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In this chapter, we will introduce two useful construction called Spec and Proj, which is the globalization
and generalization of the well-known construction Spec and Proj of rings and graded rings. We will use
universal property and local description to describe them, very similar to what we did for fibered product
and normalizations. The universal property helps us to glue properly without too much pain. The difficulty
mainly lies in how to find the right universal property, especially for Proj.

1 The Global Spec Construction

Given an A-algebra R with A Ñ R, we can apply Spec to get an A-scheme SpecR, we will now use a
universal property to globalize this construction. Consider an arbitrary scheme X and a quasicoherent sheaf
of algebras R on X, we want to define the ”Spec” of the sheaf of algebras and we will get an X-scheme that
is ”affine” over X, in the sense that the structure morphism to X is affine. This will also be a good place
to investigate the universal property under Yoneda’s lemma, which generalizes the way we used to describe
universal properties.

First and most concretely, we know that since R is a quasicoherent sheaf of algebras, over each affine open
SpecA, R gives you an A-algebra R, and SpecR locally over SpecA is just SpecR. Then we need to figure out
how to glue them, and the right way to do it is via the following universal property. To get some motivation,
recall that if you have an A-algebra R, then we know that SpecR Ñ SpecA satisfies the universal property
that for any A-scheme W Ñ SpecA, A-scheme morphisms µ : W Ñ SpecR are in functorial bijections with
the A-algebra morphisms R Ñ ΓpW,OW q. Since R and OX are quasicoherent, you can think of this as the
statement that the following diagram of schemes:

SpecR W

SpecA
β µ

corresponds in a one to one fashion to the following diagram of OX -algebra morphisms:

R µ˚OW

OX

where OX Ñ µ˚OW comes from the morphism µ and OX Ñ R comes from the OX -algebra structure.
You may have noticed that this universal property is not that similar to what we have used to. Usually a

universal property is given by a statement using factorizations within a certain category. But here we work
with the category of A-schemes and OX -algebras, two categories. The correct way to interpret a universal
property is via the Yoneda’s lemma and universal property always means that an object represents a certain
functor. For example, here this functor is:

F : A-schemesop Ñ Sets W ÞÑ HomA-algebrapR,ΓpW,OW qq
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And the universal property says that SpecR is the object X in the category of A-schemes, such that we
have an isomorphism of functors:

HomA´schemepW,Xq » F pW q

Then Yoneda’s lemma tells you that any other object Y representing this functor is unique up to an
isomorphism to SpecR. This unique isomorphism comes from the isomorphismX » Y HomA´schemepX,Xq »

HomA´schemepX,Y q and is the image of the identity morphism between X.
Quite a lot of universal property can be interpreted using this point of view. To start with something

easy, we reinterpret the universal property of quotients. The first you see this universal property, it’s always
looks like if you have an A-module M and N is a submodule, then any morphism of A-modules M Ñ S
where N is mapped to 0 factors uniquely through M{N Ñ S. Then I claim that M{N actually represents
the following functor from A-modules to Sets:

F : A-module Ñ Sets X Ñ tf P HompM,Xq : fpNq “ 0u

Then you find thatM{N represents the functor by X ÞÑ HomApM{N,Xq, you can also use similar point
of views to interpret the normalization of an integral scheme and quite a lot of other stuff. Another example
is the tensor product of A-modules, I claim that M bN represents the functor:

F : A-modules Ñ Sets X ÞÑ tR-balanced morphisms from M ‘N to Xu

Then you will see that the tensor product M bR N represents the functor by X ÞÑ HomApM bR N,Xq.
The old argument we used for the unique morphism satisfying the universal property is elementary,

and we can interpret this using Yoneda again. For example, you can think the unique isomorphism in the
universal property of quotients. Usually, say M Ñ Y also satisfies the universal property of M{N which
gives you a functor isomorphism HomApY,´q » F via the following diagram:

M S

Y
D!

Then the unique isomorphism between M{N and Y is formerly given by elementary argument, but we
can also think of this as given by the isomorphism of functors:

HomApY,´q » F » HompM{N,´q

and is given by the image of the identity map on Y to HomApM{N,Y q. This is because the identity of
Y is mapped by the isomorphism HomApY´q » F to the morphism M Ñ Y we started with, which maps
N to 0, then this morphism is mapped by the isomorphism F » HomApM{N,´q to the one we got using
the elementary argument.

Carry this observation to our definition of SpecR using the universal property, suppose that Y Ñ X is
another object representing the functor F we defined above, then the unique isomorphism between SpecR
and Y is given by the image of the identity between SpecR, but in order to specify what this isomorphism
is concretely, we need to know what is the explicit isomorphism between Homp´, Y q and F , otherwise we
can only abstractly define the isomorphism, which is the image of the identity in HomA-algebrapR,Rq under
the functor isomorphism F pSpecRq » HompSpecR, Y q.

Then we will try to globalize this discussion above. The universal property of β : SpecR Ñ X for
a quasicoherent OX -algebra R satisfies is as follows: given any X-scheme µ : W Ñ X, the X-scheme
morphisms W Ñ SpecR is in functorial (in W ) bijection with morphisms of OX -algebras R Ñ µ˚OW , as
shown in the following diagram:

R µ˚OX

OX

where the OX -algebra structure of µ˚OW comes from the morphism µ : W Ñ X of schemes. Or under the
scheme of our discussion above using Yoneda’s lemma, you can say that SpecR represents the functor:
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F : X-schemesop Ñ Sets W ÞÑ HomOX -algebraspR, µ˚OW q

via some isomorphism of functors Homp´,SpecRq » F . Then the usual Yoneda nonsense tells you that if
this SpecR exists, it’s unique up to a unique isomorphism. Therefore, out task is to show that it exists, or
in other words, find the representing object SpecR and the functor isomorphism Homp´,SpecRq » F .

The first observation we should have right now is that if X “ SpecA, then SepcR Ñ SpecA induced by
A Ñ R satisfies universal property, which is what we discussed before. Now, just as what we did for fibered
products and normalizations, we take a look at what happens on open subschemes:

Proposition 1.1. Suppose that β : SpecR Ñ X satisfies the universal property for pX,Rq and i : U ãÑ X
is an open subscheme, then β|U : SpecR ˆX U Ñ U satisfies the universal property for pU,R|U q.

Proof. We need to show that the inverse image of U under β : SpecR Ñ X represents the functor:

F : U -schemesop Ñ Sets W ÞÑ HomOU -algebraspR|U , µ˚OW q

or in other words, we need to show that there is a functorial (in W) bijection between:

HomU pW,SpecR ˆX Uq » HomOU -algebraspR|U , µ˚OW q

Now suppose that we are given a U -scheme morphismW Ñ SpecRˆXU , consider the following diagram:

W

SpecR ˆX U SpecR

U X

f β|U β

i

we naturally have a X-scheme morphism W Ñ SpecR, which comes from the universal property of fibered
product, which is functorial in W . Say i ˝ f “ µ, then by the universal property SpecR, it’s mapped by a
functorial isomorphism to an OX -algebra morphism:

R µ˚OW

OX

recall that we have an adjoint pair, which gives you a bifunctorial isomorphism, thus the above morphism
of OX -algebras is mapped to:

µ˚R OW

µ˚OX

notice that µ˚ “ f˚p|U q, and we use the adjointness of pf˚, f˚q to conclude that we get the following diagram:

