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In this part of the notes, we will develop a little bit towards intersection theory, and in this section X
will be a variety, and in most of the applications X will be projective.

1 Intersecting n Line Bundles with a n Dimensional Variety

The central tool in this section is the following:

Definition 1.1. Suppose that F is a coherent sheaf on X with proper support (which means that it’s scheme
theoretic support is proper over k and it’s automatically true when X itself is proper) of dimension at most
n, let L1, ¨ ¨ ¨ ,Ln to be line bundles on X.

Let pL1 ¨ ¨ ¨ ¨ ¨ Ln ¨ Fq be the signed sum over the 2n subsets of t1, ¨ ¨ ¨ , nu, i.e.:

ÿ

ti1,¨¨¨ ,imuĂt1,¨¨¨ ,nu

p´1qmχpX,L_
i1 b ¨ ¨ ¨ b L_

im b Fq

We call this the intersection of L1, ¨ ¨ ¨ ,Ln with F . There is a question of well-definedness of this quantity,
since we defined the Euler characteristic to be the alternating sum of hipX, ¨ ¨ ¨ q up untile i is the dimension
of X and if X is not projective or proper this may not be finite.

However, this is not really a question since we assumed that the scheme theoretic support of F is
proper, and we know that L_

i1
b ¨ ¨ ¨ b L_

im
b F is actually a pushforward of a coherent sheaf G on Y , thus

hipX,L_
i1

b ¨ ¨ ¨ b L_
im

b Fq “ hipY,Gq, but recall that by Grothendieck’s coherence theorem, this is finite
dimensional.

The most useful case of this definition is when F is the structure sheaf of a closed subscheme of X of
dimension at most n, in this case, we will write it as pL1 ¨ ¨ ¨Ln ¨Y q and call it the intersection of L1, ¨ ¨ ¨ ,Ln

with Y . And if Y is X, we will only write pL1 ¨ L2 ¨ ¨ ¨Lnq and call it the intersection of L1, ¨ ¨ ¨ ,Ln, with
X left implicit.

Finally if all Li are the same, we will write it as pLn ¨Fq or pLn ¨ Y q or pLnq, be careful since Ln doesn’t
mean Lbn.

There are also conventions which omit the parentheses and we also call pL1 ¨L2 ¨ ¨ ¨Ln ¨Fq, pL1 ¨L2 ¨ ¨ ¨Ln ¨

Y q, pL1 ¨ L2 ¨ ¨ ¨Lnq the intersection number or intersection product.

Remark 1.2. Whenever we write pL1 ¨ L2 ¨ ¨ ¨Ln ¨ Fq we implicitly mean that the support of F is at most
n and the reason for this extra requirement will be clear in the following discussion, where we prove many
things for the intersection product, with only one thing left for after we study flatness.

Proposition 1.3. When L1 “ OX , then pL1 ¨ L2 ¨ ¨ ¨Ln ¨ Fq “ 0.

Proof. This is just a simple combinitorics problem since if we have a term:

p´1qmχpX,L_
i1 b ¨ ¨ ¨L_

im b Fq

and none of the line bundles is equal to the structure sheaf, we know that you can use a cardinality m ` 1
subset by adding OX and obtain the same Euler characteristic while changing the sign to p´1qm`1, thus the
sum cancels.
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Proposition 1.4. Intersection is independent of field extensions of k, i.e. if K{k is a field extension then
the intersection product of pL1 b K ¨ ¨ ¨Ln b K,F b Kq on XK is the same as the intersection product of
pL1, ¨ ¨ ¨ ,Ln,Fq on X.

Proof. First we need to show the support of F bkK on XK is still at most dimension n, and I claim that the
dimension of the support is the same as the dimension of the support of F on X. To see why, we consider:

SuppFK XK K

SuppF X k

where SuppFK is the inverse image of SuppF in XK . Then say Ci is an irreducible component of SuppF ,
we know it’s of dimension at most n, and the extension, or the inverse image is also of dimension at most n
and is pure dimensional, this proves that SuppFK is the union of irreducible closed subsets of dimension at
most n, therefore the dimension of SuppFK can not exceed n. Then we only have to show that the support
of F b K is the inverse image of SuppF and we are done. We have discussed this before, but let’s prove it
again here. Two key facts are the following: 1. if A Ñ B is a ring morphism such that q is a prime of B
with preimage p, then for any A-module M , we have a canonical isomorphism of Bq-modules:

pM bA Bqq » Mp bAp Bq

You can prove this by showing that the stuff on the right hand side and the left hand side satisfies the same
universal property, i.e. they represent the same object, thus canonically isomorphism. Or you can construct
an explicit isomorphism:

m b b

s
ÞÑ

m

1
b

b

s

m

t
b

b

s
ÞÑ

a b b

s ¨ t
which are again, defined by universal properties. 2. For any field extension K{k it’s a faithfully flat ring
morphism. To prove this, we need the fact that faithfully flat is equivalent to the corresponding morphism
on spectra is surjective and the ring morphism is flat. We know this trivially holds for each K{k. Finally,
we know that for a faithfully flat ring map, it preserves 0 objects, i.e. if A Ñ B is a faithfully flat map, then
for any A-module M , M bA B is zero iff M “ 0. We also need the fact that if R Ñ R1 is a ring map and
M is faithfully flat over R, then M bR R1 is faithfully flat over R1, we apply this to the morphism k Ñ A,
then we know that since K is faithfully flat over k, then K bk A is faithfully over over A, therefore we can
apply what we proved for A Ñ K bk A and conclude that everything in the inverse image of the support
of M is the support of the pullback of M . Suppose that q is in the support of the pullback of M , we know
that it’s image p in SpecA, should be in the support of M , therefore, we have prove that for a faithfully
flat morphism of rings, the inverse image of the support is the support of the pullback. Then recall that on
schemes, support of quasicoherent sheaves can be defined locally, thus we proved that the inverse image of
the support of F on X is the support of the sheaf F b K, we are done.

Now suppose that K{k is any field extension, we already showed that the dimension of cohomology
groups is independent of field extensions, also the above discussion shows that the intersection number of
the pullback makes sense, thus we are done.

Proposition 1.5. If X is a projective curve and L is an invertible sheaf on X, then pL ¨ Xq “ degXL.
Proof. We know nothing about the intersection product rather than the definition now, thus let’s try to
directly use the definition:

pL ¨ Xq “ χpX,OXq ´ χpX,L_q

Recall that degree on a curve is additive upon tensor products, therefore we know that χpX,L_q “

´degL ` χpX,OXq, plug this in the above equality, we are done.

Proposition 1.6. Suppose that k is an infinite field and X “ PN , Y is a dimension n subvariety of X, if
H1, ¨ ¨ ¨ , Hn are generally chosen hypersurfaces of degree d1, ¨ ¨ ¨ , dn respectively, then we already know that:

degpH1 X ¨ ¨ ¨ X Hn X Y q “ d1 ¨ ¨ ¨ dndegY

I claim that:
pOpH1q ¨ ¨ ¨OpHnq ¨ Y q “ d1 ¨ ¨ ¨ dndegY
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Proof. Recall that by a Bertini Type argument, we showed that there is a dense open in pPN_qn such that
for each closed point pH1, ¨ ¨ ¨ , Hnq of U , the scheme-theoretic intersection of H1, ¨ ¨ ¨ , Hn with X is only a
finite number of points, i.e. of dimension 0 for a dimension n variety X in PN .

Recall that as a subvariety, Y is reduced, thus there is no embedded point, thus if H1 X ¨ ¨ ¨ X Hn X Y is
a dimension 0 stuff, each the successive intersection doesn’t contain the associated points, i.e. components
of the previous one, therefore, we can apply Bezout’s theorem inductively, this is where the first equality
comes from.

To prove the second equality, we first claim that:

pOXpH1q ¨ ¨ ¨OXpHnq ¨ Y q “ pOY pH1q ¨ ¨ ¨OY pHn´1q ¨ Y X Hnq

where the line bundles OY pHiq are the pullback of OXpHiq to Y . This is because Hi is going to restrict to
an effective Cartier divisor on Y X H1 X ¨ ¨ ¨ X Hi´1, which is proved in the next proposition. Moreover, this
procedure can be continued and in the end we get:

pOXpH1q ¨ ¨ ¨OXpHnq ¨ Y q “ pOY XH2X¨¨¨XHn
pH1q ¨ H2|Y XH3X¨¨¨XHn

q “ degCpOXpH1q|Cq

where C is the projective curve Y X H2 X ¨ ¨ ¨ X Hn. This is degCpOXpd1q|Cq, recall that degree is additive
upon tensor, thus this is d1 ¨degCpOXp1q|Cq, recall that by Bertini’s Theorem we can choose the intersection
to be smooth, in particular regular, therefore we know that since OXp1q|C is the line bundle that embeds C
to the projective space, it’s the degree of C, thus we get in the end:

d1 ¨ degpCq

But we know how to compute inductively the degree of C using Bezout’s theorem, i.e. it’s d1 ¨d2 ¨ ¨ ¨ dn ¨degY ,
we are done.

Now we prove the claim in the above proposition:

Proposition 1.7. Suppose that D is an effective Cartier divisor on X that restricts an effective Cartier
divisor D|Y on a closed subvariety Y of dimension at most n, then:

pL1, ¨ ¨ ¨ ,Ln´1 ¨ OXpDq ¨ Y q “ pL1 ¨ ¨ ¨Ln´1 ¨ D|Y q

More generally, if D doesn’t contain any associated point of F , we have:

pL1 ¨ ¨ ¨Ln´1 ¨ OXpDq ¨ Fq “ pL1 ¨ ¨ ¨Ln´1 ¨ F |Dq

Proof. In this proof, we will use two suggestive notaions, suppose that Y is a subvariety of X, we will use
pL1, ¨ ¨ ¨ ,Ln, Y qX to implies that the sheaves in the intersection number are sheaves on X, in particular OY

are interpreted as i˚OY . On the other hand, we will use the notation pqY to suggest all the sheaves are line
bundles on Y , i.e. we pull line bundles back to Y and OY are just the structure sheaf. In the statement,
everything is pqX and D|Y means that j˚ODbi˚OY and F |D means that Fbj˚OD for i, j closed embeddings
of Y,D respectively.

First, we notice that if you have a SES of coherent sheaves on X with support at most dimension n:

0 Ñ F Ñ G Ñ H Ñ 0

Then we have:
pL1 ¨ ¨ ¨Ln ¨ GqX “ pL1 ¨ ¨ ¨Ln ¨ FqX ` pL1 ¨ ¨ ¨Ln ¨ HqX

The reason is simple since these intersection numbers are defined by Euler characteristics and Euler charac-
teristics are additive upon SESs.

Recall that by definition, the computation of the following quantity consists of two parts, the first one
is the terms with no OXpDq involved and the second part is the part that has OXpDq, then by projection
formula we have:

pL1, ¨ ¨ ¨ ,Ln´1 ¨ OXpDq ¨ Y qX “ pL1 ¨ ¨ ¨Ln´1 ¨ Y qY ´ pL1 ¨ ¨ ¨Ln´1 ¨ i˚OY b OXp´DqqX
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“ pL1 ¨ ¨ ¨Ln´1 ¨ Y qY ´ pL1 ¨ ¨ ¨Ln´1 ¨ i˚OXp´DqqY

Let’s consider the SES of effective divisors on Y :

0 Ñ OY p´D|Y q Ñ OY Ñ OD|Y Ñ 0

Then I claim that OY p´D|Y q » i˚OXp´Dq, if this is true then we use the additivity of intersection number
to conclude that:

pL1, ¨ ¨ ¨ ,Ln´1 ¨ OXpDq ¨ Y qX “ pL1 ¨ ¨ ¨Ln´1 ¨ OD|Y qY

Then we are done since we know by projection formula:

pL1 ¨ ¨ ¨Ln´1 ¨ i˚OY b j˚ODqX “ pL1 ¨ Ln´1 ¨ i˚j˚ODqY

We also know that OD|Y actually means that k˚OD|Y where k is the closed embedding of D|Y to Y . Then
we only need to show that i˚j˚OD » k˚OD|Y , we know that applying i˚ is exact to the SES of D, therefore
we know that i˚j˚OD is the cokernel of:

OY p´D|Y q Ñ OY

therefore, is k˚OD|Y .
Therefore, we only need to prove that OY p´D|Y q » i˚OXp´Dq, i.e. to prove that if the restriction of

D to a closed subscheme correspond to the line bundle which is the pullback. Recall that we know how to
affine locally describe:

D|Y ãÑ Y ãÑ X

Thus is we assume that X locally is SpecA, Y is SpecA{I and D locally in X is cut out by f , we know that
D|Y in Y is cut out by pfq in A{I. On the other hand, we know that the morphism:

Op´Dq Ñ OX

is locally pfq ãÑ A and after we pullback, locally on A{I, it’s pfq Ñ A{I, thus we are done.
Another perspective you should have is that we can consider pL1 ¨ ¨ ¨Ln´1 ¨ D|Y q as on Y , thus we have

translated the computation of intersecton number on X to computation of intersection number on Y .
Now we begin to prove the general case where we assume that D is an effective Cartier divisor that

doesn’t contain any associated points of F , we again consider the SES of effective Cartier divisors:

0 Ñ Op´Dq Ñ OX Ñ OD Ñ 0

We know that tensor by F still gives you a sequence:

0 Ñ Fp´Dq Ñ F Ñ F |D Ñ 0

It’s just we don’t know if it’s exact on the left, i.e. not sure whether if it’s injective or not. But if we assume
D doesn’t contain any associated point of F , we can work affine locally, say F on SpecA is a module M and
D is locally cut out by pfq a nonzero divisor, then we know that this is locally:

pfq b M Ñ M

This is isomorphic to M
¨f
Ñ M , since we assume that f is not contained in associated point of M in SpecA

(associated points are defined affine locally), then ¨f is injective, we are done.
Then, again, we use a similar strategy, we know that:

pL1, ¨ ¨ ¨ ,Ln´1 ¨ OpDq ¨ Fq

consists of two parts, one is those with OpDq and one is those without OpDq, and we have:

pL1, ¨ ¨ ¨ ,Ln´1 ¨ OpDq ¨ Fq “ pL1 ¨ ¨ ¨Ln´1 ¨ Fq ´ pL1 ¨ ¨ ¨Ln´1 ¨ Fp´Dqq

Again, we use the additivity of intersection number to conclude.
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Remark 1.8. The first case is indeed a special case of the second, as we know that by assumption, D
restricts to an effective divisor in Y (locally a nonzero divisor), this is equivalent to D doesn’t contain any
component of Y , i.e. D doesn’t contain any associated point of Y .

Therefore the proof of the first assertion can be done in a similar manner as the second assertion by
tensoring;

0 Ñ Op´Dq Ñ OX Ñ j˚OD Ñ 0

with i˚OY and obtain a SES:

0 Ñ i˚OY p´Dq Ñ i˚OY Ñ i˚OY b j˚OD Ñ 0

This proof is essentially the same as what we did above since in the above proof, we are just using the
projection formula to convert the calculations on X using the sequence here to the calculations on Y using
the SES on Y . They just differ by how you want to think about this intersection.

Proposition 1.9. Assume that X is projective, for each fixed F , the intersection product is a symmetric
multilinear form on L1, ¨ ¨ ¨ ,Ln.

Remark 1.10. This proposition holds as well with projective replaced by proper, but this requires more
than a direct application of Chow’s lemma, so we don’t prove it here.

Remark 1.11. Due to the multilinearity of this intersection product, sometimes it’s helpful to write tensor
products of invertible sheaves additively since this matches more with the multilinear form.

This is helpful but sometimes causes some confusion, some people try to use divisors to make them feel
better, this is good when you work with nice enough objects as line bundles correspond to divisors, but you
will need to worry about when you are allowed to do it.

