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1 A Review on Proj Construction

This section is basically an review on the construction of proj of a graded ring, before we take a look at
quasicoherent graded modules over a projective scheme and the global curly proj construction.

This proj construction is of importance of for other reasons, as you will begin to see later. Probably one
of the most immediate thing we can see is that it gives us something called the projective space, which
resembles the classic picture you might have in mind. Schemes with desired properties that arise naturally
are often projective schemes which are open or closed subschemes of projective spaces(we will review all of
these later). Even you you can work very hard to give a finite type scheme over a field which is separated that
is not projective, they are highly artificial. They are also related to a lot other notions such as compactness
which is properness. But these are later stories, let’s first focus on the construction first.

1.1 First Easy construction of Pn

Suppose that k is a field and we have n`1 rings indexed by i “ 0, 1, ¨ ¨ ¨ , n of the formRi “ krx0{i, ¨ ¨ ¨ , xn{is{xi{i´
1. What we actually have here is n ` 1 polynomial rings of n variables since you find that in each of the
above rings, xii is set to be 1. The reason we use this notation is that we want to borrow our intuition
from classic projective space, where each ring Ri will correspond to the projective coordinate where the i-th
coordinate is not zero. Therefore, in what follows for each i, we will just use xii as something that only
makes our notation easier, but it’s always interpreted as 1, we won’t bother to write down xii ´ 1 in the
quotient. Then for each pair of pi, jq, we will glue Ri and Rj via the distinguished open Dpxi{jq and Dpxj{iq.
The isomorphism is given by:

krx0{i, ¨ ¨ ¨ , xn{i,
1

xj{i
s – krx0{j , ¨ ¨ ¨ , xn{j ,

1

xi{j
s

where the map is given by xk{i ÞÑ xk{j{xi{j with inverse xk{j ÞÑ xk{i{xj{i, which automatically how we
are going to match the variable we inverted.

The claim is that this gluing process we defined above cocycle condition. It’s not to hard to check this,
as we know that intersections will still be affine and every map corresponds to canonically defined k-algebra
homomorphisms. The only thing I want to mention here is that checking cocycle condition includes checking
that ΦUiXUk

Ă Uj X Uk, but here again, everything is affine, and you can check this condition pretty easily.
In conclusion, we get our first definition of the projective n-space over a field k , denoted by Pn

k .
Also notice that the above argument actually doesn’t involve using the fact that k is a field, we can replace
k by an arbitrary ring A and the same argument works out verbatim, thus we also have similar notions of
projective n-space over a ring A, denoted by Pn

P .
Here is a fun exercise that you can think of, which can be interpreted as some intuition of the Algebraic

Hartog’s theorem we introduced in the first part of the Appendix.

Proposition 1.1. Show that the global section of Pn
k is k, thus Pn

k is not affine.

Proof. You may think this is hard to prove since you have many affine opens glued together, but actually,
you only need two of them, as you will see below.

Notice that global functions correspond to a collection of sections on an open cover such that they agree
on any two intersections. However, even if we only consider x0 and x1 in the coordinate ring, we see that
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sections on D`px0q and D` `px1q that restrict to the same element on the intersections are only constants.
To see this, the sections on D`px0q is krx1,0, ¨ ¨ ¨ , xn,0s and the sections on D`px1q are krx0,1, x2,1, ¨ ¨ ¨ , xn,1s

and on the intersections since the transition morphism is induced by:

krx1,0, ¨ ¨ ¨ , xn,0, x
´1
1,0s Ñ krx0,1, x2,1, ¨ ¨ ¨ , xn,1, x

´1
0,1s

where xj,0 ÞÑ
xj,1

x0,1
, thus if we have a polynomial fpx1,0, ¨ ¨ ¨ , xn,0q in x1,0, ¨ ¨ ¨ , xn,0, and a polynomial

gpx0,1, ¨ ¨ ¨ , x0,nq in x0,1, ¨ ¨ ¨ , x0,n, then we see that on intersections, if we want them agree, we need to
set:

gpx0,1, ¨ ¨ ¨ , x0,nq “ fp1{x0,1, ¨ ¨ ¨ , x0,n{x0,1q

as the polynomial rings are domains, we can clear all the denominators. Therefore, if they want to be equal,
we can have any 1

x0,1
factors, forcing f to be constant, thus g should also be constant. Thus, we see that if

they want to correspond to a global section, it should be a constant function, and it’s easy to see that all
constants do correspond to a global section, thus the global sections are all constants.

1.2 Some preliminaries on Graded rings

We won’t be super scrupulous in this part, we just want to state and prove several important notions and
results we will use later.

Definition 1.2. Suppose that S‚ is a Z-graded ring. An ideal I is called a homogeneous ideal if it can
be generated by homogeneous elements.

Several equivalent characterization of homogeneous ideals are:

Proposition 1.3. An ideal I is homogeneous iff for any a P I, since we can write a uniquely as sums of
homogeneous elements which we will call the degree n piece of a, I contains each degree n piece of a.

Proof. Suppose that I is homogeneous, then suppose that pfiq generates I each fi is homogeneous, therefore
each a can be written as a “

ř

bifi, by decompose bi into homogeneous pieces, we can assume that each bi
is also homogeneous, thus since a is uniquely decomposed, terms in

ř

i bifi are the homogeneous pieces of
a, since fi P I, then each homogeneous piece of a lies in I. Conversely, we know that I is generated by the
set pfa,iq where ai P I are arbitrary elements and fai

are the homogeneous pieces of ai.

Corollary 1.4. An ideal I in S‚ is homogeneous iff there is a direct sum decomposition I “
À

n In where
In Ă Sn.

Proof. If I “
À

n In, obviously I is homogeneous. Suppose that I is homogeneous, then if we define
In “ Sn X I, we see that In X Im “ 0 since Sn X Sm “ 0, on the other hand, we see I is the sum of all In
since for each a P I, we can write it as sum of homogeneous pieces and each of them is in In. This implies
that I “

À

n In, we are done.

Therefore, in light of the above result, S‚{I will also have a natural Z-grading, this is why we call I
homogeneous ideal.

Proposition 1.5. The set of homogeneous ideals in S‚ is closed under sum, product and taking radical.

Proof. Closed under sums is easy to show and we omit it. Product is also easy. To show this also holds for
radicals, suppose that a P RadpIq, then there is a n such that an P I, then we write a as sum of homogeneous
pieces ai then easy computation helps us to see that each ani P I, we are done.

Suppose that T is a multiplicative subset of S‚ that only contains homogeneous element, T´1S‚ has a
natural Z-grading structure. We define the degree n-piece to be all elements of the form s

t where degs´degt “

n, if it’s a direct sum decomposition, it’s easy to see that this is a grading. Thus, we only have to show this
is indeed a direct sum decomposition, which is not hard and omitted here.

Now continue our discussion of graded rings, now fix a ring A, which will be called a base ring, if S0 “ A,
we will say that S‚ is a graded ring over A, if S‚ is generated by S1 as a A-algebra, we will say that S‚
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is generated in degree 1, the subset S` which is defined by S` “ ‘ią0Si Ă S‚ is called the irrelevant
ideal. If the irrelevant ideal S` is a finitely generated ideal, we say that S‚ is finitely generated graded
ring over A. A quick observation is that S‚{S` is isomorphic to A “ S0, which we will use later.

Here, this finitely generated graded ring is a little bit unusual since we are characterizing it using it’s
irrelevant ideal, below is a proposition that makes it more familiar:

Proposition 1.6. S‚ over A is a finitely generated graded ring iff S‚ is a finitely generated graded A-algebra
i.e. generated over A by a finite number of elements of positive degree. In particular, we will see that the
element that generates the ideal and the elements that generates S as an algebra can be the same.

Proof. Suppose that S` is generated as an ideal by pfiq, by decomposing fi into it’s homogeneous pieces,
we can assume that these are all homogeneous elements of positive degree. Then, we claim, these elements
generate S‚ as an A-algebra. To see this, suppose that s P S` is an homogeneous element, here we don’t
have to worry about A “ S0 since we are over A, then since S` is generated by a fi’s as an ideal, we can
assume that s “

ř

i fiyi where yi’s are also homogeneous elements, then we keep writing yi’s as a summation
of fizi, with zi of lower degree, then we will reach degree 0 in the end, thus s can be written as a polynomial
of fi’s with coefficients in A, thus we are done.

Conversely, this is just a trivial implication.

One immediate corollary is that:

Proposition 1.7. A graded ring S‚ over A is Noetherian iff A is Noetherian and S‚ is a finitely generated
graded ring.

Proof. If A is Noetherian and S‚ is finitely generated, then the above proposition says that it’s the quotient
of a polynomial ring, thus Noetherian since A is Noetherian by Hilbert’s Basis theorem. Conversely, if S‚ is
Noetherian, then we know that S` as an ideal is finitely generated, thus we know that S‚ is finitely generated
as an A-algebra. Again, notice that A “ S‚{S`, thus Noetherian.

Sometimes we also care the special case of R is not only finitely generated, but it’s generated in degree 1.
By our above reasoning, we see that the elements that generates S as an algebra also generate the irrelevant
ideal, later you will see that they will form an open cover.

Now, let’s begin the construction of Proj, where we will follow the normal path to first define it as a set,
then topological space, then finally give it a structure sheaf. The first step is to describe it as a set:

Now, we fix a Zě0-graded ring S‚. For each homogeneous f P S`, we already know that there is a natural
Z-grading on pS‚qf . Consider the 0-th graded piece of pS‚qf , which is also a ring and will be denoted by
ppS‚qf q0, this notation is horrible and to simplify this, we will drop the ‚ notation since in this section we
will always interpret S as a Zě0-graded ring. We will further simplify it by writing Spfq, instead of Sf to
imply that we are taking the 0-th graded piece. These Spfq, when f ranges over all homogeneous elements
of positive degree, will be the affine build blocks of ProjS we will see later, but let’s wait a bit longer to do
some preparations.

Below is a tricky proposition that is essential for the construction, we won’t write out every detail, instead,
we will gives the steps you can follow:

Proposition 1.8. Suppose that f P S is homogeneous of positive degree. There is a bijection between
homogeneous prime ideals of Sf and prime ideals of Spfq.

Proof. Directly prove this with this notation is to confusing and not looking at the nature of this proof.
Instead, let’s consider the situation where we have a Z-graded ring A with f P A which is a homogeneous
element of positive degree which is invertible. Notice that the inclusion of A0 Ñ A gives us a map from the
homogeneous ideals of A to primes of A0 by taking inverse image, or in other words taking intersection. We
claim that this is a bijection by giving it’s inverse. Suppose that P0 Ă A0 is a prime ideal, we define Q Ă A

to be Q “ ‘iQi, where Qi Ă Ai and a P Qi if and only if adegf

fi P A0. On of the first thing you should be
able to verify is that Q0 “ P0 and this is indeed a direct sum. Then you will want to prove that a P Qi if
and only if a2 P Qi, then if a1, a2 P Qi, pa1 ` a2q P Qi. Use this you can prove that Q is indeed an ideal,
then since we have a decomposition, it’s a homogeneous ideal. Finally, try to show that Q prime. Since it’s
homogeneous, we only have to check the product of homogeneous elements.
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Finally, it’s easy to check these are inverses of each other, we are done. Finally, we apply our discussion
above to Sf and Spfq.

This make it possible to talk about SpecSpfq as a subset of ProjS: First, we claim that homogeneous
prime ideals of Sf correspond to homogeneous prime ideals of S that doesn’t contain f . We have seen similar
statement in the affine case, here we still consider the map S Ñ Sf , suppose that there is a homogeneous
prime ideal in S, we see that the extension is also homogeneous since it’s generated by homogeneous elements,
it’s also prime. Then suppose that there is a homogeneous prime in Sf , it’s first correspond to a prime in S
that doesn’t contain f , it’s also homogeneous since if f is in it, we write f in homogeneous prices, then the
image of each piece should lie in the homogeneous ideal we started with, thus each homogeneous piece of f
is in the inverse image, thus it’s homogeneous.

After we have the above proposition, suppose that we define the set ProjS to be the set of all homogeneous
prime ideals in S not containing the irrelevant ideal, or in other words, all the relevant homogeneous prime
ideals. Suppose that T is a set of homogeneous elements in S, we will define the vanishing set of T to be
V pT q Ă ProjS to be the homogeneous prime ideals containing T but not S`, in particular if T contains
S`, V pT q “. We will define for a homogeneous element f of positive degree in the obvious way. Let
D`pfq “ ProjS´V pfq, which are called the projective distinguished open set, it will indeed turns out
to be open once we defined the topology on ProjS.

The reason why we don’t allow f to have degree 0 is not clear right now since it completely makes sense
if we define V pfq and D`pfq for degree 0 elements. One thing we can say is that you will see later even if
we don’t consider those degree 0 elements f , we still have an affine open cover D`pfq, but if we consider
D`pfq for f of degree 0, this may not be affine.

Notice that by our discussion above D`pfq correspond to SpecpSpfqq in a one to one fashion.

Proposition 1.9. The set of all V pIq’s satisfies the axiom of the closed subsets in a topological space
where I’s are homogeneous ideals. Thus ProjS is a topological space, we will call this topology the Zariski
Topology on ProjS.

