends to p it will lie in Y since the affine open is reduced and all the generic points of the
irreducible components of the affine open is in the dense open.

Now choose a uniformizer t of m{m2 where m is the maximal ideal of the local ring at p. Again by
further shrink U we can assume t is a function on U . Notice that V ptq again contains p but not the generic
point of the component that contains p since that will contradict to the fact that t is a uniformizer just like
what happened above. Now since t is not 0 on U , V ptq is a closed subset of codimension 1, we discard the
components that doesn’t contain p, we can assume that t can only possibly be 0 on the closure of p.

Now choose a a trivializing neighborhood of U minus the zero locus of t, we can assume that it’s still
a distinguished open contained in the domain of the rational map, then we can assume that the rational
map is defined by f0, ¨ ¨ ¨ , fn, n rational functions defined as the restriction of global functions and with
no common zeros on the trivializing neighborhood. Then we still let N “ minipvalppfiqq and consider the
global functions t´Nfi, at least one of them is not 0 at p, thus now the morphism defined by t´Nfi’s has the
domain that contains an open neighborhood of p, and on the original domain the definition agrees with the
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rational function we start with since the data that defines the two morphisms only differ by an invertible
element t on the intersection.

1.4 Line Bundles and Weil Divisors

This section is the another core sections of line bundles, since using the notion of Weil divisors we can
understand and classify line bundles very well at least on Noetherian normal schemes thanks to the Algebraic
Hartog’s lemma we introduced before. Some of the discussions can be applied to more general setting but
let’s stick to the basics here and try to generalize later.

For the rest of the section, we will consider only Noetherian normal schemes.

Definition 1.43. A Weil divisor is a formal Z-linear combination of codimension 1 irreducible closed subsets
of X, in other words, a Weil divisor is defined to be an object of the form:

ÿ

Y ĂX,codimXY “1

nY rY s

where nY ’s are integers, all but a finite number of which are 0. Weil divisors obviously form an abelian
group, denoted by WeilX. For example if X is a curve, then WeilX is just a formal linear combination of
closed points. First, you can easily show that closed points on a curve has codimension 1. Then say Y is
an irreducible closed subset of codimension 1, then we know the dimension of Y is 0 using the dimension
codimension inequality, then a 0-dim irreducible closed subset of a Noetherian space is just a closed point.

Definition 1.44. We say rY s, the class of Y is an irreducible Weil divisor. A Weil divisor D “
ř

nY rY s is
said to be effective if nY ě 0 for all Y . In this case, we will write D ě 0, and by D1 ě D2, we just mean
D1 ´D2 ě 0. The support of the Weil divisor is the subset

Ť

nY ‰0 Y . Recall that intersecting an irreducible
closed subset with an open subset doesn’t change the dimension and codimension of the irreducible closed
subset, then we can define the restriction map:

WeilX Ñ WeilU rY s ÞÑ rY X U s

and extend linearly for an open subset U of X.

To practice a little bit, we can show:

Proposition 1.45. Irreducible divisors on Pn
k correspond to irreducible homogeneous polynomials in krx0, ¨ ¨ ¨ , xns,

up to multiplication by nonzero scalars in k˚.

Proof. Recall that for any irreducible homogeneous polynomial f , We already used Krull’s Theorem to show
that V pfq, the locus where f vanish is irreducible closed of codimension 1 and you can easily see that a
multiplication by an invertible element in k defines the same closed subset.

Conversely, suppose that Y is an irreducible closed subset of Pn
k with codimension 1, then consider IpY q,

we claim that it’s generated by an irreducible homogeneous polynomial. First, we can assume that it’s V ppq

for some codimension 1 homogeneous prime ideal p, then since S is a UFD, then any codimension 1 prime
is principal, thus it’s generated by f , a homogeneous irreducible polynomial, up to multiplications by k˚.

The fact that these are inverses is left for you to check.

Suppose that from now on, X is regular in codimension 1 since we would like to use the properties of
discrete valuation rings. We also want to assume that X is reduced since in this case rational functions will
not be defined at embedded points.

Suppose that L is an invertible sheaf on X and s is a rational section not vanishing everywhere on any
irreducible component of X. (This is equivalent to he fact that it doesn’t vanish at the generic point.) Recall
that rational sections are sections on a dense open subset with obvious restriction equivalences. (A rational
function should be defined on the open subset that contains all the generic points of irreducible components,
since the open subset must contain all the associated points, and generic points are indeed associated points
thus dense.)

We can now make sense of the valuation of s along an irreducible Weil divisor Y . Recall that if X is an
Noetherian integral scheme, and f is a nonzero element of it’s function field. Then we claim that f only has
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a finite number of zeros and poles. To see this, we can cover X by finitely many SpecA where A is an integral
domain. Then we can assume that f is just f1{f2 where fi P A, then we can show each fi has only finitely
many zeros and poles since at a point p, zeros and poles are additive on multiplication. Then consider f1 ‰ 0
for example, first, we know that by Krull’s principal ideal theorem, since f1 is not zero, V pfq is codimension
1, then has finitely many irreducible components each of codimension 1 with a unique codimension 1 point.
Then since if p is a regular codimension 1 point, and f has a zero at p, we know p P V pfq, since such p can
only be finitely many by the discussion above, we are done.

Then on a Noetherian normal scheme, we can cover it by finitely many SpecA each of A is an integral
domain. And if f is a rational function on X defined on a dense open, then each of the SpecA meets U and
we can restrict f to the intersection to compute the zeros and poles. Now suppose that Y is an irreducible
Weil divisor, we can make sense of the valuation of s along Y . Now take any open subset U containing
the unique generic point of Y on which L is trivial with any trivialization, then we know that under this
trivialization, s is a rational function defined on a dense open of that trivializing neighborhood. This allows
us to talk about the valuation of s at p. Notice that any two such trivializatons differ by an invertible
function on the intersection, and since computing valuations at p is compatible with doing restrictions, we
know any two such trivializations give you the same valuation, thus the valuation of s at p makes sense. And
we will define this number to be valY psq, which is just the valuation of s at the generic point of Y .

Now I claim that for a rational section s, the valuation along Y , is 0 for all but finitely many Y . This
is due to the discussion we had above, a rational function on a Noetherian integral scheme only has finitely
many zeros and poles, this simply implies that for a Noetherian normal scheme, rational functions only have
finitely many zeros and poles since we can always cover X by finitely many SpecA where A is an integral
normal domain and computing valuations at a regular codimension 1 point is compatible with restriction.
The exact same argument tells you the assertion about valY psq.

Thus, s determine a unique Weil divisor, which will be denoted by:

divpsq “
ÿ

Y

valY psqrY s

The summation runs over all the irreducible Weil divisors of X we call divpsq the divisor of zeor and poles
of the rational section s.

Now we introduce the important notion of the group of line bundles with rational sections.
Now consider the set of pairs tpL, squ where L is a line bundle and s is a rational section, not vanishing

everywhere on any irreducible component of X, up to isomorphism pL, sq » pL1, s1q. Here the isomorphism
is meant to be an isomorphism of the line bundles L » L1 such that s is sent to s1. You should notice since
that s in the pair pL, sq is defined to be a rational section, there is always a question of restricting to another
dense opens, here the meaning of s is mapped to s1 can be taken on any dense open subset where s, s1 are
defined. The you can check that this is indeed an equivalence relation, thus quotienting out by this relation
makes sense.

I claim that this set, after taking quotient, forms an abelian group under taking tensor product b. The
new element pL, sq b pL1, s1q is define to be pL b L1, ss1q where we first can assume s, s1 lives on the same
dense open by taking intersection and ss1 is the tensor element of s, s1 on that dense open. We need to show
this is well defined, which I will let you do.

One trickier question is: what is the inverse element of pL, sq. To answer this, we first notice that the
identity element is pOX , 1q, then I claim the inverse element is pL_, s_q, to see how s_ is defined. We first
notice that since s doesn’t vanish at any irreducible components of X, it doesn’t vanish on a dense open of
X. On that dense open, we have an isomorphism:

OU Ñ L|U

where 1 is mapped to s, taking the dual of this morphism, we get the isomorphism:

L|U_ Ñ OU

there there is an morphism s_ from LU Ñ OU such that it maps s to 1, then I claim that s b s_ is also
mapped to 1 in the dual isomorphism:

L b L_ » OX
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We can check this on the presheaf of the tensors, you find that in the stalk, this can be checked, then you
pass to the sheafification to conclude the result.

It’s also important to notice that if t in an invertible function of X, then multiplication by t gives you
an iosmorphism:

pL, sq » pL, tsq

Similarly, suppose that pL, sq and pL, uq are two sections, s, u both don’t vanish on a dense open, then this
dense open is a trivializing neighborhood of L, and the transition function s

u in an invertible function and
takes s to u, thus we have an isomorphism:

OX b L » L

defined by multiplication, and via this isomorphism, we see that s
u b u is mapped to s, thus we have an

equation:

pL, sq » pL, sqpOX ,
s

u
q

which is equivalent to pL,sq

pL,uq
“ pOX , s

u q

I claim that the above map div induces a group homomorphism:

div : tpL, squ{isomorphism Ñ WeilX pL, sq ÞÑ divpsq

To see this you need to first show this is well defined. The reason is just they differ by an invertible element
on the intersection of the trivializing neighborhoods and this doesn’t affect the valuation. We also have to
show it’s additive, but this just comes from the fact that valuation is additive upon multiplication and tensor
product of line bundles induced multiplications on the tirvialization. I will let you fill the details.

As some practice, let’s consider the following computations of Weil divisors:

Example 1.46. First, consider the easy example that on A1
k, we have a rational function x3

x`1 , we can
consider the divisor determined by this rational function.

By definition, we need to consider all the closed points since we know that A1
k is regular, thus all the

codimension 1 points are regular. Recall that krxs is a PID, thus a prime ideal is generated by an irreducible
polynomial. Thus the maximal ideal of the local ring is generated by that polynomial, then the valuation
is just to determine the power of that polynomial. Then consider x3{px ` 1q, we can easily see that it has
valuation 3 at pxq and ´1 at px ` 1q and 0 everywhere else.

Now consider the line bundle Op1q on P1
k, we have a rational section that informally corresponds to

x2

x`y . I claim that this is a section that only defined on D`px ` yq and is determined by specifying it on

D`pxq X D`px ` yq and D`pyq X D`px, yq. On D`pxq X D`px ` yq it correspond to the function x2

xpx`yq

and on D`pyq X D`px ` yq, it correspond to the function x2

ypx`yq
. We need to make sure it agrees on the

intersection, and you see that:
x2y

xpx ` yqy
¨
x2px ` yq

yxpx ` yq
“

x3

xypx ` yq

Thus this section is well defined.
Then we can talk about the divisor it defines. Then recall that irreducible codimension 1 closed subset

in P1
k correspond to irreducible homogeneous polynomials in x, y and to determine the valuation we can pass

to the affine open in D`pxq or D`pyq, then you will find that the divisor x2

x`y it defines is just 2rxs ´ rx` ys

as you can check since after you reduce to the affine case it’s essential the same as the example above in A1
k.

Remark 1.47. Suppose that L is an invertible sheaf on X where X is Noetherian, we claim that there is a
rational section s such that it doesn’t vanish at any generic points of irreducible components of X.

Suppose that p is such a generic point, we pick a trivializing neighborhood of p such that it doesn’t
intersect with any other irreducible component (this is always doable since we can take the union of other
components, which is still closed) and pick 1 as the rational function. We do this for all the generic points,
and take the disjoint union of the trivializing neighborhoods to get a new trivializing neighborhood and take
the section that correspond to 1, we are done.
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We return to study the group homomorphism div, which is going to be essential in determining line
bundles on X. We will see that div will be injective under reasonable assumptions and often an isomorphism.
Thus, line bundles with rational sections are determined by Weil divisors. If we consider an appropraite
quotient to quotient out the rational sections, we can say that Weil divisors determine the line bundles in
that case. To head to this direction, we can first prove:

Proposition 1.48. If X is normal and Noetherian, then the map div is injective.

Proof. Suppose that divpL, sq “ 0, this implies that s has no poles, thus we have already proved that s
extends to a regular section, still denoted by s.

We will now show that the morphism:
ˆs : OX Ñ L

is an isomorphism, which gives you pOX , 1q “ pL, sq, thus pL, sq “ 0.
To show this is an isomorphism, we still check that locally, and it will suffice to check that this is an

isomorphism on any open neighborhood where L is trivial since these neighborhoods cover X. Suppose that
U is such a trivialization such that U “ SpecA for an integral domain A and the isomorphism is given by:

i : L|U Ñ O|U

since divpsq “ 0, we know that under this trivilization, the rational function on U has no zeros and no poles,
the combining this with ˆs, we get a morphism:

ˆs1OU Ñ OU

defined by multiplication by ipsq “ s1. Which is a function that has no zeros and no poles, then consider the
element 1

s1 in the fraction field of A, which has no poles, thus it also in A, then s1 is invertible on U , thus
ˆs1 is an isomorphism, thus ˆs is an isomorphism.

Motivated by this, we want to find the inverse of div, or at least, even if it’s not surjective, find the
image of div. We will still assume that X is Noetherian and normal. Moreover, we will also assume that X
is irreducible, thus since X is also reduced, we are assume that X is an integral Noetherian normal scheme.
To justify the assumption, let’s consider the following propositions:

Proposition 1.49. A Noetherian scheme is integral iff X is nonempty, connected and all stalks are are
integral domains.