R|U f˚OW

OU

we only have to show this is a functorial (in W ) isomorphism but notice that this is a composition of several
functorial isomorphisms coming from fibered product and adjointness, we are done.
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Therefore the above proposition shows that if X is an affine scheme and R is a quasicoherent OX -algebra
on X then, for any open subscheme U , SpecR|U exist. Now we can show the existence of SpecR for an
arbitrary scheme X and an arbitrary OX -algebra on X. It’s not hard, since we still first construct locally on
X for each affine open SpecA, and we only have to show that over intersections, these locally defined stuff
agree and the result satisfies the universal property. The gluing is easy, once you understand what does this
following diagram means, which is the fundamental reason why all the other gluing argument works:

HomXp´, Zq

F

HomXp´, Y q HomXp´,W q

»»

» »

»

»

Here Y,Z,W are three objects representing F together with the prescribed isomorphism to F . I will let you
figure out what does this mean and why it suffices, but this finishes the construction. We still have to show
that the result satisfies the universal property, say you have the following diagram:

SpecR W

X
β µ

and you want to define an OX -algebra morphism:

R µ˚OW

OX

we can only define it locally and show that the agree on the intersection, thus gives you a well defined
morphism, and we need to show that this is a functiorial isomorphism. Over each affine open U “ SpecA of
X, universal property locally on an affine open gives you an OU -morphism:

RU pµ|U q˚Oµ´1U “ pµ˚OW q|U

OU

we only have to show that they agree on intersections to use gluing, which still comes from the universal
property on the intersection and again is a consequence of the diagram above that you need to figure out
yourself. This is an isomorphism since the above construction is invertible, it’s inverse is given by restricting
the OX -algebra diagram and define morphisms from W to SpecR locally and universal property shows that
they agree on intersections.

Remark 1.2. Several quick observations of the Spec construction is readily available. First, it’s computed
affine locally so you understand the local behavior quite well.

We also have an isomorphism of OX -algebras ϕ : R » β˚OSpecR which is the image of the identity
morphism SpecR Ñ SpecR. It’s an isomorphism since we can check it locally and it reduces to the affine
case, and you only need to show that the identity A-morphism SpecR Ñ SpecR induces an isomorphism
rR » rR which is induced by the identity A-algebra map R Ñ R.

Finally the result structure morphism SpecR Ñ X is an affine morphism.

Proposition 1.3. Given a X-morphism γ:

W SpecR

X

γ

µ β
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we know that it gives you an OX -algebra map α : R Ñ µ˚OW , then α is the composition:

R Ñ β˚OSpecR Ñ β˚γ˚OW “ µ˚OW

Proof. Let’s check this locally. By our construction of SpecR, we know that α locally on SpecA Ă X is
given by the following A-algebra morphism R Ñ Γpµ´1SpecA,OW q, then since we know that β is affine,
β˚OSpecR is still quasicoherent, then on SpecA, R Ñ β˚OSpecR Ñ β˚γ˚OW “ µ˚OW is determined by:

R
id
Ñ R Ñ Γpµ´1SpecA,OW q

thus they agree, we are done.

This global spec construction gives an important way to think about affine morphisms:

Proposition 1.4. If µ : Z Ñ X is an affine morphism, then we have a natural isomorphism Z » Specµ˚OZ .

Proof. First notice that since µ is affine, then the pushforward is indeed a quasicoherent OX -algebra, thus
Specµ˚OZ makes sense.

Then notice that via the universal property of Specµ˚OZ , we obtain a X-morphism from the following
diagram:

µ˚OZ µ˚OZ

OX

id

by construction, the induced morphism can be locally described by the A-algebra homomorphism:

B
id
Ñ B

if we assume µ´1SpecA “ SpecB.

Therefore, a scheme morphism Z Ñ X is affine iff it’s isomorphic as a X-scheme to some SpecR Ñ X
for some quasicoherent OX -algebra R.

Proposition 1.5. Suppose that µ : SpecR Ñ X the morphism we constructed above, then the category
of quasicoherent sheaves on SpecR is equivalent to the category of quasicoherent sheaves on X with the
structure of R-modules, i.e. you don’t think the ringed space structure on X is given by OX , rather it’s
given by R.

Moreover the category of finite type quasicoherent sheaves on SpecR is equivalent to finite type quasico-
herent sheaves on X with R-module structure.

Proof. For the first assertion, I define the functor to be the pushforward:

µ˚ : Quasicoherent OSpecR- sheaves Ñ Quasicoherent R-sheaves F ÞÑ µ˚F

We need to show this is an equivalence of categories, i.e. it’s fully faithful and essentially surjective. First you
need to understand what does quasicoherent R-modules on X mean. Say F is a quasicoherent R-module on
X then in the first place it’s an R-module, then via the morphism OX Ñ R is also an OX -module, then the
quasicoherent here means that we think of F as an OX -module. Then we need to show that the pushforward
µ˚F has an R-module structure such that via the induced OX -module structure, it’s quasicoherent.

We already know that as the pushforward, it’s naturally a µ˚OSpecR-module, and it viewed as an OX -
module (naturally quasicoherent since µ is affine) via OX Ñ µ˚OSpecR, recall that we have an OX -algebra
isomorphism: R Ñ µ˚OSpecR, thus µ˚F is naturally equipped with an R-module structure such that the
induced OX -module is quasicoherent on X.

The fact that it’s fully faithful is easy, once you realize µ is affine, then we can cover X using SpecA
and we denote the inverse images by SpecR, then say F Ñ G on SpecR is F Ñ G, then we know that on
SpecA, the pushforward looks like rF and rG and the morphism is given by F Ñ G (this module morphism
is both an R-module morphism and an A-module morphism). This proves injectivity since agreeing on each
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SpecA measn that agreeing on each SpecR. To show it’s surjective, suppose that you have a morphism of
f : R-modules µ˚F Ñ µ˚G, we want a morphism from F to G such that the pushforward is f . We still cover
X by SpecA, whose inverse image is SpecR, then we know that f on SpecA is just an R-module morphism
fA :MA Ñ NA, then we define F Ñ G to be the one that on each SpecR is fA. We only have to show that
this definition agrees on intersections to show they glue to a morphism g. After this, it’s obvious that the
pushforward of g is f .

To show that they agree on intersections, notice that the intersection SpecR1 X SpecR2 is the inverse
image of SpecA1 X SpecA2, the good news is that we can cover SpecA1 X SpecA2 using distinguished opens
in both SpecA1 and SpecA2, thus the inverse image of these distinguished opens cover SpecR1 X SpecR2,
we only have to show that they agree on these distinguished opens, but this can be checked on X, thus we
are done.

Finally, we need to show that this is essentially surjective. Say you have an R-module F on X such that
with the induced OX -module structure, it’s quasicoherent. We need to show that there is a quasicoherent
module G on SpecR such that the pushforward is isomorphic to this module F as an R-module. The strategy
is still to define G locally on the inverse image SpecR of SpecA for each affine open SpecA in X and show
that they glue.

The above gluing argument is kind of annoying but the advantage is it’s elementary, an alternative way to
do this is to define a quasi-inverse to F , recall that we have an isomorphism R Ñ µ˚OSpecR of OX -algebras,
then by the adjunction property, we know that we have a morphism µ˚R Ñ OSpecR, this is still a morphism
of sheaves of rings, then we define the quasi-inverse to be:

H : Quasicoherent R-sheaves Ñ Quasicoherent OSpecR- sheaves F ÞÑ µ˚F bµ˚R OSpecR

Then we need to show they are indeed inverses of each other. Recall that we have functorial morphisms of
OSpecR-modules coming from adjunction:

µ˚µ˚F Ñ F
this induces a functorial morphism HpF pFqq Ñ F , we only need to show this is an isomorphism for qua-
sicoherent F . We only have to check this on affine opens, say on SpecR, inverse images of SpecA. Notice
that this is induced by the natural morphism:

pF bA Rq bpRbARq R Ñ F

we only have to show this is an isomorphism of R-modules. First, you need to understand how F bA R is
an R bA R-module, after this you can define an inverse F Ñ pF bA Rq bpRbARq R pretty easily. Therefore
this is an isomorphism of R-modules, then via A Ñ R, can be viewed as an isomorphism of A-modules, thus
the converse is also proved, we are done.