Proof. This is proved in the same manner as in the affine case, the restriction of homogeneous ideals doesn’t
complicate the argument since we already showed that homogeneous ideals are closed under radicals, prod-
ucts, sums. Also, similar kind of argument show that D`pfq XD`pgq “ D`pfgq

Another easy result is that D`pfq where f runs through all homogeneous elements of S` form a basis
of the Zariski topology, again, notice that still we don’t have to consider degree zero f , even though the
definition completely makes sense. The proof is still the same as in the affine case, where ProjS ´ V pIq is
the union of Dpfiq where I is a homogeneous ideal and fi are all the homogeneous elements in I. Notice
that we actually only have to consider fi with positive degree. Notice that for those fi P I such that fi is
in S0, the set V pf0q is the homogeneous primes containing fi but not S`, notice that pfiq is not a prime
ideal containing S`, otherwise I will contain S`, we don’t have any to prove. But if pfiq doesn’t contain
S`, notice that if we decompose pfiq into pfiq “ ‘iFi, notice that Fi Ă I for all i, and we can also assume
that fi is not zero, otherwise we don’t have anything to prove either. Therefore, we can assume that there
is at least one of Fi is not zero, thus choose any one of those that not zero, pick g in it, it’s also in I, thus if
p P V pfiq, which means that fi P p, thus g P p, we see that p P V pgq, therefore, all those V pfiq where fi is of
degree 0, primes in V pfiq is also in other V pgq where g P I and is of positive degree, therefore:

V pIq “
č

fiPI,homogeneous

V pfiq “
č

fiPI,homogenes,degfią0

V pfiq

This is because that if p is in the right hand side, but not the left hand side, there is a f P I degree 0 such
that f R p, but f P I Ă p, a contradiction. This implies that Dpfq with f positive homogeneous elements
are actually a basis.

Here is another exercise that resembles what we did in the affine case:

Proposition 1.10. 1. Suppose that I is any homogeneous ideal of S contained in S` and f is a homo-
geneous element of positive degree, then f vanishes on V pIq iff V pIq Ă V pfq there is an n such that
fn P I. In particular, suppose that f, g are both homogeneous element of positive degree, just as in
the affine case, D`pfq Ă D`pgq iff V pfq Ą V pgq iff there is a n such that fn P pgq and vise versa.
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2. If Z Ă ProjS is any set, we define IpZq to be the subset in S` where it’s defined to be the intersection
of all the homogeneous primes in Z such that it’s contained in S`. We claim that it’s a homogeneous
prime contained in S` and for two Z1, Z2, we have IpZ1 Y Z2q “ IpZ1q X IpZ2q.

3. For any subset Z Ă ProjS, we have V pIpZqq “ Z.

Proof. We won’t write out all the details. First, the hint is that for a homogeneous ideal, it’s radical can
be written as the intersection of all the homogeneous primes containing it. First, notice that it definitely
contains the intersection of all the primes, but for any prime, we take out all the homogeneous element, it
generates a homogeneous ideal, certainly contains I, it’s an easy exercise to show this is prime. Therefore,
the intersection of all the primes containing I can be written as all the homogeneous primes containing it.
The second part is obvious and we won’t comment too much. For the last one, the left hand side obviously
contains the right hand side, to show the reversed containment, we need to show that suppose that V pJq

contains Z, then any p P V pJq, it’s in V pIpZqq, this omitted.

The following result is also a little bit cumbersome, but it explains why we call S` the irrelevant ideal
to some extent.

Proposition 1.11. Suppose that S is a graded ring and I Ă S` is a homogeneous ideal. Then the following
are equivalent:

1. V pIq “ H.

2. For any homogeneous set of fi that generates I,
Ť

iD`pfiq “ ProjS.

3.
?
I Ą S`.

Proof. We still only comment on the ideas. 1 to 2 is trivial. 2 to 1 is also easy, as I “ pfiq. Then we prove
that 1 and 3 are equivalent, notice that each f P S` homogeneous, we see that V pIq Ă V pfiq, thus fi P

?
I,

conversely, V pIq “ V p
?
Iq for our earlier characterization of the radical using intersection of homogeneous

primes, then V p
?
Iq Ă V pS`q “.

Finally, let’s construct ProjS as a scheme by endow it with a structure sheaf. Let’s first describe a
topological embedding of SpecpSpfqq into D`pfq Ă ProjS that we will use later:

Proposition 1.12. Under our identification of SpecpSpfqq with D`pfq, this inclusion is a topological em-
bedding.

Proof. We still won’t write out everything, but the goal is to proof that for each homogeneous ideal I not
containing S`, we want to show that under this inclusion, D`pfqXV pIq correspond to V pIpfqq in SpecpSpfqq.
The details is omitted here, as long as you still remember how we constructed the identification, it’s just a
matter of checking definition.

One immediate corollary is that when we take the subspace topology on D`pfq, the map above is a
homeomorphism. Another fact we need later when we glue stuff is:

Proposition 1.13. Suppose f, g are two homogeneous element of positive degree, then D`pfq XD`pgq has

inverse image, under the previous homeomorphism we defined, Dp
gdegf

fdegg q, as topological spaces.

Proof. Again, this seems indeed obscure, but I promise you, don’t get scared out, try to write down what
this means and remember the identification we have in Prop 1.8, you will figure it out.

Then, we want to set the structure sheaf on D`pfq to be SpecpSpfqq, and then glue them together, but
to do so, we need a preparation for the gluing to work out:

Proposition 1.14. Let f, g P S` be homogeneous and nonzero, there is a scheme isomorphism between

SpecpSpfgqq and the distinguished open subset Dp
gdegf

fdegg q of SpecpSpfqq.
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Proof. This is definitely a pain to check, however, the idea is straight forward, since we are working over
affines, we only need to give isomorphisms of rings. Consider the following diagram:

Spfq

Spfq| gdegf

fdegg

Spfgq

Use universal property of localization to give a isomorphism from Spfq to Spfgq in a way that compatible
with the 0-degree piece. Then use it again to give the horizontal map, it’s a pain but straightforward to
show this is a bijection.

Similarly, we can identify SpecpSpfgqq with the distinguished open of Dp
fdegg

gdegf q of SpecpSpgqq. Now,
we begin the most confusing gluing part, here the argument is miserable since we are actually using the
homeomorphism SpecpSpfqq to D`pfq to define the sheaf on D`pfq by the pushforward sheaf. Notice that
topologically, as what we proved earlier, the intersection D`pfgq, will be identified topologically as the

distinguished open Dp
gdegf

fdegg q, thus has the pushforward sheaf. The above proposition is saying that this

restriction sheaf is isomorphic with the sheaf we directly defined on D`pfgq, which is the pushforward sheaf
of SpecpSpfgqq, this will serve as the isomorphism we use to glue sheaves, where the isomorphism is connected
by the common third SpecpSpfgqq. Next, we need to check the cocycle condition is satisfied, the following
proposition also serves as the definition of ProjS

Proposition 1.15. Under the open cover D`pfq where f ranges through all positive degree homogeneous
elements, the sheaves we defined on these open covers are equipped with isomorphisms satisfies the cocycle
condition on triple intersections, thus they glue to a sheaf on ProjS such that on each each D`pfq, the
restriction sheaf is isomorphic to the pushforward sheaf of SpecpSpfqq under the homeomorphism we defined.
Therefore, we will identify the sheaf on D`pfq as SpecpSpfqq as long as we keep track of the correspondence
between sets under the homeomorphism. This sheaf is unique by a unique isomorphism under those sheaves
on ProjS such that the restriction on D`pfq is SpecpSpfgqq and the gluing property is respected.

Proof. We only need to check the cocycle condition, which in the end, since we are dealing with affines, boils
down to checking the following diagram of rings is commutative:

Spfq| pghqdegf

fdegh`degg

Sf | gdegf

fdegg

Spgq| fdegg

gdegf

Sf |hdegf

fdegh

Sphq| fdegh

hdegf

loc iso

loc iso

iso

But as you can see, everything is canonically defined, thus you can easily check that they commute.

Definition 1.16. We define projective space over a ring A by:

ProjArx1, ¨ ¨ ¨ , xns

The coordinates xi are called projective coordinates.

It’s a useful exercise to see why this definition agrees with our previous construction:

Proposition 1.17. Show that this new definition agree with our previous definition of ProjArx1, ¨ ¨ ¨ , xns.

Proof. The question is how to establish an isomorphism, of course we have to work locally and then glue
things together. The first question we need to address is D`pxiq will cover ProjArx1, ¨ ¨ ¨ , xns in our new
definition.

Definition 1.18. If S is a finitely generated graded ring over A, we will call ProjS a projective scheme
over A, or a projective A-scheme. A quasiprojective A-scheme, is a quasicompact open subscheme of
a projective A-scheme.
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A silly example you should know is:

Example 1.19. P0
A “ ProjArT s – SpecA. This is just by definition, D`pT q will cover ProjArT s since the

irrelevant ideal is just generated by T . But notice that overD`pT q, we know that it’s SpecpArT spT qq – SpecA
since ArT spT q – A.

Here is a nontrivial example that we will use later, called the projectivization of a vector space:

Example 1.20. Let V be a vector space of dimension n ` 1 over a field k, also you can think of this as
a ring and a free module. We have the dual of the vector space V _, then we form the symmetric algebra
Sym‚V _. We know that this is a graded ring, then we can define ProjpSym‚V _q, which we will denote as
PV , the projectivization of V . Notice that if we have a basis of V _ associated to a basis x1, ¨ ¨ ¨ , xn in,
we have an isomorphism of Sym‚V _ with krx1, ¨ ¨ ¨ , xns. One minor comment is that in the review before,
we used V instead of V _, but the polynomial ring structure still make sense and it even works better if you
think of x1 to xn as linear functionals.

The last example we want to give here is how to identify the closed points when k is algebraically
closed.

Example 1.21. First, our construction of this Projkrx0, ¨ ¨ ¨ , xns is isomorphic to the first construction we
have of just gluing just n` 1 copies of affine spaces, thus we want to first show that the closed points of this
easy version is in bijection with the classical points in the projective spaces.

Now, let’s also review how to give morphisms between projective spaces, which will resemble the con-
struction of specs, though it’s not an entirely and not a perfectly generailization of the morphisms between
affine spaces. As you already know, we have a one to one correspondence between morphisms of affine spaces
and rings maps going the opposite direction. The construction here is less nice in the sense that first, not
every map of gradeding rings will yield a map of projective schemes and not every morphism of projective
schemes comes from a map of graded rings and different maps of graded rings could yield the same morphism
of projective schemes. But it’s still useful to know this since it can actually helps you to define maps. The
following is the key construction:

Definition 1.22. Suppose that Φ : S‚ Ñ R‚ is a morphism of Zě0 graded rings. This means that this
is a map of rings which respects the grading in the following sense: there is a d ą 0 such that Sn is mapped
to Rdn for all n where Sn and Rdn are the graded pieces of S and R. This makes sense since as you can
check that a ¨ b where a P Sn and b P Sm is mapped to Rd¨pm`nq.

Proposition 1.23. The above map of graded rings induces a morphism of schemes:

ProjpR‚q ´ V pΦpS`qq Ñ ProjpS‚q

.

Before we prove this, the reviewing of how morphisms of ringed spaces glue is helpful:

Proposition 1.24. Suppose that pX,OXq and pY,OY q are ringed spaces. Let Ui be an open cover of X
and we have morphisms of ringed spaces πi : Ui Ñ Y that agree on the overlaps, then there is a unique
morphism of ringed spaces π : X Ñ Y such that the restriction to Ui is πi.

Proof. *** later

Now let’s prove Prop 1.23:

Proof. The idea of the proof is not that complicated, as we usually just define the maps locally and show that
they glue together. And we only have a good understand of Proj over D`pfq, which is fortunately affine.
Therefore, we will try to define for each f P S`, a homogeneous element, a morphism D`pΦpfqq Ñ D`pfq

and then show that they glue together.
Clearly, the map from D`pΦpfqq Ñ Dpfq should be defined by the following map ring map induced by

S Ñ R:
Spfq Ñ RpΦpfqq
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Then we need to check that they agree on intersections: Suppose that f, g both in S` homogeneous, then
we have the corresponding maps, we claim that checking that they do agree reduces check that the middle
square of the following diagram commute:

Spfq RpΦpfqq

Spfq|´
RpΦpfqq|´

Spgq|´ RpΦpgqq|´

Spgq RpΦpgqq

loc

loc

iso iso

loc loc

It’s important to figure out why this commutative diagram is enough rather than checking it, since to be
honest, there is a lot annoying details. Fortunately, when things are nice enough, for example when you are
over a field and has polynomial rings, it’s easy to check this. Therefore, you onle have to figure out why this
works, in simple words, the vertical isomorphism is the transition function, and you should use your smooth
manifold experience.

It’s also important that if both R and S are A-algebras, then the construction clearly shows that the
resulted map is a morphism of A-schemes. And notice that if V pΦpS`qq is empty, then this morphism has
definition on all of ProjR‚, this possible locus where it has no definiton is due to the fact that we are only
defining this morphism on

Ť

DpΦpfqq for f P S` a homogeneous element. Some special cases where this
does happen is where the radical of ΦpS`q is the whole irrelevant ideal or ΦpS`q itself contains the irrelevant
ideal.

Now, let’s look at some examples:

Example 1.25. We will try to scheme theoretic interpret the map of complex projective manifolds CP1
Ñ

CP2 given by rs, ts ÞÑ rs20, s9t11, t20s. Notice that this is well defined in the sense that scalar multiples
doesn’t affect the definition.

We claim that this, algebraically, correspond to a map of graded rings in the opposite direction Crx, y, zs Ñ

Crs, ts defined by x ÞÑ s20, y ÞÑ s9t11 and z ÞÑ t20.
Notice that there is no map of complex manifold CP2

Ñ CP1 given by rx, y, zs ÞÑ rx, ys, because the map
is not defined when x “ y “ 0. As you can also see, the fact that the ring map Crs, ts Ñ Crx, y, zs given by
s ÞÑ x and t ÞÑ y doesn’t satisfy the hypothesis that V pΦpS`qq is empty, as you can see easily, px, yq is a
homogeneous prime ideal in V pΦpS`qq.

Recall the projectivization of a vector space we discussed before:

Proposition 1.26. Suppose that we have a injective linear map V ãÑ W , then it induces a closed embedding
PV Ñ PW . This is another reason why we used the dual to define the projectivization.

Proof. Notice that if you consider the dual of this map, it’s going to be surjective. Then we claim that it
induces a surjective ring homomorphism:

Sym‚W_ Ñ Sym‚V _

This is induced by the universal property of Sym, and it’s easy to see that it’s surjective. Thus this induces
a closed embedding of the proj.