Now let’s prove this proposition:

Proof. By definition, since tensor products are commutative, it’s easy to see that this is symmetric. We only
have to prove multilinearity, and we have proved that intersection product is independent of field extension,
thus we can assume that k is algebraically closed, in particular k is infinite. We will prove the general case
by induction on n.

The base case is n “ 1 and in this case, we need to show that:

pL1 ` L2 ¨ Fq “ pL1 ¨ Fq ` pL2 ¨ Fq

By definition, we know that the left hand side is:

χpX,Fq ´ χpX,F b L_
1 b L_

2 q

and the right hand side is
2χpX,Fq ´ χpX,F b L_

1 q ´ χpX,F b L_
2 q

Therefore, we are trying to show that:

χpX,F b L_
1 b L_

2 q ´ χpX,Fq “ χpX,F b L_
1 q ´ χpX,Fq ` χpX,F b L_

2 q ´ χpX,Fq

Recall that we have proved the Riemann-Roch theorem for nonreduced curves and we know that the stuff
on the left is the sum over all the irreducible components of Ci of C of the degree of pL_

1 b L_
2 q, but we

know that the degree is additive, thus it’s the sum of the degree of L_
1 plus the degree of L_

2 , we are done.
Now we assume linearity for smaller values of n, we now wish to show that, for arbitrary L1,L1

1,L2, ¨ ¨ ¨ ,Ln,

pL1 ¨ ¨ ¨Ln ¨ Fq ` pL1
1 ¨ ¨ ¨Ln ¨ Fq ´ pL1 b L1

1 ¨ ¨ ¨Ln ¨ Fq “ 0

We first show that

pL1 ¨ ¨ ¨Ln ¨ Fq ` pL1
1 ¨ ¨ ¨Ln ¨ Fq ´ pL1 b L1

1 ¨ ¨ ¨Ln ¨ Fq “ pL1 ¨ L1
1 ¨ ¨ ¨Ln ¨ Fq
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This is basically just the definition since the right hand side consists of two parts, the first part is the one
where L1 and L1

1 doesn’t appear simultaneously, which is equal to pL1 ¨ ¨ ¨Ln ¨Fq ` pL1
1 ¨ ¨ ¨Ln ¨F , the second

part should be those terms where L1 and L1
1 show up simultaneously, and it’s equal to ´pL1 bL1

1 ¨ ¨ ¨Ln ¨Fq.
Now, for pL1 ¨ ¨ ¨Ln ¨ Fq ` pL1

1 ¨ ¨ ¨Ln ¨ Fq ´ pL1 b L1
1 ¨ ¨ ¨Ln ¨ Fq, if Ln is an effective Cartier divisor that

doesn’t pass any associated points of F , we are done since we know that we can use the previous result to
reduce one of the line bundles and use inductive hypothesis.

In particular, if Ln is very ample, we are done, as we know that the field is infinite thus we can find a
hyperplane not passing through any finite collection of points. But there is a variant of this that still works
even if we don’t do the field extension and assume k is finite. We know that if k is finite, even if we may not
find a hyperplane that missing a finite collection of points, we can find a hypersurface of high enough degree
that does this, thus we know that there will be a hypersurface H such that OpNq » LN .

Therefore, we know that pL1 ¨ L1
1 ¨ ¨ ¨Ln ¨ Fq if Ln is very ample, but by symmetry, we know that it also

vanishes if L1 is very ample, i.e. it’s indeed linear in the first slot if L1 is very ample.
Then the first thing we can prove is that if L1 is very ample, then:

pL_
1 ¨ ¨ ¨Ln ¨ Fq “ ´pL1 ¨ ¨ ¨Ln ¨ Fq

This is we know that:
pL1 b L_

1 ¨ ¨ ¨L2 ¨ Fq “ 0

and L1 is very ample, thus linear in the first term. We will use this in the following proof.
However, we know that any line bundle on X is the difference of two very ample line bundles (since very

ample times base point free is very ample), therefore, we will write:

L1 “ A b B_ L1
1 “ A1 b B1_

where A,B,A1,B1 are all very ample.
Therefore, we know that:

pL1 b L1 ¨ ¨ ¨ ¨ Ln ¨ Fq “ ppA b A1 b B_ b B
1
_q ¨ ¨ ¨Ln ¨ Fq

“ ppA b A1q ¨ ¨ ¨Ln ¨ Fq ´ ppB b B1q ¨ ¨ ¨Ln ¨ Fq

“ pA ¨ ¨ ¨Ln ¨ Fq ` pA1 ¨ ¨ ¨Ln ¨ Fq ´ pB ¨ ¨ ¨Ln ¨ Fq ´ pB1 ¨ ¨ ¨Ln ¨ Fq

“ pL1 ¨ ¨ ¨Ln ¨ Fq ` pL1
1 ¨ ¨ ¨Ln ¨ Fq

We are done since symmetry and linearity in the first slot suffices to prove multilinearity.

An added bonus in the proof is:

Corollary 1.12. Suppose that X is projective, then if dimSuppF ă n ` 1 and L1,L1
1, ¨ ¨ ¨Ln are invertible

sheaves on X, then:
pL1 ¨ L1

1 ¨ ¨ ¨Ln ¨ Fq “ 0

That is to say, if you want to intersect n ` 1 line bundles with some sheaf whose support has dimension less
than n ` 1, then you get 0.

Proof. Well recall that:

pL1 ¨ L1
1 ¨ ¨ ¨Ln ¨ Fq “ pL1 ¨ ¨ ¨Ln ¨ Fq ´ pL1

1 ¨ ¨ ¨Ln ¨ Fq ´ pL1 b L1
1 ¨ ¨ ¨Ln ¨ Fq

But we already know from linearity that this is 0.
Since we know that this linearity also holds for proper k-varieties, this actually holds for properK-varieties

as well.

Proposition 1.13. Suppose that X is projective, then the intersection product depends on on the numerical
class of Li’s.

Before we prove it, we actually have something left to prove for numerical equivalence classes when we
discussed it for the first time. On of the properties we didn’t prove is:
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Proposition 1.14. If π : X Ñ Y is a proper morphism, and L is numerically trivial on Y , then π˚L is
numerically trivial on X.

Proof. To prove this, we know that we only need to prove that for every integral curve i : C ãÑ X the
restriction of π˚L to C has degree 0.

Notice that by definition:
degpi˚π˚Lq “ χpC, i˚π˚Lq ´ χpC,OCq

We also have the following diagram:

X Y

C C 1

Proper

i

Proper

where C 1 is the scheme theoretic image of C, and we know that since C Ñ Y is proper, the image is close,
since C is Noetherian, we know that the underlying set of C 1 is indeed the set theoretic image of C Ñ Y .

I claim that C 1 is either a point of a one dimension irreducible stuff not necessarily reduced. If this is
true, let’s first assume that C 1 is a curve and we know that f : C Ñ C 1 is a surjective morphism between
integral projective curves (proper curves are all projective), then it’s necessarily finite, in particular affine,
therefore, by projection formula, and cohomology is invariant under pushforward of affine morphisms:

χpC, i˚π˚Lq “ χpC, f˚j˚Lq “ χpC 1, f˚pf˚j˚L b OCqq “ χpC 1, f˚OC b j˚Lq

On the other hand, we know that:
χpC,OCq “ χpC 1, f˚OCq

Therefore we know that:
degpi˚π˚Lq “ χpC 1, f˚OC b j˚Lq ´ χpC 1, j˚OCq

Then by the Riemann-Roch for nonreduced curves (which also works for reduced curves of course), we know
that this is the sum of degree of j˚L to all the irreducible components of C 1, but since C 1 is irreducible, we
are just restricting to it’s reduction and compute the degree of L, but since L is numerically trivial on Y ,
we are done by definition.

If it’s just a point, then things are even easier, the restriction of L to C 1 can only be the structure sheaf
as it only has one point. Then χpC, i˚π˚Lq ´ χpC,OCq reduces χpC,OCq ´ χpC,OCq, we are done.

To prove our assertion on the dimension, we consider the reduction of C 1 and we have the diagram:

C C 1

C
1red

Then we know that C Ñ C
1red is also finite, and C

1

is an integral subvariety of Y , thus it’s dimension is the
transcendence degree of the function field, but we know that we have a field extension:

KpC 1q ãÑ KpCq

and we have the following diagram:

A B A A{ker B

KpC 1q KpCq KpC 1q K KpCq
» finite

and the stuff on the right shows that KpC 1q to KpCq is actually a finite extension of fields, thus the
transcendence degree of KpC 1q over k is the same as the transcendence degree of KpCq over k, thus the
dimension of C 1 is actually 1, not 0.
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Therefore, the key of the proof is actually knowing when you can factor a morphism through a closed
embedding, which we didn’t really prove before. So we say something in the following discussion:

Proposition 1.15. Suppose that i : Z ãÑ X is a closed embedding of schemes which is defined by a
quasicoherent ideal sheaf I, then a moprhism of schemes: f : Y Ñ X factors through i uniquely in the
diagram before iff f vanishes on I:

Z X

Y
D!

f

Proof. It’s easy to prove that if f has a factorization it must vanish on I this is because if it has such a
factorization, then the set theoretic image of f should line in Z and to compute the set theoretic image, we
can work locally and assume that f is actually SpecB Ñ SpecA by choosing an affine open SpecA in X and
cover the inverse image by affine opens. This is a ring morphism:

A Ñ B

and we know that by our assumption that this ring morphism factors through A{I:

SpecA f´1SpecA SpecB

SpecA{I

f

thus you proved that f indeed vanishes on I for each affine in X, and this suffices.
Now this factorization is also unique, and it’s unique locally, thus patches together uniquely and this is

just a restatement of the universal property of quotients.
Now we come to the more interesting statement, let’s suppose that f vanishes on I and we want a unique

factorization. Again, if it factors, it’s unique since we can still argue locally like the above discussion using
universal property of quotients. Therefore, the only question is how to find such a factorization. First, we
can prove the image of Y is in Z, therefore we know that there is a unique topological space map g from Y
to Z as a factorization. Thus we only need to define a morphism:

OZ Ñ g˚OY

What we have at our disposal is:

0 I OX i˚OZ 0

f˚OY

and we know that I Ñ OX Ñ f˚OY is 0, thus the universal property of cokernels gives a morphism from
i˚OZ to f˚OY :

i˚OZ Ñ f˚OY

This morphism is going to be a morphism of sheaves of rings, then we apply i´1 which gives you:

OZ Ñ i´1f˚OY

Notice that f˚ “ i˚ ˝ g˚, then we know that i´1f˚ “ g˚, therefore we get a morphism of sheaves of rings
from:

OZ Ñ g˚OY

We are done. Even though we defined this in an abstract way, the uniqueness argument lets us see an explicit
definition locally on affines.
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Remark 1.16. Apply the previous proposition, we can prove that there is a unique factorization from
f : X Ñ Y to the scheme theoretic image of f as the scheme theoretic image is defined to be the sums of all
the quasicoherent ideal sheaves that vanish after you compose:

I Ñ OY Ñ f˚OX

Thus by definition f vanishes on that ideal sheaf. This is how we defined C Ñ C2.
Moreover, we know that C is reduced, thus there is no nonzero nilpotents, then recall that C

1red is defined
by the nilpotent ideal sheaf, therefore we know that on each affine, the nilradical is mapped to 0 as for each
open in C, there is no nonzero nilradical functions. Therefore, we are done. Then we have actually proved
that if f : X Ñ Y is a morphism of scheme with X reduced, then it factors uniquely through the reduction
of Y .

Now we go back to the intersection product prove the fact that intersection product only depends on
numerical equivalence class:

Proof. Suppose that L1,L1
1 are in the same equivalence class, we want to prove that:

pL1 ¨ ¨ ¨Ln ¨ Fq “ pL1
1 ¨ ¨ ¨Ln ¨ Fq

And we can proceed by induction on n. For n “ 1, we need to prove that:

pL1 ¨ Fq “ pL1
1 ¨ Fq

The left hand side is, by definition χpX,Fq ´χpX,F bL_
1 q, since we assumed that the support of F , say S,

is at most 1, it’s either 0 or 1. If it’s 0, we know that it’s just a bunch of closed points, and we know that
χpX,Fq “ χpX, i˚Gq and χpX,F b L_

1 q “ χpX, i˚G b L_
1 q where G is a coherent sheaf on S, therefore, we

know that i˚G only supports on a finite collection of closed points, therefore we know that i˚G b M » i˚G
for any line bundle M, therefore the intersection product is 0, for all line bundles M.

If the assumption is the support is dimension 1, then it’s a finite collection of closed points and a closed
curve C which doesn’t contain those closed points, not necessarily reduced. In this case, we know that you
can write F as a direct sum sheaf whose support is on the finitely many closed points and one sheaf whose
support whose support is on the curve. Euler characteristic turns direct sums into sums, thus those that
support on closed points doesn’t matter by our discussion on the dimension 0 case. Therefore, we can assume
that the scheme theoretic support of F is pure dimensional of dimension 1, denoted by i : C ãÑ X. Then we
know that in this case, the Riemann-Roch for nonreduced curves proves what we want.

Then let’s assume n ą 1 and this result holds for smaller n. Recall that Ln is the difference of two very
ample line bundles, then by multilinearity, we only need to prove this when Ln is very ample. Notice that
it suffices to prove thatfor a nonzero integer m such that:

mpL1 ¨ ¨ ¨Ln ¨ Fq “ mpL1
1 ¨ ¨ ¨Ln ¨ Fq

Then by multilinearity, we can assume that we work with Lbm
n , thus we have already explained that in this

case we can assume that Lbm
n isOXpDq for an effective Cartier divisor onX that miss all the associated points

of F (by taking a hypersurface with high enough degree m), then we can use the inductive hypothesis.

Next topic we want to show for this intersection product is sometimes called the asymptotic Riemann-
Roch:

If Y is a projective curve, we know from the Riemann-Roch for nonreduced curves and degree is additive
for tensors that:

χpY,Lbmq “ mdegL ` χpY,OY q

You find that it’s a polynomial in m, whose leading term is the intersection product pL ¨ Y q. It has the
following generalization, which is known as asymptotic Riemann-Roch:

9



Proposition 1.17. Suppose thatX is a projective k-scheme and F is a coherent sheaf onX with dimSuppF ď

n, then if L to be a line bundle on X, we have:

qpmq “ χpX,Lbm b Fq

is a polynomial in m of degree at most n, the coefficients of mn, i.e. the coefficient of the leading term is
pLn ¨ Fq{n!.

Proof. You might think that this proof will be like what we did for Hilbert polynomials where you pick
ample line bundles which is OpDq for an effective Cartier divisor D and use additivity and so on. Well, I
claim that this proof is actually not that hard since we have already established quite a lot of properties for
intersection products which basically turns this into a combinatorics problem, in particular we know that if
the support of F is at most n, then:

pL ¨ ¨ ¨L ¨ pLbm b Fqq “ 0

if we have at least n ` 1 L in this intersection product.
Now, notice that if we expand the above quantity, it is:

n`1
ÿ

j“0

p´1qj
ˆ

n ` 1

j

˙

ppm ´ jq “ 0

And I claim that the relation above is enough to show that ppmq is a polynomial of degree at most n and
we can also extract the leading coefficient from this.