Proof. First assume it’s integral, then it’s irreducible, thus connected, and since it has a cover by specs of
integral domains, the stalks are indeed integral domains.

Conversely, since X is Noetherian, it’s a finite union of irreducible components. Since X is connected, if
X has more than 1 components, there is at least a point p such that it lies in two components. Then consider
an affine open SpecA of p, we claim that in this case OX,p is not an integral domain. This is because we
know that the generic points of the two irreducible components correspond to two distinct minimal primes
in A, lying below p, then Ap has two distinct minimal primes, thus it can’t be an integral domain.

Remark 1.50. This tells you that at least in the Noetherian case, being integral is the union of the local
algebra condition (stalks are domains) and the global topology condition (X is connected).

Proposition 1.51. A Noetherian scheme is normal iff it’s a finite disjoint union of integral Noetherian
normal schemes each of them both open and closed.

Proof. Suppose that X has irreducible component X1, ¨ ¨ ¨ , Xn, then we claim that X1 doesn’t meet any
other components, otherwise, it will ruin the property that the stalk is an integral domain. Thus X1 both
open and closed. This discussion holds for any other components.

Conversely, if X is a disjoint union of normal schemes, it’s normal since being normal is a stalk local
property and taking disjoint union doesn’t affect the computation of stalks, and finite disjoint union of
Noetherian space is still Noetherian.
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Remark 1.52. If X is SpecR where R is a Noetherian normal ring, we can even prove something stronger, in
the sense that we can prove that R Ñ

ś

i R{pi where pi’s are the minimal primes of R is an isomorphism, thus
SpecR »

š

SpecR{pi. I will let you to prove the natural morphism R Ñ
ś

i R{pi is indeed an isomorphism
since injectivity is checked using R is reduced and surjectivity is checked using localization.

This gives the explanation why we we deal with locally Noetherian normal schemes we have a cover by
Specs of Noetherian integral normal domains.

Thus, by the above discussion, any Noetherian normal scheme is a finite disjoint union of integral Noethe-
rian normal schemes, and you will see that reduce to this case doesn’t do any harm:

Definition 1.53. Assume that X is an integral Noetherian normal scheme, suppose that D is a Weil divisor,
we define the sheaf OXpDq to be:

ΓpU,OXpDqq “ tt P KpXq˚ : div|U t ` D|U ě 0u Y t0u

Here D|U is the restriction of D to U we already talked about. And div|U t here means that we first consider
the restriction of t to U , which is still defined on a dense open of U , thus a rational function on U and we
compute the divisor of t restricted to U as usual since U is still normal Noetherian.

We will often omit the subscript X if it’s clear from the context.

Remark 1.54. One thing you should notice it that the codimension 1 points of X that are also in U are still
of codimension 1 in U . Then recall that we already mentioned that computation of valuation at a regular
codimension 1 point is compatible with restriction to an open subset if that open subset contains that point,
then we know that div|U ptq can be thought as divptq but we taken out those codimension 1 irreducible closed
subsets that doesn’t intersect with U and for the rest remaining in divptq, we don’t change the coefficient,
turn the class Y into Y X U .

Therefore, you can think the sections of OXpDq as rational functions of X that have poles and zeros
constrained by the coefficients of D: A positive coefficient of D allows a pole of the rational function up to
that order and a negative coefficient of D demands a zero of the rational function at least that order.

Remark 1.55. For the restriction map, notice that if t satisfies div|U t`D|U ě 0 on U , then for any V Ă U ,
we claim that div|V t ` D|V ě 0. I will let you figure this out based on the previous remark. But this tells
you that the restriction is just the inclusion map.

Then we need to show that this is indeed a sheaf. The identity axiom is trivial to check since the
restriction is just inclusion. Gluability is also trivial to check, suppose that U is covered by Ui, since
agreeing on intersection just means that they are the same rational function, then we only have to show that
this rational function t is ok. But this is also trivial since if p is a regular codimension 1 point in U , then
it’s in some Ui, then t in ΓpUi,OpDqq means that the valuation of t at p is larger than the cofficient of the
closure of p in Ui, this suffice to show that t is in ΓpU,OpDqq.

Remark 1.56. Recall the definition of the support of a Weil divisor D is just the union of those terms with
nonzero coefficients. Then since D only have a finite number of nonzero coefficients, the support of D is
closed, thus the complement is open. We claim that away from SuppD, OpDq is isomorphic to the structure
sheaf.

To see this,say the complement of the support is U , we need to establish an isomorphism:

OpDq|U Ñ O|U

For any V Ă U , if t P ΓpV,OpDqq, since D|V “ 0, this is equivalent to div|V ptq ě 0, i.e. t is a rational
function that has no poles on V , then since we work with Noetherian normal schemes, we proved before that
algebraic Hartog’s lemma tells us t is a function defined on all of V , i.e. t P OpV q, this gives you a natural
morphism which is just the inclusion on each V and is obviously compatible with restrictions since you can
view everything running inside KpXq. Moreover, on each V , the inclusion is also surjective, since for each
t P OpV q, it won’t have any pole on V , thus the divisor determined by t is effective, thus t is in OpDqpV q.

Remark 1.57. Another important remark about OpDq is that it has a canonical ration section that corre-
spond to 1 P KpXq˚, i.e. the section 1 P KpXq˚ on the complement of SuppD.
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Remark 1.58. You can try to generalize the definition of OXpDq to a Noetherian normal scheme that is
not necessarily irreducible. To see what happens there, recall that X is a finite disjoint union of integral
Noetherian normal schemes, then for any Y codimension 1 irreducible closed, it’s contained in a unique
component, that a Weil divisor D is just the summation of Weil divisors in each component.

On the other hand, notice that a rational function t that doesn’t vanish on any component ofX correspond
to a pair

ś

i KpXiq
˚ where KpXiq is the function field of the component Xi, and you can see that computing

the divisor corresponding to pt1, ¨ ¨ ¨ , tnq is just computing the divisor of each ti and then sum them up. Then
you can just define OXpDq to be:

ΓpU,OXpDqq “ tpt1, ¨ ¨ ¨ , tnq P
ź

i

KpXiq
˚ : div|U ptq ` D|U ě 0u

You can even further simplify this, but we don’t use this later, thus we won’t do it here.

Proposition 1.59. OXpDq is a quasicoherent sheaf.

Proof. We still use the quasocoherent criterion related to localization.
For any affine open SpecA of X, we claim that the restriction:

ΓpSpecA,OXpDqq Ñ ΓpSpecAf ,OXpDqq

is the localization at f . To see what happens, suppose that x P ΓpSpecAf ,OXpDqq, we know that it’s just
some nonzero element in KpAq such that it’s prder and pole satisfies some constraints at the codimension
1 primes which f doesn’t belong to. Since f is not in these primes, we know that the valuation of f at all
the primes are 0, then we know that xfn for any n P Z is in ΓpSpecAf ,OXq, on the other hand, since f has
positive valuation at all the other codimension 1 points, we know that xfn for a large enough n will belong
ΓpSpecA,OXpDqq, this implies that x “ y{fm for some y P ΓpSpecA,OXpDqq. Then consider the natural
diagram:

ΓpSpecA,OXpDqq ΓpSpecAf ,OXpDqq

ΓpSpecA,OXpDqqf

loc

the above discussion tells you that the induced morphism is an isomorphism, we are done.

Our next goal is to show that in good circumstances, OXpDq is an invertivle sheaf. For example, let
X “ A1

k, consider the divisor D “ ´2rxs ` rx ´ 1s ` rx ´ 2s, often simply denoted as D “ ´2r0s ` r1s ` r2s

for convenience. We can compute OXp´2r0s ` r1s ` r2sq, and I claim that it’s invertible. To do this, for

example, I claim that there is a global section 3x2

x´1 , you can easily check that it has the desired zeros and
poles, thus indeed a global section. Furthermore, we can show that any global section is a krxs multiple of

x2

px´1qpx´2q
.

This is because for any f P kpxq˚, if it is in the global section, it must have at least a zero of order 2 at
x and it can at most have a pole of order 1 at x ´ 1 and x ´ 2, thus there is a x2 factor in the numerator,
and it has a 1

px´1qpx´2q
factor, and if you don’t want a pole, you can use krxs multiple to eliminate them.

This can be extended to an isomorphism OX Ñ OXpDq, and you can easily guess what is the isomorphism

here, this is just induced by krxs Ñ krxs ¨ x2

px´1qpx´2q
where 1 is mapped to x2

px´1qpx´2q
. Since OXpDq is

quasicoherent and we are over an affine space, the isomorphism on the global section is an isomorphism
globally. For concreteness, let C “ k in the following example:

Example 1.60. We still work with the above example just with k replaced C.
First consider the global section x2

px´3q

px´1qpx´2q
, I claim that this section vanishes at just one point, which is

px ´ 3q, since it correspond to the global function px ´ 3q of the structure sheaf. It doesn’t vanish at x in
particular, which is a littlbe bit wierd since it has x2 on the numerator.

As another example, consider the global section x2px ´ 1q, I claim that it only vanishes at two points,
which are x ´ 1 and x ´ 2, since this correspond to the global function px ´ 1q2px ´ 2q.
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Finally consider the canonical rational section corresponding to 1 P KpXq. I claim that it has a zero of
order 1 at px ´ 2q and px ´ 1q, it also have a pole at x of order 2. To see this, notice that this section is

obtained by first restrict x2

px´1qpx´2q
to the dense open where x, x ´ 1, x ´ 2 is not in it. Then we multiply

it by px ´ 1qpx ´ 2q{x2, this tells you that this correspond to the rational function px ´ 1qpx ´ 2q{x2 on the
dense open, and you can see what are the poles and zeros.

Common wrong answers to this question is obtained by forgetting the identification:

OX Ñ OXpDq

and directly think of elements in OXpDq as rational functions living on X, though this is in some sense

correct, but notice that in the above example, x2

px´1qpx´2q
is never a rational function defined on all of X,

thus there must be some identification, never forget it.

We next can show that in good circumstances OXpDq is invertible. We still assume X is Notherian
normal and irreducible:

Proposition 1.61. Suppose that L is an invertible sheaf on X and s is a nonzero rational section of L.
(This already tells you that it doesn’t vanish at the generic point.)

Then there is an isomorphism Opdivpsqq » L.
Proof. The first step is to show that there is an open cover tUu of X such that on each open Opdivpsqq|U »

O|U and these U forms a base for the Zariski topology.
To see this, let’s first cover X by SpecA where A are Noetherian normal integral domains such that L

is trivial on SpecA. Then via the trivialization, div|SpecApsq is just the divisor determined by a rational
function s1 on SpecA. Then we claim that we have a local isomorphism:

O|SpecA Ñ Opdivpsqq|SpecA

defined by mapping 1 to 1
s1 . First, recall how OpdivpsqqpSpecAq is defined, it’s just elements t in KpXq˚

such that div|SpecAptq ` div|SpecAps1q ě 0, then we know that if we consider the inverse of s, which is 1
s1

viewed as an element in Kpaq, since the divisor function is additive upon multiplication, we know that
div|SpecAp 1

s1 s
1q “ div|SpecAp 1

s q ` div|SpecApsq “ div|SpecAp1q “ 0, thus 1
s is indeed in OpdivpsqqpSpecAq, and

moreover, you can see that any other elements in OpdivpsqqpSpecAq is an A-multiple of 1
s1 since if divpts1q ě 0

in SpecA, since it has no poles, algebraic Hartog’s lemma tells you that ts1 “ a for some a P A, then t “ a
s1 ,

thus the morphism:

O|SpecA Ñ Opdivpsqq|SpecA 1 ÞÑ
1

s
is an isomorphism since it’s a morphism of quasicoherent sheaves on an affine open.

Then we do the second step, for each of the U above, we can define an isomorpshim:

ϕ|U : OpdivqpUq Ñ LpUq

sending a rational function t with zeros and poles constrainted by s to st. Here we know that divpstq ě 0, thus
this rational section on U extend to a regular section on U . We need to show this is indeed an isomorphism,
this is because we have the following diagram:

OpdivpsqqpUq

LpUq OpUq

1ÞÑ 1
s1

»

where the bottom isomorphism is the trivialization. I claim that the composition: OpdivpsqqpUq Ñ LpUq Ñ

OpUq Ñ OpdivpsqqpUq and LpUq Ñ OpUq Ñ OpdivsqpUq Ñ LpUq are identities. I will let you to check this.
Now you can easily see that this definition is compatible with restrictions for any open V in the base of

the Zariski topology in the sense that the following diagram is commutative:

OpdivpsqqpUq LpUq

OpdivpsqqpV q LpV q

»

res res

»
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which I will let you check, but this tells you that this gives an isomorphism on the sheaf of bases, which
induces an isomorphism of the sheaves, we are done.

Proposition 1.62. Let σ be the map from KpXq to the rational sections of L where σptq is the rational
section under the isomorphism:

Opdivpsqq » L

then we claim that the canonical section 1 P KpXq is mapped to the rational section s.

Proof. First, not every element in KpXq is in the domain of σ, this σ is just a temporary notation and we
will not use it later.