Definition 1.27. The closed subscheme we had in the proposition above is called a linear space. After
we review the dimension theory, we will call this PV a linear space of dimension dimV ´ 1 “ dimPV .
More explicitly, notice that we mentioned before when you have V with basis associated with x1. ¨ ¨ ¨ , xn, we
recover Pn by considering PV . Then a linear space of dimension dimension n in PN is the closed subscheme
cut out by N ´ n k-linearly independent homogeneous linear polynomials in x1, ¨ ¨ ¨ , xN . In particular, a
linear space of dimension 1 is called a line.
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Remark 1.28. Let’s make a brief remark on how these two notions of the vanishing scheme cut out by
N ´ n linear homogeneous polynomials and the notion of PV ãÑ PW related to each other.

Now, as a practice of the above notion of linear spaces, we look at a very special case of Bezout’s
Theorem:

Example 1.29. This is a very special case of Bezout’s theorem we will deal with later. Suppose that X is
a degree d hyper surface of Pn

k cut out by a degree d homogeneous ideal f “ 0. Suppose that l is a line not
contained in X, then show that X and l meet with multiplicity d. *** more to say on this after we finish
bezout theorem

Now let’s discuss a particular nice case of projective spaces where the graded ring is finitely generated in
degree 1:

Proposition 1.30. Suppose that S is a A-graded ring and it’s finitely generated as an A-algebra in degree
1 by n` 1 elements x0, x1, ¨ ¨ ¨ , xn, then ProjS can be described as a closed subscheme of Pn

A.

Proof. The proof is not involved. Consider the free A-module A‘n`1 with n ` 1 generators associated to
x0, ¨ ¨ ¨ , xn, then we know that the symmetric algebra Sym‚pA‘n`1q – Art0, ¨ ¨ ¨ , tns. The universal property
of symmetric algebra tells us that we have a surjection:

Sym‚pA‘n`1q “ Arx0, ¨ ¨ ¨ , xns Ñ S

Then this induces a closed embedding ProjS Ñ Pn
A. Then consider the fact we talked about, we always

know that if S is finitely generated, we can always assume that it’s finitely generated in degree 1, thus this
is a general construction.

Remark 1.31. This is like that if we know that if S is finitely generated A-algebra, then SpecS is a closed
subscheme of An

A, by choosing coordinates. Here, we have the projective analogous statement where we can
also view ProjS as a closed subscheme of the projective space, by choosing projective coordinates(one more
coordinate).

There is also an important example called the Veronese embedding, where it’s good to introduce a
related notion called the veronese subring:

Suppose that S‚ is a finitely generated graded ring, define the n-th Veronese subring of S‚ by Sn‚ “

‘8
j“0Snj , where we are only taking out the pieces whose degree is a multiple of n. To simplify the notation,

we will just use Sn in this section to denote Sn‚, but when it’s not clear what is Sn later in other parts of
the notes, will explicitly write out the ‚ to indicate the grading. Below are a few easy properties of Veronese
subrings:

Proposition 1.32. The inclusion of rings, which is also a map of graded rings induces an isomorphism
ProjS Ñ ProjSn.

Proof. This proposition actually has two parts. First, we need to show that it induces an global morphism
and we need to show that it’s an isomorphism. We will denote the ring inclusion by i

First, we claim that RadpipSn`qq “ S`, which implies that we have a global morphism. To see this,
notice that suppose that f P S`, we want to show that there is a natural number n such that fn P Sn`, we
may asssume that f is homogeneous, then this is trivial. Suppose that f P RadpipSn`qq, then write out it’s
homogeneous pieces, we only have to show that it doesn’t contains degree 0 part. We already proved that
all positive degree homogeneous elements is in the radical, thus if we have a degree 0 element, it’s also in
the radical, but there is an easy contradiction from this.

Another way to see this, which is also helpful for us to prove the isomorphism is that: suppose that
f P S`, then we see that fn P Sn`, and also, we see that D`pfnq “ D`pfq in projS since you can just think
of it as the intersection of D`pfq with itself for n times. Thus, we can cover ProjS by D`pfq where f is in
Sn`, homogeneous.

Then the isomorphism is easy to see, we only have to prove that for each f P Sn`, homogeneous, we have
a natural isomorphism of rings induced by localization:

Snpfq Ñ Spfq
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First, this is injective since localization is exact, it’s surjective since if a
fr is in Spfq, then we see that the

degree of a is rdegf where f “ an for some a positive natural number, thus a P S`n, thus surjective.

Proposition 1.33. If S is generated in degree 1, then Sn is also generated in degree 1.

Proof. Suppose that f P Sn, which is not in degree 0, we only have to consider those homogeneous elements,
notice that it’s also in S, thus, since S is generated in degree 1, we can assume that it’s a polynomial of
elements in degree 1 with coefficents in degree 0. Suppose that deff “ mn, we know that each terms in
the polynomial contains exactly mn degree 1 elements, thus can be rearranged to form a polynomial of
coefficients in degree 0 and with variables homogeneous positive degree elements of Sn`.

We have some rather enlightening propositions:

Proposition 1.34. Suppose that S and R are both finitely generated over a base ring A such that if we
write S “ ‘Sn and R “ ‘Rn, there is a positive natural number N such that we have a ring homomorphism
S Ñ R where it’s restriction to each graded piece is an ismorphism of abelian groups passing N , then
ProjS – ProjR.

Proof. Notice that if we consider SN and RN and consider the restriction of the ring homomorphism, it’s an
isomorphism.

The following result shows that there is little harm when assume that a finitely generated graded ring is
generated in degree 1.

Proposition 1.35. Suppose that S is generated by f1, ¨ ¨ ¨ , fn. There is a d such that Sd is finitely generated
in the new degree 1 (old degree d).

Proof. Suppose that these generators are of degree d1, ¨ ¨ ¨ , dn, we claim that d “ nd1 ¨ ¨ ¨ dn. To see this,
suppose that we have an element x in this new ring. We can assume that it’s homogeneous and of positive
degree. Then we can assume that it’s a monomial fa1

1 ¨ ¨ ¨ fan
n , then we know that at least one of ai has to be

larger than
ś

j dj{di otherwise the degree can not sum up to d “ nd1 ¨ ¨ ¨ dn and it’s generated by all possible
combination of

ś

fai
i with degree nd1 ¨ ¨ ¨ dn(only finite of them). Suppose that we have any homogeneous

elements g P Sd`, notice that if it’s in the new degree 1, it’s trivial that we can write it in the form of the
desired generators. Then let’s do induction, suppose that we have this for degree less than k ´ 1, consider

the degree k, notice that we can factor out a f
ś

dj{di

i for some i and after we factor out it, the degree is still
larger than nd1 ¨ ¨ ¨ dn, we do this n times the stuff we factored out is of degree nd1 ¨ ¨ ¨ dn, thus we are back
to the hypothesis, we are done.

Remark 1.36. This above result, plus the fact that the proj of Verosene subring is isomorphic to the original
proj, tells us that we can always assume that a finitely generated graded ring is generated in degree 1 if we
only care about the proj.

Now let’s start the construction of Veronese embedding: We begin with an easy example, where if we
have S “ krx, ys, we have ProjS “ P1. Then the 2-th Veronese subring is krx2, xy, y2s, it’s easy to see
that it’s isomorphic to kru, v, ws{puw ´ v2q, thus we have a new graded ring which is generated by degree
1 elements, thus we can think of it sitting as P2 as a conic by taking the closed embedding we mentioned
above for graded rings generated in degree 1. This observation plus the following algebra exercise gives an
interesting result:

Lemma 1.37. Suppose that k is an algebraic closed field whose characteristic is not 2. Then we can
diagonalize any quadric forms in n-variables by a change of variable to be the sum of at most n squares
where the linear forms appearing in the squares in these squares are independent.

Proof. Let’s do this by induction of the number of variables n. When n “ 1, 0, it’s trivial. Suppose that we
are now in the case of n “ 2, then since we can always complete the square, we can always write it as up to
2 squares, and and if the linear terms are dependent, then you can just absorb it into another term. Then
let’s do the general construction, suppose that this holds up to n ´ 1, for n, consider we have a quadric of
the form:

Qpx1, ¨ ¨ ¨ , xnq “ ax21 ` x1Bpx2, ¨ ¨ ¨ , xnq `Rpx2, ¨ ¨ ¨ , xnq
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where B is a linear term, and R is still a quadric form, then if we make the change of variables y1 “ px1 ` B
2 q,

then we can form ay21 ` R1px2, ¨ ¨ ¨ , xnq, then we can apply the hypothesis to R1, since the linear terms in
the result we obtained from R1 only contains x2, ¨ ¨ ¨xn are linearly independent and doesn’t contain y1, we
are done.

Actually, we can prove even a little bit more, we can show that the number of squares we need to express
this quadric only depends on the quadric itself. This is called the rank of this quadric form. If the
number we need is equal to the number of the variables, we will say that we have full rank. One easy way to
see this is by writing this quadric form as px1, ¨ ¨ ¨ , xnqMpx1, ¨ ¨ ¨ , xnqt, and we see that a change of variable
correspond to py1, ¨ ¨ ¨ , ynqTMTT py1, ¨ ¨ ¨ , ynqt where T is the transition matrix between the two basis, then
since the rank of M doesn’t change under multiplying invertible elements, we are done.

One special case we will use is that uv ´ w2 “ ppu ` vq{2q2 ` pipu ´ vq{wq2 ` pivq2, here i is still the
square root of ´1.

The above result, show that the quadrics (conics) in P2 only comes in three forms, which are sums
of three or two squares or just one simple square. Thus, consider the example uv ´ w2 we mentioned,
notice that any plan conic that can be written as the sum of three squares can be written as uv ´ w2 “

ppu`vq{2q2`pipu´vq{wq2`pivq2 by a change of coordinate (make this precise by giving a ring isomorphism),
thus it’s isomorpic to P1.

Corollary 1.38. The above argument shows that if k is an algebraically closed field whose characteristic
is not 2. Then any conic in P2

k which can be written as the sum of three square of linear terms that are
independent is isomorphic to P1

k.

Proof. The previous paragraph is the proof.

Now we soup up the example:

Example 1.39. We still take S “ krx, ys, we will show that ProjSd is given by the equations that all the
2 ˆ 2 minors of the following matrix vanish:

„

y0 ¨ ¨ ¨ yd´2 yd´1

y1 ¨ ¨ ¨ yd´1 yd

ȷ

To see this, we see that we have a natural ring homomorphism:

kry0, ¨ ¨ ¨ , yds Ñ krxd, xd´1y, ¨ ¨ ¨ , xyd´1, yds

given by y0 ÞÑ xd, y1 ÞÑ xd´1y and etc. Then it’s easy to see that all the 2ˆ 2 minors are in the kernel, thus
we have a well defined morphism from the quotient to krxd, xd´1y, ¨ ¨ ¨ , xyd´1, yds. We claim that is has an
inverse given by mapping xd to y0 and the others similarly maps to the class of what we difine the map in
the reversed direction. We only have to verify that this is well defined . The way we do it is by look at each
degree, where degree 0, 1 is trivial. Suppose that we have it for degree k ´ 1, let’s consider k. *** more to
say on this

More generally, we give the definition of Veronese embedding:

Definition 1.40. Suppose that S “ krx0, ¨ ¨ ¨ , xns, we define the closed embedding vd : ProjSd Ñ PN´1

where N is the number of homogeneous polynomials of degree d in variables x0, ¨ ¨ ¨ , xn. This closed embed-
ding is defined by mapping the projective coordinate in PN´1 to the corresponding homogeneous polynomial
of degree d, it’s obviously a surjective morphism, thus induces a closed embedding.

Remark 1.41. The number N is
`

n`d
d

˘

, which you can think through if you are interested. And since we
know that the proj of the Veronese subring is isomorphic to the proj of the original ring, we can think that
we are embedding lower dimensional projective spaces into higher dimensional projective spaces.

The next important notion is affine and projective cones, which we will use repreated in the review of
dimension theory: we begin straight up with the definition:
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Definition 1.42. Suppose that S is a finitely generated graded ring, then the affine cone of ProjS is
defined to be SpecS. At this point, we can only give such a not ideal definition since this SpecS depends on
the ring S but not on ProjS.

The following exercise is useful in terms helping us picture the affine cone:

Proposition 1.43. Let ProjS be a projective scheme over a field k, then there is a natural morphism
SpecS ´ V pS`q Ñ ProjS where V pS`q is just a point and should be intuitively thought of as the origin.
And more generally, if S is a finitely generated graded ring over A, then we have a natural morphism from
SpecS ´ V pS`q to ProjS.

Proof. The map is still defined locally and you need to check that they glue together, by the obvious inclusion
of Spfq into Sf . One interesting point is that when we are over a field k, V pS`q is indeed on point. To see
this, we see that S – krx0, ¨ ¨ ¨ , xds{I where I is a homogeneous ideal. Then we see that S` will be the ideal
generated by the class of x0, ¨ ¨ ¨ , xd, we know this is a maximal ideal.

Based on this notion, you can view the affine cone minus the origin as projected to ProjS.

Definition 1.44. In the same set up, we say that the projective cone of ProjS is ProjSrT s where S is
a new variable of degree 1. For example, the projective cone of the conic Projkrx, y, zs{pz2 ´ x2 ´ y2q is
Projkrx, , y, z, T s{pz2 ´ x2 ´ y2q.

This is called the projective cone because we have the following:

Proposition 1.45. The ProjSrT s has a closed subscheme which is isomorphic to ProjS, moreover, it’s
complement is isomorphic to the affine cone SpecS.

Proof. We define the closed subscheme to be V pT q, informally, it’s correspond to the locus where T vanishes.
There are several ways to see that this closed subscheme is isomorphic to ProjS, one way where you can
take advantage of the gluing work you did before is to consider the morphism induced by:

Spfq Ñ SrT spfq Ñ SrT spfq{T

which induces a morphism. This is an isomorphism. The complement is trivially isomorphic to S since it’s
just get rid of T on D`pT q.