To see why, here is a general result that’s worth knowing: Suppose that fpxq is a function from Z to C,
we can compute the forward difference at m, which is defined to be:

∆fpmq “ fpm ` 1q ´ fpmq

This operation cam be iterated and there is a formula for the r-th iteration:

∆rfpmq “

r
ÿ

j“0

p´1qj
ˆ

r

j

˙

fpm ` r ´ jq

Now I claim that if ∆n`1fpmq “ 0 for all m, then f is a polynomial. To prove this, let’s define:

ar “ ∆rfp0q

Then we can define a polynomial:

P pmq “

n
ÿ

r“0

ar

ˆ

m

r

˙

Recall that we can compute the forward difference:

∆

ˆ

m

k

˙

“

ˆ

m ` 1

k

˙

´

ˆ

m

k

˙

“

ˆ

m

k ´ 1

˙

Therefore we know that ∆r
`

m
k

˘

“
`

m
k´r

˘

, and if r ě k, we only get 0. Now, it’s obvious that ∆ is additive,

thus we can try to apply ∆ to P pmq and you find that since the largest number of r is n, ∆n`1P pmq “ 0
for all m and we know that:

∆n`1pfpmq ´ P pmqq “ 0

This implies that ∆nfpmq ´ P pmq is constant, moreover, by definition, we know that ∆nfp0q ´ ∆nP p0q “

an ´ an “ 0, therefore ∆nP pmq “ ∆nfpmq for all m. Here we are using the convention that
`

0
k

˘

“ 0 if k ‰ 0

and if k “ 0, then
`

0
0

˘

“ 1. This convention is used here because we want
`

0
k

˘

for k ‰ 0 to be defined by

the polynomial equation and if we insist this, then the only possible way to define
`

0
0

˘

“ ∆
`

0
1

˘

“
`

1
1

˘

´
`

0
1

˘

“

1 ´ 0 “ 1, and this is going to be consistent with our other definitions. By this definition, and the fact that
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∆npP ´ fq “ 0, we know that ∆n´1pP ´ fq is constant, but you you plug m “ 0, you find that the result is
an´1 ´ an´1 “ 0, thus you keep going down, until you reach f “ P for all m. We are done.

Now back to our problem, we see that ppm´n´ 1q is going to be a polynomial of degree at most n, thus
ppmq is going to be a polynomial of degree at most n. Finally, to compute the leading coefficient, we already
obtained a formula, which is:

an “ ∆nfp0q

Then put it back to our problem, we know that the leading coefficient of ppm´n´ 1q is when you plug 0 to:

n`1
ÿ

j“0

p´1qj
ˆ

n ` 1

j

˙

ppm ´ jq “ pL ¨ ¨ ¨L ¨ Fq

We are done since we know that the leading coefficient of ppm´n´1q is the same with the leading coefficient
of ppmq.

Remark 1.18. What we proved in the above proposition works for any function from Z and Hilbert
polynomials can be seen as a special case of this proposition. This is because we prove that:

fpm ` 1q ´ fpmq

is a polynomial of degree d with rational coefficients from Z to Z, and in this case we can represent this
polynomial as a linear combination of binomial coefficients with rational coefficients. In this case, you know
that the d ` 1-th difference is 0, which implies that the d ` 2’s difference of f is 0, thus f is a polynomial of
degree at most d` 1 and from the formula we give in the proof, you find that it’s actually still a polynomial
with rational coefficients that takes value in Z.

Our next goal is try to generalize the result that if π : C Ñ C is a morphism between integral projective
curves and L is a line bundle on C, then the degree of π˚L is the degree of π times the degree of L. To
do this, we will need Chevelley’s theorem in one special case of our proof. It’s generally a good theorem to
know so we will first spend sometime discussing it and introducing some useful notions and results down the
road:

Generally speaking, Chevalley’s theorem is about the image of finite type morphisms. But the way you
should think about it is in the following description: If you have a number of polynomial equations in a
number of variables with a number of variables. You probably wondered that what sort of conditions you
need to impose on the coefficients for a solution to exist. Given the algebraic description of this problem,
you will think that the answer of this problem is also purely algebraic, in the sense that it’s not random
or involve any sort of exotic functions like exponentials or trigonometic functions. This is indeed the case,
and can be profitably intrepreted as a question of images of finite type morphisms and can be explained by
Chevalley’s theorem. As a consequence, we get an immediate proof of the Nullstellensatz.

To begin with, suppose that f : X Ñ Y is a morphism of schemes, we have seen cases where the image, as
a set, is open or closed. But certainly, the image can be stranger, for example: if you consider the morphism:

π : A2
k Ñ A2

k

defined by xx and y ÞÑ xy, you will find that each point pa, bq is mapped to pa, abq, so you find that the
closed points on the y-axis is omitted, except for the origin. Therefore, this set is neither open or closed
since for each open neighborhood of p0, 0q, we can assume that if Dpfq, thus fp0, 0q is not 0, if we let x “ 0,
then fp0, yq, say k is algebraically closed, then it has solutions, thus there are closed points that are not
in the image of π, similarly, you can prove that it’s not closed. We will make a definition to capture this
phenomenon:

Definition 1.19. A constructible subset of a Noetherian topological space is a subset which belongs to
the smallest family of subsets such that:

1. Every open subset is in this family.

2. Every finite intersection of family members is in the family.
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3. The complement of a family member is also in the family.

You can immediately see that this is a larger family than just those that are open or closed since we see
that the intersection of an open subset with a closed subset is in this family, i.e. any locally closed subset
is in this family, and a characterization of constructible subsets is given by locally closed subsets:

Proposition 1.20. A subset of a Noetherian topological space X is constructible iff it’s a finite disjoint
union of locally closed subsets.

Proof. Obviously that all finite union of family members is in the family. This is because if you want
X1 Y ¨ ¨ ¨ YXn, you can compute ppXC

1 q X ¨ ¨ ¨ X pXC
n qqC . Therefore, it’s obviously all disjoint union of locally

closed subset are constructible.
Conversely, let’s consider the collection of finite disjoint unions of locally closed subsets, if we can prove

that it’s a family that satisfies the conditions of the constructible sets, we are done since by definition,
constructible subsets forms the smallest such families and the family of disjoint unions of locally closed
subsets is such a family contained in the family of constructible subsets.

First, since all open subsets are locally closed, we know that all opens are in this family. Then suppose
that A,B are locally closed subset, it’s easy to show that A X B is locally closed, then now suppose that
A “

š

i Ai and B “
š

j Bj are disjoint union of locally closed subsets, we now consider it’s intersection:

A X B “
ž

ij

Ai X Bj

Repeat this finitely many times shows that finite intersections is in the family.
Finally, suppose that A is a locally closed subset A “ B X C where B is closed and C is open, then it’s

complement is CC
š

pC ´ Bq and C ´ B is locally closed because it C X BC , which is open intersect with
open, which is open, thus locally closed. Therefore, now if A is a finite union A “

š

Ai of locally closed
subset, we know that the complement is:

AC “ XAC
i

Let’s assume that each Ai is BiXCi with Bi closed and Ci open, then we have showed that AC
i “ CC

i

š

pCi´

Biq, therefore we know that:

AC “ XpCC
i

ž

pCi ´ Biqq

Let’s for notational simplicity, denote CC
i “ Di and Ci ´ Bi “ Ei, now let’s use the distributive law of

intersections and unions, then we conclude that:

AC “

n
č

i

pDi

ž

Eiq “
ď

SĂt1,¨¨¨ ,nu

p
č

iPS

Di X
č

iRS

Eiq

Notice that we have proved that finite intersections of locally closed subsets will be a locally closed subset,
and further more this is actually a disjoint union since for two different S1, S2, there will be a i P S1 but
i R S2 then we know that:

č

iPS1

Di X
č

iRS1

Ei Ă Di

č

iPS2

Di X
ď

iRS2

Ei Ă Ei

And there are indeed disjoint. Therefore we are done.

Remark 1.21. As a consequence, we have proved that if π : X Ñ Y is a continuous map of topologi-
cal spaces, since preimage preserves open, closed subsets, intersections and disjoint unions, preimage of a
constructible subset is also constructible.

As a reality check, you should be able to prove that the generic point of A1
k is not a constructible subset

since if it is, it’s a disjoint union of locally closed subsets, this implies that itself is a locally closed subset,
but notice that the only closed subset containing the generic point is the whole space, thus we want to prove
that the generic point itself is open, which is false since if Dpfq contains the generic point then f is not
0, then f has a unique irreducible decomposition, since we know that there are infinitely many irreducible
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polynomials, then this implies that there is one of such, say I and f is not in pIq, therefore Dpfq contains
more than the generic point, we are done.

Here is a result that we will use later:

Proposition 1.22. A constructible subset of a Noetherian scheme X is closed iff it’s stable under special-
ization, i.e. if Z is a constructible subset of X, it’s closed iff for every pair of points py1, y2q with y1 P y2,
then if y2 P Z then y1 P Z.

Proof. First assume that Z is a constructible subset, then we know that Z is a finite disjoint union of locally
closed subsets say Ui X Zi where Ui is open and Zi is closed. Recall that we work with Notherian spaces,
therefore Zi can be decomposed to irreducible components. Then we can rewrite Z “ YpUi X Ziq but this
union may not be disjoint any more. This implies that Z Ă YZi. Recall that if we consider the generic point
ηi of Zi, since it’s in Ui X Zi, we know that it’s in Z, therefore by our assumption, we conclude that Zi is in
Z, therefore we know that:

ď

i

Zi Ă Z Ă
ď

i

Zi

Therefore Z is a finite union of closed subsets, it’s closed.
Conversely, since any closed subset, it satisfies the stable under specialization property, thus we are

done.

Remark 1.23. Using the above proposition, we can prove that a constructible subset Z of a Noetherian
space is open iff it’s stable under generalization, i.e. for any pair of py1, y2q with y1 P y2, if y1 is in Z, then
y2 is in Z.

This is because a set satisfies stable under specialization iff it’s complement satisfies stable under gener-
alization. You can prove it quite easily essentially by definition.

Another topological property we will use in the proof of Chevalley’s theorem is the following:

Proposition 1.24. Suppose that Z is a constructible subset in a Noetherian space Y , then Z contains a
dense open of it’s closure.

Proof. *** to be completed

Now we begin to state Chevelley’s theorem, but the reason we care about it is because that in general,
the image of a morphism of schemes can be quite messy, for example, if you have a scheme Y , then given
any subset of Y , there is a scheme morphism X Ñ Y whose set-theoretic image is that subset, since you can
just take the canonical inclusion of each point and then take disjoint union. This is quite pathological and
Chevalley’s theorem tells you that in reasonable situations, this doesn’t happen and the image can only be
constructible subsets:

Theorem 1.25. Suppose that π : X Ñ Y is a finite type morphsim of Noetherian schemes, the image of
any constructible subset is constructible, in particular the image of π is constructible.

Again, before we prove this theorem, we give several seeming surprising consequences of this theorem,
they are surprising because you will find that they are purely algebraic results that follows from geometric
or even topological results:

The first one we want to give is the proof of Nullstellensatz:

Proof. Recall that the statement is that if K is a field extension of k that is a finitely generated k-algebra,
then K is actually finite dimensional over k. To prove this, we only need to prove, say K is generated by
x1, ¨ ¨ ¨ , xn, each xi is algebraic. Say that one of them is not algebraic, then we know that we have a inclusion:

krxis ãÑ K

Which gives you a dominant morphism of finite type k-schemes:

SpecK Ñ Speckrxis

therefore this morphism is also finite type, therefore we know that the image of SpecK should be con-
structible, but the image is the generic point, which is not constructible, thus our assumption is wrong.
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A similar idea can be used to prove the following, which we will use later:

Proposition 1.26. Suppose that π : X Ñ Speck is a quasifinite morphism, then π is finite. This is to say
quasifinite morphisms to a field is finite. Recall that quasifinite means finite type and finite fiber.

Proof. Recall that quasifinite is finite type plus finite fiber.
First assume X is affine, i.e. this morphism is:

SpecA Ñ Speck

where A is a finitely generated k-algebra, say generated by x1, ¨ ¨ ¨ , xn. We want to say that xi’s are all
algebraic over k. Again, say if one of them is not, then we have an inclusion:

krxs ãÑ A

If A is a field, then we are done by the similar argument as in the Nullstellensatz. Here, it’s not necessarily
true that A is a field, but we will prove that it’s always a finite direct of fields, therefore we can assume that
A is a field and this also solves the case where X is not affine since we can cover with finitely many affines
and each is a finite direct sum of finite dimensional k-algebras, thus we know that X Ñ Speck is affine.

I claim that A is actually a discrete topological space with each prime ideal being maximal. To see this,
we only need to show that each irreducible component of SpecA is a single point, notice that this irreducible
component is also an irreducible closed subset, which only has finitely many points in An

k , therefore this is
V ppq for some prime ideal p, which only has finitely many points. Now if p is not a closed point, I claim
that V ppq has infinitely many points, to see this, we need to show that SpecA{p has infinitely many points,
notice that since p is not closed point, the dimension of A{p is actually larger than 1, therefore we know
from Noether normalization that there is finite extension:

krx1, ¨ ¨ ¨ , xms ãÑ A{p

which gives you a dominant, finite, hence surjective morphism SpecA{p Ñ Speckrx1, ¨ ¨ ¨ , xms and we know
that Speckrx1, ¨ ¨ ¨ , xms has infinitely many points as long as m ě 1. Then we know that we can actually
assume that A is actually a finite direct sum of A{m, then if we can show that each k Ñ A{m is finite, we
are done, and we know that A{m is a finitely generated extension of k, thus finite over k by our previous
argument of Nullstellensatz.

Proposition 1.27. Suppose that X is a scheme finite type over Z then if p is a closed point, the residue
field kppq is a finite field.

Proof. We can assume X is affine and say the morphism is:

SpecA Ñ SpecZ

Let p be a closed point of SpecA, consider it’s image. I claim that this is not the generic point, this is
because the image of any constructible set is constructible and we only need to show that the generic point
of Z is not constructible, this is again to show that the generic point is not open, which is easy.

Then the image is a closed point, say pqq, then we can consider:

Z{q Ñ A{p

Again, you only need to show that A{p is finite dimension over Z{q, which by Nullstellensatz, is equivalent
to show that it’s finitely generated, which follows from A is finitely generated over Z and the inverse image
of p is q.

The last application we will give is that surjectivity between varieties can be checked on closed points:

Proposition 1.28. Suppose that π : X Ñ Y is a morphism of k-varieties, then it’s surjective iff every closed
point of Y is in the image of π.
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Proof. It’s obvious that if it’s surjective, then it’s surjective on closed points, therefore the only interesting
statement is the converse.

Suppose that every closed point is in the image (and we can assume that it’s the image of a closed point),
recall that the image of a constructible subset is also constructible, then we know that the image of π is
a constructible subset of Y that contains all the closed points and we know that closed points are dense
in finite type k-schemes. Suppose that πpXq is not all of Y , then since it’s constructible, the complement
is a nonempty constructible subset, and we know that the complement is a nonempty open of the closure,
the closure is a nonempty closed subset, thus we know that closed points is also dense, and it can also be
equipped with a k-variety structure, then we know that the complement, being a nonempty open, contains
such a closed point, but this is a contradiction.

Remark 1.29. The key in the above proof is to notice that is some subset is constructible, then it’s a
nonempty open of it’s closure. This is because if you write it a finite disjoint union of locally closed subsets,
š

CiXDi with Ci open andDi closed. We know that the closure of each CicXDi is contained inDi, therefore,
we can write CiXDi as CiXEi where Ei is the closure of CiXDi, thus we know that

š

CiXDi “
š

i CiXEi,
then we claim that the closure of

š

Ci X Di is just
Ť

Ei. First we notice that this is indeed a closed subset
containing

š

Ci X Di and each closed subset containing it should contain
Ť

Ei. Now
š

i Ci X Ei is a finite
union of open subsets of

Ť

Ei, i.e.
Ť

j Ci X p
Ť

Eiq.

Now let’s prove Chevalley’s theorem:

Proof. First, we can assume that Y is affine, this is because we know that Y is covered by finitely such affines
and to show that a subset of Y is constructible, it enough to show that it’s constructible in each opens of a
finite open cover. To see this, if we know that it’s constructible in each affine open we know that it’s actually
constructible in the whole space, this is because if we write it as:

ž

Ci X Di

where Ci’s are open and Di’s are closed in this affine, say SpecA, we know that it’s a SpecA X Ei for some
closed subsets Ei in Y , then we know that this subset is actually:

ď

i

Ci X Ei

A finite union of locally closed subsets, thus constructible. Then since we work with a finite affine cover, the
image is a finite union of constructible subsets, thus constructible.