Remark 1.6. The second approach given in the above proof requires more understanding of the adjunction
of pµ˚, µ˚q on affine schemes for quasicoherent sheaves.

Say you have f : SpecR Ñ SpecA is a scheme morphism induced by A Ñ R, then you already know that
pushforward of a quasicoherent sheaf on SpecR, say rF is just rF but viewed as an A-module and pullback
of rG is ČGbA R which is proved using the tensor hom adjunction HomRpGˆA R,F q » HomApG,F q (recall
we defined the pullback to be the left adjoint of the pushforward), we also know that the definition of
the adjunction map is compatible with restrictions therefore for the adjunction map between quasicoherent
sheaves, we understand how it looks like locally quite well and it’s just the tensor hom adjunction.

Using this interpretation, you know that on SpecR, the canonical morphism µ˚R Ñ OSpecR is just the
adjunction of the identity R Ñ R, which is R bA R Ñ R.

There are of course more that you need to know, for example, we didn’t talk about tensor product like
the one below µ˚F bµ˚R OSpecR since it’s tensor over something not the structure sheaf, but fortunately
µ˚R is a quasicoherent OSpecR-module, thus if you remember how we proved F bOX

G is quasicoherent for
quasicoherent F ,G, the same method applies here to show µ˚F bµ˚R OSpecR is still quasicoherent and over
each affine it’s just the tensor you expected.

Another thing you need to know is how µ˚F and µ˚R-module. We know that µ˚F is an OSpecR-module,
and we have a morphism of sheaves of rings µ˚R Ñ OSpecR, thus µ˚F has a µ˚R-module structure.

We have to admit there are quite a lot of stuff to check, but these are all something that when you want
to check, it can be checked.
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Remark 1.7. The equivalence of categories above is useful when X is easy to understand while SpecR is
complicated, for example, we will use this later when X “ P1. Also, it will appear in the proof of Serre
duality.

Proposition 1.8. Suppose that µ : Z Ñ X is any morphism of schemes, and R is a quasicoherent sheaf of
OX -algebras on X, then there is a natural isomorphism Z ˆX SpecR » Specµ˚R.

Proof. Recall that we have already showed this for an open embedding i : U ãÑ X, and the proposition
generalizes this special case we saw.

Consider the following diagram:

W

Z ˆX SpecR SpecR

Z X

p

g
β

µ

given a Z-scheme W with structure morphism g, let’s denote f “ µ ˝ g, then we know that by the universal
property of fibered product, we have a functorial isomorphism between p and q : W Ñ SpecR, which by
the universal property, gives you a functorial isomorphism to OX -algebra morphisms R Ñ f˚OW , then the
adjunction property give you another functorial isomorphism and it’s mapped to f˚R Ñ R “ g˚µ˚R Ñ OW ,
then again by the adjunction property we have µ˚R Ñ g˚OW , therefore we know that Z ˆX SpecR is the
representing object, thus it’s isomorphic via a unique isomorphism to Specµ˚R.

Now enough of these abstract constructions, we know look at an important exampe of Spec, which we
will use a lot later:

Definition 1.9. Suppose that X is a scheme and F is a finite rank locally free sheaf on X, the total space
of F is defined to be SpecpSym‚F_q.

Proposition 1.10. Suppose that F is locally free of rank n, then the total space of F is a rank n vector
bundle, i.e. given any point p P X, there is an open neighborhood p P U Ă X such that the inverse image
via the morphism SpecpSym‚F_q Ñ X is isomorphic to AnU .

Proof. First recall that AnX is independent of the base scheme since we have:

AnX AnB AnZ

X B Z

thus we can just define it over any base ring. I can first prove that if F is free of rank n, i.e. F » On
X , then

the total space is AnX . We will show that AnX Ñ X represents the function that the total space represent.
Let’s define AnX over the base Z, then we know that by the universal property, suppose W Ñ X is also a
X-scheme, then it correspond to a morphism µ : W Ñ AnZ such that the composition to Z agrees, but this
is the same as an Z-algebra homomorphism:

ΓpW,OW q Zrx1, ¨ ¨ ¨ , xns

Z

notice this is isomorphic to anOX -module homomorphismOn
X Ñ µ˚OW where the Z-algebra homomorphism

that maps xi to fi is mapped to the OX -module morphism that maps ei to fi and the inverse is obvious.
But by the universal property of Sym‚pOn

Xq, this is again mapped to a OX -algebra morphism Sym‚pOn
Xq Ñ

µ˚OW , therefore, we have functorial isomorphisms:

HomOX -algebrapSym‚pOn
Xq, µ˚OW q » HomOX -modulepOn

X , µ˚OW q » HomXpW,AnXq
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therefore, there is a unique X-scheme isomorphism induced by this isomorphism:

AnX SpecSym‚On
X

X

»

Then recall that the inverse image of U is just SpecpSym‚F_|U q, with the OU -algebra structure in-
duced from the OX -algebra structure. Then the above proof suffice to show that SpecpSym‚F_|U q » AnU
since pSym‚F_q|U » Sym‚pF_|U q » Sym‚pOn

U q and there is a unique X-scheme morphism such that
SpecpSym‚F_|U q » SpecpSym‚On

U q. But we can also prove it using a more elementary way as follows:
Recall that we proved before that the symmetric algebra construction of a quasicoherent sheaf is also

quasicoherent, and we can assume that U “ SpecA is a trivializing neighborhood of F_ where it’s isomorphic

to On
U , then I claim that Sym‚F_|U » ČArx1, ¨ ¨ ¨ , xns. To see this, we consider the following sequence of

isomorphisms:

pSym‚F_q|U » Sym‚pF_|U q » Sym‚p rAnq » ČSym‚pAnq » ČArx1, ¨ ¨ ¨ , xns

where the second to last isomorphism follows from the fact that he symmetric algebra is quasicoherent, thus
on affine open, we only have to show the global sections are isomorphic and the last isomorphism comes
from the isomorphism of A-algebra:

Sym‚pAnq » Arx1, ¨ ¨ ¨ , xns

By the universal property of Sym‚pAnq, it comes from an A-module morphism An Ñ Arx1, ¨ ¨ ¨ , xns where
ei is mapped to xi, the inverse is given by xi is mapped to ei using the universal property of Arx1, ¨ ¨ ¨ , xns,
thus they are isomorphic, we are done.

Therefore, we know that over SpecA, the total space is SpecArx1, ¨ ¨ ¨ , xns, we are done.

Remark 1.11. For later reference, we state here: in particular, if F “ On
X , then SpecSym‚pOn

Xq » AnX .

We probably will wonder why we use the dual of F instead of F to define the total space, the main
reason is we that want the following assertion to be true:

Proposition 1.12. Still F is a locally free sheaf of finite rank on X, say of rank n, but this doesn’t really
matter in this proposition, then F is isomorphic to the sheaf of sections of the total space SpecpSym‚F‚q.
For this reason the total space is called the vector bundle associated to a locally free sheaf F .