Remark 1.46. This construction ProjSrT s can be viewed as the union of the affine cone plus the points
at infinity which correspond to ProjS. This is the algebric version of the classical picture where we view:

Pn`1 “ Rn`1
ž

Pn

The last definition we have about constructions of these flavour is the weighted projective space
Ppd0, d1, ¨ ¨ ¨ , dnq where we take the proj of the graded ring krx0, ¨ ¨ ¨ , xns, but we give each variable a new
degree, where xi has degree di. As some practice:

Proposition 1.47. Ppm,nq is isomorphic to P1.

Proof. Notice that we can’t really apply the usual way of constructing maps between projs by giving a map
of graded rings, since it’s not really clear how we are gong to map x, y. However, we still can use the fact

that Ppm,nq is covered by D`pxq and D`pyq. Only notice that the ring we have here is Speckrx
m{d

yn{d s where

d is the gcd of m,n. Then the isomorphism and they agree on intersections are not hard to check.

Another worth doing example is:

Example 1.48. We claim that Pp1, 1, 2q is isomorphic to Projkru, v, w, zs{puw´v2q, which is the projective
cone over a conic in P2.

We do this by the following trick, notice that the 2-th Veronese subring is krx20, x
2
1, x0x1, x2s, and you take

the proj, it’s isomorphic to the proj of the original ring. Then notice that we have an obvious isomorphsm
of krx20, x

2
1, x0x1, x2s with kru, v, w, zs{puw ´ v2q.
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Before we end this section, we will also review the quasicoherent sheaf construction on a projective space,
which is important afterwords in the cohomology of prjective spaces, this is also covered in the notes. We
will first follow the treatment of Hartshorne and then review using Vakil’s book:

Definition 1.49. Suppose that S is a graded ring and M is a graded S-module. We will define the sheaf
associated to M on PorjS as follows. For each homogeneous prime ideal in ProjS, letMppq be the degree
0 piece ofMp, the homogeneous localization ofM at the homogeneous prime ideal p. To be more precise,
we localize M at the multiplicative set T consisting of all the homogeneous elements in S ´ p. As you know
that localization of a graded module at a multiplicative set consisting of all homogeneous elements gives us
another T´1S-module with the obvious grading.

Then for any open subset U Ă ProjS, we define ĂMpUq to be the functions s : U Ñ
ś

pPU Mppq which are
locally fractions. This means that for every p P U , there is a neighborhood V of p in U and homogeneous
element m P M and homogeneous element f P S of the same degree, such that for each q P V , we have f R q
and spqq “ m

f P Mpqq. The restriction are obvious restriction of functions.

Notice that the above definition make ĂM a presheaf for sure. It also satisfies the identity axiom obviously.
Notice that this is a local definition, in the sense that it resembles the definition of locally constant function,
thus we should expect it to satisfy the gluability condition, which you can check really handy.

The following several propositions should look familiar:

Proposition 1.50. Let S be a graded ring and M is a graded algebra of S, let X “ ProjS, then:

1. For any p P X, the stalk ĂMp “ Mppq. Or in other words, the is an obvious and natural isomorphism
between the stalk and Mppq.

2. For any homogeneous f P S`, we have ĂM |D`pfq – ĂMpfq via the isomorphism of D`pfq with SpecSpfq.
The first tilde is the projective version and the second one is the affine version.

3. ĂM is a quasicoherent OX -module and if S is noetherian and M is finitely generated, then ĂM should
be coherent.

Proof. The first assertion is easy to prove as you can view shrinking open subsets containing one point and
then restricting the function is like approaching the value of the function at that point, which should range
all possible values in Mppq when we range all the possible functions.

For the second assertion, just as how we proved the isomorphism of D`pfq and SpecSpfq, the most
important relation we need to establish is, how to relate: Mppq and pMpfqqφppq where φppq is the map we
defined in showing the isomorphism of D`pfq and SpecSpfq. Notice that one of them is pSpfqqφppq-module,
another one is a Sppq-module. Then there is a natural question that if we have two isomorphic rings:
f : A Ñ B, and two modules M , N as A, B-module respectively. Is there any way to say that they are
isomorphic? Well, they are not over the same ring, but the good news is that the two rings are isomorphic,
thus restriction of scalars are not really a bit deal. Then we can restrict scalars such that N is now a
B-module, then we can ask whether M and N are isomorphic as B-modules.

This is exactly what is happening here, what we saw is that we have an isomorphism of scheme where
φ : D`pfq – SpecSpfq, and we have ĂM |D`pfq on D`pfq, we push it forward to SpecSpfq, we want to show

that the pushforward is isomorphic to ĆMpfq. What is the isomorphism of sheaves, we need to find a natural
map that connects: functions of the form s : φU Ă SpecSpfq Ñ

ś

Mpfq|φppq and functions of the form
s : U Ñ

ś

Mppq such that this is an isomorphism of sheaves, in the sense that on each open U , the map
need to be an isomorphism.

This is not hard to check if you know what the isomorphism between Sppq and Spfq|φppq is. You should
work to find this isomorphism, while the hint is try to define the morphism directly going out of Spfq|φppq.
Essentially, this can be reproduced by exactly the same formula on mudules then you can similarly show
that Mppq – Mpfq|φppq after the restriction of scalars. Then we define s : U Ă SpecSpfq Ñ

ś

Mpfq|φppq to
the function such that we compose s with the isomorphism at each φppq P φpUq. Then we are done. This in

particular shows that ĂM is a quasicoherent module.
The last assertion is also easy to show, if S is noetherian, and M is finitely generated, we know that Spfq

is noetherian and we only have to show that Mpfq is finitely generated over Spfq. This is easy to show if we
can assume that S is generated by degree 1 elements. While the general case will be proved later.
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Here comes the crucial definition:

Definition 1.51. Let S be a graded ring and let M be a graded S-module, then we will denote Mplq by
another graded module defined out of M where the underlying set is still M , while the grading is shifted by
l. We know assume that Mplqd, the d graded piece is Md`l. It’s called the twisted module by l. Then

suppose that X “ ProjS, we define Xpnq “ ĆSpnq, where we view S as an graded module over itself. We will
call OXp1q the twisting sheaf of Serre. For any sheaf of OX -modules F , we denoted by F pnq the twisted
sheaf F bOX

OXpnq.

The following proposition contans some main properties we will use:

Proposition 1.52. Let S be a graded ring and X “ ProjS. Assume that S is generated over S1 as an
S0-algebra. Then:

1. OXpnq is a Line bundle over X.

2. For any graded module M , we have a natural isomorphism of sheaves of OX -modules:

ĂMpnq – ČMpnq

i.e. first twisting and then take the associated sheaf or first take the associated sheaf then twisting
doesn’t matter.

3. Let T be another graded ring generated by T1 over T0. Let φ : S Ñ T be a map of graded rings of
degree 1. If we denote f : ProjT ´ V pφpS`qq Ñ ProjS be the morphism induced by a map of graded
rings. Then f˚pOXpnqq “ OY pnq|U and f˚pOY pnq|U q “ pf˚OU qpnq.

Proof. When we assume S is generated over S0 by S1, we only have to look at f P S1, homogeneous elements
whose D`pfq will cover X. The first assertion is just showing that Spnqpfq is free of rank 1 as a Spfq-module.
Notice that since we twisted S by n in Spnq, the degree 0 elements in Spnq is now Sn, the degree n piece in
the original grading, thus we see that Spnqpfq are all the elements of degree n in Sf . This is because that
when we localize at f , we are still viewing f as an degree 1 element in S, before we twist it. Therefore we
have an isomorphism of Spfq-modules:

Spfq Ñ Spnqpfq

where we map u
fn Ñ u. This is a well defined map, since we only have to care where 1 goes, where we map

it to fn. This makes sense even if n is less than 0 since no matter what n we pick, fn will be in Spnqpfq.
The let’s consider the second assertion. Notice that by definition:

ĂMpnq “ ĂM bOX
OXpnq

We claim that for any graded S-modules M,N , we have ČM bS N – ĂM b rN if S is generated over S0 by S1.
Indeed, we need to check this on D`pfq, where f P S1 homogeneous. Notice that on D`pfq, it’s isomorphic

to ČpM bS Nqpfq, then notice that pM bS Nqpfq – Mpfq bSpfq
Npfq, *** also need to check gluing conditions

and stuff, which we left to our later review using vakil . In particular, this applies to Spnq. Therefore, we
only have to show that Mpnqpfq – Mpfq bSpfq Spnqpfq. This isomorphism is easy to establish.

*** we wait for vakil’s treatment of the last argument

Now we look at the somewhat inverse procedure where we want to obtain a graded S-module from any
sheaf of OX -modules on X “ ProjS.

Definition 1.53. Let S be a graded ring let X “ ProjS and let F be a sheaf of OX -modules. We define
the graded S-module associated to F as a group, to be Γ˚pF q “ ‘nPZΓpX,F pnqq. We give it a structure
of graded S-module as follows:

Notice that if s P Sd, we claim that it determines a global section s P ΓpX,OXpdqq. To see this, notice
that global sections of OXpdq are functions s that maps p in ProjX to

ś

Spdqppq, which is the function that
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maps every p in ProjX to s
1 . This makes sense since we are considering the ring twisted by d. Then for any

t P ΓpX,F pnqq, we define s ¨ t P ΓpX,F pn` dqq by the isomorphism:

F pnq b OXpdq – F pn` dq

And the corresponding section on the global section determined by the tensor product sb t in the presheaf.
Then we extend this action linearly. It’s easy to verify this is a well defined S-action.

As a practice of the definition above, we consider:

Proposition 1.54. Let A be a ring and S “ Arx0, ¨ ¨ ¨ , xrs for r ě 1. Then if X “ ProjS, we have
Γ˚pOXq “ S.

Proof. Let’s first consider the pieces of Γ˚pOXq. For each n, the degree n piece is ΓpX,OXpnqq. Notice the
global sections of ΓpX,OXpnqq can be identified with an r ` 1-tuple of ti such that each ti is a section on
D`pxiq such that they agree on D`pxixjq. Notice that we already know that sections of ΓpX,OXpnqq on
D`pxq are degree n homogeneous elements in Sxi such that they agree on Sxixj , therefore after you sum all
the n’s you can identify elements in the ΓXpOXq by the set of r ` 1-tuples of o=polynomials in Sxi

such
that they agree on Sxixj

, notice that since xi’s are not zerodivisors, thus we can view the localizations as
embedding in a larger ring. Since every localization can be embedded in a compatible way into Sx0x1¨¨¨xr

,
then we are just taking the intersection of all Sxi in Sx0x1¨¨¨xr . Notice that we know that S is definitely
contained in the intersection, thus we want to show that any stuff in the intersection is in S. We can just
consider the homogeneous part, thus if all homogeneous are in S then their sum will be in S, this is an easy
exercise left.

Remark 1.55. If S is not the polynomial ring, the above may not hold that the global section of OX is still
S.

Our main goal is to prove the following result:

Proposition 1.56. Suppose that S is a graded ring finitely generated by S1 as an S0-algebra. Let X “

ProjS, then for any quasicoherent sheaf F on X, there is a natural isomorphism β : ČΓ˚pF q Ñ F

To prove this, we need two preparation results, one of them is of it’s own interest:

Proposition 1.57. Let X “ SpecA be an affine scheme. The functor r´ and the global sections functor
are adjoint in the sense that: for any A-module M and any sheaf of OX -modules F , there is a natural
isomorphism:

HomApM,ΓpX,F qq Ñ HomOX
pĂM,F q

Proof. Given any M and a map of A-modules M Ñ ΓpX,F q, by the general morphism of sheaves theory,
it gives a morphism of sheaves on the basis, which determines a unique morphism of sheaves. Conversely,
given a morphism of sheaves, by taking the global sections, we have a map of A-modules. We claim that
these are inverses of each other, which are still general sheaf theory.

This isomorphism is also natrual in the sense that it gives an adjointness, this is easy to check, we omit
it here.

Lemma 1.58. Suppose that X is any scheme and L is a line bundle on X. Let Xf be the open subset of
points in X such that fx R mxLx and let F be a quasicoherent sheaf on X, then:

1. Suppose that X is quasicompact, let s P ΓpX,F q be a global section of F whose restriction to Xf is
0. Then for some n ą 0, we have fns “ 0 where fns is considered to be a global section of F b L n.

2. Suppose that further more X has a finite affine cover Ui such that L is trivial on Ui and such that
Ui XUj are quasicompact for all i, j. Then given a section t P ΓpXf ,F q, then for some n ą 0, there is
a section fnt P ΓpXf ,F b L nq such that it extends to a global section in F b L n.
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Proof. This is a generlization of the result we proved before when we tried to prove the affineness condition,
where we only consider F “ L “ OX . Here we want to be more general.

We will first prove part 1, which can be used to prove part b. Notice that since we have a finite cover,
we can convert this question into a local question, where we can prove that the restriction of fn and s
restricted to Ui will be mapped to zero in F b L npUq, then the global result holds because of identity
axiom. Then, suppose that over U “ SpecA, we have L |U – OU via some isomorphism ψ. Then we know
that the restriction of f to L |U again correspond to f P A. Similarly, since F is quasicoherent, then on U

we know that it’s ĂM Then we see that Xf X U “ Dpfq, then we know that *** details later, clear but too
much to write down

Then for the second assertion, the condition that we want the intersection to be quasicomapct is we
want to apply the part 1 result here. The ideal is simple, it’s the technical details that are confusing. We
only state the ideas here while the details verifications are left to you. You need to figure out what kind of
technical details you need such that the idea work, which are all very simple parts.