Consider the canonical section 1, we know that the base we defined in the previous proposition covers
the complement of the support and for each of them in the complement, we know that via:

ϕU : OpdivpsqqpUq Ñ LpUq

1 is mapped to s, thus we know that on the whole complement 1 is mapped to s.

Remark 1.63. The above two propositions show that in the line bundle with rational sections group,
pOpdivpsqq, 1q “ pL, sq.

Therefore, the following composition is the identity:

tpL, squ{iso
div
Ñ WeilpXq

OXp´q
Ñ tpL, squ{iso

We want to conclude from this that Weil divisor D in the image of div: are those D such that OXpDq is a
line bundle. One direction is easy: if D “ divs is in the image of div, then OpDq is a line bundle. Conversely,
suppose that D is a divisor such that OpDq is a line bundle, then I claim if you consider pOpDq, 1q where 1
is the canonical section, then divp1q “ D.

This relies on the following notion of principal and locally principal divisors, so let’s first discuss them.

Definition 1.64. If D is a Weil divisor such that D “ divpfq for some rational function f , we say that D is
principal. Clearly, principal divisors form a subgroup of WeilX since if divpfq “ D and divpgq “ D1, then
you can show D ` D1 “ divpfgq. We will denote this subgroup by PrinX. And the function div induces a
group homomorphism:

div : KpXq˚ Ñ PrinX

A similar but weaker notion is called locally principal. If X is covered by Ui’s such that on each Ui, D|U

is principal on Ui, we say that D is locally principal. Clearly locally principal divisors form a subgroup
of WeilX since if D and D1 are locally principal with open cover Ui and Vi, then D ` D1 is locally principal
on the open cover Ui X Vj . We denote this subgroup by LocPrinX.

Here is an important observation, though not difficult. First, from the above two propositions, if D “

divpfq, then we have an isomorphism pOX , fq » pOXpDq, 1q and in particular OX » OXpDq. Later we prove
the converse also holds, for a divisor such that OXpDq » O, then D is principal. Similarly, if D is locally
principal, the exact same argument shows that OXpDq is locally isomorphic to OX , thus it’s a line bundle.
Let’s first prove the converse holds:

Proposition 1.65. If OXpDq is a line bundle, then D is locally principal.

Proof. Let Ui be an open cover of X by specs of Noetherian normal integral domains, where OXpDq is trivial.
Pick one of the Ui “ SpecA, we have a local isomorphism:

OU » OXpDq|U

which is defined to be 1 ÞÑ t for a rational function t. In particular we know that divptq ` D|U ě 0. I claim
that this is strictly 0, otherwise, there will be a coefficient of some regular codimension 1 point in SpecA
that is at least 1, then pick a uniformizer ηi of that point, restrict to a smaller affine open of Noetherian
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integral domain we can assume the uniformizer ηi is in A. Then t{ηi is still in ΓpSpecA,OXpDqq, however,
this time the morphism:

A Ñ ΓpSpecA,OXpDqq

defined by 1 ÞÑ t is not an isomorphism since t{ηi is not in the image since we are working with an integral
domain!

Thus we know that D|U “ divptq.

Remark 1.66. The idea of the proposition above gives the converse of the statement we had before: If D
is a divisor such that OpDq is a line bundle, then divpOpDq, 1q “ D.

To see why this is true, since OXpDq is a line bundle, the local isomorphism in the above proposition
still holds and maps 1 P A to t where divptq ` D|SpecA “ 0. This tells you that divpt´1q “ D|SpecA.

Then here comes the confusing part, recall that if we view OpDq as a line bundle, then for the rational
section 1, when we compute divp1q, we are think of it not as a rational function, but a rational section of a
line bundle, thus we will use the subscript l to indicate this, i.e divlp1q “ divpaq for some a under the local
trivialization where a is mapped to 1 and div without the subscript denotes the divisor function on rational
functions. The same notation applies to the preceding paragraph.

Notice that identifications is given by A Ñ ΓpSpecA,OpDqq where 1 ÞÑ t, then on the smaller open V
where 1

t is defined, we can compute that 1
t is mapped to 1, thus divlp1q “ divp 1

t q “ D|V . You can do this
for all the U ’s in the cover and conclude divlp1q “ D globally.

Now, let’s look at an example that tells you the Picard group of Pn
k “ Z, but before that we can show

the following:

Proposition 1.67. Suppose that X “ Pn
k and L “ Op1q, let s be the global section of L corresponding to

x0 and let D “ divpsq. Then OpmDq » Opmq and the canonical section of OpmDq is precisely sm.

Proof. We claim that we can consider Opmq and the section sm, which is the one corresponding x0 and we
claim that mD “ divpsmq. If this holds, then we already know that:

OpmDq “ Opdivpsmqq » Opmq

and the isomorphism can be taken such that the canonical section is mapped to sm.
mD “ divpsnq, we can do computation on the standard affine cover D`pxiq. Recall that x0 correspond

to the rational function x0

xj
in D`pxjq and xm

0 correspond to the rational function px0

xj
qm in D`pxjq then

since div is additive upon multiplication, we are done.

Remark 1.68. Of course, we can replace x0 by any linear term and get the same conclusion with sm

replaced by the m-th power of the linear form.
We can start with any homogeneous polynomial of degree m, say f , view is as a global section of Opmq,

take the divisor divpfq and conclude that Opdivpfqq » Opmq.
Moreover, if we start with a homogeneous polynomial f of degree m and a homogeneous polynomial of

degree n, we can also consider fg, then we claim that Opdivpsq ` divpgqq “ Opm` nq. To see this, you only
have to prove that divpfgq “ divpfq ` divpgq, which is easy to show by passing to the standard affine open
and consider the rational functions there.

Using this we prove our promise that the Picard group of the projective space over a field k is Z:

Proposition 1.69. Let X “ Pn
k , then PicX » Z and the isomorphism is given by:

Z Ñ PicX m ÞÑ Opmq

Proof. We already see this is injective, thus we only have to show it’s surjective.
Suppose that L is a line bundle on X, pick a nonzero global section we can consider divpsq, which is a

linear combination of irreducible divisors, which correspond to irreducible homogeneous polynomials up to
scalar multiplication. Say divpsq “

ř

nirfis where fi stands for the irreducible divisor determined by rfis
and the degree of fi is di.

Recall that Opdivpsqq “ Op
ř

nirfisq. However, from the previous remark, since rfis is just divpfiq, then
ř

i nirfis “
ř

rfni
i s “ r

ś

i f
ni
i s “ divp

ś

i f
ni
i q, thus we know that L » Opdivpsqq “ Opdivp

ś

i f
ni
i qq »

Op
ř

i diniq.
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Remark 1.70. There is a different notation convention you can find in the literature, which is when we
define OpDq, we can require div|U ptq ě D|U instead of div|U ptq`D|U ě 0. There is not much different about
this notation, the only reason we use our convention here is because we want divpOpDq, 1q “ D instead of
´D, the dual sheaf when D is locally principal.

Recall that factoriality is stronger than normality, and if we assume the scheme is factorial, we can show
that any Weil divisor D gives you an invertible sheaf.

Proof. Let X be Noetherian and factorial and irreducible, then for any Weil divisor D, OpDq is an invertible
sheaf, in particular the group homomorphism div is now surjective, thus an isomorphism.

Proof. The important property we will use for UFD is that all the codimension 1 primes are principal. For
the motivation, let’s first think about the case when D “ rY s is an irreducible divisor.

To recall that the corresponding sheaf OXpDq is an invertible sheaf iff D is locally principal. That is
to show that there is an open cover of X, such that on each X, Y X U is determined by a single rational
function. To see this, since Y is closed, we can take one the open cover to be U “ X ´ Y . And you know
that OXpDq on U is indeed isomorphic to OU . Then for a point p P Y , we pick an affine open V containing
p, consider OX,p, which is a UFD, and notice that the generic point q of Y is in V and correspond to a
codimension 1 prime in OX,p since intersecting with an open doesn’t change the dimension and codimension,
then we know that it’s a principal ideal, generated by f i.e. the unifomizer. By shrinking to a smaller open,
we can assume that it’s a regular function of V “ SpecA for a Noetherian normal integral domain. Then
f obviously has no poles on U , and f has a zero of order one only at the generic point of Y X U . This is
because that all the codimension 1 points are distinct and none of which is contained in another, thus if f
has a zero at q, the generic point of another codimension 1 prime, we know that f P q, but this implies that
p1 Ă q in the local ring OX,p. The same argument can be used to show that if the divisor is of the form nrY s

then it’s locally principal by taking the uniformizer f and use fn.
Now suppose we have a general divisor D “

ř

nirYis for a finite collection of codimension 1 Yi. The
strategy is similar to the case of an irreducible divisor. We can take one the the U to be the complement of
the union of Yi. For the notation, we will use pi to be the generic point of all the Yi. Then for p P Yi, pick an
affine open SpecA notice that all the pi that is in SpecA is of codimension 1, then consider OX,p, pi’s are all
codimension 1, then we can take the uniformizer fi for each of them and then by shrinking SpecA assume
that fi are regular functions on SpecA. Notice that for fi, it has no poles on all of Speca and only has a zero
at pi, no zeros at other pj for j ‰ i. This is because we know that pi’s are distinct and no one is contained
in another. If fi has a zero at pj , then fi is in pj , then pi will be contained in pj which is a contradiction.
Then we will take the rational function to be

ś

i f
ni
i , you can check that it satisfies the condition.

Now we define the important notion of class group: Define the class group of a Noetherian normal
irreducible scheme to be the quotient group of Weil divisors by the principal Weil divisors:

ClpXq “ WeilpXq{PrinpXq

Recall that pL, sq ´ pL, uq “ pO, s
u q is mapped by div to a principal Weil divisor, then since we know that

the kernel of the map div : tpL, squ{iso Ñ Weil{PrinX “ ClpXq consists of elements pO, fq where f is a
rational function, by universal property of the quotients, it induces an inclusion:

div : PicX “ tLu{iso ãÑ ClpXq

Recall that div factors through the locally principal divisors: div : tpL, squ{iso
»
Ñ LocPrinpXq ãÑ WeilX

Then it gives us the following diagram:

tpL, squ{iso LocPrinpXq WeilpXq

PicX tLu{iso LocPrinpXq{PrinX ClpXq

div: »

D ÞÑpOpDq,1q

“ if X factorial

“ »

D ÞÑOpDq

“ if X factorial
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Remark 1.71. In particular, if A is a UFD, then all the codimension 1 primes are principal, then you can
prove that all Weil divisors on SpecA is principal by taking generators of these codimension 1 primes, thus
ClpSpecAq “ 0, which implies that PicpSpecAq “ 0.

Remark 1.72. Also, form the above diagram, if D satisfies OpDq » O, it’s first a locally principal divisor,
as promised we want to show that it’s principal.

We know that under the isomorphism:

PicpXq » LocPrinpXq{PrinpXq

D is mapped to O “ 0, then it’s again mapped to D “ 0, thus D is a principal divisor, we are done.
Therefore, D is principal iff OpDq » O.

Example 1.73. For example, we know krx1, ¨ ¨ ¨ , xns is a UFD, then ClpAn
k q “ 0, then PiCpAn

k q, thus all
the line bundles on An

k are trivial.
This coincides with our intuition from differential geometry since a contractible space only has trivial

vector bundles. Base on this, you might want to prove that all the vector bundles of An
k are trivial. We

already showed this when n “ 1, however, the generalization is hard which is formerly known as Serre’s
conjecture, proved later by a the Quillen-Suslin Theorem, which leads to a Fields Medal.

Now we study what happens to Weil divisors and class groups if we take out a closed subset.
First, removing a closed subset of pure codimension at least 2 doesn’t affect class group. Since you are

just restricting to an open subset U which contains all the codimension 1 points, which is dense, thus the
principal divisors remain the same, thus the class group remain the same. Formally speaking, we have an
isomorphism of SES:

0 PrinX WeilX ClpXq 0

0 PrinU WeilU ClpUq 0

res res res

The last vertical arrow induced by restriction is an isomorphism since the formal two vertical arrows are
isomorphisms and we can apply five lemma.

Now, if we remove a irreducible closed subset Z of codimension 1, the Weil divisor group change in a
contrable way. First, clearly we have such a SES:

0 Z WeilX WeilpX ´ Zq 0
1ÞÑrZs res

But if we want to quotient out by the principal divisors, we know that ClpXq Ñ ClpX ´ Zq is still well
defined and induced by restriction since the principal divisors on X restricts to principal divisors on X ´Z.
But the sequence:

Z ClpXq ClpX ´ Zq 0
1 ÞÑrZs res

may lose exactness on the left, for example, when rZs is a principal divisor. This is usually called the
excision exact sequence of class groups.

The above discussion works similarly for taking out finitely many irreducible closed subset of codimension
1, say Z1, ¨ ¨ ¨ , Zn, then you get a short exact sequence:

0 Zn WeilX WeilpX ´ YiZiq 0
ei ÞÑrZis res

and quotient out by the principal divisors you still can lose exactness on the left and get the sequence:

Zn ClpXq ClpX ´ YiZiq 0
ei ÞÑrZis res

And you simultaneously take out some closed subset of pure codimension at least 2 and some irreducible
closed subset of codimension 1, basically you only have to care about those codimension 1 stuff since the
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codimension 2 closed subsets don’t affect Weil divisors and class groups. Recall that if X is an irreducible
space then any open subspace is also irreducible for trivial reasons, then we don’t have to worry about
X ´ YiZi is not irreducible.