Proof. First, let’s take a look at how this sheaf of sections is an OX -module.
Say U Ă X is an open subscheme, then we can consider the following diagram:

U SpecpSym‚F_q|U SpecpSym‚F_q

U X

is

then by the universal property, we know that the section S correspond to OU -algebra homomorphism:

HomOU
pSym‚F_|U ,OU q

this is obviously a ΓpU,OU q-module, and this holds for each open subscheme U Ă X. Therefore, we have
the following sequence of isomorphisms:

pSym‚F_q_pUq » HomOU
pSym‚F_|U ,OU q » SpUq

and motivated by this, you probably want to show that S » pSym‚F_q_, but this is not true since the Hom
sets here is not module morphisms, but algebra homomorphism, thus if you replace module homomorphisms
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by algebra homomorphisms, this is indeed true (you need to think a little bit about why the algebra homo-
morphisms is still a sheaf and a sheaf of OX -modules) and for simplicity let’s use the superscript a to indicate
algebra homomorphisms and differentiate from module homomorphisms, i.e. Homa

OU
pSym‚F_|U ,OU q and

Homa
OU

pSym‚F_|U ,OU q, but to prove this, we need a different point of view. Recall that if we denote
i : U ãÑ X by the open embedding, we have a natural isomorphism of OX -modules:

Homa
OX

pSym‚F_, i˚OU q » Homa
OU

pSym‚F_|U ,OU q

Then by the functoriality of the universal property, since we know that the open embedding j : V ãÑ X
factors through i : U ãÑ X for V Ă U , we know the following diagram commutes:

Homa
OU

pSym‚F_|U ,OU q Homa
OX

pSym‚F_, i˚OXq SpUq

Homa
OV

pSym‚F_|V ,OV q Homa
OX

pSym‚F_, j˚OXq SpV q

res

» »

res

» »

where the vertical arrow in the middle is induced by composition with the natural morphism i˚OX Ñ j˚OX ,
then you get the desired isomorphism S » pSym‚F_q_.

To prove this is isomorphic to F , we use the transition function argument. We pick an affine cover
SpecAi of X, each of which is a trivializing neighborhood of F , with transition functions Tij . We need to
show that pSym‚F_q_ also have transition function Tij . To see how to get the transition function, consider
the following diagram:

Homa
OU

pSym‚F_|U ,OU q Homa
OU

pSym‚On
U ,OU q On

U
» »

where the last isomorphism comes from the universal property of the symmetric algebra: it corresponds to
OX -module homomorphisms from On

W Ñ OW , i.e. pOn
W q_ » On

W , then on intersections W “ U X V where
U “ SpecAi and V “ SpecAj , we have:

Homa
OW

pSym‚F_|W ,OW q Homa
OW

pSym‚On
W ,OW q Homa

OW
pOn

W ,OW q On
W

Homa
OW

pSym‚F_|W ,OW q Homa
OW

pSym‚On
W ,OW q Homa

OW
pOn

W ,OW q On
W

» »

»

»

» »

» »
»

where the second vertical isomorphism is induced by the OW -algebra isomorphism Sym‚On
W Ñ Sym‚On

W

given by the isomorphism pT´1
ij qt : On

W Ñ On
W , thus by functoriality of the universal property the third

vertical isomorphism is given by precomposing pT´1
ij qt we only have to show that the isomorphism corre-

sponding to the last vertical arrow is Tij . But you know that we are just taking the dual again, thus we get
the transition function is pppT´1

ij qtq´1qt “ Tij , we are done.

Remark 1.13. You may find the following remark conceptually useful.
Recall that when we motivated the importance of the study of locally free sheaves, we discussed the

equivalence of categories between locally free sheaf of rank n and rank n vector bundles over a manifold.
Because we work with manifold, with have an Rn structure thus we can discuss transition functions of a
vector bundle, and you saw that the transition function of the vector bundle is the same as the transition
functions of the sheaf of sections. Therefore, you can say that in some sense, the vector bundle is associated
to the sheaf of sections.

We want to tell a similar story in the algebraic setting, i.e, given a locally free sheaf of finite rank F , we
want to associate it with a vector bundle such that the sheaf of sections is isomorphic to F . However, for
the scheme total space, we don’t have any transition functions like we used to have for vector bundles over
manifolds, thus we can’t produce the similar story using the elementary method we had for manifold and
we have more difficulties than we expected, for example, how we are able to interpret the sheaf of sections
as an OX -module in the first place as for a general scheme morphism Y Ñ X there is no natural structure
on the sheaf of sections, which is just a sheaf of sets or sheaf of groups under the compositions operation.
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The Spec construction is precisely the tool we use to overcome the difficulties stated above. We have a
locally free sheaf F of rank n on X, we associated it with the total space of F , which is a vector bundle
over X, then you find the sheaf of sections is isomorphic to F , only with one caveat that the total space is
defined using the symmetric algebra F_. You may want to say that we still have an equivalence of category
between locally free sheaves and ”vector bundles” over X, thus fully recovering the story for manifolds and
justify our usage of vector bundles for locally free sheaves. But some questions arise here, for example, how
do we define a vector bundle over X. With the right definition, our expectation is indeed true, but since we
will not use it later, we omit it here.

As an example of the above vector bundle construction, we construct the tautological line bundle
on Pnk for a field k. For the setup, we consider the fibered product An`1

k ˆ Pnk , and notice that we have a
line bundle OAn`1

k
b Op1q consider the global sections xiyj ´ xjyi if we assume the coordinate on An`1

k is

x0, ¨ ¨ ¨ , xn and the coordinate on Pnk are y0, ¨ ¨ ¨ , yn, then the global sections xiyj ´ xjyi are just the tensor
of the pullback xi, yj and xj , yi. Recall that we already saw that a single global sections of a line bundle
cuts out a closed subscheme, the same argument works for finitely many global sections of a line bundle,
thus these sections xiyj ´ xjyi cuts out a closed subscheme X ãÑ An`1

k ˆ Pnk , then we can compose with the
projection to Pnk and get π : X Ñ Pnk .

For some geometric intuition about what is this closed subscheme X, we still can describe what X
looks like locally, say over the standard affine cover An`1 ˆ An. Notice that on this affine open where
yk ‰ 0, the restriction of the global sections are just functions xi

yj
yk

´ xj
yi
yk
, thus it’s just cut out in

Speckrx0, ¨ ¨ ¨ , xn,
y0
yk
, ¨ ¨ ¨ , ynyk s by the ideal pxi

yj
yk

´ xj
yi
yk

q. Then if you consider say the k-valued point

ry0, ¨ ¨ ¨ , yns where yi P k and yk ‰ 0, then the computation of the fiber of this point is in the following
diagram:

¨ ¨ ¨ ¨ ¨ ¨ k

π´1pD`pykqq An`1 ˆ An An

X An`1 ˆ Pn Pn

the fiber is the stuff on the left top corner. Where the stuffs on the second row are given by:

Speckrx0, ¨ ¨ ¨ , xn,
y0
yk
, ¨ ¨ ¨ , ynyk s{I Speckrx0, ¨ ¨ ¨ , xn,

y0
yk
, ¨ ¨ ¨ , ynyk s Speckr

y0
yk
, ¨ ¨ ¨ , ynyk s

with obvious ring morphisms. Then I will let you check that if we denote ri “
yi
yk
, then the fiber is just

Speckrx0, ¨ ¨ ¨ , xns{pxirj ´ xjriq, then you see that the k-valued points in An`1
k that are in the fiber must

satisfies xiyi ´ xjyi “ 0, in other words, there is a nonzero scalar multiple λ P kˆ such that:

λrx0, ¨ ¨ ¨ , xns “ ry0 : ¨ ¨ ¨ : yns

Therefore if you only want to consider the k-valued points.

Proposition 1.14. The above morphism π : X Ñ Pnk is the vector bundle associated to Op´1q. (The total
space associated to Op´1q, since we saw that the fiber of a k-valued point is the line corresponding to the
homogeneous coordinates of that point, Op´1q is always called the tautological line bundle on Pnk .)