The idea here is that on Ui, everything is affine, then s restrict to U X Xf is an element in a localized
module, then by the definition of localization, there will be fni

i t|UiXXf
such that it comes from an element

in the section on Ui, take n to be the maximum of all ni, then show that they agree on Ui XUj , then apply
the above part 1, take maximum again, we are done.

Remark 1.59. The above hypothesis is satisfied if either if X is noetherian or X is qcqs.

Then we are ready to prove the isomorphism we promised:

Proof. We first define the natural morphism ČΓ˚pF q Ñ F . Notice that we still can only do it locally, where

we consider D`pfq. Notice that ČΓ˚pF q is quasicoherent, thus we only have to define a module map from the

section of ČΓ˚pF q over D`pfq to the section of F over D`pfq. Notice that such a morphism can be defined

on homogeneous pieces of the section of ČΓ˚pF q over D`pfq. Suppose that one of such a section is:

m

fd
m P ΓpX,F pdqq

We want to associate this an element in the section of F over D`pfq. Notice that if we view f´d as an
element of OXp´dq over D`pfq, we can consider the tensor product F pdq b OXp´dq – F , we can obtain a
section of F on D`pfq by first restricting m then taking tensor product, this defines the desired β.

Now we still have to show that this is an isomorphism, which is still done locally. We will use the lemma
above, consider the line bundle OXp1q. Notice that we have showed before that OXp1q is trivial over D`pfiq
where fi’s are the finitely many homogeneous element in S1 generating S as an S0 algebra. And we can also
view f as a global section of OXp1q, to see this, notice that if f is homogeneous of degree 1. Then over each
D`pfiq, it’s an element since we shifted degree by 1. Obviously, they agree on the intersections, thus giving
a global section such that the restriction to each D`pfiq is f . Thus the hypothesis of the above lemma is
satisfied. Now notice that given any section in F pD`pfqq, we know that the Xf in the lemma is D`pfq in
our case. This requires some proof but at least you should expect this happen as you can see many evidence
suggesting it. Then, we know that by the above lemma, there will be fd such that the section s satisfies
that sfd comes from the restriction of global section in F pdq, this is exactly the inverse process of the map
we defined above, thus we are done.

We end this section by a few stray remarks I don’t really know where to put, but are still useful sometimes
when you deal with the local situations and helpful at least psychologically:

Proposition 1.60. Sppq is indeed a local ring for any homogeneous prime ideals p. Moreover, in this case,

it’s maximal ideal consist of all the elements of the form t
f
g u where f P p homogeneous and the degree of f

g
is zero in the homogeneous localization of S at p, it’s also the zero degree piece of the extension of p in the
homogeneous localization at p.

Proof. We use a characterization of local ring by the fact that all non invertible elements forms an ideal.
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Let’s first determine the noninvertible elements in Spgq, suppose that f
g where f P p, then this is nonin-

vertible, otherwise a contradiction to p is prime. Conversely, if f
g is noninvertible then f P p, otherwise it’s

obviously invertible.
This clearly forms and ideal since p is an ideal, thus we are done.

Proposition 1.61. Suppose that N ãÑ M is a sub-gradedmodule of a graded module M over a graded
ring S, then suppose that p in S is a homogeneous prime, then if we consider the homogeneous localizations
at p, we have pM{Nqppq – Mppq{Nppq as a module of Sppq. That is taking zero degree piece commute with
quotients that preserves degrees.

Proof. Consider:
0 Ñ N ãÑ M Ñ M{N Ñ 0

we know that taking 0 sections and homogeneous localization are both exact. Apply homogeneous localization
and taking 0 degree, we still have a exact sequence, we are done.

2 Review on Curly Proj Construction and Below up

3 Review on Separated and Proper Morphisms

We begin to describe the notion of separatedness in this section. This is a fundamental notion that requires
a lot prerequisites we developed before to make sense of. This is the analog of Hausdorffness in the world of
schemes. This definition in the beginning looks a little bit wired in the beginning, but we will develop more
after we give the definition. Gradually, you will find this definition natural.

We start this section by reviewing Hausdorffness in the world of manifolds to see why we want it and
what we can expect in the world of schemes. First, we include the notion of Hausdorffness to exclude some
wild and not natural examples such as the line with a doubled origin. Here, you will see that separatedness
is finally the notion that allows us to define variety, which is a lot like the manifolds. Also, since we see
our affine space and projective space to be natural counterparts of manifolds, we would expect then to be
separated, also since a subspace of Hausdorff space is automatically Hausdorff, we would like any subschemes
of a separated scheme to be separated. Therefore, we know that if X is a subset of a manifold Y that satisfies
all the technical conditions of a manifold except hausdorffness, it’s automatically a manifold. Similarly, a
locally closed embedding into something separated results in separarted stuff.

As an unexpected consequence, you will see that under some separated condition, intersection of affine
schemes will be affine. This can be thought of as the counterpart of the fact that in Rn, the intersection of
convex sets is convex. The reason for this metaphor lies in the fact that from the point of view of cohomology,
affine schemes and convex subsets in Rn don’t have any nontrivial cohomology.

The last comment we would like to give before we proceed to the real content, besides that the convention
that we should define any property of schemes in terms of properties of morphisms and the scheme have
that property if the morphism to the final object have that property, is that the definition of separatedness
is given in terms of the diagonal morphism, by which we can derive many pleasant properties. This is
also important in other fields of geometry, our first goal is to understand it, which also makes the notion of
quasiseparatedness easier to understand:

Definition 3.1. Given any morphism of schemes f : X Ñ Y , we can study the diagram below:

X

X ˆY X X

X Y

id

id

f

f

the dotted morphism δf : X Ñ X ˆY X induced by the universal property of fibered product is called the
diagonal morphism.
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The first proposition we would like to prove is to finish our promise a while ago about the nice class of
morphism satisfies the cancellation property. The setup is easy, we still assume that P is a property satisfied
by some morphisms, however, we now define an auxiliary class of morphism, these are the morphisms
π : X Ñ Y whose diagonal morphism δπ satisfies P . We will call this class of morphism Pδ.

Theorem 3.2. Let P be a property of morphisms that is preserved by composition and base change, (we
still assume that it’s enjoyed by isomorphisms to exclude stupid examples) thus every reasonable class of
morphisms satisfies this. Then for the commutative diagram below:

X Y

Z

π

τ ρ

if π is in P and ρ is in Pδ, then π is in P .

Before we prove it, here are some examples where this cancellation theorem holds in the categroy of sets,
which may help you understand how this proof below works: Suppose that the property P is injective, then
if τ is injective then π is injective. This can be easily proved and since in the category of sets, the diagonal
morphism is always injective, this can be viewed as the application of the cancellation theorem. Similarly, if
we now take P to be surjective τ is surjective while ρ is injective, then π is surjective. Notice that since ρ
is injective, then the morphism Y Ñ Y ˆZ Y will be surjective (do you see why?), thus still an application
of the cacellation theorem. After you see the proof of the general theorem below, you will find the the same
ideal applies to this case as well.

Now we prove Thm 3.2:

Proof. The first key component is the diagonal-base-change diagram, which is of great importance itself.
Suppose that we are given morphisms X1, X2 Ñ Y and morphisms Y Ñ Z and suppose that all the fibered
product exists, then we will have the following Cartesian square:

X1 ˆY X2 X1 ˆZ X2

Y Y ˆZ Y

it’s called diagonal-base-change since we are trying to perform base change using the diagonal morphism.
Let’s first figure out what are the morphisms connecting each of them, since this such a general statement, we
don’t have a lot to try, so we can only see if there is any canonical morphisms we can get from X1, X2 Ñ Y
and Y Ñ Z. I will let you figure how to get them, for example if you want a morphism from X1 ˆZ X2 to
Y ˆZ Y , you can only use the universal property where you need to give morphisms X1, X2 Ñ Y such that
they agree after you compose with Y Ñ Z, you only have one natural choice...

Now we prove this is Cartesian, suppose that W has morphisms into Y and X1 ˆZ X2 such that they
agree after we go to Y ˆZ Y , this first gives a morphism from W to X1 ˆY X2. The picture is hard to draw
here since it involves too many terms, but the process is W Ñ X1 ˆZ X2 Ñ Xi Ñ Y “ W Ñ X1 ˆZ X2 Ñ

Y ˆZ Y Ñ Y “ W Ñ Y Ñ Y ˆZ Y Ñ Y “ W Ñ Y which is the morphism we started with and in particular
equal to each other, thus if we take W Ñ X1 ˆZ X2 Ñ Xi as the morphism from W to X1, X2, they induce
a unique morphism π to X1 ˆY X2 by the universal property, we claim that this morpihsm make the below
diagram commutes and it is the unique morphism such that it commutes.

W

X1 ˆY X2 X1 ˆZ X2

Y Y ˆZ Y

π f

g
τ

18



The fact that the left lower triangle commutes comes from the argument in the above paragraph, the other
upper right triangle commutes is the content of the below diagram:

W

X1 ˆY X2

X1 ˆZ X2 X2

X1 Y Z

π

f

τ

the composition of the two short dotted morphism is the long dotted morphism by the universal property of
fibered product (uniqueness).

Finally we prove the uniqueness. This is easier than the argument above, suppose that besides π, you
have a π1 such that the desired diagram commutes. Consider the diagram above we just drew, you will see
that if you replace π by π1, we still have the desired commutativity, thus it must equal to π.

Given this important result, we can prove the cancellation theorem by considering the second main
ingredient, which is the below diagram:

X X ˆY Y X ˆZ Y Z ˆZ Y Y

Y Y ˆZ Y X Z

iso

π

iso

δ τ

Notice that the left square is Cartesian by our diagonal base change diagram above. Also, the right square
is also Cartesian since you can consider:

¨ ¨ ¨ Z ˆZ Y Y

X Z Z

Then since Y Ñ Z is in Pδ, δ in the diagram is in P , and since P is stable under base change, X ˆY Y Ñ

X ˆZ Y is in P , also X ˆZ Y Ñ Z ˆZ Y are in P . Now since isomorphisms are in P and it’s stable under
composition, if we can show that the composition of the top four morphisms is just π, we are done.

Let’s first deal with the two middle maps, I will let you see that the two maps are induced by the following
diagram:

X ˆY Y X ˆZ Y

X ˆZ Y Y ¨ ¨ ¨ Z ˆZ Y Y

X Y Z X Z Z

p

q

p

q

id ρ

π ρ
τ

id

Therefore, now you can use it to conclude that the composition of the middle two morphism with ZˆZY Ñ Y
is just p : X ˆY Y Ñ Y , then precompose it with the isomorphism X Ñ X ˆY Y , we get the composition is
π, thus we are done.

Plus the above Cancellation theorem we showed, we know have 5 properties enjoyed by nice class of
morphisms: they are closed under composition, base change, they are local on the target, closed under
products and they satisfies this cancellation property. There is another property of nice class of morphisms
we need to show:
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Theorem 3.3. Suppose that P is a nice class of morphisms, then Pδ is also a nice class.

Proof. Let’s verify that Pδ satisfies the axioms for nice class of morphisms. First, we need to show that it’s
closed under composition, which means that if f : X Ñ Y and g : Y Ñ Z are in Pδ, we want to show that
g ˝ f is in P , to do this, we need to show that X Ñ X ˆZ X is in P . Consider the following diagram:

X X ˆY X X ˆZ X

Y Y ˆZ Y

PP

PP

PP

Notice that the right square is Cartesian because it’s the base-change Cartesian square, then we see that the
above two morphisms X Ñ X ˆY X and X ˆY X Ñ X ˆZ X are both in P , thus if we can prove that the
composition is X Ñ X ˆZ X which is induced by g ˝ f , we are done. Now, recall how we get the morphism
X ˆY X Ñ X ˆZ X, we put them together, and get the following diagram:

X ˆY X

X ˆZ X X

X Y Z

Then after you precompose X Ñ X ˆY X, notice that this map satisfies the universal property, thus is the
one X Ñ X ˆZ X we desire.

Then we need to show that it’s preserved by base change, which means that if f : X Ñ Y is in Pδ, then
we want to show that any base change of f , which is the map g : V Ñ W in the left Cartesian diagram
below is also in Pδ, but you can consider the right diagram below:

V W V V ˆW V

X Y X X ˆY X

g

f

Notice that if we can show that the right diagram is Cartesian, then we are done. There are probably
many ways you can proceed but some of them is extremely ugly and confusing, we present here a not so
complicated way of doing it. First, consider the following diagram:

X ˆY X X V V ˆW V V

Y W V

since stacks of Cartesian is Cartesian, we get V ˆW V – X ˆY V , also the top morphism also shows that
the the diagram that we are trying to show is Cartesian is really commutative. We want to reduce what we
need to show to the following diagram:

V ˆX X V ˆY X

X X ˆY X

which is just the base-change diagram. But notice that V ˆX X – V and V ˆY X – V ˆW V , this is
promising, the only thing left to do is to check certain commutativity. It easy to show that suppose that
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we have A,B,C,D below is a Cartesian diagram, and we have isomorphism A – E and B – F , the outer
square is Cartesian iff the inner square is Cartesian:

E A B F

C D

i

f˝i´1

u

f

j

g
g˝j´1

v

In our case, we only have to show that in the below diagram, the three morphisms on the top composes to
the diagonal morphism V Ñ V ˆW V .