Example 1.74. Let X “ An
k , let U be any open subscheme of X, notice that the irreeucible components of

X ´ U is finitely many and the codimension is at least 1, then we can consider the corresponding excision
sequence and conclude from ClpXq “ 0 that ClpUq “ 0, thus PicpUq “ 0.

As another application, let X “ Pn
k and let Z to be the divisor determined by x0, a global section of

Op1q, then you can check U “ X ´ Z “ An, then we can conclude from the excison sequence that:

Z Ñ ClpXq Ñ ClpAnq “ 0 Ñ 0

ClpPn
k q is generated by rZs, possibly with torsion and PicpPn

k q is a subgroup of ClpPn
k q. But notice that we

have the following sequence:

PicpPn
k q » LocPrinpPn

k q{PrinpPn
k q ãÑ ClppPn

k qq

Under the isomorphism, the class of rZs is mapped to Op1q and nrZs is mapped to Opmq, which is not
trivial, thus nrZs is not 0, thus rZs is not a torsion element, thus PicpPn

k q ãÑ ClpPn
k q » Z is an isomorphism,

thus Pn
k is also isomorphic to Z, generated by Op1q.

This is another way of proving PicppPn
k qq » Z.

Remark 1.75. Recall that we prove that if X is Noetherian irreducible and factorial, then any Weil divisor
on X is locally principal, hence the map PicX Ñ ClX is an isomorphism.

Now we consider a mild generalization: twisting line bundles by divisors. Let L be an invertible sheaf on
a Noetherian normal irreducible scheme, then we define LpDq “ L b OpDq. If D is locally principal, then
LpDq is also a line bundle. In this case, there are two different ways of interpreting sections of LpDq over an
open subset U : You can view them just as sections of the new line bundle LpDq, or as rational sections of
L with zeros and poles constrained by the divisor D, as shown in the following proposition:

Proposition 1.76. There is a sheaf associated to L, still denoted by LpDq, with sections on each open U
defined by:

ΓpU,LpDqq “ tt a nonzero rational section of L: div|U t ` D|U ě 0u Y t0u

It’s isomorphic to L b OpDq for a locally principal divisor D, thus in particular this new sheaf is also a line
bundle.

Proof. Let’s first prove that this is indeed a a sheaf. The restriction function is still just inclusion and
identity, gluability axioms are also checked similar to OpDq.

To show this is isomorphic to the tensor, we will define a morphism:

L b OpDq Ñ LpDq

which is induced by an isomorphism from a presheaf on the basis to a sheaf on a basis, which induces a
morphism from a presheaf to a sheaf such that the maps on the stalks are isomorphism. Then this map
induces an isomorphism from the sheafification to the sheaf.

To do this, recall that since D is locally principal, we can find a base of X, say Ui such that on each Ui,
D|Ui

is determined by a rational function gi on Ui, L is trivial on each Ui. Moreover, we know that for any
t P OpDqpuiq, there is a unique a P OpUiq such that agi “ t Then we can define:

LpUiq b OpDqpUiq Ñ LpDqpUiq s b t ÞÑ t ¨ s

defined on the intersection of the domain of s and t(you should check divpstq ` D|Ui ě 0!). We claim that
this is an isomorphism. To show this, we construct an inverse.

For a section s in LpDqpUiq, notice that gis defined on the intersection has positive valuation, thus
extends to a unique section s1 on LpUiq. Now we define:

LpDqpUiq Ñ LpUiq b OpDqpUiq s ÞÑ s1 b
1

gi
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Here you probably will feel confused about 1
gi

since 1
gi

almost never will lie in OpDqpUiq. To solve this

problem, we enlarge the space and consider the inclusion OpDqpUiq ãÑ KpXq, since LpUiq is trivial on each
Ui, tensor by LpUiq preserves inclusion, then we can think of LpUiq bOpDqpUiq as inside LpUiq bKpXq. We
have such a diagram:

LpUiq b OpDqpUiq LpUiq b KpXq

OpDqpUiq KpXq

»

inclusion

where we think of LpUiq as OpUq via the trivialization.

OpUiq » LpUiq

Then you can see that s1 b 1
g1 is identified with s1 ¨ 1

g1 , thus indeed is in OpDqpUiq. Since we know that

s1 restricts to sgi and sgi has positive valuation.
Finally, we need to prove the composition is the identity for both sides. But this is essential trivial if you

figure out what each of the morphism is doing. I must admit there are quite a lot of identifications going
on, but you don’t have to worry too much since all these local identification is essentially to show that the
explicit map:

LpUiq b OpDqpUiq Ñ LpDqpUiq

is an isomorphism, once this is done, we can forget all the annoying identifications.
Then you only have to see that this explicit map is compatible with restrictions to conclude that it

induces an isomorphism on the base, and we are done.

Proposition 1.77. If using the same assumption as above, if D1 and D2 are locally principal, then
pOpD1qqpD2q » OpD1 ` D2q

Proof. We are trying to show that when D1 and D2 are locally principal, then tensor product of the sheaf
of the divisor is the sheaf of the sum of the divisor.

Let’s first take a look at what are the sections of pOpD1qqpD2q using the identification we proved in the
above proposition:

ΓpU, pOpD1qqpD2q “ trational sections t of OpD1q: div|U ptq ` D2|U ě 0u

Notice that rational sections of OpD1q are just sections defined on some dense open of X and in natural are
still rational sections of OX such that it’s poles and zeros satisfy some constraints. Then you have a natural
morphism:

pOpD1qqpD2q Ñ OpD1 ` D2q

where on each U it’s just defined to be t ÞÑ t. To see this makes sense, recall that the way we compute
div|U ptq is via a trivialization:

OV Ñ OpD1q|V

then I will let you figure out why if we view it directly as a rational function and compute the divisor, we
indeed have div|U ptq ` D1|U ` D2|U ě 0, thus this morphism makes sense. It’s easy to see that this is
compatible with restrictions, thus indeed defines a morphism of sheaves.

We claim this is an isomorphism. It’s not hard to see that it’s injective on each U . If t is 0 as an element
of OpD1 ` D2q, then it’s indeed just the zero rational function, then t as a rational section of OpDq1 is also
0.

We also have to show it’s surjective. If t is a rational function such that div|U ptq`D1|U `D2|U ě 0, then
we claim that if we view t as a rational section of OpD1q, then the line bundle divisor div|U ptq ` D2|U ě 0.
This is essentially a local question, suppose that t “ agi for gi determine D1|U locally, then we know that
divpaq should at least be larger than D2|U , then via the trivialization we know that the line bundle divisor
of t is indeed larger than D2|U , we are done.
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Before we end this section, we state another version of qcqs lemma that we will use later:
For the notation we will use, suppose that X is qcqs, let L be a line bundle on x with a regular section

s. Let F be a quasicoherent sheaf on X. We can generalize the definition of Xf for a regular function f and
define Xs to be the open subscheme where s doesn’t vanish. (You can use trivialization to prove the locus
where is vanishes is closed.)

Now notice that for each n ě 0, we have ΓpX,Lbnq, and for m,n, and x, y elements in Lbm and Lbn,
you have a natural element x b y in Lbpm`nq, this makes RpLq‚ “ ‘nΓpX,Lbnq a graded ring where s is a
homogeneous element of degree 1. Similarly we have a graded RpLq‚ module ‘nΓpX,F b Lbnq.

Proposition 1.78. There is a natural isomorphism:

pp‘nΓpX,F b Lbnqqsq0 Ñ ΓpXs,Fq

Proof. Let’s first define the natural morphism. What we notice is that ΓpXs,Fq is a RpLq‚ module. To
define the action of the ring, let’s define it on each component. Suppose that a P ΓpX,Lbnq, we first consider
it’s restriction to: s P ΓpXs,Lbnq, but notice that we know that for each n, we have a canonical isomorphism:

Lbn|Xs Ð OXs

where 1 maps to the section corresponding to sbn. Let’s denote the inverse by αn : Lbn|Xs Ñ OXs . Then we
know that a section a|Xs is mapped to a section αnpaq in ΓpXs,OXq, then we define the action on ΓpXs,Fq

by multiplying αnpaq. Then we define the general action by extension by linearity Let’s check that this
definition indeed a module action. We only need to check for elements in each component, for example, we
need to check that if x, y P ΓpXS ,Fq, then for a P ΓpX,Lbnq, we have:

apx ` yq “ ax ` ay

which is just αnpaqpx ` yq “ αnpaqx ` αnpaqy, which is the assumption that F is an OX -module. We also
need to check that for example, if we have a P ΓpX,Lbnq and b P ΓpX,Lbnq, then we have:

pa ` bqx “ ax ` bx

But this is again a tautology. What is interesting is that if a P ΓpX,Lbmq, b P ΓpY,Lbnq, then:

pa ¨ bqx “ a ¨ pb ¨ xq

By definition, we need to show:
αm`npa b bqx “ αnpaq ¨ pαmpbq ¨ xq

Then I will let you see that the equality above is just to check:

Lbm b Lbn

OX b OX OX

αmbαn αm`n

ˆ

Recall that αi’s are defined to be the inverse image of certain morphisms, therefore what we need to check
can be done by using those more explicit maps, but I will let you check is. Finally, we need to show that the
identity acts as expected, which is trivial.

What is worth-noting is that s P RpLq‚ acts by identity, which is an automorphism, therefore we know
that this is actually a pRpLq‚qs module via the expected pRpLq‚qs action. Then we know from the universal
property of localization that a morphism from:

p‘ně0ΓpX,F b Lbnqqs Ñ ΓpXs,Fq

It’s equivalent give a RpLq‚ map:

‘ně0ΓpX,F b Lbnq Ñ ΓpXs,Fq
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Well, we still define it on each component, therefore we only need to define it for:

ΓpX,F b Lbnq Ñ ΓpXs,Fq

The way you do is is still simple, we do it by first restrict to Xs, then use the isomorphism αn to get a
morphism in F b OX » F . We need to check this is compatible with the RpLq‚-action. We can check it on
homogeneous elements, which is essentially the same as how we check ΓpXs,Fq is an pRpLq‚qs-module, so I
will again let you figure it out.

This finishes the construction since we can just restrict the above map to the degree 0 piece. So now
our job is to show that it’s an isomorphism. To do so, recall that since X is quasicompact, let’s cover X
by finitely many affine opens SpecA1, ¨ ¨ ¨ , SpecAn on which L is isomorphic to OX via βn : L Ñ OX . Let’s
first show that this is injective, suppose that we have x

sn where x P ΓpX,F b Lbnq we want to show that if
it’s mapped to 0, then it’s 0. First, what is the image of x

sn , first we know that the image of x should be the
image of x under:

F b Lbn Ñ F

then we need to consider the 1
sn action. We know that the s action is the identity action, therefore we know

that action by it’s inverse is also the identity action, therefore we know that the image is just the image in F ,
therefore what we are assuming is that after we restrict x to Xx, it’s image in F is 0. What does this mean,
for example, on one of the SpecAi. Notice that on SpecAi, we know that SpecAi X Xs is the distinguished
open Dpβipsqq, then we know that the image of x in Xs X SpecAi is computed using the diagram below:

F b Lbn|Xs
F |Xs

F b Lbn|XsXSpecAi
F |XsXSpecAi

Idbαn

Res Res

Idbαn

For simplicity, let’s just denote Xi “ SpecAi. Recall that except using αn, there is another way to go from
F bLbn|Xi

to F |Xi
, that is by βbn

i . And I will let you show that using this, we know that on SpecAi, there
is a ni such that x b sbni “ 0 in F b Lbni , therefore it’s true for all N ě ni as well. This holds for all i,
and we only have finitely many such i, this implies that there is a N such that x b sbN “ 0 on all SpecAi,
thus globally, therefore this proves that x

sn “ 0, thus the map is injective.
To prove surjective, suppose that we have something b in ΓpXs,Fq, consider it’s restriction in Xi, we

know that there is a ni such that fni
i ¨ b is from some element in ΓpXi,Fq. We know that For differential

i, j, we have differential ni, nj such that fni
i ¨ b and f

nj

j ¨ b comes from F |Xi
and FXj

.
Let’s assume that ti maps to fi under α1. Since the scheme is quasi-separated as well, we know that

Xi X Xj is quasicompact, then we know that if we consider the following diagram:

? F b Lbni |Xi
F |Xi

?

b b sbni F b Lbni |XiXXs F |XiXXs b ˆ fni
i

Idbβbn
i

Res Res

Notice that on Xi X Xs we have b b sbni and on Xj X Xs, we have b b sbn. Moreover for any N ě ni, we
know that b ˆ fN

i also comes from F |Xi
, then by tensor with an appropriate power, we can assume that on

Xi X Xj , b b sbN and b b sbN agree, therefore we know that they come from a global section on F b Lbn.
We only need to prove that this section maps to b P ΓpXs,Fq. We again check on Xs XXi for all i, but since
we know that it’s restriction on Xi X Xs is b b sbN and s acts by identity, therefore we know that after we
apply αN we indeed get b. This works for all i, we are done.