Then I claim that we can reduce the problem to X is also affine, this is again because image of functions
respect union in the sense that fp

Ť

Ciq “
Ť

fpCiq and if each fpCiq is constructible, then so is the union.
Therefore, we can assume that Y “ SpecB and X “ SpecBrx1, ¨ ¨ ¨ , xns{I for some ideal I. I claim that
we can actually assume that I “ 0, this is because if we can prove that Chevalley’s theorem holds for
SpecBrx1, ¨ ¨ ¨ , xns Ñ SpecB, we can compose:

SpecBrx1, ¨ ¨ ¨ , xns{I ãÑ SpecBrx1, ¨ ¨ ¨ , xns

Then we know that any constructible subset in SpecBrx1, ¨ ¨ ¨ , xns{I is a constructible subset in SpecBrx1, ¨ ¨ ¨ , xns.
This is because SpecBrx1, ¨ ¨ ¨ , xns{I is closed in SpecBrx1, ¨ ¨ ¨ , xns.

Finally, we can reduce this question to SpecBrts Ñ SpecB. This is because we can consider:

¨ ¨ ¨SpecBrx1srx2s Ñ SpecBrx1s Ñ SpecB

Finally, since each constructible subset is a finite disjoint union of locally closed subsets, we only have to
show that a locally closed subset of SpecBrts is mapped to a constructible subset in SpecB.

Let’s first prove a special case, i.e. when Z is a closed subset of X “ SpecBrts. Suppose that Z “

V pf1ptq, ¨ ¨ ¨ , frptqq where:
fiptq “ aidi

tdi ` ai1t ` ai0

for aij P B and let’s denote the degree of each fi by di. Now we will decompose Y into a finite union of
locally closed subsets Ye where e “ pe1, ¨ ¨ ¨ , erq and ei P Z and ´1 ď ei ď di and you should think of Ye
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as the locus where f1ptq, ¨ ¨ ¨ , frptq have true degree e1, ¨ ¨ ¨ , er respectively, or you should think that the
coefficients of tei in fiptq is nonzero and the coefficients of higher degree terms are 0 at the points of Ye.
More precisely, Ye Ă Y is the locus where aiei ‰ 0 but aij “ 0 for j ą ei. Notice that here we require
´1 ď ei ď di because we want to allow the existence of the zero polynomial and we define the degree to be
´1.

More precisely still, we actually defined Ye to be SpecBe where:

Be “
Bś

i aiei

paijqjąei

So we actually have Ye “

p
č

i

Dpaieiqq X p
č

iPt1,¨¨¨ ,ru,jąei

V paijqq

If we have some ei “ ´1, this means that we don’t want any of the coefficients of fi to be nonzero, thus
there is no term of Dpaieiq in the intersection and V paijq shows up for all j ą ´1. If every index is ´1, we
know that this is actually the intersection of all V paijq where aij are all the coefficients of fi. Notice that
Dp0q “ H and V p0q “ Y .

Then using this notation, we know that Y is indeed the union of all these Ye since each point p in Y , we
can find a aiei for each i such that aiei is not in p and it’s the coefficient of the largest power that is not
in p. It’s a disjoint union also for every obvious reasons. Then, it’s obvious that for e “ p´1, ¨ ¨ ¨ ,´1q, the
scheme-theoretic preimage of Be is SpecBert1, ¨ ¨ ¨ , tns Ñ SpecBe since every coefficient of the polynomials
vanish. This is a surjective morphism. If e is not all ´1, we know that the scheme theoretic preimage is
shown in the following diagram:

¨ ¨ ¨ SpecpBś

aiei
{paijqq

SpecBrx1, ¨ ¨ ¨ , xns SpecB

therefore the preimage is:

SpecpBś

aiei
{paijqq Ñ SpecpBś

aiei
{paijqqrts{pte1 `

a1pe1´1q

a1e1
te1´1 ` ¨ ¨ ¨ , ¨ ¨ ¨ , ter `

a1per´1q

arer
ter´1 ` ¨ ¨ ¨ q

And you notice that since the leading terms all have coefficients 1, this is a finite morphism, thus the image
is closed. Recall that a closed subset of a locally closed subset is again locally closed. We have proved that
the image of X in Y is disjoint unions of locally closed subsets, thus constructible.

To prove this for locally closed subsets, we introduce a notation only for this proof: Suppose that Z is a
closed subset of X, then we will denote the locus of Y where the entire fiber of of that point is contained in
Z, i.e. tq P Y : π´1q Ă Zu by FLpZq, the fibral locus for Z. Notice that this is a closed subset of Y . This
is because that if p is in some D`paieiq, then the inverse image of p is Speckpqqrx1, ¨ ¨ ¨ , xns, but it’s image
in Z is Speckpqqrx1, ¨ ¨ ¨ , xnsp¨ ¨ ¨ q where we are modding out something that is not a zero polynomial, since
V pfq is not the whole space for f ‰ 0, we are done.

Now we can go back to the proof:

Proof. If Z is locally closed, say it’s U XU 1 where U is open and U 1 is closed, we can write Z as U XZ where
Z is the closure of Z. We already proved that πpZq is constructible in Y “ SpecB. Define δZ “ Z ´ Z,
which is a closed subset of Z, thus a closed subset of X, thus the image is also constructible with FLpZq,
FLpδZq both closed in Y “ SpecB. Notice that by definition: FLpZq ´FLpδZq is contained in πpZq. Since
if p is in FLpZq ´ FLpδZq, it’s fiber is contained in Z but not totally contained in Z ´ Z, therefore there is
a q in Z such that the image is p. Also notice that FLpδZq is contained in the complement of πpZq since if
q has fiber contained in Z ´ Z, then it’s not in the image of Z.
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Now consider the open subset Y 1 “ Y ´ pFLpZq Y FLpδZqq and the following diagram:

Z 1 X 1 Y 1

Z X Y

I claim that if you can prove that the image of Z 1 in Y 1 is constructible, then we are done. This is because that
this plus Y 1 is open, implies that the image in Y is also constructible, and the image of Y is FLpZq´FLpδZq

union the image of Z 1 in Y . This is because if p is in πpZq but it’s not in FLpZq ´FLpδZq, we know that p
will be in Y ´ pFLpZq Y FLpδZqq.

Now I will denote the new morphims X 1 Ñ Y 1 by π1 and δZ 1 “ Z 1 ´Z 1 Ă X 1. Now, π1 : X 1 Ñ Y 1 is again
finite type as finite type us preserved by base change. I claim that δZ 1 in X 1 doesn’t meet any generic fiber of
π1, i.e., for a generic point of an irreducible component of Y 1, δZ 1 doesn’t meet the preimage. If this is true,
notice that the image of δZ 1, which is the image of a closed subset is constructible and it doesn’t contain
any generic point of Y 1, therefore the complement is a constructible subset that contains each generic point
of X. Recall that in Noetherian space any constructible subset contains a dense open of it’s closure, which
is the whole space, thus it contains a dense open of Y 1, therefore contains all the generic points. Therefore,
we have found a dense open U in Y 1 such that it doesn’t intersect with the image of πpδZ 1q.

Now over this dense open U , consider the following Cartesian diagram:

Z2 X2 U

Z 1 X 1 Y 1

I claim that the image of Z2 is constructible and if this is true, we have prove the Chevalley’s theorem over
a dense open of Y 1. This is because we know that Z 1 X π1´1pUq “ Z X π1´1U (since U doesn’t intersect the
image of δZ 1), therefore Z2 in X2 is closed as it’s the intersection Z 1 X π1´1pUq, which is closed. Then our
previous result for closed subsets, the image of Z2 in U is constructible.

Now we will need Noetherian induction. Recall that works for properties of closed subsets of Y 1. And
here we will use the property that for a closed subset W of Y 1, π1pZ 1q X W is constructible in W , and we
want to show that π1pZ 1q X Y 1 is constructible in Y 1. To show this, Noetherian induction tells you that
you first need the case for the empty subset, but there is nothing to prove there. Now we need to prove
that if W is a closed subset and the property holds for all the proper closed subsets, then it holds for W .
But notice that what we argued above is just this step since we can choose the proper closed subset to be
FLpZ Y FLpδZqq and we have proved that the image of Z 1 in the complement (which is a union) is also
constructible, therefore in Y , the image is the union of two constructible subsets (constructible subsets in a
open or closed subset of the larger space is also constructible in the larger space.) Thus we are done.

Therefore, the only thing left is to prove that the image of δZ 1 doesn’t meet any generic point of π1. Now
we only care about the fiber of the generic point, that we can further restrict to an affine open of the generic
point of Y 1, and thus we can use a distinguished open, say SpecBf of the generic point, and the morphism
now looks like:

SpecBf rxs Ñ SpecBf

And we can choose this affine open to be an affine open complement contained in the irreducible component.
By our choice of Y 1, since Z 1 is contained in Z, we know that the fiber of each point in Y 1 is not contained
in Z 1 or in δZ 1.*** to be completed

This is basically all about Chevalley’s theorem we want to talk about at this point. But before we
proceed, we need another result:

Proposition 1.30. Suppose that π : X Ñ Y is an affine, finite type generically finite morphism of locally
Noetherian schemes and Y is reduced, then there is an open neighborhood of each generic point of Y over
which π is finite. Or in other words, the slogan is that generically finite usually implies generally finite.
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Proof. Notice that this is a local question on Y , therefore, we can first take an affine open around each
generic point of Y . Say it’s SpecB, then I claim that we can assume that B is a Noetherian integral domain.
This is obtained by throwing out the other irreducible components which makes SpecB irreducible as well.

Then we assume that X “ SpecA “ SpecBrx1, ¨ ¨ ¨ , xns{I. The condition we assumed implies that:

A bB KpBq

is finite over KpBq, or in other words, a finite dimensional space over KpBq. Then if you consider the
following extension of rings:

KpBq ãÑ A bB KpBq

it’s a finite extension, therefore, if we consider the image of xi in A bB KpBq, there is a monic polynomial
fiptq in KpBqrts such that fipxiq “ 0 P KpBq. Now, let b be the product of all the denominators of the
coefficients of each fi, then if you consider the following diagram:

SpecBgrx1, ¨ ¨ ¨ , xns{I SpecBg

SpecBrx1, ¨ ¨ ¨ , xns{I SpecB

If we use SpecBb instead of SpecB, we can assume that fi’s are in Brts. Now we can reinterpret the condition
that fipxiq “ 0 by fipxiq is annihilated by some nonzero element bi in B since we know that A bB KpBq is
just the localization of A at all the nonzero elements of B. Let g be the product of all the bi’s, and again
if we use Bg instead of B, we can assume that fipxiq is annihilated by an invertible element of B, thus
fipxiq “ 0 in A.

This is precisely the condition we need for A to be finite over B since finitely generated plus integral
implies that finite.

Remark 1.31. The assumption can be weakened considerably , for example, the morphism only need to be
finite type and generically finite, it doesn’t have to be affine.

To prove this, again choose a SpecB in Y , and choose an affine open SpecA in the inverse image of SpecB
(we can require SpecA to be irreducible but it doesn’t matter so we don’t have to), the above argument
shows that SpecA Ñ SpecB is finite, but we want to conclude that π´1SpecB Ñ SpecB is finite. We are
good if we can find an affine open of SpecB such that the inverse image of that affine open is contained
in SpecA, therefore this will be our goal. This requires a small lemma, which states that if π : X Ñ Y is
a quasicompact morphism, and η is a generic point of Y such that η is not in the image of π, then there
is an open neighborhood V of η such that π´1V “ H. This follows from the fact that for quasicompact
morphisms, the underlying set of scheme theoretic image is the closure of πpXq, thus the factorization
X Ñ Impπq is dominant, this implies that all generic points of Impπq is in the image of π (since X Ñ Impπq

is quasicompact and this property holds for all quasicompact morphisms). Our goal is to make sure that η
is not in Impπq, if it’s in Impπq, we know that η will be the generic point of some irreducible component of
Impπq and I will let you see why. This is a contradiction.

Now go back to our question, we consider SpecA in the inverse image of π´1SpecB, and π´1SpecB Ñ

SpecB is quasicompact due to finite type, then consider the composition:

π´1SpecB ´ SpecA ãÑ π´1SpecB Ñ SpecB

which is again quasicompact. Now I claim that we can choose such a SpecA that contains π´1η where η
is generic point of SpecB. This is because the inverse image of η is a finite set by assumption, therefore if
they are not the generic points, then say that p is a generic points whose closure contains one of the inverse
images, then we know that this point should also be mapped to the generic point. Then we know that for
quasiseparated schemes, if p1, ¨ ¨ ¨ , pn are generic points of irreducible components, then there is an affine
containing all of them.

Then combine all of these we know that there is an affine open of SpecB such that the inverse image
under π´1SpecB ´ SpecA ãÑ π´1SpecB Ñ SpecB is empty, thus we are done.

For further use and memorization, we single out the results we used in the above remark:
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Proposition 1.32. Suppose that π : X Ñ Y is a quasicompact morphism of schemes, then it’s dominant if
and only if all the generic points of Y are in the image of π.

Proof. See the above remark.

Proposition 1.33. If X is a quasiseparated scheme and η1, ¨ ¨ ¨ , ηn are generic points of irreducible compo-
nents of X, then there is an affine open in X containing all ηi.

Proposition 1.34. Suppose that π : X1 Ñ X2 is a morphism of integral projective k-schemes of the same
dimension n and L1, ¨ ¨ ¨ ,Ln are invertible sheaves on L2, then:

pπ˚L1 ¨ ¨ ¨π˚Lnq “ degpX1{X2qpL1 ¨ ¨ ¨L2q

Notice that when you only have one L1 and π is a surjective (or dominant) morphism between projective
curves, this generalizes the fact that the pullback of the degree of L is the degree of the morphism times the
degree of L1.

Proof. Let’s divide the proof into two cases, the first one is when π is dominant, and the second case is
when π is not dominant and we need to use Chevalley’s theorem. First, from multilinearity and the fact
that pullback commutes with tensor products, we only need to prove this for very ample line bundles since
on a projective variety, every line bundle is the difference of two very ample line bundles.

Let’s first think about the case when π is dominant, i.e. the generic point of X1 is mapped to the generic
point of X2. In this case, degpX1{X2q is just defined to be the degree of π, which is defined to be the length
of the generic fiber, i.e. if the generic point of X2 is η, then this is defined to be:

lengthpX1 ˆX2 kpηqq

Notice that this is a finite type morphism and I claim that it’s also generically finite. This is because we
know that by choosing affine opens around each generic points, we can assume that the fiber is:

SpecA bB KpBq

Since A is finitely generated over b, we know that AbB KpBq is finitely generated over KpBq, moreover, by
dimensional reasons, we know that the transcendence degree of KpAq{KpBq is 0, thus algebraic, then since
we have the following inclusion:

KpBq ãÑ A bB KpBq ãÑ KpAq

we know that everything in AbBKpBq is algebraic over KpBq, therefore we know that AbBKpAq is finitely
generated and integral over KpBq, thus is finite over KpBq, therefore this is a generically finite morphism,
therefore by the previous remark, there is a dense open V over X2 such that:

π´1V Ñ V

is indeed finite. Moreover, we can choose V to be integral as well, therefore, the pushforward of the structure
sheaf is finite type over V and since V is Noetherian, we know that finite type is the same as finitely presented,
therefore we know that there is a dense open U of V where π˚OX1

is locally free, say of rank d where d is
the same as the dimension of A bB KpBq over KpBq.