Proof. To see the assertion, let’s first try to understand the total space of the line bundle Op´1q:

SpecSym‚Op1q Ñ Pnk

We don’t use any fancy complicated arguments, instead we just try to understand this locally on affine
trivializing neighborhoods and see how they are glued together. This requires us to understand the situation
on affine opens quite well. Say you work over SpecA “ X and you have two quasicoherent OX -algebra that
are isomorphic via an OX -algebra isomorphism R Ñ S, then we know that the unique isomorphism coming
from the universal property that makes SpecR and SpecS isomorphic as an A-module is just R Ñ S.
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Therefore the lesson we learn about Spec construction on affine schemes is that we know the functorial
isomorphism coming from universal property well, thus basically we can do anything without too much pain.
Therefore apply this to D`pykq “ Uk, we get the following diagram:

Speckrx, y0yk , ¨ ¨ ¨ , ynyk s Spec Čkrx, y0yk , ¨ ¨ ¨ , ynyk s SpecSym‚Op´1q|U

Speckr
y0
yk
, ¨ ¨ ¨ , ynyk s Uk

» »

»

thus we can identity the restriction toD`pykq to the the morphism Speckrx, y0yk , ¨ ¨ ¨ , ynyk s Ñ Speckr
y0
yk
, ¨ ¨ ¨ , ynyk s,

then since we know that restricting further correspond to taking fibered product, we know that we have the
following diagram:

Speckrx, y0yk , ¨ ¨ ¨ , ynyk ,
y0
yl
, ¨ ¨ ¨ , ynyl s Speckrx, y0yk , ¨ ¨ ¨ , ynyk s

Speckr
y0
yk
, ¨ ¨ ¨ , ynyk ,

y0
yl
, ¨ ¨ ¨ , ynyl s Speckr

y0
yk
, ¨ ¨ ¨ , ynyk s

on the intersection D`pykq XD`pylq. You can apply the same argument on D`pylq then restrict to D`pylq,
then you know that we have the diagram below:

Speckrx, y0yk , ¨ ¨ ¨ , ynyk ,
y0
yl
, ¨ ¨ ¨ , ynyl s SpecpΓpUk X Ul, Sym

‚Op´1qqq Speckrx, y0yk , ¨ ¨ ¨ , ynyk ,
y0
yl
, ¨ ¨ ¨ , ynyl s

Speckr
y0
yk
, ¨ ¨ ¨ , ynyk ,

y0
yl
, ¨ ¨ ¨ , ynyl s

» »

You should think through what doesn’t this diagram means and see that the two local identification is
connected via multiplication by yk

yl
.

Then back to the morphism X Ñ Pn, we know that over each D`pxiq, it looks like:

Speckrx, y0yk , ¨ ¨ ¨ , ynyk s Speckrx0, ¨ ¨ ¨ , xn,
y0
yk
, ¨ ¨ ¨ , ynyk s{pxi

yj
yk

´ xj
yi
yk

q

Speckr
y0
yk
, ¨ ¨ ¨ , ynyk s

»

where the vertical isomorphism is given by xk ÞÑ x, xi ÞÑ
yi
yl
, then on D`pykq X D`pylq we can identify π

using:

Speckrx, y0yk , ¨ ¨ ¨ , ynyk ,
y0
yl
, ¨ ¨ ¨ , ynyl s Speckrx, y0yk , ¨ ¨ ¨ , ynyk s

Speckrx0, ¨ ¨ ¨ , xn,
y0
yk
, ¨ ¨ ¨ , ynyk ,

y0
yl
, ¨ ¨ ¨ , ynyl s{pxi

yj
yk

´ xj
yi
yk

q Speckrx0, ¨ ¨ ¨ , xn,
y0
yk
, ¨ ¨ ¨ , ynyk s{pxi

yj
yk

´ xj
yi
yk

q

Speckr
y0
yk
, ¨ ¨ ¨ , ynyk ,

y0
yl
, ¨ ¨ ¨ , ynyl s Speckr

y0
yk
, ¨ ¨ ¨ , ynyk s

You need to understand the gluing of An`1 ˆ Pn very well which allows you to see how the glue works on
the closed subscheme, but the result is till given by multiplication by yk

yl
, thus we are done.

2 Relative Proj of a quasicoherent sheaf of graded algebras

In parallel with the Spec construction, we define a relative version of Proj, denoted Proj called relative
proj, curly proj or sheaf proj. It’s defined for a quasicoherent graded sheaf of algebra on a scheme X. When
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the scheme X is affine, this is just the usual proj construction we defined before. Since graded rings and
modules makes everything confusing, even we can state the universal property and glue, we won’t go in this
way since the universal property should make your life easier, not harder. Instead, we take a more pedestrian
approach.

We first need some preparations:

Proposition 2.1. Suppose that A Ñ B is a map of ring and S‚ is a Zě-graded ring over A, then there is a
canonical isomorphism:

α : ProjBpS‚ bA Bq Ñ ProjAS‚ ˆA SpecB

Here the subscript is just to remind you what base ring we are using.

Proof. First, notice that S‚ “ ‘ně0Sn, with component of each degree an A-module, the tensor product
gives you another direct sum decomposition:

S‚ bA B » ‘ně0pSn bA Bq

Recall that the ring structure on S‚ bA B is given by ab b ¨ cb d “ acb bd, then since the degree 0 piece is
AbA B “ B, we know that multiplication on S‚ bA B indeed makes it a graded ring wrt the decomposition
we stated above.

Recall that by the universal property of fibered product, to give a morphism to ProjApS‚q ˆA SpecB is
just to give the following diagram:

ProjBpS‚ bA Bq

ProjApS‚q ˆA SpecB SpecB

ProjApS‚q A

A natural choice of ProjBpS‚ bA Bq Ñ SpecB is the structure morphism we use such that it’s a B-scheme.
To be more precise, if S‚ is a graded module over A, we define a morphism ProjS‚ Ñ SpecA by on each
SpecpSf q0 we define it to be the morphism given by the natural ring map A Ñ pSf q0, it’s obvious that they
agree on intersections:

pSf q0

A pSfgq0

pSgq0

Here we apply this to ProjBpS‚ bA Bq Ñ SpecB.
The natural choice for ProjBpS‚ bA Bq Ñ ProjApS‚q is given by the morphism of graded rings:

i : S‚ Ñ S‚ bA B

Notice that the homogeneous elements in S‚ bA B od degree d are of the form
ř

fi b bi where fi P Sd, then
we know that they are ipfiq ¨ bi, thus the induced scheme morphism is well defined on all of ProjBpS‚ bABq.

The final step is to show this induces an isomorphism. Notice that on SpecpS‚bABfb1q0 Ñ SpecpSf q0ˆA

SpecB, it’s given by the following diagram:

SpecpS‚ bA Bfb1q0

SpecpSf q0 ˆA SpecB SpecB

SpecpSf q0 SpecA

12



i.e. it’s given by the ring map:
pSf q0 bA B Ñ pS‚ bA Bfb1q0

where x
fn b b ÞÑ xbb

fnb1 . We only have to show this is a ring isomorphism. To show this, first consider the
following ring map:

Sf bA B Ñ pS‚ bA Bqfb1

This is an isomorphism of graded rings, since it’s inverse is induced by the following diagram:

S‚ bA B Sf bA B

pS‚ bA Bqfb1

Then you only have to check the composition is the identity.
Then we take the 0-th degree of Sf bA B Ñ pS‚ bA Bqfb1, which gives you an isomorphism:

pSf bA Bq0 Ñ pS‚ bA Bfb1q0

However, we know that pSf bA Bq » pSf q0 bA B via the isomorphism:

pSf q0 bA B Ñ pSf bA Bq0
x

fn
b b ÞÑ

x

fn
b b

This is an isomorphism since tensor commutes with direct sums and you see the ring map above is exactly
the inclusion of the 0-th degree component.