V V ˆX X V ˆY X V ˆW V

X X ˆY X

This is the content of the following diagram:

V ˆX X

V ˆY X

V V ˆW V V X

V W Y

X

iso

id

id

I will let you figure out why this diagram suffice.
Finally, let’s prove it’s local on the target. Suppose there is an open cover Ui of Y and there is f : X Ñ Y

such that we have the following diagram:

Vi Ui Vi Vi ˆUi Vi

X Y X X ˆY X

where Vi are the inverse images of Ui. Since we assume that Vi Ñ Ui is in Pδ, then we have Vi Ñ Vi ˆUi Vi
is in P . Notice that the right side diagram is just a special case of the Cartesian diagram we had in the
precious case, thus it’s also Cartesian. Then if we can show that Vi ˆUi

Vi covers X ˆY X, we are done since
P is local on the target. To show this, the key is to observe that Ui covers Y and you only have to prove
that under the canonical projection map X ˆY X Ñ X, the inverse image of Vi is Vi ˆUi

Vi, to see this,
consider the following diagram:

Vi ˆY Vi X ˆY Vi Vi

Vi ˆY X X ˆY X X

Vi X Y

One important fact you should notice is that since the two canonical maps are the same XˆY Ñ X, then
we know that the image of X ˆY Vi and Vi ˆY X in X ˆY X are the same, thus their intersection is just
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itself, thus we proved that V ˆY Vi covers X ˆY Vi, but notice that we already showed that since the image
of Vi is contained in Ui, the morphism: Vi ˆY Vi Ñ X ˆY X is canonically isomorphic to the morphism:
Vi ˆUi Vi Ñ X ˆY X, in the sense that a desired diagram commutes, any way, this completes the proof.

We can still continue our list of useful properties of nice class of morphisms:

Proposition 3.4. Suppose that P is a nice class of morphisms, and ρ : X Ñ Y , σ : X Ñ Z are morphisms
of S-schemes in class P , if we also assume that X Ñ S, the structure morphism is in Pδ, then the morphism
pρ, σq : X Ñ Y ˆS Z is in P as well.

Proof. This is still a proof by diagram, and the right one you should consider is the following:

X

X ˆS X Y ˆS X X

X ˆS Z Y ˆS Z Z

X Y S

P
id

id

P

P P P

P

P

First, this is Cartesian since stacks of Cartesian diagram is Cartesian, the only confusing issue is the left
bottom square and the right upper square, we we have the fibered product X ˆS Z and Y ˆS X, this is
because that we are considering the larger bottom rectangle consisting of two small squares and similarly,
another fibered product is what we wrote in the diagram because we are considering the larger rectangle on
the right consisting of two small squares.

For applications of the propositions we proved above:

Proposition 3.5. A morphism π : X Ñ Y is a monomorphism iff it’s diagonal morphism δπ : X Ñ XˆY X
is an isomorphism. Then, since we know that isomorphisms form a nice class, then monomorphisms form a
reasonable class.

Proof. This is actually the content of the following assertion: A morphism π : X Ñ Y is a monomorphism
if and only if the fibered product exists and the induced diagonal morphism δπ : X Ñ X ˆY X is an
isomorphism.

Let’s first assume that π : X Ñ Y is a monomorphism, then consider the following diagram:

X X

X Y

id

id π

π

We claim that it’s Cartesian, which will suffice. But this is just the fact that π is a monomorphism, and I
will let you think about it.

Conversely, suppose that we have the following diagram:

X W

X ˆY X X X X

X Y X Y

iso id

id

g

f

π

id

id

π

I will let figure out why this suffice.
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As what we promised earlier, we now give a new definition of a morphism is quasiseparated, which helps
us prove certain properties easier:

Definition 3.6. We say that a morphism of schemes π : X Ñ Y is quasiseparated of the diagonal morphism
is δπ : X Ñ X ˆY X is quasicompact.

Proposition 3.7. This definition above agrees with our definition earlier.

Proof. First, suppose that X Ñ X ˆY X is quasicompact. Then, suppose that V is an affine open in X, we
want to show that it’s inverse image is quasiseparated, in the sense that the intersection of two affine open
is quasicomapct. To show this, consider the following diagram:

X U ˆV W – U ˆY W X ˆY W W

X ˆY X X U ˆY X X ˆY X X

X Y U X Y

id

id

π

π

From the left one, we see that the intersection of U,W , which are affine opens in the inverse image of V , is
the inverse image of the intersection in X ˆY X. The right morphism says that the intersection in X ˆY X
is just U ˆV W , which is affine, which is in particular quasicompact, thus since we know that X Ñ X ˆY X
is quasicompact, then the inverse image in X is quasicompact, we are done.

Now via, this we can prove another characterization of quasiseparated:

Proposition 3.8. A morphism of schemes π : X Ñ Y is quasiseparated iff for any affine open SpecA of Y
and two affine opens U, V in the inverse image of SpecA, we have U X V is a finite union of affines.

Proof. Suppose that π : X Ñ Y is affine, then the conclusion is contained in the proof of the previous
proposition.

Conversely, this is just the definition if you still remember that a a scheme is quasicomapct iff it’s the
union of finitely many affine opens.

Remark 3.9. Using the above characterization of quasiseparated, we can give a good interpretation of a
morphism being qcqs.

Notice that if π : X Ñ Y is quasicompact, we know that the inverse image of an affine open is quasicom-
pact, which means that it’s the finite union of affines. If further more, this is a quasiseparated morphism,
then we know that for this finite covering, any intersection of two of them is still a finite union of affine
opens. This turns out to be one of the most useful characterizations of qcqs, and you will see an application
of this later.

Remark 3.10. Also, since we know that quasicompact morphism is a nice class of morphisms, using the
characterization of quasiseparated morphisms by the diagonal being quasicompact, we know that quasisep-
arated morphisms are a nice class of morphisms.

We pause this general Category discussion here for a while and look at how this diagonal morphism is
related to our geometry:

We start by a proposition showing that for any morphism π : X Ñ Y , the diagonal morphism δπ : X Ñ

X ˆY X is not just any arbitrary kind of morphism:

Proposition 3.11. Let π : X Ñ Y be a morphism of schemes the the following holds:

1. If X and Y are affine, then the diagonal morphism δπ : X ˆY X is a closed embedding.

2. In general, we have X Ñ X ˆY X is a locally closed embedding.
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Proof. The first is left to you which is just an algebraic translation.
To show the second assertion, we will show that there is an open subscheme U of XˆY X, which is a union

of smaller open subschemes, where we have X ãÑ U is a closed embedding and the morphism X Ñ X ˆY X
factors as X ãÑ U ãÑ X. You have seen all the ideas we are using below in the previous propositions, thus
we won’t spend long in explaining them.

Suppose that Y is covered with affine opens Vi and we will cover the inverse image in X by affine opens
Uij . Then we can consider Uij ˆVi

Uij , which are open subschemes of X ˆY X, as what we proved earlier.
Also, the inverse image of Uij ˆVi

Uij in X under δπ is just Uij , then we see that locally on Uij ˆVi
Uij ,

δπ is a closed embedding and the fact that Uij ’s will cover X means that X Ñ YpUij ˆVi Uijq is a closed
embedding and we have the factorization:

X ãÑ YpUij ˆVi
Uijq ãÑ X ˆY X

This suffices to show our assertion.

Remark 3.12. One of the key point you should be aware of is that these Uij ˆVi
Uij ’s may not cover

X ˆY X, which is very different from the case of Ui ˆVi
Ui if we take Ui to be the inverse image of Vi and

we also used it in a previous proposition.
Sometimes, they do cover, but these are just very special cases. You can get a geometric intuition by

think the case in the category of topological spaces, and you don’t even need a concrete example. I will let
you do this, try to convince yourself you actually got it.

As one application of one proposition we proved before, we can also prove that:

Proposition 3.13. If X Ñ Y and X Ñ Z are all locally closed embedding, then X Ñ Y ˆ Z is a locally
closed embedding.

Proof. Notice that locally closed embedding is a nice class of morphisms, let denote it by P , and notice that
we showed that the diagonal morphism is always a locally closed embedding, that X Ñ SpecZ is in δP , thus
we use Prop 3.4 to conclude that X Ñ Y ˆ Z is in P , thus a closed embedding.

Now, here comes the important definition of sepratedness:

Definition 3.14. A morphism is separated if the diagonal morphism is a closed embedding. Also, an
A-scheme X is called separated if the structure morphism X Ñ SpecA is separated.

Notice that we have proved that if the diagonal morphism has a closed image in pure topological sense,
this locally closed embedding is actually a closed embedding, thus a morphism being separated is a purely
topological condition on the diagonal, reminiscent of the definition of Hasudorffness, as we promised. How-
ever, separatedness only looks like Hausdorffness while not implying it since in the category of schemes, the
underlying space X ˆY X is usually not the product space.

Proposition 3.15. Separated morphisms form a nice class of morphisms.

Proof. Notice that the class of closed embeddings is a nice class of morphisms, thus we are done.

Proposition 3.16. Monomorphisms are separated, and in particular, locally closed embeddings are sepa-
rated.

Proof. Recall that X Ñ Y is a monomorphism iff the diagonal morphism X Ñ X ˆY X is an isomorphism,
in particular a closed embedding.

Proposition 3.17. Separated morphisms are quasiseparated.

Proof. Notice that we define quasiseparated by the diagonal morphism is quasicompact, but when it’s sepa-
rated, the diagonal morphism is even a closed embedding, thus of course quasicompact.

The first example of separated morphisms are the affine morphisms:

Proposition 3.18. If X Ñ Y is affine, then it’s separated.
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Proof. Being separated is affine on the target, then we pick an affine open cover of Y , we only have to show
the restriction is separated for each of them. However, we see that morphisms between affine schemes are
always separated.

The following results uses the Cancellation Thm 3.2:

Proposition 3.19. An A-scheme X is separated iff it’s separated as an Z-scheme.

Proof. Consider the following diagram:

X SpecA

SpecZ

Notice that if it’s separated as an A-scheme, then the top morphism is separated, and SpecA Ñ SpecZ is also
separated since it’s a morphism between affine schemes. Then we can do composition, and since separated
morphisms are closed under compositions, we are done.

Then suppose that it’s an separated Z-scheme, then notice that since SpecA Ñ SpecZ is also separated,
thus the diagonal morphism is a closed embedding, thus also separated, thus by the cancellation theorem,
we know the top morphism X Ñ SpecA is also separated.

Proposition 3.20. Suppose that we have morphisms of schemes X
π

Ñ Y
ρ

Ñ Z, then:

1. If ρ ˝ π is a locally closed embedding or locally of finite type or separated then so is π.

2. If ρ ˝ π is quasicompact and Y is Noetherian, then π is quasicompact.

3. If ρ ˝ π is quasiseparated, then π is quasiseparated.

Proof. To prove assertion 1, let’s consider locally closed embeddings first, notice that since the diagonal
morphism is always a locally closed embedding, then we can use the Cancellation Thm. If we are dealing
with locally of finite type morphisms, again, we already proved that locally closed embeddings are locally of
finite type, then use the fact that locally of finite type is nice class and cancellation thm. Sepratedness is
proved similarlly, we are done.

To show assertion 2, we know that any morphis from a Noetherian space is quasicompact, then use
cancellation thm.

Finally, *** I didn’t find out how to prove this via cancellation thm, here I give a different proof:, To
prove that π : X Ñ Y is quasiseparated, we can use the local on target property of being quasiseparated,
then we can assume that Z is affine, say SpecA. Then consider the following daigram:

X X ˆY X

X ˆZ X

It’s left to you to figure what the maps should be an why this is commutative. We know by assumption that
X ˆXˆX is quasicompact, we are trying to show that X á X ˆY X is quasicompact. To do this, suppose
that you start with an affine open cover of Y , say Vi, then take the inverse image in X, and cover them
by affine opens, then we know that for affine opens U, V we had in X, the inverse image of U ˆV W under
X Ñ X ˆZ X is known to be U X W , which is quasicompact since Z is affine, then U ˆZ W is affine. But
we claim that the inverse image of U ˆZ W under X ˆY X Ñ X ˆZ X is U ˆV W , which is still affine, and
we know that as U, V,W runs over all possible choices, we cover X ˆY X, and the inverse image of U ˆV W
under X Ñ X ˆY X is still U X W , which is quasicompact, we are done. To show our claim, it fastest to
think of it as the intersection of two inverse images, and you need to figure this out.

Proposition 3.21. Suppose that µ : Z Ñ X is a morphism and σ is a section of µ. Then, we have σ is
a locally closed embedding and if µ is separated, σ is a closed embedding, if µ is quasiseparted, then σ is
quasicompact.
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Proof. The picture is this:

Z X X Z

X

µ

σ

σ

id µ

Now, notice that µ ˝ σ is the identity on X, which is in particular a locally closed embedding then σ is a
locally closed embedding.

Now, suppose that µ is separated, we can use the cancellation thm since the diagonal is closed embedding
and id is also a closed embedding.

Finally, suppose that µ is quasiseparated, we still can use cancellation.

Below is another important definition:

Definition 3.22. Suppose that π : X Ñ Y is a morphism of Z-schemes, the morphism γπ : XˆZ Y given by
pid, πq is called the graph morphism. Notice that π factor as pr2 ˝ γπ, where pr2 is the second projection
morphism.

Notice that we have pr1 ˝ γπ is the identity, thus we know that γπ is a section of pr2. Apply the previous
problem to pr2, we obtain the following result:

Proposition 3.23. The graph morphism γπ is always a locally closed embedding and if Y is a separated
Z-scheme, γπ is a closed embedding and is Y is a quasiseaprated Z-scheme, γπ is quasicompact.

Proof. Use the fact that separated and quasiseaprated morphisms are closed under base change and then
apply the previous proposition.

Since γπ : X Ñ X ˆZ Y is always a locally closed embedding, we know will call the image of γπ the
graph of π,

Proposition 3.24. The line with the double origin is not separated, in particular you can show it by showing
that the image of the diagonal morphism is not closed.

Proof. *** later

Next, we will show a result that gives us the first example of a separated morphism that is not affine:

Proposition 3.25. The morphism Pn
A Ñ SpecA is separated.

Proof. We will give two proofs, the first one is just direct computation, and the second one is by using the
Veronese and Segre embedding we constructed in other review sections.