Now assume that all Li are very ample, for later use, we first notice that on an integral projective variety,
we know that if a line bundle L has a section s that doesn’t vanish at the generic point, then the closed
subscheme cut out by s is an effective Cartier divisor D and L “ OpDq. Now since Li’s are very ample,
for example since L1 is very ample, there is a section of L1, which doesn’t vanish at the generic point and
doesn’t contain any generic point of X2 ´ U (you can choose it to be the pullback of a hyperplane) *** to
be completed

Proposition 1.35. Suppose that X is a projective k-variety and L is an ample line bundle on X, then for
any subvariety Y of dimension n, we have pLn ¨ Y q ą 0.
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Proof. To prove:
pLn ¨ Y q ą 0

Recall that this intersection number is a multilinear symmetric function, therefore, we know that:

pL2nq “ 2n ¨ pLn ¨ Y q

Therefore, we can prove that pL2nq ą 0, keep doing this, and we conclude that we can assume that L is very
ample.

Now I claim that when L is very ample, pLn ¨ Y q is the degree of Y using the embedding of Y into the
projective space by the complete linear series |L|. To see why, we can use the asympototic Riemann-Roch,
which says that:

qpmq “ χpX,Lbm b j˚OY q

is a polynomial of degree n with the leading coefficient pLm ¨ Y q. Recall that by projection formula we have
an isomorphism Lbm b j˚OY » j˚pj˚Lbmq, therefore, from the fact that cohomology is preserved by finite
morphisms, we know that:

qpmq “ χpY, j˚Lbnq

However, when L is very ample, say it induces an embedding to the projective space i : X Ñ PN , the
pullback of L to Y induced an embedding of Y to PN , thus under this embedding h : Y ãÑ X ãÑ PN we
know that j˚L » Op1q, therefore we know that qpmq is actually the Hilbert polynomial of Y , therefore, the
leading coefficient times n! is pLn ¨ Y q and is the degree of Y , we are done.

Remark 1.36. Latter, after we prove the famous theorem called Nakai-Moishezon criterion, you will find
that the condition pLn ¨ Y q ą 0 for any dimension n subvariety Y characterizes ample line bundles.

2 Intersection Theory on a Surface

In this section, we will apply what we developed in the previous section to a regular projective surface (a
pure dimension 2 k-variety) over k. Recall that by Auslander-Buchsbaum theorem, any regular surface is
factorial, therefore the homomorphism PicX Ñ ClX is an isomorphism. We start our discussion by the
following proposition:

Proposition 2.1. Suppose that C and D are effective divisors on X (figure out whether this means Cartier
or Weil divisor). Then:

degCOXpDq|C “ pOXpCq ¨ OXpDq ¨ Xq “ degDOXpCq|D

Proof. The first thing we want to say is that we actually don’t have to distinguish effective Cartier or Weil
divisors in this case. If D is an effective Weil divisor, I claim that there is an effective Cartier divisor D1

on X such that OXpDq » OXpD1q. Regular implies factorial which implies normal, therefore, we know
that we only have to give an effective Cartier divisor D1 whose associated Weil divisor is D and then the
corresponding invertible sheaves are automatically isomorphic. Recall factorial means that each Weil divisor
is locally principal, therefore, there will be an open cover Ui of X on each Ui, Ui XD, which is still effective,
is cut out by a rational function on Ui. Since then this regular function has no poles, therefore, using the
normality condition, it’s a regular function fi on Ui, and it’s not a zero divisor, since Ui is reduced, thus no
embedded points, then we only have to show that fi doesn’t vanish at generic points of Ui, but since fi cut
out Ui X D set-theoretically, it only vanish at some codimension 1 points, not the generic point.

So now let’s assume that everything is an effective Cartier divisor. Now we have:

pOXpCq ¨ OXpDq ¨ Xq “ pOXpCq ¨ i˚ODq “ pOXpCq|D ¨ Dq “ degDOXpCq|D

All of the equalities follows from the previous section. Finally, since the intersection product is symmetric,
we know:

pOXpCq ¨ OXpDq ¨ Xq “ pOXpDq ¨ OXpCq ¨ Xq
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Then you apply the same argument to conclude that:

degCOXpDq|C “ pOXpCq ¨ OXpDq ¨ Xq “ degDOXpCq|D

Definition 2.2. We call the above number pOXpCq ¨ OXpDq ¨ Xq the intersection number of C and D
and denote it by C ¨ D.

Proposition 2.3. If C doesn’t contain any associated point of D then:

C ¨ D “ h0pC X D,OCXDq

where C X D stands for the scheme theoretic intersection of C and D.

Proof. We already saw that:

pOXpCq ¨ OXpDq ¨ Xq “ pOXpCq|D ¨ Dq “ degDOXpCq|D “ χpD,ODq ´ χpOXpCq|Dq

If C doesn’t contain any associated points of D, then we know that OXpCq|D cuts out the effective Cartier
divisor C X D, therefore we have the SES of effective Cartier divisor, therefore since Euler characteristic is
additive upon SES, we have;

χpD,ODq ´ χpOXpCq|Dq “ χpD, j˚OCXDq

but we know that C X D is actually a finite collection of points, i.e. a dimension 0 stull, therefore,
χpD, j˚OCXDq “ χpC X D,OCXDq “ h0pC X D,OCXDq.

Remark 2.4. There is a small issue in this proof, i.e. it’s not hard to see that the pullback of the canonical
element in OXpCq to D cut out an effective Cartier divisor C XD in D (not a zero divisor), we still need to
prove that C X D ãÑ D ãÑ X is indeed the C X D ãÑ X which is cut out by OXpCq ` OXpDq.

We do this affine locally say on SpecA, we know that C,D is cut out by pfq, pgq, then we know that
in SpecA{f , C X D is actually cut out by pgq and we know that, since closed embeddings are affine, affine
locally we can describe pullback very explicitly, the details are left for you.

Remark 2.5. The hypothesis that C doesn’t contain ant associated points of D is actually excessive, since
after we learn what is Cohen-Macaulay, you will find that D has no embedded points. Therefore, we can
just assume that C doesn’t contain any generic point of D.

In particular, if C,D doesn’t have any component in common, then C ¨D ě 0, this means that we can not
hope to compute or understand intersection numbers using moving lemmas as in topology if we have some
irreducible curve E with E2 ă 0, then we can not move E to something F which intersects ”transversely”
with E that is equivalent to E to compute E ¨ E as E ¨ F . Since the equivalent of transverse intersection is
sharing no component, but this implies that E ¨ F ě 0.

Definition 2.6. The degree of the normal bundle to C in X:

degCNC{X “ degCOXpCq|C

is called the self intersection C ¨ C of C.

Remark 2.7. From the above discussion, we saw that there are four descriptions of the intersection number:

pC ¨ D ¨ Xq “ degDOXpCq|D “ degCOXpDq|C “ h0pC X D,OCXDq

There are advantages and disadvantages to each of them. For example, the description pC ¨ D ¨ Xq using
Euler characteristics is useful for theoretic reasons, but the geometry is not cleat. The description using
degree is good but it’s not obviously symmetric in C,D. Finally, h0pC X D,OCXDq is local since C X D is
just a finite collection of points and we can compute this on C by computing the dimension of the vector
space associated to each point in C X D.
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Remark 2.8. It’s obvious that the intersection product gives a bilinear form:

PicX ˆ PicX Ñ Z

Before we start doing some interesting explicit examples, let’s develop a few theoretic result which is
useful, they are basically just unpack the definition plus simple applications of the dualizing sheaf:

Proposition 2.9. We will assuming Serre duality for a geometrically irreducible smooth projective surface
X in this proposition.

Let KX be the divisor corresponding to the dualizing sheaf ωX . Then for any curve C in X, we have:

C ¨ pKX ` Cq “ 2papCq ´ 2

This is sometimes called the adjunction formula.

Proof. Every we use KX in the formula, it means ωX and ´KX is the dual of the dualizing sheaf, therefore
we know that OXpKXq is ωX . Then we need to compute:

pOXpCq ¨ OXpC ` KXq ¨ Xq

The trick is to compute:
pOXpCq ¨ OXp´C ´ KXq ¨ Xq

By what we computed earlier, this is:

χpX,OXq ´ χpX,OXp´Cqq ´ χpX,OXpCq b ωXq ` χpX,ωXq

Notice that by Serre duality:

χpX,OXpCq b ωXq “ h2pX,OXp´Cqq ´ h1pX,OXp´Cqq ` h0pX,OXp´Cqq “ χpX,OXp´Cqq

Similarly, we get:
χpX,ωXq “ χpX,OXq

Let’s consider the SES of the effective Cartier divisor C:

0 Ñ OXp´Cq Ñ OX Ñ i˚OC Ñ 0

Therefore we know that χpX,OXq “ χpX,OXp´Cqq ` χpC,OCq, plug this into the formula, we get;

χpC,OCq ` χpX,ωXq ´ χpX,OXpCq b ωXq

Now we know that for the last two terms, we can take out the ωX and compute χ for their dual, then it
becomes:

χpC,OCq ` χpX,OXq ´ χpX,OXp´Cqq “ χpC,OCq ` χpC,OCq

By definition, papCq “ 1´χpC,OCq, thus 2χpC,OCq “ 2´2papCq, then we use the multilinearity to conclude
what I want.

Remark 2.10. A warning is that this proposition has nothing to do with the previous descriptions where
C,D are effective because here we don’t even know if KX `C is an effective divisor or not, so here everything
is just unpack the definition.

Proposition 2.11. This proposition is often called the Riemann-Roch for surfaces. We still assume
Serre duality here and use the assumptions in the previous proposition, then:

χpX,OXpDqq “ D ¨ pD ´ KXq{2 ` χpX,OXq
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Proof. Let’s compute pOXpDq ¨ OXpD ´ KXq ¨ Xq, by definition it’s:

χpX,OXq ´ χpX,OXp´Dqq ´ χpX,OXp´Dq b ωXq ` χpX,ωX b Op´2Dqq

Again, by the fact that when we compute Euler characteristic on the surface, we can first drop the dualizing
sheaf and then use the dual, the above formula is:

χpX,OXq ´ χpX,OXp´Dqq ´ χpX,OXpDqq ` χpX,Op2Dqq

Then I will let you figure why it’s:

degOpDq ´ degOpDq ` 2degOpDq “ 2degOpDq

Therefore:
D ¨ pD ´ KXq{2 “ degD “ χpX,OpDqq ´ χpX,OXq

Remark 2.12. Notice that a smooth surface is regular thus normal and factorial, therefore we know that
you have a bijective relation between the Picard group and class group, therefore every line bundle is the
associated line bundle of some Weil divisor thus the above result actually holds for any line bundles L on
X. You can also see this from the proof, the same proof goes through if you switch OpDq to L.

Now we are ready to do some explicit examples and one of them is going to be the first example of
blow-up:

Example 2.13. The first example is something we saw before, we first briefly review it.
Let X “ P1 ˆ P1. We know that it’s a projective surface, which is regular. Recall that we have proved

before that the Picard group of X is Z ˆ Z. We showed it by considering two divisors:

L “ t8u ˆ P1 Ă X M “ P1 ˆ t8u

Then we consider the the open subscheme P1 ˆ P1 ´ L ´ M , which we found that to be A2 since we have
the following diagram:

P1 ˆ t8u t8u P1 ˆ P1 ´ t8u P1 ´ t8u

P1 ˆ P1 P1 P1 ˆ P1 P1

Then we know from the excision exact sequence that we have a surjection morphism:

Z ‘ Z Ñ ClX

which is defined to be aL ` bM Ñ arLs ` brM s, and we know that we have an isomorphism ClX Ñ PicX
defined by D Ñ OpDq, thus we know that arLs ` brM s is mapped to OXpLqba bOXpMqbb. This is actually
injective since if you assume OXpLqba b OXpMqbb is trivial, then their restriction to M and to L should
be trivial. But we saw that OXpLq restricts to O on L but restricts to Op1q on M and you have similar
argument for OpMq. And the claim for the restriction comes from the fact that we can compute the transition
functions pretty easily (you should compute the transition function your self to make sure that you indeed
understand the computation!).

Therefore, the discussion shows that PicX is generated by two independent generators OpLq and OpMq.
Then in this example, we will show that the intersection product, as a bilinear form, is determined by:

L ¨ L “ M ¨ M “ 0 L ¨ M “ 1

Let’s first compute L ¨ M . Recall that the we already proved that if L,M has no components in common
(actually we didn’t prove it, only mention this is true due to Cohen-Macaulayness), then the intersection
number is:

h0pL X M,OLXM q
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It’s clear that the intersection is just a k-valued point, therefore the dimension of the global sections is 1, we
are done.

Then let’s compute the self-intersection. We know that the self-intersection is the degree of the normal
bundle, but we have already proved that the restriction of OpLq to L is trivial and the restriction of OpMq

to M is trivial, thus the degree is 0, we are done.

Our next example is the first example of blow-up:

Example 2.14. Let’s first describe what this space is. The space is denoted by B⋖p0,0qA2, which is a
subspace of A2

k ˆk P1
k. Let’s use coordinate x, y on the affine space and u, v on the projective space. In

formally speaking, this is cut out by the equation xv “ yu. Formally speaking, this is the closed subscheme
cut out by a particular regular section of the line bundle:

q˚Op1q

You can interpret this line bundle as p˚Ob q˚Op1q where p, q are the projections to A2 and P1. The regular
function we will use will be p˚x b q˚v ´ p˚y b q˚u. By definition, if we cover A2 ˆ P1 by two A3, then on
each of the A3, the closed subscheme is cut out by x v

u ´ y and y u
v ´ x.

One way to think about this blow-up is to think that the points in P1 parametrizes lines in A2 that passes
through the origin. The reason is simple since we know that a point in P1 is u

v “ k or v
u “ k, therefore it

correspond to the line kx “ y or the line ky “ x. Therefore, we know that the lines passing through the
origin actually gets lifted and they don’t just intersect in a nondistinguishable way at the origin.

We can describe the fiber of the morphism Blp0,0qA2
k Ñ P1

k as a formal explanation of the above discussion:

¨ ¨ ¨ A2 ˆ ra : bs ra : bs

Blp0,0qA2
k A2

k ˆ P1
k P1

k

Suppose b ‰ 0 for example, I claim that the dotted stuff at the top left is A2
k{pa

b y ´ xq. For example, we can
compute this by an extended diagram:

A2{py a
b ´ xq A2 a{b

A3{py u
v ´ xq A2 ˆ A1 A1

Blp0,0qA2
k A2

k ˆ P1
k P1

k

Everything is affine here and I will let you do the algebra yourself.
We can also think about the morphism Blp0,0qA2

k Ñ A2. I first claim that this is an isomorphism away
from the closed point p0, 0q. To see this, we need to be extra careful. We first use the chart v ‰ 0, then
D`pxq and D`pyq, and you probably will think that the morphism to D`pxq is;

Speckrx,
1

x
, y, ts{px “ ytq Ñ Speckrx,

1

x
, y, ts Ñ Speckrx,

1

x
, ys

which is given by ring maps:

krx,
1

x
, ys Ñ krx,

1

x
, y, ts Ñ krx,

1

x
, y, ts{px “ ytq

where x is mapped to x and y is mapped to y. But I will let you see that this is not an isomorphism!
Therefore something must went wrong in the argument, and this is indeed true. Let’s write out the diagram
carefully and see what went wrong.
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The following diagram is what we are really doing:

Speckrx, 1
x , y,

u
v s{px “ y u

v q Speckrx, y, u
v s{px “ y u

v q Blp0,0qA2

D`pxq ˆ D`pvq A2 ˆ D`pvq A2 ˆ P1 A2

D`pvq P1 k

and you see that but the stuff on the left top corner is indeed the inverse image of D`pxq ˆ D`pvq, but we
are actually not sure what is the morphism to some parts in A2 we are interested. The next diagram is what
we really need to do:

? D`pxq ˆ P1 D`pxq

Blp0,0qA2 A2 ˆ P1 A2

However, due to this annoying P1 we don’t direct have a clear picture about what is ? Ñ D`pxq ˆ P1 like
what we did for affine fibered product. But we can try to glue. We know that ? is glued by these two pieces:

Speckrx,
1

x
, y,

u

v
s{px “ y

u

v
q Speckrx,

1

x
, y,

v

u
s{py “ x

v

u
q

where the isomorphism on the intersection is in the following diagram:

kry, 1
y ,

u
v ,

v
u s krx, 1

x ,
u
v ,

v
u s

kry, u
v sy u

v
krx, 1

x ,
v
u s

krx, 1
x , y,

u
v s{px “ y u

v q krx, 1
x , y,

v
u s{py “ x v

u q

y ÞÑx v
u ,uv ÞÑ u

v

»

» »

This makes the final object Speckrx, 1
x ,

v
u s and the morphism to D`pxq is actually krx, 1

x , ys Ñ krx, 1
x ,

v
u s

where x is mapped to x and y is mapped to x v
u , thus an isomorphism since x is invertible and I will left the

details to you.
In the above discussion, you see an interesting fact that if you want to consider the inverse image of

D`pxq, i.e. where x is not 0, u is never zero, or you can think that if x is not 0, then only assuming v is
not 0 is not enough, u must also be nonzero, otherwise x is not invertible, therefore what we are actually
i.e. the chart D`pvq in D`pxq is contained in D`pxq ˆ D`pxq ˆ D`puq, this is where the tricky part is.