Proposition 2.2. Suppose that X is a projective A-scheme, then X ˆA SpecB is a projective B-scheme.

Proof. This is essentially just a consequence of the above proposition.
Recall the definition of a projective A-scheme: X is a projective A-scheme if X » ProjS‚ where S‚ is a

finitely generated graded ring over A. Then we proved that:

X ˆA SpecB » ProjAS‚ bA SpecB » ProjBpS‚ bA Bq

Therefore, we only need to prove S‚ bA B is finitely generated over B, which is obvious.

Proposition 2.3. Recall that if S‚ is generated in degree 1, then OProjS‚
p1q is an invertible sheaf. Clearly,

in this case, we know S‚ bA B is also generated in degree 1 as a B-algebra. Then there is an isomorphism:

OProjBpS‚bABqp1q » α˚γ˚OS‚ p1q

where γ is the morphism ProjBpS‚ bA Bq Ñ ProjApS‚q in the fibered product.

Proof. We will use transition functions to prove this. Recall that if D`pfq covers ProjApS‚q if f runs over
all homogeneous elements of degree 1. Then we know that D`pf b 1q covers ProjBpS‚ bA Bq if f runs over
all homogeneous elements of degree 1.

Now if you still remember how we defined OProjBpS‚bABqp1q, it’s defined to be the associated quasicoher-
ent sheaf of pS‚ bA Bqp1q. Generally speaking, we know the transition function of OProjS‚

p1q from D`pfq

to D`pgq is multiply by f
g , thus the transition function of OProjBpS‚bABqp1q from D`pf b 1q to D`pg b 1q

is just multiply by f1
gb1 .

Then we compute the transition function of α˚γ˚OS‚ p1q. Recall that the inverse image of D`pfq under
γ is D`pfq ˆA SpecB, whose inverse image under α is D`pf b 1q, then the inverse image of D`pfq XD`pgq

under γ ˝ α is D`pf b 1q XD`pg b 1q. Then notice that via the ring morphism:

pSfgq0 Ñ pSfgq0 bA B Ñ ppS‚ bA Bqfgb1q0

f
g is mapped to fb1

gb1 (if you are really careful, you may want to say f2

fg is mapped to f2
b1

fgb1 ). Then recall how
the transition function via pullback works, we are done.
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Remark 2.4. The above argument can also be used to show the pullback of Opnq is Opnq since the transition
functions can be computed similarly.

After all these preparations, we are ready to introduce a general way to define a scheme over X, if we
know what it looks like over every affine open and how they behave under open embeddings of affine open
set into each other (not necessarily distinguished!).

Proposition 2.5. Suppose that we are given a scheme X and the following data:

1. For each affine open U Ă X, we are given some morphism πU : ZU Ñ U , i.e. a scheme over U .

2. For each open embedding of affine open V Ă U Ă X, we are given an open embedding ρUV : ZV ãÑ ZU .

Assume that the data satisfies:

1. For each V Ă U Ă X, UV induces an isomorphism ZV Ñ π´1
U V of schemes over V and,

2. Whenever W Ă V Ă U Ă X are three nested affine open subsets, ρUW “ ρUV ˝ ρUW .

Then there exists an X-scheme π : Z Ñ X and isomorphisms iU : π´1U » ZU over each affine open such
that for each nested affine open subsets V Ă U , ρUV agrees with the composition:

ZV
i´1
V
Ñ π´1V ãÑ π´1U

iU
Ñ ZU

Proof. We will first define Z as a set, then a topological space finally as a scheme, so the morphism π : Z Ñ Y
will be maps of sets, topological spaces and finally schemes. You probably will think of the argument about
gluing schemes along isomorphic open subschemes. This is indeed similar to what we will do here and you
will see that the principles we use are the same. However, they are not the same, so you can not use gluing
schemes to prove this.

Also, before we prove it, we want to state here that in the following proof, the fact that we are considering
only affine opens are not special, the proof works for any base of the topology on a ringed space.

To start with, let’s first define Z as a topological space. We will define Z to be the disjoint union of all
ZU quotient out the equivalence condition induced by open embedding, i.e. px, ZU q „ py, ZV q iff there is
another affine open W Ă U X V such that via the open embeddings ZW ãÑ ZU and ZW ãÑ ZV there is a
z P ZW such that it’s mapped to x P ZU and y P ZV . Under our hypothesis, this is indeed an equivalence
relation, reflexive and symmetric is easy, to prove it’s transitive, if px, ZU q „ py, ZV q via the common affine
open pa, ZSq and py, ZV q „ pz, ZW q via the common affine open pb, ZT q, we can find an affine open of T XS,
say K, then once we find an element pc, ZKq such that via the open embedding ZK ãÑ ZS and ZK ãÑ ZT ,
c is mapped to a, b, we are done since we assumed compositions of open embeddings in nested affine open
agree. To show there is indeed such a pc, ZKq, we consider the image of a and b in S and T , since we assumed
that the open embedding induces isomorphisms on the inverse images, we can assume the image of a, b are
the same and are in T X S, we just pick an affine open K in T X S which contains the image of a, b then we
know again from the open embedding induces isomorphisms of inverse images that there is indeed exactly
one such a pc, ZKq, we are done.

This describes Z as a topological space together with open embeddings iU : ZU ãÑ Z with the image
iU pZU q such that the following diagram commutes for any V Ă U :

ZU iU pZU q

ZV iV pZV q

iU

ρUV

iV

inclusion

Then we describe Z as a scheme together with a universal property that tells you that there is a unique
scheme morphism π : Z Ñ X satisfying the hypothesis we imposed.

You probably want to define the sheaf of rings on Z by define it to be the pushforward of the structure
sheaf on Zu on each iU pZU q and then use the gluing argument to glue them. But the problem here is
that two affine intersections are not necessarily affine thus it’s hard to define the gluing isomorphism on the
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intersection iU pZU qXiV pZV q. Therefore, instead, we retreat a little bit and if you still remember the method
we used to constructed the glued sheaf, the same ideal applies here to give this construction we want here.
The result will be a sheaf of rings denoted OZ on Z together with open embeddings iU : ZU ãÑ Z such that
it induces isomorphism with ZU and iU pZU q such that following diagram commutes:

ZU iU pZU q

ZV iV pZV q

iU

ρUV

iV

inclusion

This is exactly the diagram we used when constructing the topological space, but here we think of everything
as schemes. Or you can check it is equivalent to the commutativity of the following diagram:

ZU Z

ZV

iU

ρUV
iV

To be precise, we define the sheaf OZ on Z directly where for each open subset W in Z, we define:

OZpW q “ tpsU qU : sU P ΓpU X i´1
U pW q,OZU

q such that for any V Ă U sv|pVXW q “ ρUV psU qu

You can directly check this satisfies the sheaf axioms with the obvious restriction essentially because OZU

satisfies the sheaf axioms.
Then we need to show there exists such open embeddings iU : ZU Ñ Z. We define the map of topological

space to be iU we defined for the topological spaces, and for the morphism of sheaf of rings fromOZ Ñ i˚UOZU
,

we just define it by for each W Ă X, we have the following map:

OZpW q Ñ OZU
pi´1
U W q psU qU ÞÑ sU

It is obviously compatible with restrictions and is a morphism of sheaves of rings. We have to show it’s an
open embedding to iU pZU q and the diagram above commutes.