Let’s do the direct computation first, we cover Pn
A by U0, ¨ ¨ ¨ , Un the standard n ` 1 affine opens. The

the standard fact is that Ui ˆA Uj covers Pn
A ˆA Pn

A, now we are trying to prove:

Pn
A Ñ Pn

A ˆA Pn
A

is a closed embedding, we use affine locality, we only have to show this for Ui ˆA Uj , notice that when i “ j,
we already saw that this is:

Ui Ñ Ui ˆA Ui

which is always a closed embedding, thus we only have to look at the case when i ‰ j.
Recall how we defined the morphism Pn

A Ñ Pn
A ˆA Pn

A, it defined by gluing local morphisms on affines,
the notice that the intersection of Ui and Uj under pr1 and pr2 in Pn

A ˆAPn
A is Ui ˆAUj , then the intersection

in Pn
A is Ui XUj . Then the morphism from Ui ˆUj to Ui and Uj is defined by: Arx0{i, ¨ ¨ ¨ , xn{is{pxi{i ´ 1q Ñ

Arx0{i, ¨ ¨ ¨ , xn{i, x
´1
j{is{pxi{i´1q where xk{i ÞÑ xk{i andAry0{j , ¨ ¨ ¨ , yn{js{pyj{j´1q Ñ Arx0{i, ¨ ¨ ¨ , xn{i, x

´1
j{is{pxi{i´

1q where yk{j ÞÑ
xk{i

xi{j
, by this you can see that the morphism that goes from Arx0{i, ¨ ¨ ¨ , xn{is{pxi{i ´ 1q bA

Ary0{j , ¨ ¨ ¨ , yn{js{pyj{j ´ 1q Ñ Arx0{i, ¨ ¨ ¨ , xn{i, x
´1
j{is{pxi{i ´ 1q is surjective, we are done.

Now let’s see the second approach:*** later
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Now we can finally give the definition in the classic algebraic geometry, varieties:

Definition 3.26. A variety over a field k, or a k-variety, is a reduced separated scheme over k.

For example, a reduced, finite type affine k-scheme is a variety. Here the reducedness is in the assumption,
it’s separated because it’s an affine scheme over Speck, thus the structure morphism is always separated.
Recall that in the classic algebraic geometry, we define an affine variety over k to be a affine scheme that is
reduced and finite type over k. Also, we also can define (quasi)projective varieties over k to be a reduced
(quasi)projective k-scheme. Remember that quasiprojective here means a quasicompact open subscheme of
ProjS where S is a finitely generated graded ring over A.

Remark 3.27. Sometimes, in different literature, we may also assume that a variety is irreducible or the
field is algebraically closed.

It’s also easy to see that k-varieties form a category with morphisms being morphisms of k-schemes.

We can also define a subvariety of a k-variety X, it’s just a reduced locally closed subscheme of X.
It’s by definition reduced it’s separated becasue that composition of separated morphism is still separated.
Therefore, any open subvariety of X is an open subvariety of X. Also, a closed subvariety of X is just
a reduced closed subscheme of X.

Now, we begin to look at products of varieties:

Proposition 3.28. 1. If k is a perfect field the product of k-varieties, defined to be the fibered product
over k, is still a k-variety.

2. If k is algebraically closed, then the product of irreducible varieties is irreducible.

3. If k is algebraically closed, then the product of connected varieties is connected.

Proof. Let’s deal with the first assertion. Suppose that X,Y are k-varieties, then we have:

X ˆk Y Y

X Speck

Use the fact that finite type and separatedness is preserved by base change, we only have to prove the
reducedness part. Notice that a scheme is reduced iff there is an open cover of it which is reduced, thus we
can reduced to the affine case, where X “ SpecA Y “ SpecB both A,B are reduced k-algebra, then we need
to prove Abk B is still reduced. *** fill in the missing part after we are done with the review .

Then for the second assertion, *** fill in the details after we are done with the review .

We go back to the general properties of separatedness, where we prove an surprising fact is that inter-
section of affine opens is affine in a separated scheme:

Proposition 3.29. Suppose that X Ñ SpecA is a separated morphism, then if U, V are affine opens of X,
U XV is also an affine open of X. In particular, intersection of any two affine opens of SpecA is affine, which
is surprising since we already know that in general we have little handle on general open subsets of SpecA.

The proof of the previous statement uses the following result:

Proposition 3.30. Suppose that U, V are open subsets of an A-scheme X, then we have a canonical
isomorphism: ∆ X pU ˆA V q – U X V .

Proof. Consider the following diagram:

¨ ¨ ¨ U ˆA V

X X ˆA Xδ

with ¨ ¨ ¨ representing the fibered product, we are trying to figure out what is ¨ ¨ ¨ . Using the base change
diagram, and the morphisX Ñ SpecA, we can conclude that ¨ is just UˆXV , which is canonically isomorphic
to U X V since this is already the first result we had for fibered products of open embeddings.
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Now, let’s start the proof of Prop 3.29:

Proof. Notice that U ˆA V is affine, then notice that ∆X pU ˆA V q is a closed subscheme of an affine open,
thus affine which is isomorphic to U X V , thus the intersection is affine.

Below is a result that generalize the classical definition of quasiprojective varieties:

Proposition 3.31. Every quasiprojective A-scheme is separated over A, then in particular

Proof. Suppose that X is a quasiprojective A-scheme, then by definition, this structure morphism is decom-
posed into X is an locally closed subschem of Pn (make sure you know why!) followed by Pn

A Ñ SpecA,
which are all separated, then use separatedness if closed under composition.

Now we begin to deal with an important theme. Recall that we defined what is a rational map before, and
we promised back then that, in good circumstances, we have a largest domain of definition for rational
maps. We will make this precise in the following discussion:

Proposition 3.32. Suppose that π : X Ñ Y and π1 : X Ñ Y are two morphisms over some scheme Z:

X Y

Z

π

π1

Suppose that µ : W Ñ X is any morphism of schemes, we say that π and π1 agrees on µ if π ˝ µ “ π1 ˝ µ.
Then there is a locally closed embedding i : V ãÑ X on which π and π1 agree such that this V is the largest
such locally closed subschemes in the sense that any morphism µ :W Ñ X on which π and π1 agree factors
uniquely through i, or you can think of the following diagram:

V

X Y

W Z

i

π

π1

D!j

µ

Moreover, if Y is separated over Z, then this i : V Ñ X is a closed embedding.

Proof. This is the first example where you see that if the target is separated then there is some good
properties for the morphism to enjoy.

Now to define this i : V Ñ X, which is supposed to be a locally closed embedding and has a certain
mapping property that has maps into it, we guess that V is probably some fibered product, and this
i : V ãÑ X is probably some pullback of another locally closed embedding and you want it to be closed when
Y Ñ Z is separated. What maybe a good candidate? The only natural locally closed embedding that is
closed when Y Ñ Z is separated is Y Ñ Y ˆZ Y , then you can consider the following daigram:

V Y

X Y ˆZ Y

You only need to figure out what is the morphism X Ñ Y ˆZ Y , and what could it be that’s related to both
π, π, it can only naturally be the morphism induced by the universal property of Y ˆZ Y and π, π1. This is
why you get:

V Y

X Y ˆZ Y

δ

pπ,π1
q

Then you only have to check that V satisfies the mapping property we mentioned above, I will let you think
about it.
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The i : V Ñ X in the above proposition is called the largest locus where π, π1 agree.
Below are some useful remarks you can use to think of this i : V ãÑ X:

Remark 3.33. It’s not a surprise that V can be nonreduced. Consider the two maps from A1
k to itself

defined by krxs Ñ krxs where x ÞÑ 0 and x ÞÑ x2. Notice that in terms of the points, they agree on x “ 0,
the origin, however, the closed embedding i : V ãÑ X is defined to be the fibered product, and you can see
what it is: Speckrts{pt2q, and I will let you compute it, since everything here is affine.

Also, the above construction is the justification of the universal property definition of i : V Ñ W ,
and after you finished the construction, for theoretical purposes, you should think of it using the universal
property.

Also, even two morphisms agrees at the level of the map of sets, these two morphisms might still be
different as morphisms of schemes. To see an example, consider the two morphism SpecC Ñ SpecC defined
by the identity and the complex conjugation. As morphisms over SpecR, it’s obvious that as a map of
topological spaces, they both map p0q to p0q. However, this is not the same as morphisms of schemes, and
you can see this since they have different maps on the global sections of the sturcture sheaf.

Finally, we can define the set-theoretic locus where π, π agree by: π, π1 agrees as morphisms of schemes
if they agree as maps of sets πppq “ π1ppq and the induced morphism on the residue fields are the same.
This is a reasonable definition, since what this definition is capturing is the set-theoretic image of the map
i : V ãÑ X. If p is in this image, then we see that since i : V Ñ X is a locally closed embedding, then we
have the following diagram:

V U X Y
closed open π

π1

Notice that we can compute the induced morphism on residue field by choosing affine opens, then since p
is in the image of i, thus it’s also in the image of V ãÑ U , choose affines in Y and in U such that we the
induced morphims on residue fields is:

Bp{pBp Ñ Aq{qAq

But notice that you can also consider the morphism on residue fields induced by i ãÑ X Ñ Y , which is going
to be:

Bp{pBp Ñ Aq{qAq Ñ pAq{Iqq{pqAq{Iqq – Aq{qAq

It’s left for you to think about why this suffice.
Conversely, if πppq “ π1ppq and we have the map on residue fields agree, then you can use the universal

property to show that p lies in the image of i.

The following result is important in terms of our understanding of k-varieties over a field k and also gives
you some practice in terms of the notion of locus where two morphisms agree:

Proposition 3.34. Suppose that π, π1 : X Ñ Y are two morphisms of k “ k-varieties that agree on closed
points not in the sense we defined above but only in terms of πppq “ π1ppq for all closed points. Then we have
π “ π1 even in the sense of morphisms of schemes. Finally, this is also true even when k is not algebraically
closed.

Proof. Let’s first do this for algebraically closed fields, then generalize it appropriately.
You should notice that for a closed point, the Nullstellensatz said that the residue field is just a finite

extension of k, but in this case this is just itself since k is algebraically closed, thus the induced morphism
of residue fields is just a map between k. It’s obviously not the zero map since we assumed that k is not the
zero field. Then we consider the following diagram:

k k

k

iso

id id

you can figure why this suffice to show that the maps on residue fields by both the morphisms are just the
identity.
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This proves that each closed points in in the image of i : V ãÑ X, then since we assumed that the variety
is separated, then the i is a closed embedding, thus the image is closed, containing all closed points, which
is dense, thus the image of i is the whole variety.

Finally, we need to think why this implies the result for non algebraically closed fields k. Since we know
that every algebraically closed fields are prefect, Consider the following diagram:

X Y

X ˆk k Y ˆk k

Being perfect means that the bottom two stuff are still varieties, and since closed points are mapped to
closed points, we know that the induced map X ˆk k Ñ Y ˆk k agree on closed points, thus we consider:

V X Y

V 1 X ˆk k Y ˆk k

i

i1

surjective

This implies that i : V ãÑ X has image the whole X, thus i is an isomorphism, we are done.

Remark 3.35. We want to make a special comments here about our assertion in the above prove that
morphisms of varieties maps closed points to closed points.

This actually holds for morphisms between schemes locally of finite type over k. Say f : X Ñ Y is a
morphism of schemes locally of finite type over k and x P X is a closed point, we want to prove that fpxq is
finite type, take two affine open neighborhoods of x, fpxq, say SpecA and SpecB, such that A,B are both
finitely generated k-algebras.

To proceed further, we need the statement of Hilbert’s Nullstellensatz. Suppose that k is a field then for
any maximal ideal of krx1, ¨ ¨ ¨ , xns, the residue field is a finite extension of k. Using this theorem, plus the
fact that if A is an integral domain which is a finite k-algebra, then it’s necessarily a field. Then say that
p is a prime ideal of krx1, ¨ ¨ ¨ , xns such that the residue field is a finite extension of k, we claim that p is
a maximal prime. This is equivalent to prove that krx1, ¨ ¨ ¨ , xns{p is a field, but notice that it’s a integral
domain, and we have a natural inclusion:

A{p ãÑ pA{pqp – Ap{pAp

thus A{p is a finite dimensional k-vector space, thus A{p is a field by the above discussion, we are done.
Now, consider this field extension:

kpfpxqq ãÑ kpxq

induced by the morphism of schemes notice that this fits into this diagram:

kpfpxqq kpxq

k

Notice that kpxq is a finite dimensional k-vector space and kpfpxqq is now a subspace, thus still finite
dimensional, thus by the discussion above this corresponds to a maximal ideal in SpecA, now we only have
to show that it’s a closed point globally. Suppose that now we cover X by SpecAi’s, we only have to show
that in each SpecAi, it’s closed, but notice that the above discussion shows that p is closed in each SpecAi

that contains it, we are done.

Now, we begin to prove the central result we promised earlier, the reduced to separated theorem, which
makes sense of the domain of definition for rational maps:

Theorem 3.36. Suppose that two S-morphisms π : U Ñ Z and π1 : U Ñ Z is agrees on a dense open of U ,
then if U is reduced and Z is separated over S, π and π1 agree on all of U .
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Proof. Let V be the locus where π, π1 agree, it’s a closed subscheme of U since we assumed that Z is separated
over S. Also, since we assumed that the points where π, π1 agree is a dense open in U , V contains all of U .
However, notice that since U is reduced, V as a closed subscheme of U whose underlying topological space
is all of U is U itself.

The last assertion holds because say the closed subscheme is defined by the ideal sheaf I , then on any
affine open SpecA of U , the inverse image is SpecA{I for I “ I pSpecAq, however, since we assume that
SpecA{I is via the morphism SpecA{I Ñ SpecA homeomorphic to SpecA, this I Ă NpAq, but we assumed
that the ring is reduced, thus I “ 0, thus I is 0, we are done.

Example 3.37. This following example shows that if we give up the assumption on the reducedness of the
source or the separatedness of the target, the theorem fails.

For the failure when the source is separated, just consider the case where we have morphisms from
Speckrx, ys{py2, xyq to Speckrts defined by t ÞÑ x and t ÞÑ x ` y. Then, notice that the target is definitely
separated over k since the structure morphism to k is just an affine morphism. Also, you should notice that
they agree on Dpxq which is a dense open since A2 is integral, but you can easily see that they are two
different morphisms since the ring homomorphisms are different.