1.5 Fun examples

In this section, we will use what we developed earlier to discuss a lot of fun examples. Let’s start with the
so called projective transformation:
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Proposition 1.79. All the automorphism of projective spaces fixing k correspond to pn ` 1q ˆ pn ` 1q

invertible matrices over k modulo scalars, also known as the group PGLn`1pkq.

Proof. Suppose π : Pn
k Ñ Pn

k is an automorphism fixing k, suppose that this is given by a line bundle L on
Pn
k , then we know that π˚Op1q » Opmq for some m since L since the Picard group of Pn is generated by

Op1q, then suppose that the inverse is φ, then we know that:

φ˚π˚pOp1qq “ Op1q “ φ˚pOpmqq

since we already prove pullback commutes with tensor product, we know φ˚pOpmqq » pφ˚Op1qbmq, we know
that only when φ˚Op1q » Op1q and m “ 1, can the above isomorphism holds.

Therefore, we have an isomorphism π˚Op1q » Op1q, and I claim that the pullback map:

π˚ : ΓpPn,Op1qq Ñ ΓpPn,Op1qq

is an isomorphism as well. This is because we know exactly that φ˚ : ΓpPn,Op1qq Ñ ΓpPn,Op1qq is the
inverse. I will let you check this, which essentially is still a consequence that the pullback functors are
inverses of each other. Recall that we can identify ΓpPn,Op1qq as the space spanned by x0, ¨ ¨ ¨ , xn, then
an isomorphism is just an invertible pn ` 1q ˆ pn ` 1q matrix. Moreover, from the proof of morphisms to
Pn correspond to line bundles and sections, we know that π is induced by the line bundle Op1q and section
π˚pxiq for i “ 0, ¨ ¨ ¨ , n, only with one caveat that multiplications of scalar gives you the same morphism.

On the other hand, given such a matrix P , you have an automorphism of krx0, ¨ ¨ ¨ , xns, which induces
an automorphism of Pn

k . You can either consider this morphism as induced by applying Proj construction,
which tells you that this is indeed an automorphism. You can also think of this as given by the line bundle
Op1q as sections P pxiq. This tells you that after you modulo the action of k-scalar multiples, you get the
same automorphism.

Then we need to show that the above two constructions are inverses of each other, and I will let you do
it, using the fact that we know very well what are the morphism from Pn to Pn in terms of line bundles and
base-point-free sections.

Remark 1.80. As what we mentioned, automorphisms of projective spaces are called projective transforma-
tions and because of the above proposition, they are PGLn`1pkq, and are always called projective change
of coordinates, since in the proof, you see that each such matrix can be viewed as a matrix acting on the
coordinate ring krx0, ¨ ¨ ¨ , xns.

We will use the a lot later, especially when n “ 1, where the automorphisms will be called fractional
linear transformations.

Proposition 1.81. AutpP1
kq is strictly three transitive on k-valued points, i.e., given two triplets pp1, p2, p3q

and pq1, q2, q3q, each of three distinct k-valued points on P1, there is precisely one automorphism sending pi
to qi.

Proof. To figure this out, we need to know how an automorphism π acts on k-valued points.
Say π correspond to an invertible matrix P , and ra0 : ¨ ¨ ¨ : ans is a k-valued point, then πpra0 : ¨ ¨ ¨ : ansq

will be another k-valued point P pra0 : ¨ ¨ ¨ : ansq. We didn’t really do this before, thus let’s do this here with
a little bit caution. The first thing you should check is that suppose that π : R‚ Ñ S‚ is a morphism of
graded ring, then after we apply proj, a homogeneous polynomial p in S, if it’s in the domain of the induced
morphism, is mapped to π´1p. Check this is not had, as long as you can use the following diagram:

S Sf pSf q0

R Rg pRgq0

π πf pπf q0

Then you need to use some algebra coming from classical algebraic geometry see the first chapter of
Hartshorne for details. For example, you can prove that all k-valued point comes from the homogeneous
ideal:

p “ tf homogeneous : fpa0, ¨ ¨ ¨ , anq “ 0u

32



You will see that this k-valued point corresponds to the notation ra0 : ¨ ¨ ¨ : ans we used before. Then you
can prove that under the morphism π1 induced by the proj construction, f P π1ppq iff πpfqpa0, ¨ ¨ ¨ , anq “ 0,
then when π is given by an invertible matrix P , this is equivalent to fpP pa0, ¨ ¨ ¨ , anqq “ 0, thus we know
that π1ppq is the homogeneous prime consisting of all homogeneous polynomials such that their evaluation
at P pa0, ¨ ¨ ¨ , anq “ 0, thus we are done.

Then I claim that the assertion is equivalent to prove that if an invertible matrix fixes three k-valued
points, it is the identity. This is just because if P1, P2 both send the three k-valued points to the specified
three k-valued points, then P´1

2 P1 “ id then P1 “ P2. (All the identification is done in the group PGL2pkq)
Suppose that P fixes the three distinct k-valued points rai : bis for i “ 1, 2, 3, since they are distinct, we
know that pai, biq are linearly independent for i “ 1, 2. Then since P fixes the three points, it’s action on
pa1, b1q is just multiply by a nonzero scalar k1, so is it’s action on pa2, b2q is multiplication by a nonzero
scalar k2. We only have to prove k1 “ k2 to claim that this matrix is the identity. Then we use the fact
that it also fixes ra3, b3s, which means that it’s action on pa3, b3q is multiply by a nonzero scalar k3, then if
k1 ‰ k2, only when a3 “ b3 “ 0 can we have such a k3, a contradiction.

Remark 1.82. This is also a good point to identify all the k-valued points in An and Pn for an arbitrary
field k, even though it’s simple, since we didn’t do this before. The more important case is Pn since the
k-valuded points of the affine n-space is really easy.

Let’s first deal with An. Recall that a k-valued point correspond to a morphism Speck Ñ An, then this
tells you that they correspond to all the ideal of the form pxi ´ aiq for ai P k. This ideal can be identified by
the ideal of polynomials vanishing at pa1, ¨ ¨ ¨ , anq since you can see that pxi ´ aiq is contained in that ideal,
but pxi ´ aiq is already maximal.

Now let’s work with the projective case. By definition, this still corresponds to a morphism Speck Ñ Pn.
Now suppose that the one point image is in D`pxiq, then we know that this morphism factors through
Speck Ñ D`pxiq Ñ Pn, then since D`pxiq is just the affine space Speckr

xj

xi
: j ‰ is, we know that this

correspond to the prime ideal p
xj

xi
´ kjq. Then recall that the homogeneous prime ideal pxj ´ kjxiq is

mapped to p
xj

xi
´ kjq, via the bijective map we discussed before in the proj construction. Conversely, such a

homogeneous prime ideal indeed gives you a k-valued point, thus these are all the k-valued points in Pn.
A more concrete description of such homogeneous ideals is via what polynomials vanish. For example, we

can describe pxj ´ kjxiq by the ideal I consisting all the polynomials f that vanishes at pk0, . . . , 1, ¨ ¨ ¨ , knq.
Clearly pxj ´ kjxiq is contained in I, conversely, suppose that f P I, first notice that I is prime, and you
know that xi is not in this prime, then you can pass to the affine D`pxiq, say it correspond to J there, notice
that f P I iff f homogenized at x0 is in J . Then this tells you that J is p

xj

xi
´ kiq which again tells you that

I is pxj ´ kjxiq.

We keep working with projective transformations:

Proposition 1.83. There is a linear fractional transformation fptq P PGL2pkq precisely of order 3 in PGL2.

Proof. This is telling us to find an automorphism of P1 such that the order is 3. By our intuition coming
complex geometry, we are thinking this as the Mobius transformation, thus fptq “ ´1

t´1 is a good candidate
since apply f for there times you get t ÞÑ t. This is the matrix:

P “

„

0 ´1
1 ´1

ȷ

and you can compute the power P 2 “

„

´1 1
´1 0

ȷ

, this is obviously not the identity even if you mod out the

action by nonzero scalars, then you compute the triple, which is the identity.

Proposition 1.84. Any two order 3 elements of PGLp2q are conjugate.

Proof. Recall that conjugate doesn’t change the order, then suppose that P1 and P2 are two order 3 elements.
They are not the identity and of order 3, thus there is p1 such that p2 “ P1pp1q ‰ p1, and p32 “ P 2

1 p1 ‰

P2pp1q and p3 “ p21p1 ‰ p1, then we have three distinct k-valued points p1, p2, p3, then we can do this for P2

and get q1, q2, q3 distinct k-valued points.
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Then we know from the strict transitivity that there is a unique H such that H takes pi to qi. Now we
claim that H´1P2H “ P1. This is because that P1 takes pi to pi`1 where the subscript is in Z{3. Now we
know that H´1P2H takes p1 to p2 and so on, then we are done again from strict transitivity.

Now we can prove a fun fact that there are no nonconstant maps from projective spaces to a smaller
dimensional quasi-projective variety, we will need the following lemma:

Lemma 1.85. Suppose that π : X Ñ Y is a morphism of schemes while L is a line bundle on Y , let s be a
global section of L with vanishing locus V psq, then the vanishing locus of π˚s is π´1V psq.

Proof. Suppose that q is a vanishing point of s, this means that the image of s in the fiber is 0:

L|q “ Lq bOY,q
kpqq

Recall that if πppq “ q, then the fiber of of π˚L at p is:

L|q bkpqq kppq

if the image of s in the fiber of q is s1, then the image of π˚s at p is:

s1 b 1

where s1 is the image of s1 in the fiber. Notice that kppq and Lq are both vector spaces over kpqq, then
s1 b 1 is 0 if and only if one of them is 0, but we know that 1 is not 0, thus we know that s1 should vanish.
Therefore, we know that s vanish at q iff π˚s vanish at p and πppq “ q.

Proposition 1.86. Suppose that X is a quasiprojective k-scheme and π : Pn
k Ñ X is any k-scheme mor-

phism, then either the image of this map in X is of dimension n or it contracts Pn
k to a point.

Proof. Let’s assume that we are embedding X to PN
k for some N since X is a quasiprojective k-scheme. I

claim that we can assume k is algebraically closed, an in particular, infinite. To see this, we can consider
the extension πk : Pn

k
Ñ Xk, and consider the following commuatative diagram:

Pn
k X

Pn
k

Xk

notice that if the image of πk is a single point, then so is the image of π since Pn
k

Ñ Pn
k is surjective. To

prove the assertion about the dimension of the images, we will use more than what we know right now, thus
we omit it here and come back later when we know that fact.

Then we can assume we have a morphism π : Pn
k Ñ PN

k over an infinite field k, which is given by Opdq on
Pn
k and N ` 1 sections not vanishing simultaneously. Recall that if d “ 0, then the map is constant. This is

because that when d “ 0, every global section of the structure doesn’t vanish anywhere, thus we know that
Pn Ñ PN , we considered as a map from Pn Ñ D`pxKq, is just the ring map kr XJ

XK
s Ñ k where you choose

to map xJ

xK
to some elements in k. This already tells you that this morphism is constant.

Recall that this morphism is necessarily proper, thus closed, therefore we know that the image of Pn is
closed in PN . It’s also irreducible since Pn is irreducible. Then we will prove that if the dimension of the
image is not n and d ‰ 0, then there is a contradiction. First, I claim that this dimension of the image
can not be higher than n, this is because we are considering a finite type dominant morphism of irreducible
k-varieties, which means that the dimension of the target can not grow. If it has dimension less than n, say
m, then m ` 1 ď n, since we are working with an infinite field, one of the propositions before tells you that
there are m ` 1 hyperplanes such that their scheme-theoretic intersection miss X, thus we know that if we
assume these hyperplanes comes from m ` 1 section of Op1q on PN , then their common vanishing locus is
not on X, thus the pullback also have no common vanishing locus by the lemma. This tells you that there
are m`1 hypersurfaces of degree d in Pn with empty scheme theoretic intersection, which is a contradiction,
since the dimension of the first m hypersurfaces is at least 1, and a hypersurface in Pn meets everything of
dimension at least 1.
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Remark 1.87. Besides the fact that we can pass to the algebraic closure, this proposition is proved without
using any thing we haven’t seen before. There are a few facts about scheme theoretic image we used implicitly
listed in previous sections, make sure you know what we are using here.

Now, let’s actually some Picard group and class group concretely. The first example is a torsion Picard
group:

Proposition 1.88. Suppose that Y is a hypersurface in Pn
k corresponding to an irreducible degree d poly-

nomial. Then PicpPn
k ´ Y q is Z{d.

Proof. First, consider the excision exact sequence:

Z Ñ ClpPn
k q Ñ ClpPn

k ´ Y q Ñ 0

Recall that we have identified ClpPn
k q as Z and it’s generated by the divisor Op1q, then we know that the

map Z Ñ ClpPn
k q is just 1 ÞÑ d, thus this identifies ClpPn

k ´ Y q as Z{d and PicpPn
k ´ Y q is a subgroup of

this. Now consider the following diagram:

PicpPn
k q ClpPn

k q

PicpPn
k ´ Y q ClpPn

k ´ Y q

»

res res

(check this really commutes by yourself!) Notice that the generator Op1q of PicpPnq is mapped to the
restriction of Op1q, and then mapped to the restriction of divpsq on Pn ´ Y , which is the generator of
ClpPn ´ Y q, thus we know that Op1q restricted to Pn ´ Y is also the generator of PicpPn ´ Y q, which
identifies PicpPn ´Y q as Z{d. In particular, the restriction of Opdq to Pn ´Y is isomorphic to the structure
sheaf.