Therefore, the fiber of any closed point that is not p0, 0q is also that closed point, since we have an
isomorphism. Finally, let’s think about what is the fiber of p0, 0q, which is called the exceptional divisor,
which is a notion that we will spend a lot of time discussing when talking about blow-up later. I claim that
this fiber is an effective Cartier divisor and to compute it we still need to look at:

E X Speckrx, y, u
v s{px “ y u

v q Speckrx, y, u
v s{px “ y u

v q A3 A1

E Blp0,0qA2
k A2 ˆ P1 P1

p0, 0q A2
k A2 kid
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We notice that the stack on the left is Cartesian therefore, and I will let you compute that EXSpeckrx, y, u
v s{px “

y u
v q ãÑ Speckrx, y, u

v s{px “ y u
v q is given by the surjective ring map:

krx, y,
u

v
s{px “ y

u

v
q Ñ kr

u

v
s

where x, y maps to 0 and u
v maps to u

v . Moreover, you can think of this as quotient out x, which is not
a zero divisor in krx, y, u

v s{px “ y u
v q since Speckrx, y, u

v s{px “ y u
v q is integral and we know that x doesn’t

vanish at the generic point. Similarly, you can compute the other one.
Now we can describe BlP2 at a k-valued point. It’s will be a closed subscheme of P2 ˆ P1, cut out by

the regular section p˚x b q˚v ´ p˚y b q˚u in the line bundle p˚Op1q b q˚Op1q. Now in the open subscheme
D`pzq ˆP1, we know that the closed subscheme is cut out by x1v “ y1u where x1, y1 stands for coordinate x

z
and y

z , which is the blowup of the affine plane at the origin we saw. I claim that the map Blr0:0:1sP2 Ñ P2

is an isomorphism away from the point r0 : 0 : 1s. We already saw this in the chart D`pzq ˆ P1, then in
the other two charts, we know that r0 : 0 : 1s is not in that two charts, therefore, we need to show that the
morphism is an isomorphism there, but we know that the morphism is given by:

¨ ¨ ¨ D`pxq ˆ P1 D`pxq

Blr0:0:1sP2 P2 ˆ P1 P2

recall that we know that the closed subscheme is but out by v “
y
xu, therefore we know that the inverse

image of D`pxq ˆ D`puq covers the closed subscheme as if u “ 0 then v is automatically 0. Then we know
that the morphism is given by:

Speckr
y

x
,
z

x
,
v

u
s{p

y

x
“

v

u
q Ñ Speckr

y

x
,
z

x
s

and isomorphism. Similarly, you can argue for D`pyq. Then we know that the inverse image of r0 : 0 : 1s

can be again interpreted as an effective Cartier divisor, again denoted by E and we call it the exceptional
divisor. It’s an effective Cartier divisor since we already saw that it’s an effective Cartier divisor in the
inverse image of D`pzq and in the inverse image of D`pxq or D`pyq, we can think of it’s cut out by 1,
obviously not a zero divisor.

Now let’s compute the Picard group of X “ Blr0:0:1sP2 and then we will compute the intersection product.
We still need to use the excision exact sequence, and for this purpose, we need two divisors. Of course, the
first one will be the exceptional divisor and we know that besides the exceptional divisor, this is just P2

minus the point r0 : 0 : 1s. Then we will take a line in P2, not passing the point r0 : 0 : 1s. For example, we
can pick the hyperplane cut out by z “ 0, and we take the inverse image in Blr0:0:1sP2, then we know that
the blow-up minus these two divisors is just the affine 2-plane minus one closed point. Recall that we already
know that the affine 2-plane has trivial Picard group and taking out something of codimension larger than
1 doesn’t affect the Picard group, thus the Picard group is 0 for the punctured affine 2 plane. Therefore,
we have proved that the Picard group is generated by the line bundles corresponding to E and L where L
is the inverse image of the line.

I claim that the Picard group is actually ZE ‘ ZL, i.e. these two line bundles are independent. To see
this, we need to use the intersection number. I will prove that L ¨ L “ 1 while E ¨ E “ ´1 and finally
L ¨ E “ 0. Therefore, if L “ aE for some a ‰ 0, we know that L ¨ E is not 0, a contradiction. The reason
why E ¨L is 0 is easy since we know that E,L doesn’t have any component in common, and in fact they are
disjoint, therefore we know that:

E ¨ L “ h0pE X L,OEXLq “ 0

To compute the other two intersection numbers. Let’s consider a line passing through the origin, say M
is the scheme theoretic preimage of the hyperplane x “ 0 in P2. What you notice first is that the since
the hyperplane x “ 0 and z “ 0 intersect at the only closed point r0 : 1 : 0s, therefore M and L still only
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intersects at one closed point. Therefore M ¨ L “ h0pM X L,OMXLq. Consider the following diagram:

L X M V pz, xq

L z “ 0

M x “ 0

Blr0:0:1sP2 P2

where the dotted arrow is induced by the universal property of fibered product, I will let you see that the
face on the top and in the bact are both Cartesian, therefore we know that L X M is also a k-valued point.
This proves L ¨ M is also 1.

(Here is a side remark, in general, the two squares consisting of the dotted arrow may not be commutative,
but here it’s indeed commutative becase z “ 0 ãÑ P2 and x “ 0 ãÑ P2 are two closed embeddings thus
monomorphisms, I will leave the details to you)

L ¨ L “ 1 is also easy to prove. To see this, I claim that if you take another line in the projective plane
that doesn’t contain the point r0 : 0 : 1s, the preimage in the blow-up is L1, by a similar argument, we know
L X L1 is a k-valued point, therefore we know that L ¨ L1 is 1. Then if we can show that OpLq » OpL1q

we are done. First consider the pullback section of z, we know that it cuts out L set-theoretically, but the
blowup will be regular, therefore we don’t have to think about the difference between effective Weil divisors
and Cartier divisors, therefore we know that OpLq » π˚Op1q, the same argument works for another line.

Now using the same line of reasoning, we know that OpLq “ OpMq. Now we need to use a fact that we
will prove when we discuss blow-ups in general, i.e. for a line passing through the origin r0 : 0 : 1s, say x “ 0,
the inverse image is the scheme theoretic union of aE for some nonnegative integer a and m, which is called
the proper transformation of x “ 0 or the strict transformation and it doesn’t contain any component of the
exceptional divisor E. Now I claim that L ¨ m “ E ¨ m “ 1. To prove this, we don’t have to understand
m globally. For example, L, we know that it only meet E Y m at one closed point set-theoretically and the
intersection happens in the inverse image of D`pyq (as it’s the inverse image of r0 : 1 : 0s). Therefore, we
only need to understand L and m in the inverse image of D`pyq and how they intersect. We know that L in
D`pyq “ Speckrxy ,

z
y s is z

y “ 0. We know that m in the inverse image of m is just the inverse image of x “ 0

since E is completely outside the inverse image of D`pyq and it’s x
y “ 0, therefore, the scheme theoretic

intersection is a k-valued point, thus we know that h0pm X L,OmXLq “ 1, so is the intersection number.
Then we need to understand aE X m, and we know that the intersection can be figured out in the inverse
image of D`pzq, thus we only need to consider the blow-up of the 2-plane:

Bl0A2 Ñ A2

And we are trying to figure out what is the inverse image of x “ 0, i.e. we are considering this diagram:

¨ ¨ ¨ Speckrx, ys{x ˆ P1 Speckrx, ys{x

? Bl0A2 A2 ˆ P1 A2

Speckrx, y, v
u s{px v

u “ yq A2 ˆ D`puq

the far left stuff with a question mark computes the scheme theoretic image of x “ 0 in one chart, and I
will let you show that this is Speckrx, y, v

u s{px, x v
u “ yq, i.e you can this of this as cut out by x, which is

the same as the exceptional divisor. Then in another chart, I will let you do the computation and you will
find that it’s Speckrx, y, u

v s{px “ y u
v , xq “ Speckry, u

v s{py u
v q, while the exceptional divisor is Speckry, u

v s{pyq.
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Therefore, we know that this is the union of E and something cut out by u
v “ 0, and the intersection is

again a k-valued point, therefore m ¨E “ 1. Therefore, what you end up with is the inverse image is actually
m Y E. Therefore for any line in P2, it’s inverse image, or scheme theoretic

Finally, let’s prove m ¨ m “ 0. Here, we pick another line through the point r0 : 0 : 1s, for example y “ 0
and by the same argument, it’s scheme theoretic image is m1 `E, the union of m1 and E. We know that since
x “ 0 and y “ 0 intersects at r0 : 0 : 1s, therefore, the scheme theoretic preimage intersects at E, therefore
we know that m and m1 are disjoint. Therefore we know that m ¨ m1 “ 0. But I claim that m1 “ m or in
other words Opmq » Opm1q. The way you prove this is that you can think the scheme theoretic preimage
of x “ 0 and y “ 0 is cut out by the pullback section π˚x and π˚y, which makes the corresponding line
bundle of the preimage both π˚Op1q, but you can also write it as OpEq ` Opmq or OpEq ` Opm1q since it’s
the scheme theoretic union of two effective Cartier divisors, thus we are done.

Finally, the same method shows you that L “ m ` E as well and the sum is the sum of effective Cartier
divisors, and if we want to compute: E ¨ E “ pL2 ´ 2L ¨ m ` m2q “ 1 ´ 2 ` 0 “ ´1, we are done.

Definition 2.15. Notice that in the above example of blow-up of P2 at a single k-valued point, the ex-
ceptional divisor e has self-intersection ´1. We will give such curves a name: If X is a surface over k and
C Ă X is a curve in X consisting of smooth points with C » P1 and C ¨ C “ ´1. We will say that C is a
p´1q-curve.

As C is isomorphic to P1 and we know that the line bundles on P1 are Opdq, with degree d, therefore,
the assumption that C ¨ C “ ´1 can be restated as the normal bundle is Op´1q.

As part of the reward of the long example we did:

Proposition 2.16. The blow-up of P2 at the point r0 : 0 : 1s is not isomorphic to P1 ˆ P1 even if they have
the same Picard group and they are smooth birational surfaces.

Proof. We first give a simpler approach, which is to consider the self-intersections. We know that if X and
Y are isomorphic, then the intersection number induces the same multilinear function on the product of
Picard groups. Thus the same self-intersections

But notice that on P1 ˆ P1, the intersection number on ZL ˆ ZM is given by L ¨ L “ 0 “ M ¨ M while
L ¨M “ 1, therefore the image of the self-intersection in Z is paL` bM, aL` bMq “ 2ab which is 2Z. On the
other hand, the Picard group of the blowup is Ze ˆ Zl with l ¨ l “ 1, e ¨ e “ ´1 and l ¨ e “ 0. Therefore the
image of the intersection form is pal ` be, al ` beq “ a2 ´ b2 which is Z. Therefore they are not isomorphic.

Now, we give an approach that is more general as you will see later that this method can be generalized
later to show that the Hizerbruch surface F0 is not isomorphic to the Hizerburch surface F1.

We still want to study it’s Picard groups, but with additional information since as you have already
seen, they have the same Picard group. What we will do is ti identify those effective elements in the Picard
group. Here by effective elements, we mean that a line bundle is effective iff it’s OpDq where the class of D
is represented an effective divisor, i.e. rDs “ rEs where E ě 0. This is well defined as if OpD1q “ OpDq,
this implies that rDs “ rD1s. Now in the Picard group of P1 ˆ P1, we know that it’s generated by OpLq and
OpMq while L,M are both irreducible divisors, thus effective. Then we only need to prove that raL ` bM s

is represented by an effective divisor iff a, b ě 0. To do so, say E is an effective divisor, we consider
OpEq » OpaL ` bLq, we know that implies that there is a nonzero section of OpEq and conversely, if a line
bundle has nonzero sections, the class is effective. However, we know that since OpaLq and OpbMq don’t
have any nonzero section when a ă 0, b ă 0. To see this, I claim that I can identity OpLq “ p˚Op1q and
identity OpMq “ q˚Op1q where p, q are going to be the two projections. This is because we know that L is
the fiber of t8u, and the and we know that t8u is the closed subscheme cut out by y in Op1q, therefore we
know the fiber is cut out by the pullback section in p˚Op1q. The similar argument works for another one
and in conclusion we know that OpaL` bMq “ Opa, bq. Then we will need a result which we will prove later,
i.e. the Kunneth formula which tells you that the dimension of Opa, bq is pa` 1qpb` 1q when a, b ě 0 and
0 otherwise, therefore the effective elements in the Picard group are those pa, bq with a, b ě 0.

Then for the blowup of the projective space, say an element in the Picard group is aOplq ` bOpeq, we
want to identity when it has a nonzero element. What we can be sure is that since Oplq “ Ope ` mq, we
know that elements of the form: pa,´aq is going to be effective as well since they are represented by am.
Moreover, the usual pa, bq where a, b ě 0 are effective as well, therefore, we know that as semigroups the
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effective subsemigroup are not isomorphic as one can generated by 2 elements but in another semigroup any
two elements don’t generate the semigroup.

Before we are done with the blowup temporarily, let’s try to connect to an earlier notion, the nef cone,
which we didn’t really discussed at length, especially that we didn’t give any examples. Here we use this
blowup to give more insight on this notion:

Recall that for a proper k-variety the numerically trivial subgroup of line bundles are denoted by PicτX
and the N1pXq group is defined to be PicX{PicτX. Recall that is a line bundle L is numerically trivial after
some tensor power, then L is itself numerically trivial. Therefore, this group N1pXq is abelian and non-
torsion. By the highly nontrivial Neron Severi Theorem, we know this is also a finitely generated subgroup,
then it’s free and finitely generated, with the rank called the Picard number, denoted by ρpXq. We define
N1

QpXq “ N1pXq bZ Q, which is tentatively called the Q-line bundles.

Recall that in this vector space N1pXq bZ Q, we have a basis which is the basis of N1pXq tensor with 1.
Therefore any elements in N1

QpXq are written as a unique linear combination of the basis, for example:

α “
ÿ

qirLis b 1

We say that it’s numerically effective if for all curves C in X:

qi
ÿ

degCLi ě 0

Then I claim that the nef Q-line bundles forms a closed cone in N1
QpXq, which is called the nef cone. To

make this precise, we first need to understand what does the word ”closed” mean. We will need some sort
of topology on N1

QpXq. With the basis, we can identify it with QρpXq, which is a subset of RρpXq and we will
give it the topology of the usual subspace topology of the Euclidean topology, i.e. it’s a closed subset iff it’s
C X N1

QpXq where the subset C is closed in N1
RpXq. Then we need to understand what dose the word cone

mean, a cone in a vector space is a subspace C where if x is in C then for any scalar λ ě 0, λx P C. Now
let’s see the proof:

Proof. The proof is basically just a definition as it’s obvious that if α is nef, for any nonnegative scalar λ,
λα is also going to be nef.