Then, when you consider the case when the separatedness of the target is removed, say, you take the
affine line with the double origin, then you can just see that set-theoretically, the agreeing locus can’t be
agreeing at the origin.

Now, we see some consequences of this reduced to separatedness theorem:

Remark 3.38. If X,Y are such as in Thm 3.36, then suppose that U, V are open subschemes of X, which
are automatically reduced. Then if you consider two morphisms π : U Ñ Y and π1 : V Ñ Y such that they
agree on a dense open of the intersection, then they necessarily agree on U X V .

This gives us the right of saying the domain of definition of a rational map. Suppose that we are still in
the same set up as above, the discussion tells us that any two representatives of a rational map automatically
agrees on the intersection. Thus the union of all the domains of every representative of a rational map is the
largest domain of definition.

For example, we will ask what is the rational map A2 99K P1 defined by the map:

px, yq ÞÑ rx : ys

has the domain of definition A2
k ´ t0u *** later check this! .

The complement of the domain of definition is called the indeterminacy locus of the rational map and
it’s points are called the fundamental points of the rational.

Now, we begin to describe the graph of a rational map and see an example how can we use this it to
extend a rational even away from the domain of definition:

*** later after we review the rational maps
Finally, we want to see that some variations of the proof we gave before to Thm 3.36, and something

more can be said in this direction:

Proposition 3.39. Suppose that X is a Z-scheme, which is not necessarily reduced and Y is a separated
Z-scheme

Proof. *** later after we review Cartier divisors

Proposition 3.40. Two S-morphisms π, π1 : U Ñ Z from a locally Noetherian scheme to a separated
S-scheme Z agreeing on an open subset cintaining the associated points of U are the same.

Proof. *** later after we review the associated points

Finally before we end this section, we introduce the notion of proper morphisms, which we will have more
to say in other sections of review:

We first start by some topological motivations: Recall that a continuous map is said to be proper if the
preimage of any compact set is compact. The notion of proper morphisms in the category of schemes is a
similar property: For example, a C-variety is proper if it’s ”compact” in the classical topology which is good
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to know as a geometric intuition, thus you can probably guess that An
C is not going to be proper over C

while Pn
C is going to be proper.

Now, we start defining what is a proper morphism: Recall that a morphism of topological spaces is
called closed if image of closed subsets is closed and a morphism of schemes is called closed if the underlying
topological morphism is closed, however, this is a property that is not preserved by base change, even though
it’s easy to see that it’s preserved under composition and local on the target(you should make sure you know
how to show it). To resolve this property, we define the following notion:

Definition 3.41. A morphism of schemes π : X Ñ Y is called universally closed if for every morphism
Z Ñ Y , the induced morphism Z ˆY X Ñ Z is closed, and this is exactly the condition where being closed
is preserved by base change.

Thus, we automatically have the following result:

Proposition 3.42. The class of universally closed morphisms is a nice class of morphisms.

Proof. Clear from our discussion above.

Notice that this definition also makes sense in the category of topological spaces, and as a motivation of the
following definition of proper morphisms of schemes, one can prove that in the category of topological spaces,
a morphism between locally compact, hausdorff spaces with a countable bais is proper iff it’s universally
closed, which leads to:

Definition 3.43. A morphism π : X Ñ Y of schemes is called proper if it’s separated, finite type and
universally closed. If we say that a scheme is proper, then what we mean is that some implicit structure
morphism is proper. For example, we say that an A-scheme is proper if the structure morphism X Ñ SpecA
is proper.

In the above definition, the separatedness is imitating the Hausdorffness, the finite type is trying to
imitating the countable condition and the locally compactness. And we don’t have to mention that since
each property of the morphism is preserved by composition, base change and local on the target, proper
morphisms are a nice class of morphisms.

Let’s try this idea in practice:

Example 3.44. As we promised in the motivation part, we expect that An
C Ñ SpecC is not proper. Notice

that this morphism is obviously finite type, separated, and closed for trivial reasons. Therefore, the only
thing that can go wrong is the universal closed part.

One possible approach is to consider using P1
C Ñ SpecC, and consider the following diagram:

A1
C ˆC P1

C P1
C

A1
C SpecC

Consider the diagram, let’s first consider what is the closed subset in A1
C ˆC P1

C that we will use. First,
notice that A1

C ˆC P1
C is covered by two A2

C, then if we can find a closed subset in the intersection that is
not mapped to a closed subset, we are done. Notice that the intersection is just the inverse image of the
intersection of the two A1

C in P1
C, which is characterized by:

SpecCrt, xy ,
y
x s SpecCrxy ,

x
y s

A1
C ˆC P1

C P1
C

A1
C SpecC
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and it’s easy to see that the morphism is determined by Crxy ,
y
x s ãÑ Crt, xy ,

y
x s, thus notice that if we consider

the closed subscheme of this open subscheme defined by modding out the ideal t, which is V ptq, then we
are left with the identity morphism SpecCrxy ,

y
x s Ñ SpecCrxy ,

y
x s, thus the image is obvious the open subset

D`px, yq in P1
C.

Obviously, this argument can be carried out for any An
C Ñ SpecC via the base change by Pn

C Ñ SpecC.
Therefore, what we really got here is that any An

C is not a proper scheme over C.

Now, we can see two easy examples of proper morphisms:

Example 3.45. First, it’s easy to see that closed embeddings are proper. This is because that closed
embedding are clearly finite type separated, we only have to show that it’s universally closed. But notice
that base change of closed embeddings are still closed embeddings, thus we are done.

Following the same line of thinking, we can easily prove that finite morphisms are proper. First, it’s finite
type and separated since it’s an affine morphisms. Also, we know that finite morphisms are closed, and base
change of finite morphism is still finite, we are done. We are not including integral morphisms here since an
integral morphism maynot be finite type.

Since we already showed that proper morphisms are a nice class of morphisms, we know that it satisfies
all the properties that are enjoyed by nice class of morphisms. We won’t write them out in detail, even
though we do want to write down one of them:

Proposition 3.46. Suppose that we have a commutative diagram:

X Y

Z

π
τ

ρ

with τ being proper and ρ being separated, then π is proper.

Proof. By Cancellation Theorem, we only have to prove Y Ñ Y ˆZ Y is proper, but since ρ is separated,
the diagonal is a closed embedding, thus proper.

We can also show that the scheme theoretic image of a morphism coming out of proper scheme under
mild assumptions is going to be proper. The reason why we want to prove this is because that we can
introduce something we didn’t do when we discussed scheme theoretic images before. We start by a useful
factorization result which you probably expected before:

Proposition 3.47. Suppose that f : X Ñ Y is a morphism of schemes, and Z ãÑ Y is a closed subscheme
defined by the quasicoherent ideal sheaf I , then if the following composition is zero:

I ãÑ OY Ñ f˚OX

you have a factorization:

X Y

Z

f

f 1

Proof. Let’s first show that we have this factorization in terms of topological spaces, which is exactly saying
that the set-theoretic image of f is contained in Z. Now, suppose that x P X, you want to show that
fpxq P Z, what you do is simple where you choose affines around X and fpxq such that you have an
restricted morphism:

SpecA Ñ SpecB

induced by a ring morphism, then notice that the closed subscheme is defined by SpecB{I ãÑ SpecB, then
since we have the following composition is 0, we have:

I Ñ B Ñ A
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is zero, then you can use universal property of quotient to prove the rest.
This result plus basic topology argument gives you f 1 uniquely. Now, you are supposed to find out the

morphism of sheaves, to obtain this, we can use the following diagram:

0 I OY i˚OZ 0

f˚OX

where the morphism from i˚OZ to f˚OX is induced by the universal property. Then if we want to give
OZ Ñ f 1

˚OX , we are supposed to give for each V Ă Z open, a morphism OZpV q Ñ OXppf 1q´1V q. I claim
that this is just the induced map given above. Also, you have to show that this is a map of locally ringed
spaces, but this follows from that we know that if you consider the commutative diagram:

OY i˚OZ

f˚OY

For p P Z, the induced map is just the same as:

Ap Ap{Ip

pf˚OY qp

then you can easily verify this induced morphism maps the maximal ideal into maximal ideal.

Proposition 3.48. We still consider the diagram as in the previous proposition, we assume that τ is proper,
ρ is separated and finite type, then the scheme-theoretic image of π is going to be proper over Z.

Proof. Let’s use the property we just proved. Consider the following diagram:

W

X Y

Z

π
τ

ρ

We first know that π is separated, thus the image in Y is a closed subset, and being proper implies that it’s
quasicompact, thus we know that the image of W ãÑ Y is the same as the image of X in Y . Notice that
W ãÑ Y Ñ Z is separated finite type, thus we only have to prove it’s universally closed. Now consider the
following diagram where the induced morphism of schemes is what we proved in the previous result:

W

X Y

Z

π
τ

ρ

which is surjective. Then the question now becomes that if we have a surjective morphism f : X Ñ Y over
a scheme Z with X Ñ Z universally closed, then we want to show that Y Ñ Z is also universally closed,
the picture is as below:

X Y

Z

π
τ

ρ

34



To show our assertion, consider the following diagram:

X ˆZ T Y ˆZ T T

X Y Z

Notice that since surjectivity is preserved by base change, thus X ˆZ T Ñ Y ˆZ T is surjective, then say C
is closed in Y ˆZ T , the inverse image is closed, and also surjective to C via X ˆZ T Ñ Y ˆZ T , now notice
that X Ñ Z is universally closed, thus the top composition is closed, thus we are done.

The last one and most important example of proper morphism is the following:

Theorem 3.49. Projective A-schemes are proper over A, and since we know that finite morphism is pro-
jective, this can be used to give the second proof of why finite morphisms are proper.

Proof. We will use a result we haven’t proved yet which is the Fundamental Theorem of Elimination Theory.
Let’s first assume it, and we will do the proof later in other review sections.

First, the structure morphism of any projective A-schemes X Ñ SpecA can be factored as X ãÑ Pn
A Ñ

SpecA, since we know that closed embeddings are proper and compositions of proper morphisms is proper,
we only have to show that Pn

A Ñ SpecA is proper. We already know that it’s finite type and separated, thus
we only have to show that it’s universally closed.

Consider the following diagram:

Pn
Z ˆZ X Pn

A Pn
Z

X SpecA SpecZ

I will let you figure out why two small squares are Cartesian, thus you only have to prove that Pn
Z ˆZX Ñ X

is closed. Notice that being closed is local on the target, thus you can assume that X is affine SpecB, thus
you only have to show that Pn

Z ˆZ SpecB – Pn
B Ñ SpecB is closed for any ring B, which is the Fundamental

Theorem of Elimination Theory.

Remark 3.50. We just saw that projective morphisms are proper, but it’s hard to give an example of a
proper morphism that is not projective. First, how to characterize projective morphisms in a good way such
that you can determine if a morphism is projective or not easier is a problem we will discuss later. And you
will also see that indeed a lot proper morphisms is indeed projective.

For examples of proper morphisms that are not projective, we also need to learn further.

As one application of the notion of properness, we can revisit a result we had before and prove a upgraded
result below. Recall that if k is a field, then we already saw that the global functions on Pn

k for any field is
k, if we assume that k “ k, algebraically closed, we have:

Proposition 3.51. Suppose that X is a connected reduced proper scheme over k, then the global functions
are just k.

Proof. Suppose that f P ΓpX,OXq, a global function, this is the same as giving a morphism of k-schemes
X Ñ A1

k, now we consider the open embedding A1
k Ñ P1

k, now since P1
k Ñ Speck is separated we know that

X Ñ P1
k is proper, thus in particular the set-theoretic image is a closed subset lying in A1

k Ă P1
k and it should

also be connected since we assumed that X is connected in the first place. Now we claim this implies that
the image is either a single closed point or the entire space. This is because that we know well about what
is the closed subsets in P1

k when k is algebraically closed. It’s just the union of finitely many closed points
or the entire space. (Make sure you understand this!)

But we also know that the image is in A1, thus the image is just a single closed point p P A1. Notice
that this map X Ñ A1

k is with a reduced scheme, thus the scheme theoretic image is also supported in one
single closed point. Also, since X is reduced, we already proved that the scheme theoretic image is reduced,
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thus it’s just Speck Ñ A1
k where the point of Speck is mapped to the closed point p since we know that the

reduced scheme structure is the only one closed subscheme with the same under lying topological space that
is closed. Then consider the following diagram:

X A1
k

Speck

x ÞÑf

1 ÞÑ1 x ÞÑm

you see that m P k is mapped to f P ΓpX,OXq where X Ñ Speck is induced by the property we proved
for the scheme theoretic image. This should be convincing enough for us to believe that the elements in
ΓpX,OXq can be realized by an elements in k, but the formal arguments is the following: notice that the
morphism X Ñ Speck is the structrue morphism of X being a k-scheme.

Remark 3.52. The conditions in the above result is still two strong, it’s natural to ask what are the
conditions that can be relaxed. The fact that k is algebraically closed can’t be ignored since if you consider
R, SpecC is a nice R-scheme that is reduced, proper(it’s finite) and connected, but notice that the global
functions of C is C. But we can now show an example where the scheme is not reduced but the global section
is reduced. This is also an example showing that the converse of the fact that a reduced scheme will have
reduced global sections is not true.

Consider the closed subscheme in P2
k for any field k cut out by x2 “ 0. Notice that this implies

that in D`pxq, the closed subscheme is empty. Also in D`pyq and D`pzq, the closed subscheme are just
Speckrxy ,

z
y s{px

y
2

“ 0q and Speckrxz ,
y
z s{px

z
2

“ 0q, you can see that this scheme is not reduced. I will let you

to do the rest of the computation using the sheaf axioms to see that the global section is just k. (Notice
that it’s only covered by two affine opens, not 3, thus the computation should be a little bit easier.)
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