Notice that when W Ă U , the map OZpW q Ñ OZU
pi´1
U W q we defined above is an isomorphism. I will

let you check it’s injective, and the fact that it’ surjective comes from the compatibility condition in the
definition of OZ , say we have some sU P Γpi´1

U W,OZU
q, we can define for other V Ă U a sV “ ρUV psU q, then

the compatibility condition in the definition is automatically satisfied, thus it’s surjective as well. This fact
plus iU : ZU Ñ Z induces open embedding to iU pZU q proves iU as a morphism of schemes is indeed an open
embedding. Finally the fact that the diagram commutes comes from the fact that it commutes as a map of
topological spaces and the definition of the structure sheaf on Z, I will also let you check it.

The construction Z satisfies a certain universal property, i.e. to give a morphism f : Z Ñ Y , it suffices
to give morphism fU : ZU Ñ Y such that the following diagram commutes:

ZU Y

ZV

fU

ρUV
fV

for each pair of U, V such that V Ă U . It’s easy to give such a diagram from a morphism f : Z Ñ Y , since
we can just compose the open embedding, it’s also easy to give a morphism f from such a diagram, if you
recall that morphisms of scheme glue.

Using this universal property, with our hypothesis, it’s easy to give a morphism π : Z Ñ X from the
following diagram:

ZU X

ZV

πU

ρUV
πV
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this diagram indeed commutes since we assumed that ρUV induces an isomorphism with π´1
U pV q, which means

that ρUV factors through an isomorphism with π´1V and the open embedding π´1V ãÑ ZU .
The last assertion that ρUV agrees with the composition:

ZV
i´1
V
Ñ π´1V ãÑ π´1U

iU
Ñ ZU

follows from the way we define f and the commutativity diagram. Therefore we are done, and as we
mentioned in the beginning, this argument works for ringed spaces and any base of the topology.

Remark 2.6. If you go over the above argument, you will find that we don’t even have to assume we have
a base of the topology. In fact, what we need is the following data: an open cover of the space X, such that
for any two open U, V in this cover, the intersection can be covered again by opens in this open cover. Then
you find that the argument above can be carried out verbatim in this situation and we have a scheme Z
together with a structure morphism Z Ñ X.

Moreover, suppose that you have a base of X together with the data in the above proposition, and then
you pick out a subcollection of the base such that it satisfies the assumptions in the preceding paragraph,
then you can construct two X-schemes Z1, Z2 using the base and the open cover, and you will find they
are naturally isomorphic. The reason is also simple, the universal property of Z2 is given by any morphism
out of Z2 is equivalent to a bunch of morphisms out of ZU such that it satisfies the compatibility condition
for V ãÑ U an open embedding. Then since the data defining Z2 us just part of the data defining Z1

and both satisfies the compatibility condition, we naturally have a morphism Z2 Ñ Z1 such that it’s an
isomorphism on each ZU , thus a global isomorphism. The same argument shows that you can pick out a
different open cover satisfying the assumptions in the previous paragraph and construct Z3 Ñ X, and it will
be isomorphic as a X-scheme to Z2 since Z2, Z3 are both isomorphic to Z1. This is also an advantage of
doing the construction using all the affines.

Using the above construction, we can construct the relative proj, for the set up, let X be any scheme
and I‚ “ ‘ně0In (a clean way to state this condition is that we have an injective morphism In ãÑ I‚ for
each n, which induces an isomorphism ‘něnIn » I‚ via the universal property of direct sums, we will also
require In is also quasicoherent as a OX -module for each n) be any quasicoherent sheaf of graded algebra
on X, then over each affine open SpecA » U Ă X, I‚pUq is an A-algebra which is graded (can you figure
out what is the grading? The key here is that even if infinite direct sums of sheaves need to be sheafified,
quasicoherent condition helps to drop the sheafification step on affine opens, i.e. just as the way we proved
tensor product of quasicoherent sheaves don’t have to be sheafified on affine opens, we can prove the same
conclusion for direct sums of quasicoherent modules which essentially is the statement that arbitrary direct
sums commutes with localizations) and we can define an U -scheme by: βU : ZU “ ProjAI‚pUq Ñ U .

Proposition 2.7. Using the above construction of X-scheme, the local construction ProjAI‚pUq Ñ U glues
to a X-scheme, called ProjXI‚, together with a structure morphism β : ProjXI‚ Ñ X. (The structure
morphism is part of the data in the relative proj.)

Proof. Before we prove this, a comment is that we can’t not just considering affine opens and distinguished
affine inclusions, since in the above proposition, we need to use all affine opens, which is a base of the
topology. However, a version of affine open and distinguished affine open inclusion of the above proposition
can be given and indeed will make this proposition easier in the sense that we don’t have to use the fact that
the usual proj commutes with affine base change which we proved in the beginning of this section. However,
considering only the distinguished affine inclusions makes the above construction considerably harder than
using all affine opens, thus we won’t go that way.

Now suppose that V “ SpecB Ă U » SpecA, then we know that over V , the V -scheme structure is given
by:

βV : ZV “ ProjBpI‚pV qq Ñ V

To use the construction, we need two things: an open embedding ρUV : ProjBpI‚pV qq ãÑ ProjApI‚pUqq and
it should induces an isomorphism to β´1

U pV q.
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First, consider the following fibered product of open embeddings of affine opens:

ProjBpI‚pUq bA Bq » ProjApI‚pUqq ˆA SpecB ProjApI‚pUqq

V “ SpecB SpecA “ U

βU

which follows from Proj construction commutes with affine base change.
Now, notice that I‚pV q is just I‚pUq bA B, since this is the global section of the restriction of I‚ on U ,

since we are working with affine schemes and open embeddings, restriction is just pullback using the open
embedding, thus it’s just tensor with B. To be more precise, there is a canonical isomorphism of B-modules
induced by the adjoint property:

I‚pV q » I‚pUq bA B

and if you think through how this isomorphism is induced (think thourg the adjoint property that let’s you
conclude restriction is the same as pullback then the image of the identity is the isomorphism) it’s just the
one induced by I‚pUq Ñ I‚pV q and B Ñ I‚pV q, which happens to be a B-algebra isomorphism! Therefore,
we have the following diagram:

ProjApI‚pUqq ProjBpI‚pUq bA Bq ProjBpI‚pV qq

U “ SpecA V “ SpecB

»

this tells you what is ρUV and why it induces isomorphsims to the inverse image.
Finally, we need to show that the composition ρUW “ ρUV ˝ ρVW . Recall that we already saw the morphism

ProjBpI‚pUq bA Bq ãÑ ProjApI‚pUqq is induced by the B-algebra homomorphism I‚pUq Ñ I‚pUq bA B
and the isomorphism ProjBpI‚pUq bA Bq » ProjBpI‚pV qq is induced by the B-algebra homomophism
I‚pUq bA B Ñ I‚pV q, therefore ρUV is induced by the B-algebra homomorphisms I‚pBq Ñ I‚pV q and you
find it’s justt the restriction!

Therefore, since composition of restriction maps agree, we are done.

Remark 2.8. As we mentioned before, the data on every affine open together with every inclusion is
redundant in the sense that we can construct an isomorphic X-scheme ProjI‚ only using only a part of the
affine opens

Remark 2.9. Essentially the same ideal can be used to construct Xred, normalization and SpecR by using
affine opens and glue use the proposition above. However, there will be a price to be paid when you do the
glue argument by losing universal property, for example, here we have to use the fact that Proj commutes
with affine base change and a little bit more than that.

Recall that the usual proj construction is most useful when applied to a graded A-algebra S‚ with some
reasonable assumptions, for example, finitely generated as an A-algebra in degree 1. For the same reason,
for the rest of the notes, we will also make some reasonable assumptions on I‚ and will keep them fixed.

Definition 2.10. For the rest of the notes, we will require I‚ to be a quasicoherent sheaf of graded OX -
algebras finitely generated in degree 1, i.e. each component In is a quasicoherent sheaf of OX -modules,
I0 “ OX , I1 is a finite type quasicoherent sheaf on X and I‚ is generated in degree 1.