Now to prove it’s closed, let’s actually pass to the real vector space, N1
RpXq whose operations descends

to N1
QpXq. Therefore, we can also define the nef cone in N1

RpXq and if we can prove it’s closed here and

the nef cone in N1
QpXq is just N1

QpXq intersects with the nef cone in N1
RpXq, we are done. Suppose that

αi “
ř

j r
i
jrLjs converges to α, we know that α “

ř

jplimnÑ8 rijqLj , by our assumption, for all i

ÿ

j

rijdegCpLjq ě 0

This implies that if you take the limit, it’s also nonnegative. Thus the cone is closed. Finally, it’s obvious
that the intersection of the nef cone in the real vector space is the nef cone in the rational vector space, we
are done.

After these review, we look at three examples:

Example 2.17. In this example, we want to find what is the nef cone of X “ P2. The first step is to
find what is the N1pXq group. We know that the line bundles on P2 are Opdq for d P Z. I claim that the
numerically trivial line bundle is only the trivial line bundle, i.e. Op0q. To see this, first notice that we
can only assume d ą 0 as if d ă 0, it’s the dual. Then for example, we consider Opdq, we need to find a
curve in P2, such that the degree of Opdq on that curve is not 0. Let’s choose an irreducible polynomial of
degree d, then we know that the line bundle corresponding to V pfq is Opdq, then recall that we can always
find a homogeneous polynomial g of high enough degree which doesn’t pass any irreducible components of
V pfq, plus the fact that V pfq doesn’t have any embedded points, we know that the closed subscheme V pgq,
intersects V pfq, but only at a finite number of points, moreover the degree of Opdq on V pgq, is going to be
h0pV pgq X V pfq,OV pgqXV pfqq, which is not 0 as it has a finite collection of points.

This tells you that the N1pP2q group is generated by one element Op1q as we are only quotienting out
the zero element of the Picard group. Then the N1

Q is just a one dimensional vector space. Now I claim that
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the nef cone is just aOp1q where a is a nonnegative rational number. To proceed, we first prove that Op1q

is numerically effective, i.e. for any curve C in P2, the degree of Op1q on C is nonnegative. Recall that we
know to prove the degree of Op1q on a curve C is nonnegative, we can raise it to a high enough power. But
for any curve C, we know that we can find a f such that V pfq doesn’t pass any irreducible points of C,
therefore the degree of Opdq on C is h0pC X V pfq,OV pfqXCq, which is nonnegative.

In conclusion, the nef cone in N1
QpP2q is:

tapOp1q b 1q : a ě 0u

Example 2.18. Now we consider the surface P1 ˆ P1. We already saw that it’s Picard group is generated
by two free generators OpLq and OpMq.

Again, let’s first find the numerically trivial subgroup. I claim that the only element that is numerically
trivial is the trivial line bundle. To see why, let’s still use the usual notation Opa, bq. As long as a or b is
not 0, for example a ‰ 0, then we consider the curve M , and since we know that the restriction of Op1, 0q

is Op1q on M and the restriction of Op0, 1q to M is O, we know that the restriction of Opa, bq is Opaq on
M » P1, thus the degree is a.

Therefore the N1pXq group is again generated by two free generatorsOpLq » Op1, 0q andOpMq » Op0, 1q.
Therefore, we know the N1

QpXq is a two dimensional vector space. And I claim that the effective cone is the
following:

tOpa, bq : a, b ě 0u

Again, we prove that Op1, 0q and Op0, 1q are numerically effective. For example, we need to show that for
any curve C, the degree of Op1, 0q on C is nonnegative. if it doesn’t intersect with M , then we know that
the degree is computed by the dimension of the global section of the intersection, which is 0. Assume that
C intersect with M , but doesn’t contain any component of M , then again, the degree is the dimension of
the global section. Therefore, we only have to assume that C contains M » P1. Since we can assume that
C is irreducible (and it’s reduced by assumption), thus we can assume C is just M “ P1 and we are done.
The same works for Op0, 1q. Then we consider line bundles of the form Opa, 0q. We know that again, we
can assume that the curve C is M , then we actually want to compute the restriction of Opa, 0q to M , thus
it’s just Opaq and easy to compute the degree, the same argument works for Op0, bq as well.

Finally, when a, b are not 0, we are given a irreducible reduced curve C and we want to compute the
degree of the restriction of Opa, bq to C. Recall that the line bundle actually is Opa, 0q b Op0, bq, thus we
can compute the degree separately and then add them up. There are two possibilities, the first one is that
C doesn’t contain M not L, in this case the degree is always nonnegative. The second case is C is L or M ,
in this case we know how to restrict and how to compute the degree, thus I will leave the details here.

The last example we would like to do is the blowup of X “ P2 at r0 : 0 : 1s:

Example 2.19. The conclusion we would like to draw is that the nef cone of Blr0:0:1sP2 is generated by l
and m where m is the strict transform of a line passing through the point r0 : 0 : 1s.

Well, first, I claim that the numerically trivial subgroup is still only the trivial bundle. To see why, say
the line bundle is given by aOplq ` bOpeq where a, b are not both 0. We can first consider the curve l where
we know that the degree of Oplq on l is going to be the self-intersection pl ¨ lq “ 1 and the degree of Opeq on
l is pl ¨ eq “ 0, therefore the degree of aOplq ` bOpeq on l is a. Similarly, consider e we know the degree of
the restriction is going to be ´b, therefore we are done.

This shows the group N1pXq is generated by two free generators, then so is N1
QpXq. To identify the nef

elements, let’s first show that l,m are nef. The fact that l is nef is because l is irreducible and reduced, thus
we know that for any irreducible and reduced curve C, it either doesn’t contain any associated point of l
or is l, then we are done. For m, again, since m is irreducible and reduced, we know that an irreducible,
reduced curve C that contains the generic point is m, thus pm ¨ mq “ 0, we are done.

Then I claim that those not in the cone spanned by l,m is not nef, which finishes the proof. Say
α “ al ` be “ al ` bpl ´mq “ pa` bql ´ bm, assume that this is not in the cone spanned by l,m, then either
a ` b ă 0 or b ą 0. Say b ą 0, then we consider the intersection with e:

pe ¨ pa ` bql ´ bmq “ ´b ă 0
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When a ` b ă 0, we consider the intersection with m:

pm ¨ pa ` bql ´ bmq “ a ` b

The next topic we are interested in is fibrations, here we won’t give the most general results, instead
we will only state those that are relevant to us.

First, suppose that f : X Ñ B is a morphism from a regular projective surface to a regular curve,
not contracting any irreducible components of X, which means that if Xi is a component, then fpXiq is
not a point. We use the symbol B here to indicate that we are thinking of B as a base, and X is a a
surface parametrized by the base B. Now for a closed point in B, since B is regular, this is an effective
Cartier divisor in B, which means that we can consider the scheme-theoretic preimage, which is also a
effective Cartier divisor. This is just the result of the following local algebra: Suppose that SpecB Ñ SpecA
corresponds to a ring map A Ñ B from a regular ring to a regular ring, where f in A a nonzero divisor such
that pfq is a maximal ideal. Then if f is mapped to something in B which is not in any minimal primes in
B, then the image of f is not a zero divisor. This is because regularity implies being reduced, therefore we
only need to show the image is not in any minimal primes. For the sake of contradiction, if it is in some
minimal primes p, then the inverse image of p contains pfq, but pfq is a maximal ideal, thus the image of p
is a closed point, this tells you SpecB Ñ SpecA contracts points, which is a contradiction.

Then I will let you figure out why this implies F “ π´1b is an effective Cartier divisor and recall that
b is cut cut out by a section in the line bundle OBpbq, then this implies that F is cut out by the pullback
section in π˚OBpbq, therefore we know that OXpF q » π˚OBpbq, which is going to be isomorphic to O on F
since we have the following Cartesian diagram:

F X

b B

and any pullback of line bundle on B to b is the structure sheaf. This implies that pF ¨F q “ 0 as the degree
of the structure sheaf on a curve is 0.

Now if X is not assumed to be regular, F may not be an effective Cartier divisor any more, so it become
difficult to compute the intersection number, this is why we assume X is regular.

Proposition 2.20. Suppose that E is an elliptic curve, i.e. a projective, geometrically integral, geometrically
regular curve over k of genus 1 and a choice of base point p. Consider the following difference map:

π : E ˆ E Ñ E

which is defined to be the composition of:

E ˆ E E ˆ E E
idˆi m

where i is the inverse morphism on the group variety E. Let ∆ be the diagonal in E ˆ E, I claim this
difference morphism helps us to show ∆ ¨ ∆ “ 0. Then N1

QpE ˆ Eq has rank at least 3, which helps prove
that in general, if you have schemes X and Y , then the map:

PicX ˆ PicY Ñ PicX ˆ Y L Ñ M ÞÑ L b M

is not an isomorphism in general and the example of X “ Y “ P1 is misleading.

Proof. The first property we will need about this difference morphism is that π´1p, the scheme theoretic
preimage of p, is the diagonal. Notice that this property is preserved by going to the algebraic closure of
k, we have already seen that the multiplication, the inverse or the identity is preserved by base change to
the algebraic closure of k, therefore, the extension of π is the difference on the extension Ek. Moreover, the
extension of the fiber of p is the fiber of the base point pK in EK , recall that the base change of the diagonal
of E ˆ E is the diagonal of EK ˆ EK and we have showed before that closed embeddings which agree after
base change agree before the base change, thus all we need to do is assume k is algebraically closed prove
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the conclusion there. We don’t want to say to much about the fact that the preimage of p is indeed the
diagonal, but you should have this geometric intuition that since this is the difference, it’s fair enough that
preimage is indeed seems like the diagonal.

Another advantage of working with an algebraically closed field is that we can avoid a lot of problems
that can arise in fibered products. Notice that E ˆE is still regular since E is regular and k is algebraically
closed and E is locally finite type over k. Now I claim the difference morphism E ˆ E to E is a fibration,
i.e. no irreducible components are contracted. Recall that since E is irreducible, then E ˆk E is irreducible,
therefore, we are just trying to prove that the image of E ˆ E is not a single point. It suffice to prove that
the image is not a single closed point, but this is obvious since you can compute the image of the closed
points pq1, pq and pq2, pq which are q1 and q2, not the same. Then by our discussion above, ∆, being the
scheme theoretic preimage of p, a k-valued point, has the property p∆ ¨ ∆q “ 0.

To prove the N1 group has at least rank 3. Here, we consider three divisors F1 “ E ˆ p, F2 “ pˆE and
F3 “ ∆. Recall that since F1 and F2 only has one scheme theoretic intersection point p ˆ p at a k-valued
point, we know that F1 ¨F2 “ 1. Now consider the usual projection E ˆE Ñ E, this is also a fibration, then
we know that F1 and F2 being the scheme theoretic preimage of p, has self-intersection 0. Finally, notice
that the diagonal intersects with Fi at a k-valued point scheme theoretically:

∆ X F1 ∆ p “ Speck

F1 E ˆ E E

Speck E k

π

p

therefore p∆ ¨ Fiq “ 1. Then suppose that aF1 ` bF2 ` cF3 is numerically trivial in the Picard group, we
know that paF1 ` bF2 ` cF3 ¨ Fiq “ 0 as the intersection product only depends on the numerical equivalence
class. Then this implies that b ` c “ a ` c “ a ` b “ 0 i.e. a “ b “ c “ 0, therefore we know that F1, F2, F3

are independent in the N1 group, therefore the rank is at least 3. This helps us to show that:

PicE ˆ PicE Ñ PicE ˆ E

is not an isomorphism. This is because firstly: PicX ˆ PicY Ñ PicX ˆ Y is always injective if X,Y are
k-varieties over k. That is p˚L b q˚M » O iff L and M are both trivial. This is because we can restrict
to X ˆ tyu for a k-valued point k and I will let you do the details. Now I claim that any line bundle L on
E is of the form Opdpq where d is the degree of L. This is because we know that degree 0 line bundles on
E is only O! Therefore we know that PicE is generated by Oppq, but we know that p˚Oppq is F2 where p
is the projection and q˚Oppq “ F1, therefore we know that the image of PicE ˆ PicE Ñ PicE ˆ E are all
aF1 ` bF2, this can not be surjective as if so, we ∆ “ aF ` 1 ` bF2 in N1 group, but this is not true as we
already saw they are independent.

Our next goal is to understand intersections of curves on a ruled surface. Recall that if C is a regular
curve and F is locally free of rank 2, then the projectivization of F , PF is called the a ruled surface over C,
and in particular, we will prove a lot of stuff for the Hizerbruch surface and in particular fulfill our earlier
promise that Fn will be distinct for different n. Before we do this, let’s prove a useful proposition:

Proposition 2.21. Suppose that X is a scheme and V is a locally free sheaf of rank 2. Recall that the
universal property of the projectivization tells you that we have a bijection between the set of surjective
morphisms F Ñ L Ñ 0 onto line bundles on X and sections σ : X Ñ PF of the canonical projection
PF Ñ X. This gives us a SES:

0 Ñ I Ñ V Ñ D Ñ 0

corresponding to a section:
σ : X Ñ PV

where we take I to be the kernel of the surjective morphism V Ñ D. Recall we have showed that since V
and D are both of finite rank, the kernel is necessarily locally free, of rank 1, thus is also a line bundle.

Now I claim that σ : X Ñ PV is an effective Cartier divisor and the normal bundle to σpXq is D b I_.
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Proof. *** to be completed later after another treatment on the relative proj, this is the same for the com-
putations we will have for Hizerbruch surfaces

Now we will use the conclusion of this proposition to compute something concrete:
The final topic in this section is the Hodge index theorem:

Remark 2.22. The name ”index” comes from the following notion of the index of a real quadratic form.
Recall that we have classified the quadratic forms over an algebraically closed field k by the technique of
completing the squares and this is like a diagonalizing process. We proved that any quadratic form can be
written as a sum of squares and the number of the squares only depends on the quadratic form.

Similarly, now, suppose that V is a real vector space of dimension n, together with a symmetric bilinear
form bp¨, ¨q on V and an inner product p¨, ¨q, then I claim that there are integers a`, a0, a´ such that given
any orthogonal basis pv1, ¨ ¨ ¨ , vnq with respect to the inner product, the number of pvi ¨ viq that are positive
(resp. zero, negative) is a` (resp. a0, a´). The pair pa`, a´q is always called the index or the signature
of the symmetric bilinear form. Notice that one special case is when you have an inner product of V , then
a` “ n, a0 “ 0 “ a´.

This result is not hard to prove, as you can compute the intersection matrix M for each orthogonal
basis pv1, ¨ ¨ ¨ , vnq with respect to the form b. Recall the form is symmetric, therefore M is a symmetric real
matrix, by the Spectral Theorem, we know that all the eigenvalues of M are real. Now let’s think about
what is this matrix M , this is the matrix A such that:

bpx, yq “ pMx, yq

You can check this on vi, vj . Then what are the eigenvalues of this matrix M , recall that the Spetral theorem
also tells you that there is an orthonormal basis ei such that Mei “ λiei, then we know that:

bpei, eiq “ λi

Let’s write the number of positive (resp. zero negative) λi as a` (resp. a0, a´). Now, let’s try to give
meanings to these integers. I claim that a` is the dimension of the the subspace where B is positive definite.
What we discussed above shows that the dimension is at least a`. Recall that the space is decomposed
to the direct sum of the space where b is positive definite, zero and negative definite. Then we know that
suppose that W is a subspace of the positive definite subspace. Now let w be a vector in W , say it’s

ř

yiei,
then we know that:

bpw,wq “ bpw`, w`q ` bpw´, w´q “
ÿ

λią0

y2i `
ÿ

λiă0

y2i

Now if the dimension of W is larger then a`, we know that there is a w such that yi with λi ă 0 is not 0,
since aei with λi is in the positive definite subspace, we know that we can eliminate the components of those
ei in w with w still in the subspace, but this implies that:

ÿ

λiă0

y2i ą 0

a contradiction. This proves the assertion. And this also shows that for any basis vi, the number of
bpvi, viq ą 0 is a`, since we are just counting the number of vi that is in the positive definite subspace, and
since vi is a basis, there should be exactly a` of them in the subspace, as this is the dimension.