Proposition 1.89. Keep the same notaion of the previous exercise, and assume d ą 1. Let H0, ¨ ¨ ¨ , Hn be
the n ` 1 coordinate hyperplanes of Pn

k .
Then Pn ´ Y is affine and Pn ´ Y ´ H is a distinguished affine of it. Moreover Pn ´ Y ´ Hi forms an

cover of Pn ´ Y .
Finally, PicpPn ´ Y ´ Hiq “ 0 but PicpPn ´ Y q is not 0, and Pn ´ Y ´ Hi is the spec of a unique

factorization domain, while Pn ´ Y is not. In particular, this tells you that being a UFD is not affine local.
Since any localization of a UFD is a UFD, then being a UFD only satisfies one the two properties of the
affine communication lemma.

Proof. The first few assertions are essentially trivial. Suppose that Y is the hypersurface corresponding to
f , then I claim that Pn ´ Y is just D`pfq. Recall that how we defined Y , previously, we defined it by the
the vanishing locus of the homogenized f on each D`pxiq, however, suppose that p is a homogeneous prime
which contains f , then we know that you homogenize f at some xi, it vanishes at the homogenized p, then
we know that the locus where f vanish as a closed subset is also Y , then Pn ´ Y is just D`pfq, the locus
where f doesn’t vanish. Similarly, you can prove that Y Y Hi as a closed subset is just the locus where fxi

vanishes, then the complement is just D`pfxiq. This readily tells you that Pn
k ´ Y ´ Hi covers Pn ´ Y and

they are distinguished opens in Pn ´ Y .
We can directly see that the class group of Pn ´Hi is 0, thus the class group of Pn ´Y ´Hi is 0, thus the

Picard group of Pn ´ Y ´Hi is 0. This makes sense, since we know that Pn ´ Y ´Hi is also a distinguished
open of Pn ´ Hi, thus is the spec of a localization of a UFD kr

xj

xi
s, thus we already proved that it’s class

group is 0. However, since Pn ´ Y has nontrivial class group, even though it’s affine, it can’t be the spec of
a UFD, thus we are done.

Proposition 1.90. We still use the same notation as the above proposition, then on Pn
k ´ Y , Hi restricted

to this open subset is an effective Cartier divisor that is not cut out by a single equation.

Proof. First, we need to figure out what is the restriction of Hi to this open subscheme Pn
k ´ Y . Since we

want to prove it is an effective Cartier divisor, we are thinking of this as a closed subscheme of Pn
k ´ Y . You
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probably will think that since Pn ´Y is just D`pfq, then restrict Hi to this open will just give you the closed
subschem that is cut out by a single function on D`pfq, but as you will see in the proof, this is wrong.

But for now, even though we are not sure if it’s cut out by a single equation, we can prove it’s indeed
an effective Cartier divisor, which means that it’s locally cut out by a non-zerodivisor. Notice that D`pxifq

covers D`pfq and on each such open this restriction is still cut out by xi

xj
, this is obviously not a zerodivisor,

thus we are done. We are doing this because when we defined H, we only described what H looks like on
each D`pxiq, not on an arbitrary D`pfq, but we are quite clear about how to restrict a closed subscheme of
an affine open to a distinguished open.

Another way of view the restriction of Hi is via the restriction of the class group, since Hi in Pn is just
divpxiq. This tells you that the restriction of Hi is not the trivial element, instead it’s the generator of the
class group. However, if it’s given by a global nonzero divisor, it’s a principal divisor, which means that it’s
trivial in the class group, a contradiction.

Now we will try to figure out what is the Picard group of P1
k ˆk P1

k:

Proposition 1.91. Consider X “ P1
k ˆk P1

k “ Projkrw, x, y, zs{pwz ´ xyq, a smooth quadric surface, then
PicX » Z ‘ Z.

Proof. The strategy is to first establish a surjection from Z‘Z to ClpXq. The only way we know right now
to do this is via the excision exact sequence, which means that we need to carefully pick two divisors, say
L and M , such that the class group of X ´ L ´ M is trivial. What is a scheme of trivial class group, the
only thing we know right now is the affine space, thus a candidate of X ´ L ´ M is A2

k and we only have to
cleverly choose L,M .

To see how to do this, we define two closed subschemes L,M by setting w, x “ 0 and y, z “ 0 respectively.
Informally speaking, these two schemes are of the form: t8u ˆk P1 and P1 ˆk t8u. You can also interpret
these two subschems as the fiber over r0 : 1s via the two natural projections. This way of interpretation is
more important in this proposition, so we will only use it.

First, you need to notice that this closed subscheme is indeed of dimension 1 since it’s just P1, then the
dimension codimension equality tells you that the codimension is 1, thus indeed two divisors. We now need
to show that X ´ L ´ M is A2.

To show this, it’s better to use the second interpretation, since L,M are fiber of 8, then X ´ L and
X ´ M should be inverse image of P1 ´ t8u, then we have the following diagram:

X ´ L ´ M X ´ M P1
k ´ t8u

X ´ L P1
k ˆk P1

k P1
k

P1
k ´ t8u P1

k k

Notice that P1
k ´ t8u is just A1, then X ´ L ´ M » A1 ˆk A1 » A2, thus the excision sequence gives us:

Z ‘ Z Ñ ClpXq Ñ 0 Ñ 0

Then we need to prove this is also injective. Notice that this morphism is given by pm,nq ÞÑ mrM s ` nrN s.
I claim that when m,n are not 0, this is not zero, which proves that this is injective.

Recall that if X ãÑ Y is a closed subscheme, then the structure sheaf on Y will pullback to the structure
sheaf of X. Then if we have a line bundle L on Y whose pullback to X is not trivial, then L is not trivial.
Recall that P1 ˆk P1 is factorial since it’s covered by A2 which is factorial. This tells you that rM s and rLs

should be locally principal and correspond to OpMq and OpLq in the Picard group. Then if mrM s ` nrLs is
0, we know that mOpMq ` nOpLq is the trivial line bundle, which means that it will restrict to the trivial
line bundle on L and M . However, I claim that the restriction of OpDq to D is O and to L is Op1q. Similarly
restriction of OpLq to D is Op1q but it’s restriction of L is O, which tells you only when m “ n “ 0 the class
mrM s ` nrLs is trivial.

36



To see this assertion, let’s take a look at how to restrict to M since the other restriction is similar. Notice
that M is the inverse image of t8u, and you can view t8u in P1 as the divisor determined by pOp1q, xq, thus
L is the divisor determined by the pullback of x. Let’s consider the following diagram:

L t8u

M “ P1 X P1

t8u P1 k

j

i pr2

pr1

I claim that pr1 ˝ i is constant and pr2 ˝ i is the identity. This is already the information in the diagram,
and I will let you check it. But recall that restriction by identity gives you exactly the same line bundle and
restriction by a constant morphism gives you the structure sheaf no matter what line bundle you started
with. This proves the assertion.

Remark 1.92. You should notice that this method can not be generalized to higher dimension since a
closed point in dimension 1 can be determined via a single line bundle section, while for higher dimensions,
this fails.

This above proposition has an interesting consequence, which gives you the first nontrivial example of
birational but not isomorphic smooth projective surfaces:

Proposition 1.93. The two irreducible smooth projective surfaces P2 and P1 ˆ P1 are birational but not
isomorphic.

Proof. From the above proposition, we know that P1 ˆ P1 consists of an A2 and so does P2, obviously they
are both irreducible and smooth, then we can just use the identity function on A2 to conclude that they are
birational, but they have different Picard group, Z2 and Z, thus they are not isomorphic.

Remark 1.94. We will see in the following section that irreducible smooth projective curves of a field k
that are birational must be isomorphic, which is quite different for surfaces.

However, the situation for surfaces are not too bad since we will see later after we introduce the notion
of blow-up that if X,X 1 are projective regular and birational, then you can choose X,X 1 to be the blow-up
of something at some points such that the result is isomorphic.

Let’s compute one more Picard and class group:

Proposition 1.95. Let X “ Speckrx, y, zs{pxy ´ z2q a cone where charpkq ‰ 2. Then PicpXq “ 0 while
ClpXq “ Z{2.

Proof. The reason we are assuming charpkq ‰ 2 is because we want to show that krx, y, zs{pxy ´ z2q is
normal. This goes back to an old exercise we did, where if A is a UFD with 2 invertible, then if z2 ´ f Arzs

is irreducible in Arzs such that f has no repeated prime divisors, Arzs{pz2 ´ fq is normal. Then it makes
sense to talk about the class group and so on.

We will still give a surjection from Z to ClpXq. Consider the class Z “ V pxq, by Krull’s principal ideal
theorem, this is indeed an irreducible closed subset of codimension 1, thus an element in ClpXq. Now, think
about it’s complement, which is Dpxq, I claim that it’s isomorphic to Speckrx, zsx, which is an open subset
of A2, thus the class group is 0, this gives you:

Z Ñ ClpXq Ñ 0 Ñ 0

Now I claim that Z is not principal, thus a nontrivial element in ClpXq but 2Z “ divpxq, thus trivial in
ClpXq. The assertion 2Z “ divpxq is easy to check, since we know that x have at V px, zq and the uniformizer

there is z while x “ z2

y , thus divpxq “ 2Z. However, we saw this before that D is not even a locally principal
divisor.

To show the Picard group vanishes, suppose that L is a line bundle, then consider divpsq for s a rational
section. Then divpsq is either Z or 0. If it’s 0, then this tells us L is trivial, if it’s Z, then we know that
L » O such that s is mapped to 1, we are done.
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Remark 1.96. If you wish, you can try to show that X ´ tp0, 0, 0qu is factorial, therefore on this open
subscheme, the Picard group is isomorphic to the class group. We know that class group is insensitive to
removing a closed subset of codimension greater than 1, thus Cl is still Z{2Z, but this implies the Picard
group is also Z{2, thus the Picard group is not insensitive to removing a ”small” closed subset.

If a Weil divisor Z on a normal Noetherian scheme satisfies the property that nZ is locally principal, we
say that Z is Q-Cartier, next we give an example of something that is not Q-Cartier, since we won’t use this
exercise beyond this section, you just do if for fun:

Proposition 1.97. Consider X “ Speckrw, x, y, zs{pwz´xyq and let Z be the divisor cut out by x “ w “ 0.
Recall that we have shown that this ideal is codimension 1 but not principal and it’s not cut out scheme-
theoretically by one equation.

Now if n ‰ 0, then nZ is not locally principal and hence Z is not even set-theoretically cut out by one
equation.

Proof. If nZ is locally principal for some n ‰ 0, then I claim that it’s an effective Cartier divisor.
Notice that if it’s locally given by a rational function, then this rational function has no poles, thus

is extends to a global section, which is either 0 or a nonzero element, since we know that this scheme
X “ P1 ˆ P1, which is integral, then we can assume that the regular function is not a zero divisor. This
shows that nZ is an effective Cartier divisor. Recall that complement of an effective Cartier divisor on an
affine scheme is still affine (just use affine morphism is affine local on the target). Then this tells you that
the complement of Z is affine(recall that if you think of nZ as a closed subscheme, then the underlying
closed subset is the same as Z), then consider the closed subscheme of the complement cut out by y “ z “ 0,
which is still affine. But this is just the open subscheme of Speckrw, xs minus the origin which is not affine,
a contradiction.

Before we end this section, let’s take a look at the last two commonly used method of checking a domain
is a UFD, which is related to the class group:

Proposition 1.98. Suppose that A is a Noetherian integral domain then SpecA is a UFD iff A is normal
and ClSpecA “ 0.

Proof. Recall that if A is a UFD, then SpecA is factorial thus of course normal and ClSpecA “ 0 since all
the codimension 1 primes are principal.

Conversely, if recall that a Noetherian integral domain is a UFD iff all it’s codimension 1 primes is
principal. Then when ClpXq “ 0, this implies that all the codimension 1 prime ideals is a principal divisor,
say determined by a rational function, then this tells you that this rational function doesn’t have poles on
SpecA thus extends to a regular function f . Now I claim that f generates this codimension 1 ideal. First,
notice that f generates this ideal p after we localize at p, then suppose that g P p, then there is some a, b
such that f ¨ a

b “ g. Recall that g is an element in A, thus it valuation at each codimension 1 prime is at
least 0 while it’s valuation at p is at least 1, since f has valuation at p 1 and 0 at other primes, we know
that a

b at least has valuation 0 at each point, thus no poles thus is a regular function, thus g P pfq, we are
done.

Using this we can prove Nagata’s lemma, which is the last one method to show a Noetherian domain is
a UFD, and is least useful:

Proposition 1.99. Let A be a Noetherian domain and pxq be a prime ideal with x P A such that Ax “ Ar 1x s

is a UFD, then A is a UFD:

Proof. First I claim that if Ax is integrally closed, then A is integrally closed. Suppose that T P KpAq

satisfies an equation:
Tn ` an´1T

n´1 ` ¨ ¨ ¨ ` a1T ` an

with ai P A, then since Ax is integrally closed T is r{xm where if m ą 0 then r R pxq. Then if m ą 0, then
by multiplying with an appropriate power of x, I can assume r plus something in pxq is 0, this tells you that
r P pxq, a contradiction.
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This makes it possible to talk about ClpSpecAq. Then consider the excision sequence:

Z Ñ ClpSpecAq Ñ ClpSpecAxq “ 0 Ñ 0

we get a surjection of Z to ClpSpecAq where 1 is mapped to rV pxqs. However, notice that V pxq is divpxq, a
principal divisor, thus ClpSpecAq “ 0, then the previous proposition tells you that A is a UFD.

As an application of Nagata’s lemma, we can prove:

Proposition 1.100. Suppose that k is an algebraically closed field of characteristic not 2, then if l ě 3,
A “ kra, b, x1, ¨ ¨ ¨ , xns{pab ´ x2

1 ´ ¨ ¨ ¨ ´ x2
l q is a UFD.

Proof. Consider the element a, notice that A{aA “ krb, x1, ¨ ¨ ¨ , xns{px2
1 ` ¨ ¨ ¨ ` x2

l q, when l ě 3, this is an
irreducible polynomial, but since k is algebraically closed, when l “ 2 it’s not.

Then localize at a gives you this ring is isomorphic to kra, 1
a , x1, ¨ ¨ ¨ , xns, clearly a UFD since it’s a

localization of a UFD, we are done.

1.6 Effective Cartier Divisors and Invertible Ideal Sheaves

In this section we provide a different way of describing invertible sheaves on a scheme. On advantage of this
method over Weil divisors is that it can give line bundles on a everywhere nonreduced scheme, where the
codimension 1 points are not regular.

Suppose that D ãÑ X is a closed subscheme corresponding to an invertible ideal sheaf I, then I is locally
trivial. Suppose that U “ SpecA is a trivializaing affine open, then we know that the closed subscheme
exact sequence is:

0 Ñ I Ñ A Ñ A{I Ñ 0

with I » A as an A-module. Then plug I » A in the above SES, we get:

0 Ñ A Ñ A Ñ A{I Ñ 0

where A Ñ A is given by the multiplication of a, then since it’s injective a is not a zerodivisor, thus I is
generated by a, a nonzerodivisor, this is precisely the definition of an effective Cartier divisor we used before.
And this definition is obviously reversible, since if I is locally generated by a nonzerodivisor, A Ñ I where 1
is mapped to that nonzerodivisor is an isomorphism, thus I is locally free of rank 1, a line bundle. Therefore
we would like to use this as the new definition of effective Cartier divisors:

Definition 1.101. Suppose that D ãÑ X is a closed subscheme, it’s an effective Cartier divisor iff the
corresponding ideal sheaf ID is invertible.

Recall that locally I is isomorphic to A via a nonzerodivisor a, suppose that you have a different trivial-
ization on SpecA, where I is isomorphic to A via a different nonzerodivisor b, then a quick observation is that
a, b differ by an invertible element of A. You only have to compose A Ñ I Ñ A and see where a is mapped
to, say it’s x, then you can check that x is invertible and a “ bx. Also, in the case of a locally Noetherian
scheme, we can redefine it as a closed subscheme locally cut out by a single equation not vanishing at any
associated points of X.

Suppose that D ãÑ X is an effective Cartier divisor, we want to imitate what we did for Weil divisors
and associaed an invertible sheaf to D. By the discussion we just had, it’s probably natural to define it by
OpDq “ ID, however, we will use the opposite:

Definition 1.102. Let D ãÑ X is an effective Cartier divisor, then we define OpDq to be I_
D and the reason

for the dual will be clear in a following proposition.
We will also formally define OpnDq “ OpDqbn since this time we don’t have a concrete meaning of nD.

We will also define Op´Dq “ OpDq_, thus it’s canonically isomorphic to ID.

Because the convention we take, ID is Op´Dq, therefore the closed subscheme exact sequence is:

0 Ñ Op´Dq Ñ O Ñ OD Ñ 0
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There is a canonical global section sD of OpDq, obtained by tensoring the inclusion I ãÑ O with I_ “

OpDq, which gives us:
O Ñ OpDq

The reason we used I_
D as OpDq is in the following proposition:

Proposition 1.103. Recall that a global section on a locally free sheaf cuts out a closed subscheme. Then
the canonical section sD defined above cut out D.

Proof. This is equivalent to show that the ideal sheaf defined by sD is I.
Before we prove any thing, there is something you need to notice. Suppose that M N are both subsheaves

of L, how to prove that they are equal. The philosophy here is similar to that of being a subobject of
something usually makes it easier to prove a lot. For example, being a subset of a group, it’s easier to prove
it’s a subgroup than directly prove it’s a group. So for the question of determining whether M N are equal,
the only thing we need to do is to find an open cover of X and show that they are equal on each open. If
we want to prove two sheaves are isomorphic, without any further information, only finding an open cover
such that two sheaves on each open are isomorphic is not enough, there is the compatibility probably of
isomorphisms on intersections. But being subsheaves of a given sheaf, the transition function is the identity
in this case, thus the cocycle condition is satisfied without doubt. This is the way by which we will prove I
is equal to the ideal sheaf defined by sD.

First, we can find an affine open cover of X such that on each SpecA, the ideal sheaf is given by:

rI ãÑ rA

You can think of this as induced by the inclusion paq “ I ãÑ A where a is given by the isomorphism A Ñ I
given by 1 ÞÑ a.

Then let’s consider the ideal sheaf defined by sD, at least what is that when restricted to SpecA. To see
this, we first need a trivialization of I_ on SpecA. First, we know that I is finitely presented(can you see

why?), thus I_ is still quasicoherent, and thus on SpecA, it’s just ČHompI, Aq, which is isomorphic to rA via
the isomorphism A Ñ I. The following diagram tells you where does sD goes:

I bA HompI, Aq HompI, Aq A

A bA A

xbf ÞÑx¨f φÞÑ1

1ÞÑabφ
1ÞÑa¨φ

notice that sd restricted to SpecA is just the image of 1 under the map AbAA Ñ HompI, Aq, thus we know
that sD is mapped to A under the trivialization, then we know that locally the ideal sheaf is generated by
a, thus it’s just:

Ăpaq “ rI ãÑ rA

thus they agree locally, we are done.

Remark 1.104. For later use, we state explicitly here that he trivialization HompI, Aq Ñ A in the above
proposition is just the dual trivialization of I.

Remark 1.105. The reason we must pass to the dual I‚ is because we need a global section such that the
ideal sheaf generated by that global section is I. If you stick to I, since the local trivialization is A Ñ I
where 1 is mapped to a, you will need a2 P I such that the preimage is a, but there is no reason for these
local sections to glue to a global section. For example, suppose that you pick SpecA twice and have two
trivializations on SpecA, then as what we saw, A Ñ I where 1 ÞÑ a and A Ñ I where 1 ÞÑ b differs by an
invertible element of A, which probably is not 1, thus there is no reason for them to glue.

The above construction is reversible:

Proposition 1.106. Suppose that L is a line bundle and s is a global section such that it’s locally not a
zero divisor, then s cut out an effective Cartier divisor D such that OpDq » L.
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Proof. Let’s first make sense of what does it mean to not be a local zero divisor.
If we work with a locally Noetherian scheme, we can just say that s doesn’t vanish at any associated

point of X. Then, in this case, given any open cover of X by affines SpecA where L is trivial on SpecA, we
know that the function corresponding to s is not a zerodivisor on SpecA. If we are in a more general case, we
can just define s is not a local zero divisor by pick an arbitrary trivialization of L using affine opens, and on
each such open s doesn’t correspond to a zero divisor. This definition is well defined since if we pick another
such trivialization, say SpecB is one of the affine opens, then we can cover SpecB by distinguished affine
opens such that on each of them the function corresponding to s is not a zero divisor (affine communication
lemma and on a common distinguished open, two trivialization differs by an invertible element, thus if one
of them is not a zerodivisor, then so is the other). Then I will let you prove that if SpecB is covered by
Dpfiq for i P I, possibly infinite, and x P B is not a zero divisor on Bfi for each i, then x is not a zerodivisor
on B.

Then this readily tells you that s cuts out an effective Cartier divisor just by definition. Then we only
have to prove L » OD. And as you might expect, we prove this by showing that they have the same
transition function. Suppose that the transition function of L from SpecA to SpecB is given by f for some
invertible function f on SpecAXSpecB. Then if under the trivialization L|SpecA » OSpecA s is mapped to a
and under the trivialization L|SpecB » OSpecB s is mapped to b, we know that aˆ f “ b on SpecAXSpecB.
Recall that for I, the trivialization is given by:

OSpecA Ñ ISpecA, 1 ÞÑ a and OSpecB Ñ ISpecB , 1 ÞÑ b

Then on the intersection, consider the following diagram:

O I

O I

1 ÞÑa

1 ÞÑ 1
f id

1 ÞÑb

I claim it’s commutative on SpecA X SpecB, and you should check. But this tells you that the transition
function of I is 1

f , which tells you the transition function of I‚ is f , we are done.
Moreover, I claim that under this isomorphism, s is mapped to sD, which is like what we did for Weil

divisors. Recall that the trivialization of L and OD is given by:

L|SpecA O|SpecA OD|SpecA
sÞÑa a ÞÑsD

this trivialization of OD is exactly the one that gives the transition functions f . Then the same argument for
the similar statement for Weil divisor works here and shows that the global isomorphism takes s to sD.

Remark 1.107. The above two propositions tell you that the map D ÞÑ pOpDq, sDq and pL, sq ÞÑ Ds where
L is a line bundle with a section s not locally a zerodivisor and D is the effective Cartier cut out by s are
inverses of each other, if we consider the quotient group tpL, squ{iso where the isomorphism between pL, sq

and pM, tq is an isomorphism of line bundles such that s is mapped to t. You only need to show that if
pL, sq » pM, tq, then they cut out the same Cartier divisor. I will let you check this.

Now suppose that I,J are two quasicoherent ideal sheaf of O, we can define the product of these two
quasicoherent ideal sheaf IJ to be the quasicoherent sheaf such that on each affine SpecA, it’s defined to be
IJ Ă A where IpSpecAq “ I and J pSpecAq “ J . We need to check this is a well defined definition, thus we
use the distinguished affine base machinery and define the restriction to be IJ Ñ IfJf , then we only have
to show the canonical morphism pIJqf Ñ IfJf is an isomorphism. I will let you do it.

Proposition 1.108. Suppose that I,J are two invertible ideal sheaves corresponding to effective Cartier
divisors D,D1, then IJ is also an invertible ideal sheaf. We define the Cartier divisor corresponding to the
product ideal sheaf to be D `D1, then OpD `D1q » OpDq bOpD1q. Moreover, the canonical section sD`D1

is mapped to sD b sD1 .
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Proof. First, you have a morphism of sheaves on a distinguished affine base to show that IJ is indeed an
ideal sheaf of OX . To show it’s invertible, we only have to consider what is an localization, recall that
product of non-zerodivisors is still a non-zerodivisor, then we can define the trivialization to be:

A Ñ IJ 1 ÞÑ a1a2

if the trivialization of I and J on SpecA is 1 ÞÑ a1 and 1 ÞÑ a2. I will let you show 1 ÞÑ a1a2 is indeed an
isomorphism.

The fact that OpD ` D1q » OpDq b OpD1q can be proved using multiple methods. For example you can
try to show that they have the same transition function, which can be obtained by showing that IJ has the
same transition function as I b J (remember transition function of tensors of line bundles is just product).
Or you can show that Op´pD ` D1qq » Op´Dq b OpD1q by showing IJ » I b J , this again comes to the
fact that tensor product of ideals is isomorphic to multiplications in a canonical and natural way, and use
IJ and I b J are both quasicoherent, thus you only have to prove isomorphism on the distinguished affine
base.

To show that this isomorphism can be chosen such that sD`D1 is mapped to sD b sD1 , we can still use
the transition function argument like what we did in the previous proposition.

Remark 1.109. The above proposition shows that effective Cartier divisors forms an abelian semigroup,
that is an abelian group without identity and inverses. If you have two Cartier divisors D,D1, the above
proposition tells you how to add them up, but in generally, there is not a way to define D ´D1, even though
we can always formally define such stuff on the level line bundles, for example, we can define OpD ´ D1q to
be OpDq b OpD1q, even though D ´ D1 is not an effective Cartier divisor any more.

We also have a map of semigroups, from Cartier divisors to line bundles with sections not locally a
zero divisor quotient isomorphisms, defined to be D ÞÑ pOpDq, sDq, and the fact that it’s indeed a map
of semigroups is the above proposition. And if you define the map of semigroups to the Picard group by
forgetting the sections, you get a map of semigroups from Cartier divisors to Picard groups whereD ÞÑ OpDq.

Before we end this section, we would like to give a preview of the definition of normal bundles which we
will come back to later:

Definition 1.110. If D is an effective Cartier divisor on a scheme X, then the restriction of the invertible
sheaf OpDq to D via D ãÑ X, denoted by OpDq|D, is called the normal line bundle to D, denoted by
ND{X .

Remark 1.111. The origin of this name comes from complex geometry since it’s really the normal bundle
there in the differential or holomorphic setting. We will define this normal bundle in a more general setting
later and you will see a lot of the complex intuition breaks down if the algebra is not so nice.