By a similar argument, we know that a0 is the dimension of the ”kernel” of b and a´ is the dimension of
the negative definition subspace. This finishes the proof.

At first sight, what we will prove, which is called the Hodge index theorem, is not quite related to the
index we saw above:

Theorem 2.23. Suppose that X is an geometrically irreducible smooth projective surface over a field k
with L and H in PicX such that H ¨ H ą 0 and L ¨ H “ 0, then:

1. L ¨ L ď 0, and

2. L ¨ L “ 0 iff L is numerically trivial.
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Before we prove this theorem, we show that this is indeed some sort of index type statement:

Proposition 2.24. Assume ρpXq is finite, then the Hodge index theorem is equivalent to the statement
that on the group N1

RpXq “ N1pXq bZ R, the induced intersection form has index p1, ρpXq ´ 1q.

Proof. Smoothness implies regularity, so we don’t have to worry about this. Assume that N1pXq is spanned
by the basis L1, ¨ ¨ ¨ ,Ln, with L1 being ample. Let’s first assume Hodge index theorem, and we need to
prove that the index is as desired.

Obviously, we have proved that the self-intersection of ample line bundles are positive, therefore the
index is at least 1 and let’s denote this number a1 “ L1 ¨L1. Now we need to prove that the self-intersection
of all the other Ln are negative. By the Hodge index theorem, since they are not numerically trivial, the
self-intersection is negative iff L1 ¨ Li “ 0. But we don’t have to stick with this fixed basis and we can do
modifications. We can assume that actually that none of the remaining line bundles have zero intersection
with L1. If so, we are done for those line bundles. Now let’s denote ai “ L1 ¨ Li for i ě 2 and now we can
consider another basis:

L1, a1L2 ´ a2L1, ¨ ¨ ¨ , a1Ln ´ anL1

I will let you check this is indeed a basis, and this satisfies the assumption in the theorem.
Conversely, let’s assume the index and try to prove it implies the theorem. We take a basis Li of N

1pXq,
the first one being H. Again, what we can assume about the basis is actually orthogonal with respect to the
intersection form. We can first require L1 ¨ Li “ 0 for i ě 2 then keep going down. Then let’s assume that
under this basis:

L “
ÿ

aiLi

and we assume L1 ¨ L “ a1 “ 0, this implies that all the other ai “ 0 for i ě 2. Then if we compute the
self-intersection, you get a nonpositive number and it’s 0 iff all the integer coefficients vanish.

Remark 2.25. We haven’t proved the fact that ρpXq is finite, therefore, in the following proof of the Hodge
index theorem, we will not use it. But the above result is still useful conceptually because X is projective
therefore always admits an ample line bundle, and this is going to be positive, and all the other line bundles
are negative.

This is enough motivation right now and let’s actually prove it:

Proof. Let’s first assume H is ample. Since we assumed that X is smooth and geometrically irreducible, we
can apply Serre duality and in particular, we have a dualizing sheaf ωX . We will first prove that, for any
line bundle M, if M ¨ H ą ωX ¨ H, then the top cohomology vanishes, i.e. h2pM, Xq “ 0.

We have actually seen something similar with a curve C, where h1pC,Lq “ h0pC,ωC b L2q, then if the
degree of L is larger than 2g ´ 2 “ degωC , then this is a negative degree line bundle, thus no global sections.

Similarly, for surfaces, we can prove h0pX,ωX b M_q “ 0 by Serre duality. Suppose that it has nonzero
global sections, then we consider the divisor it cut out, since this is a global section, we know that the
divisor is going to be effective, therefore we consider the corresponding effective Cartier divisor, say D, then
we know that:

H ¨ pωX ´ Mq “ pH ¨ Dq ą 0

This is because we can also choose an global section of H, which corresponds to a hyperplane in the projective
space X embeds into or, by raising H to a high enough power, we can assume that the section gives you a
hypersurface, and no matter it’s a hyperplane or a hypersurface, it doesn’t contain the components of D,
then the intersection number can be computed by the global section of the scheme theoretic intersection,
thus is nonnegative, therefore:

pωX ´ Mq ¨ H ě 0 ñ ωX ¨ H ě M ¨ H

a contradiction.
We next show that if H is ample and L is any line bundle with L ¨ L ą 0 and L ¨ H ą 0, then for n " 0,

Lbn has a nonzero global section. The reason is, first, when n " 0, we know that:

Lbn ¨ H “ nL ¨ H ą ωX ¨ H
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Therefore the top cohomology of L vanishes. Then let’s use Riemann-Roch for curves(recall that by the
remark after the proposition where we proved the Riemann-Roch, it’s valid for any line bundles):

χpX,Lbnq “ h0pX,Lbnq ´ h1pX,Lbnq “
n2

2
L ¨ L ´

n

2
L ¨ ωX ` χpX,OXq

Therefore, we get a polynomial expression:

h0pX,Lbnq “
L2

2
n2 ´

L ¨ ωX

2
n ` ¨ ¨ ¨

Since L2 ą 0, then when n is large enough, this is larger than 0.
Now we can prove this for ample H. Assume L ¨ H “ 0, we want to prove that L ¨ L ď 0, for the sake of

contradiction, let’s assume this is not true and L2 ą 0. Now consider:

H1 “ L b Hbn

Since H is ample, then for n " 0, we know that H1 is very ample, and in particular ample. And we know:

L ¨ H1 “ L2 ą 0

Then we know by the above discussion that Lbm is effective for m " 0, i.e. there is a nonzero section, which
implies that:

pL ¨ Hq “
1

m
pLbm ¨ Hq ą 0

because this is the intersection of an effective line bundle with an ample line bundle. A contradiction, thus
we are done. The last assertion is that L ¨ L “ 0 iff L is numerically trivial. To prove this, notice that if it’s
numerically trivial, then nothing there is to prove. So let’s assume L ¨ L “ 0 but it’s not numerically trivial.
It’s not numerically trivial, means that there is a curve C in X, such that pC,Hq ‰ 0, let’s assume that C
correspond to a line bundle D, thus the assumption is that D ¨ L ‰ 0 for some line bundle D. Now we can
find another line bundle R such that R ¨ H “ 0 but R ¨ L ‰ 0. Let’s take:

R “ pH ¨ HqD ´ pD ¨ HqH

Now take L1 “ Lbn b R so L1 ¨ H “ 0. Let’s compute:

L1 ¨ L1 “ 2nL ¨ R ` R ¨ R

Then by choosing a suitable n P Z, we can make L1 ¨ H “ 0 but L1 ¨ L1 ą 0, which is a contradiction, we are
done. This concludes the proof for ample line bundles.

For the general case, let’s assume H is any line bundle such that H2 ą 0 and assume L is a line bundle
such that H ¨ L “ 0. Pick an ample line bundle A P PicX, since X is projective, there is always such a line
bundle. Now if:

A ¨ L “ 0

Then we are done, since A is ample and we already prove the theorem for ample line bundles. So we will
assume L ¨A is not zero(this in particular shows L is not numerically trivial). Similarly, we can assume that
A ¨ H is nonzero, otherwise H2 ď 0, a contradiction to our hypothesis. Now take:

M “ pA ¨ LqH ´ pA ¨ HqL

Notice that A ¨ M “ 0, therefore M2 ď 0, i.e.,

pA ¨ Lq2H2 ´ 2pA ¨ Hq2pL ¨ Hq ` pA ¨ Hq2L2 ď 0

But L ¨ H “ 0, therefore we know that:

pA ¨ H2qH2 ` pA ¨ Hq2L2 ď 0

But H2 ą 0, pA ¨ H2q ą 0 and pA ¨ L2q ą 0, thus implies L2 ă 0, we are done.
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3 The Grothendieck Group of Coherent Sheaves and an Algebraic
Version of Homology

The goal of this short section is to give some exposition on some more advanced topics which connects
to areas that is way beyond just introduction algebraic geometry. You will see Grothendiexk Groups of
Coherent sheaves and a version of Chern classes.

Definition 3.1. Let X be a variety, we define the Grothendieck group of coherent sheaves, which is denoted
by KpXq or denoted by K0pXq sometimes. Is an abelian group generated by symbols of the form rFs where
F is a coherent sheaf on X subject to relations rFs “ rF 1s if F » F 1 or more generally rF 1s ` rF2s “ rFs if
there is a SES:

0 Ñ F 1 Ñ F Ñ F 1 Ñ 0

Or more precisely, this is the abelian group:

ZtrFs : F P CohpXqu{xrF 1s ` rF2s ´ rFsy

where we first consider a free abelian group and then consider the subgroup generated by rF 1s ` rF2s ´ rFs.

Now if X is proper, recall that by the Grothendieck Coherence Theorem, the Euler characteristic map
χp´q : CohX Ñ Z is well defined since the Euler Characteristic is finite. Then since Euler characteristic is
additive upon SES, we know that the map can be first naturally defined the free abelian group ZtrFs : F P

CohpXqu and then the kernel clearly contains the subgroup, therefore it descends naturally to KpXq. Or
similarly, if X is integral, we can consider the rank of coherent sheaves and again, since rank is also additive
in SES, the rank function can also be defined on KpXq.

Definition 3.2. The Grothendieck group is filtered by dimension: let KpXqďd be the subgroup generated
by those rFs where F is supported in dimension at most d. This is called the dimension filtration.

Let A1
dpXq be the d-th graded piece of the filtration, i.e.:

A1
d “ KpXqďd{KpXqďd´1

Definition 3.3. Let L be an invertible sheaf on X, we can define

L¨ : KpXq Ñ KpXq rFs ÞÑ rFs ´ rL_ b Fs

This is well defined because if we have a SES, then tensoring by L_ preserves exactness.

Proposition 3.4. If X is projective and k is infinite, L sends KpXqďd to KpXqd´1.

Proof. Assume that L is A b B_, where A and B are very ample. Now, since we assume k is infinite, in
the embedded projective space, there will be a hyperplane avoiding all the associated points of F and also
avoids the associated points of X, then the corresponding pullback section in A cuts out an effective Cartier
divisor, say D1, then consider the SES of the effective Cartier divisor:

0 Ñ A_ Ñ OX Ñ OD1 Ñ 0

Now we tensor this with F and obtain a SES:

0 Ñ A_ b F Ñ F Ñ FD1
Ñ 0

The left morphism is injective as you can check it locally, recall that A_ locally is generated by one element,
which is the restriction of that global section of A, and the morphism is given by multiplication by that
restricted section, therefore, since this avoids all the associated points, the map is injective.

This shows that rFs “ rFD1s ` rA_ b Fs. Therefore we know that the image is now:

rFD1
s ` rA_ b Fs ´ rL_ b Fs
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Moreover, we know that the support of FD1
is d ´ 1 since we know that D1 avoids all the associated

points of F , and in particular all the generic points of the support, thus the support of the restriction is 1
less by Krull’s theorem. On the other hand, since B is also ample, we have a SES:

0 Ñ B_ b F Ñ F Ñ FD2
Ñ 0

Tensor with L_, we get:
0 Ñ F b A_ Ñ F b L Ñ pF b LqD2

Ñ 0

Then I will leave the rest of the proof to you.

For the rest of the section, I will assume that X is projective and k is infinite. Even though these
assumptions can be weakened a lot, I will assume this just for simplicity.

Recall that by the above proposition, since L¨ will map a sheaf with support of dimension at most a to
sheaves with support of dimension at most a ´ 1, we know that it descends to the graded piece:

A1
d Ñ A1

d´1

This is because you can first consider:

KdpXq Ñ Kd´1pXq{Kd´2pXq

Notice that the kernel of this maps contains all those rFs with support of dimension at most d ´ 1, then
we can use the universal property of quotient to descend this map. The final map is denoted by c1pLqX, and
this c1 here stands for the action of the first Chern class.

Proposition 3.5. c1pL b L1qX “ pc1pLqXq ` pc1pL1qXq.

Proof. We will first prove that:

ppL b L1q¨q ´ pL¨q ´ pL1¨q “ ´pL¨q ˝ pL1¨q

This will suffice, since notice that the composition will map something in Kd to Kd´2 and thus after you
pass it to A1

d Ñ A1
d´1, you just get 0.

To prove this, it’s basically just by definition:

ppL b L1q ¨ Fq “ rFs ´ rL_ b L1_ b Fs ´ rFs ` rL_ b Fs ´ rFs ` L1_ b Fs

On the other hand, on the right hand side, you get:

´pL ¨ prFs ´ rL1_ b Fsqq “ ´prFs ´ rL1_ b Fs ´ rL_ b Fs ` rL_ b L1_ b Fsq

Then you see that they are indeed the same.

Remark 3.6. This type of trick might remind you of the trick we used when we prove the intersection
number is a multilinear function. This is not a coincidence and this remark is here to show you why and
how this c1pLq is connected to the intersection product.

Suppose that F is a coherent sheaf of support at most dimension n and L1, ¨ ¨ ¨ ,Ln are n invertible
sheaves. Now consider:

c1pL1q X ¨ ¨ ¨ X c1pLnq X rFs

This is a class in A1
0pXq as each time you apply c1 the dimension of the support drops by 1. If you indeed

use the definition to compute this object, for example first in KpXq, you will get the class:

ÿ

0ďkďn

p´1qkrL_
i1 b ¨ ¨ ¨ b L_

ik
b Fs

which may reminds you of the definition of the intersection product, once you take the Euler characteristic.
Before you take the Euler characteristic, this is not a number, but you consider this class, it’s represented by
class of sheaves whose dimension is at most 0, or in other words, those that are supported in a number of closed
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points, then recall that Euler characteristic is well defined for classes, thus taking the Euler characteristic
of the summation, is the same as taking Euler characteristic of those sheaves whose support is 0-dim.
Recall that the cohomology of dimension 0 stuff vanishes if the degree is at least 1, thus in the end, taking
Euler characteristic is juts computing the sum of the global dimensions! Therefore, we have upgraded our
intersection product from a number to a class in A1

0 and we can recover the old number by just simply taking
the Euler characteristic. What we gain here is we initially only have the information of characteristics, but
now we actually have some sheaves, meaning we have more information on the intersection rather than just
the numbers.

But more on this topic will need you to read more which is beyond the context of this notes.

Now we make some final remark in this section, which are only meant to be enlightening, and we will
not and are not able to discuss the details. Let’s say something more on this group A1

dpXq. Say you have a
morphism of projective varieties:

π : X1 Ñ X2

We can define maps π˚ : KpX1q Ñ KpX2q. I will be vague about what this morphism is, but what’s
important is that it descends to a morphism A1

dpX1q Ñ A1
dpX2q and is π˚rFs “ rπ˚Fs. This is naturally

called the pushforward, and it behaves well with the action of the first Chern class, which can be used to
prove the general version of projection formula we talked about before.

If π is flat, then π˚ is an exact functor and in this case we can define π˚ : KpX2q Ñ KpX1q and it also
play well with Chern classes.

Our group A1
dpXq is a good approximation of the theory of Chow groups AdpXq, and there is a surjective

map:
AdpXq Ñ A1

dpXq

which becomes an isomorphism after you tensor with Q. All of these discussed is just the beginning of
the long and interesting story of intersection theory, which need more reading if you want to study it.

4 The Nakai-Moishezon and Kleiman Criteria for Ampleness
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