1.7 The Graded Module Corresponding to a Quasicoherent Sheaf

This section can somewhat be viewed as the dual section of the section ”The Quasicoherent Sheaf Corre-
sponding to a Graded Module”. It answers quite a lot of fundamental questions which we didn’t really touch
in that section.

Throughout this section S‚ is a finitely generated graded algebra generated in degree 1. So in particular,
we have Opmq for all m, also M‚ is a graded S‚ module and F is a quasicoherent sheaf on ProjS‚.

We have seen that under the assumption above of S‚, we can get a quasicoherent sheaf on ProjS‚ by
taking associated sheaves of a graded module M‚. In this section, you will see that these are all of them.
The way we do it is to define a functor Γ‚ from the category of quasicoherent sheaves on ProjS‚ to graded
S‚-modules, trying to reverse therconstruction. This attempt is not as successful as we might expect but
still with good properties, in the sense that Γ‚ is not really the inverse ofr, since we have already seen thatr

can turn two different modules into the same quaisocherent sheaf. But there is an isomorphism:

ČΓ‚pFq » F

and you will see that for any graded module M‚, Γ‚p ĂM‚q is a better version of M‚, because Gamma‚p ĂM‚q

is going to be saturated.
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Moreover, there is a saturation function from garded modules to saturated garded modules that’s is quite
like groupfication and sheafification functor we saw before, it’s adjoint to the forgetful functor from saturated
graded modules to graded modules. More precisely, the relation betweenrand Γ‚ is given by the diagram:

Graded S‚-modules

QcohProjS‚

Saturated graded S‚-modules

r´

saturation

Γ‚, equivalence

forgetful

where the two vertical arrows (saturation and forgetful) form an adjoint pair. Moreover, Γ‚ is also adjoint
to r´ where we think Γ‚ as a functor not to saturated graded modules, but to graded modules.

Let’s first give the definition Γ‚: Recall that on X “ Pn
k , we know that there is a natural isomorphism

between ΓpX,Opmqq and Mn where M‚ “ S‚. Recall that Opmq in this case is just ČS‚pmq “ rSpmq Thus
you will suspect that in good situations this also holds, thus we will define:

Definition 1.112. With the above assumptions, for a quasicoherent sheaf F on X “ ProjS‚ we define
Γ‚pFq by:

ΓmpFq “ ΓpX,Fpmqq

Proposition 1.113. There is a natural S0-module morphism Mm Ñ ΓpProjS‚, ČMpmq‚q

Proof. Recall how we defined ČMpmq‚, suppose that f1, ¨ ¨ ¨ , fn are the degree 1-elements generating S‚, then

we know that on each D`pfiq, ČMpmq‚ is just pMf qm and the restriction to the intersection is given by the
natural map to pMfgqm. Then we define x P Mm goes to x

1 in pMf qm, then it’s easy to see that they agree

on the intersections, thus gives you a S0-module morphism Mm Ñ ΓpProjS‚, ČMpmq‚q.
In other words, it’s induced by the universal property of the kernel of a certain short exact sequence.

Proposition 1.114. Γ‚pFq is a graded S‚-module.

Proof. We already have a direct sum decomposition of Γ‚pFq, thus we only have to figure out how S‚ acts
on Γ‚pFq and show that action satisfies the hypothesis of a graded module over S‚.

To show this, recall that we have a graded ring Γ‚pOXq “ ‘mΓpX,Opmqq, you can define the ring
structure by the tensor product. And we know that Γ‚pFq is a Γ‚pOXq-graded module. The action is simply
define to be if x P ΓpX,Opmqq and y P ΓpX,Fpnqq, then their product is defined to be the tensor product in
ΓpX,Fpm ` nqq. We also have a graded ring map:

S‚ Ñ Γ‚pOXq

which is defined to be the direct sum of the natural map Sm Ñ ΓpX,Opmqq, and you check that this is
indeed a ring morphism. This requires you to understand the isomorphism Opm ` nq » Opmq b Opnq quite
well and I will let you to figure it out. This naturally makes Γ‚pFq as a graded S‚-module.

Remark 1.115. In particular, if F “ ĂM‚ for a graded module, the way S‚ acts on Γ‚p ĂM‚q can be described

on D`pfiq by multiplication, which basically comes from your understanding of the isomorphism ĂM‚pmq »

ČMpmq‚.

Now, suppose you start with a graded S‚-module M‚, then you applyrand then Γ‚ to get another graded
S‚-module, together with a map M‚ Ñ Γ‚p ĂM‚q, I will call this map the saturation map.

Proposition 1.116. The saturation map M‚ Ñ Γ‚p ĂM‚q is a map of S‚ graded modules.

Proof. Notice that if x P Mm, then it’s send to the element in ΓpX, ČMpmq‚q whose restriction to each D`pfiq

is x
1 . Then suppose that s P Sn, since the action of S‚ on Γ‚p ĂM‚q is also given by multiplication from the

previous remark, we are done.
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You probably will assume the saturation map to be an isomorphism, but it’s false in general:

Proposition 1.117. The saturation map need not be injective nor surjective.

Proof. Let S‚ “ krxs with the usual grading, we claim that the saturation of M‚ “ krxs{x2 is 0. Then we
know that ProjS‚ is just Speck.

Now since the associated sheaf of M‚ is just 0, we know that the saturation is 0. But the saturation map
goes out of something nonzero, thus not injective.

It’s also not surjective. For example, consider M‚ “ xkrxs. Then you find that xkrxs is just krxs and the
saturation map xkrxs Ñ krxs will map x to x, thus this is indeed not a surjective morphism.

Now we show that Γ‚ is a functor from quasicoherent sheaves on ProjS‚.

Proposition 1.118. If F Ñ G is a morphism of quasicoherent sheaves on ProjS‚, then there is a induced
S‚ graded modules morphism Γ‚pFq Ñ Γ‚pGq, respecting composition and identity.

Proof. We still define this morphism on each degree and show that its indeed a S‚ graded module morphism.
For each m, recall that ΓmpFq “ ΓpX,Fpmqq and ΓmpGq “ ΓpX,Gpmqq, also notice that for this m,

apply tensor product and then global section functor to the following morphism:

F b Opmq Ñ G b Opmq

gives you a map φm from ΓmpFq to ΓmpGq. Then we can define Γ‚pFq Ñ Γ‚pGq using universal property of
direct sums. Also, since tensor product is associative, φmpxq b s “ φm`npxb sq for some s global section of
Opnq. This comes from the following diagram:

F b Opm ` nq G b Opm ` nq

F b Opmq b Opnq G b Opmq b Opnq

» »

If this is indeed a morphism of S‚-module, then this clearly respects identity and composition since on
each direct sum component, it’s induced by the composition of two functors. This map is indeed a morphism
of S‚ graded modules, consider any x P ΓpX,Fpmqq and s P Sn, for notational simplicity, since we only care
the image of s in ΓpX,Opnqq, we will still denote it by s, then sx is the element in ΓpX,Fpm ` nqq defined
by sbx, then you apply φm`n and get φm`npsbxq “ sbφmpxq by the discussion we have above, this tells
you that it’s indeed a S‚-graded morphism.

Example 1.119. For example let M‚ “ S‚, you get the saturation map S‚ Ñ Γ‚pĂS‚q, since Γ‚pĂS‚q has
a ring structure, which is described either using global sections of tensor product or locally described by
multiplication. The two ways to describe it is essentially the same. Then you can check that the saturation
map is a ring homomorphism.

For example if S‚ “ Arx1, ¨ ¨ ¨ , xns, then the saturation map is a ring isomorphism, as we already identified
the global section ΓpX,Opmqq as the degree m homogeneous polynomials with coefficients in A, and you
should check the saturation map just maps f to f .

However, as we hinted above, if S‚ is not good enough, then this saturation map is not necessarily an
isomorphism. For example, let S‚ “ krx, ys{pxyq with the usual grading, in this case the saturation map

is not an isomorphism since if you compute ČS‚pmq, you will get the global section is kxm ‘ kym, thus the
saturation is krxs ‘ krys with direct sum ring structure and the ring map is just:

f ÞÑ pfx, fyq

where fx consist of all the terms of f only with x and fy consists of all the terms of f only with y. Obviously,
they are not isomorphic.
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The above discussion tell yous that if you start with a graded module and applyrthen apply Γ‚, things
are kind messy, even if we have a natural transformation between Γ‚ »rand the identity functor, it is not a
natural isomorphism. However, if you start from another direction, i.e. strat with a quasicoherent sheaf F ,
apply Γ‚ and thenr, you also have a natural isomorphism betweenr˝ Γ‚.

To do this, we need to first define a natural morphism from ČΓ‚pFq to F . Not surprisingly, we still define
it locally on the open cover D`pfq and then show it behaves well on the overlaps. To define this morphism,
we need to get the help of Op1q, for example, we know that if f is a homogeneous element d, then f is in
Opdq and D`pfq is just Xf . Then we know that FpD`pfqq is:

‘npΓpX,Fpnqqf q0 » ΓpXf ,Fq

via the variation of qcqs lemma argument we had before. Here, this isomorphism has a more explicit
form thanks to the fact that D`pfq is affine. For example, if we want to know where z

fn goes where

z P Γndegf pFq, then what we do is first restrict z to D`pfq, and we can think of it as an element in
FpD`pfqqbOpdqpD`pfqqb¨ ¨ ¨bOpdqpD`pfqq, which is mapped to FpD`pfqq via OpdqpD`pfqq » OpD`pfqq

where f ÞÑ 1. Then I will let you check using the explicit form that this definition yields compatible maps on
the intersection. (Hint, both sides are quasicoherent sheaves, therefore, if any morphism on the intersection
makes the diagram commute, it should be the morphism you are looking for, can you find such a natural
morphim on the intersection such that the diagram commute?) Then this clearly defines an isomorphism on
D`pfq via the variation of qcqs lemma. I will also let you check this is indeed a natural transformation.

One immediate corollary is that

Corollary 1.120. Up to isomorphism, all quasicoherent sheaves on ProjS‚ comes from a graded module
M‚, in particular, every quasicoherent sheaf on a projective A-scheme, up to isomorphism comes from a
graded-module.

Proposition 1.121. Each closed subscheme on ProjS‚ comes from a homogeneous ideal I‚.

Proof. Consider the SES of the closed embedding ι : Z ãÑ X “ ProjS‚:

0 Ñ IZ Ñ OX Ñ OZ Ñ 0

Recall that if we apply Γ‚ to the above sequence, we get a seqeunce, possibly not exact anymore. However,
recall that the definition of Γ‚, it’s defined by tensor a line bundle and then taking global sections, and then
direct sum. Taking global sections is only left exact, the result functor is left exact, thus we know that we
have a left exact sequence:

0 Ñ Γ‚IZ Ñ Γ‚OX Ñ Γ‚OZ

Recall that we have a saturation map S‚ Ñ Γ‚OX , which give you the following diagram:

0 Ker S Γ‚OZ 0

0 Γ‚IZ Γ‚OX Γ‚OZ

id

then applyr, which is exact. However, even though after apply Γ‚, we may lose exactness, it can be recovered
by applyr, via the natural isomorphism in the previous proposition. Thus in the end, you get the following
diagram:

0 ĄKer rS ČΓ‚OZ 0

0 ĆΓ‚IZ ČΓ‚OX
ČΓ‚OZ 0

0 IZ OX OZ 0

id

» » »

If we can prove the vertical composition in the middle is the identity, then five lemma tells you the vertical
composition on the left is an isomorphism, and we are done.
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To check that, we only have to look at those D`pfq where f is a homogeneous element of degree 1. Recall

that S‚ Ñ Γ‚pĂS‚q is given by s P Sd to the element t in ΓpX, ČSpdq‚q such that it restrict to s
1 on each D`pfq.

Then on D`pfq, ĂS‚ Ñ ČΓ‚OX is given by s
fd ÞÑ t

fd and it’s again mapped to s
fd since t restricted to D`pfq

is just s
1 and the isomorphism between pSf q0 Ñ pSf qd is given by 1 ÞÑ

fd

1 . This tells you the middle vertical
morphism is indeed id. There are quite a lot of identifications going on, be careful when you read this part.

*** this proof is wrong, to be corrected later

Remark 1.122. For the first time, we see that for every closed subscheme of ProjS‚, there is a homogeneous
ideal of S‚ cutting out the same closed subscheme. Recall the similar result for affine schemes, which is
obtained essentially by definition, you will find it surprising that the result here takes so much tedious work.

Moreover, here the result is not as perfect as the result for affine schemes. Here we only proved that for
each quasi-coherent ideal sheaf of OProjS‚

, there is a homogeneous ideal such that the associated sheaf is
the same ideal sheaf.

However, if we start with a ideal I and take the associated sheaf then apply Γ‚, we may not be able to
get something that is isomorphic to I, rather, we get it’s saturated version, or the best version of this ideal
I. While in the affine case the correspondence between ideals and closed subschemes is a strict one to one
correspondence.

We end this section with two comments we won’t use, and thus won’t prove:

Remark 1.123. As we promised in the beginning of the section, the saturation functor is adjoint to the
forgetful functor, and Γ‚ is adjoint tor. We won’t prove but the way of doing it is like the way we proved
inverse image functor is adjoint to pushforward. We will identify the morphisms of both sides using some
compatible collection of morphisms.
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