For the last condition, the cleanest way to state it is to require a surjection:

Sym‚
OX

I1 Ñ I‚

which is induced by the universal property of Sym‚
OX

and it’s given by the usual inclusion I1 ãÑ I‚.

Recall that the Sym‚
OX

construction for a quasicoherent module F is also quasicoherent, and on each
affine open A, it’s sections is just Sym‚

AFpSpecAq, then we can just check the surjection affine locally, thus
generation in degree 1 is something we can check on each affine.

The motivation for this hypothesis is because we want the following construction:

17



Proposition 2.11. Let I‚ to be finitely generated in degree 1, then there is an invertible sheaf OProjXI‚
p1q

on ProjXI‚ such that it restricts to OProjAI‚pSpecAqp1q over each affine open subset SpecA Ă X.

Proof. We first show that similar to gluing sheaves on an open cover via isomorphisms on the intersection,
we can produce a sheaf using similar method on an cover of X via an open cover of X say tUu such that for
each U, V in the cover there is some W in the cover such that W Ă U X V and such W ’s cover U X V .

Say on X you have such an open cover tUu and on each U , there is a sheaf FU together with isomorphisms
φUV : FV » FU |V such that for any nested opens in the cover W Ă V Ă U , we have φUW “ φUV |W ˝ φVW ,
then there is a sheaf F on X together with isomorphisms ψU : F |U » FU such that the following diagram
commutes:

F |V FU |V

F |V FV

ψU |V

id

ψV

φU
V

The way to prove it is still to define F by on each W Ă X, we set:

FpW q “ tpsU qU : sU P ΓpW X U,FU q, such that for each V Ă U sU |VXW “ φUV psV qu

Again, it’s a sheaf with obvious restrictions since each FU is a sheaf, and the isomorphism ψU comes from
the the natural map where for each W Ă U , we define psU qU ÞÑ sU P ΓpW,FU q. This is injective since
W Ă U , it’s surjective since for any s P ΓpW,FU q we can define a compatible collection. To be precise, for
each V in the open cover, we consider all the other opens S in the cover such that S is in the intersection
U XV , and we define sV P ΓpW XV,FV q to be the one that restricts to φVS ˝ pφUS q´1psq P ΓpW XV XS,FV q,
we notice that for we want to show they agree on intersections, such that it indeed gives a section on W XV ,
well suppose that we have the section φVT ˝ pφUT q´1psq P ΓpW X V X T,FV q and we want to show they agree
on W X V X S X T . The way we check this is via the fact that we can still cover S X T with opens in the
cover, say one of them is K. Then we restrict to W X V XK and if they agree on every W X V XK, we are
done.

This essentially follows from the compatibility conditions on φ’s, and I will let you check it. Then once
we check this satisfies the condition in the definition of F it’s indeed surjective. Suppose that V 1 Ă V , we
need to show that sV |V 1XW “ φVV 1 psV 1 q then we only have to check this on all T where T in in V 1 X U ,
but remember how we defined sV and sV 1 on T , I will let you check this suffice to show the compatibility
condition. The fact that the certain diagram commutes is built in the definition.

Then, let’s use this to construct OProjI‚
p1q. To begin with we give a general argument. Say L,M,N

are three locally free sheaf of rank n on X, say you cover X by some opens U , on each U , all three of
them are trivial and the transition functions are the same. Under this assumption, we know we have three
isomorphisms:

ψML : L » M ψNM : M » N ψNL : L » N

induced by the transition functions. Then I claim ψLN “ ψNM ˝ ψML .
The reason is because if you consider what is the isomorphism ψML , it’s given by the universal property

since L represents the sheaf glued together the local free sheaves, then you have a functorial isomorphisms:

HompL,´q » HompM,´q HompM,´q » HompN ,´q HompL,´q » HompN ,´q

such that the composition of the first two is the third, then Yoneda’s lemma tells you the conclusion. Or
you can just do this show that the isomorphism between L and M is just defined locally by:

L|U » On
U » M|U

and it naturally agrees on intersections thus glue to a global isomorphism. We will use this in the proof
below.
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Now by construction of ProjI‚, we have the following commutative diagram:

ProjCpI‚pW qq ProjCpI‚pV qq ProjCpI‚pV qq

β´1W β´1V β´1U

W “ SpecC V “ SpecB U “ SpecA

» » »

β β β

where composition of arrows in each column is the structure morphism for the usual proj. Then I define a
sheaf on β´1U by OProjApI‚pUqqp1q. Then to show these assignment extends to a global invertible sheaf on

X, we need to show that we have the isomorphism φUV satisfying compatibility conditions. Let’s first define
these φUV ’s for each pair of U, V .

Recall that we have the following diagram:

ProjBpI‚pUq bA Bq

ProjBI‚pV q ProjBI‚pUq

»

and we already saw the pullback of OProjAp1q is isomorphic to OProjBbp1q, then it’s again pullback to
something isomorphic to OProjBp1q, and the isomorphism is defined via transition functions. We will take
this to be the isomorphism φUV .

Let’s denote the open embeddings by i : ProjBI‚pV q ãÑ ProjBI‚pUq and j : ProjBI‚pW q ãÑ ProjBI‚pV q.
We know that φUW : j˚i˚OAp1q » OCp1q where the subscript is used to indicate it’s over SpecA or SpecC.
Then to show the compatibility, we only need to prove that the following diagram commutes:

j˚i˚OAp1q OCp1q

j˚OBp1q

»

» »

where the isomorphism j˚i˚OAp1q » j˚OBp1q is the isomorphism we obtained by apply j˚ to the isomorphism
i˚OAp1q » OBp1q. Notice the isomorphisms j˚OBp1q » OCp1q and j˚i˚OAp1q » OCp1q are induced by the
transition functions. Therefore if we can prove i˚OAp1q » OBp1q is also induced by the transition functions,
we are done. But I will let you check that this is generally true for any scheme morphisms f : X Ñ Y
because if you have a locally free sheaf L of finite rank on Y with trivializing neighborhoods U , then the
pullback f˚L is trivial on f´1U and with respect to this trivialization, the transition functions are pullbacks
of the transitions functions. We are done.

Now we can also prove the relative proj construction behaves well wrt base change:

Proposition 2.12. Suppose that I‚ is a quasicoherent sheaf of graded algebra finitely generated in degree
1 on X, let ρ : Z Ñ X be any morphism of schemes, then there is a natural isomorphism:

pProjρ˚I‚,OProjρ˚I‚
p1qq » pZ ˆX ProjI‚, ψ

˚OProjI‚
p1qq

where ψ is the morphism in the following fibered product diagram:

Z ˆX ProjI‚ ProjI‚

Z X

ψ

Informally speaking, this proposition is saying that fibered product of relative proj is also a relative proj.
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Proof. Consider the canonical morphism induced by the following diagram:

Projρ˚I‚

Z ˆX ProjI‚ ProjI‚

Z X

ψ

where Projρ˚I‚ Ñ Z is the structure morphism. To figure out what is the morphism Projρ˚I‚ Ñ ProjI‚,
we describe Projρ˚I‚ not using all the affine opens and inclusions of Z, but a subcollection of that.

To be precise, consider the morphism ρ : Z Ñ X, for any affine open U of X, we consider the inverse
image ρ´1U , we choose all the affine opens of ρ´1U . We know that we can cover X using affine opens, and
we can consider the inverse image, thus we only consider those affine opens in Z whose image lies in an
affine open of X. Then they indeed cover Z and suppose U, V are such two affine opens whose image lies
in SpecA and SpecB in X, then we know that for each point p P U X V , ρppq is in SpecA X SpecB, then
we know that all the affine opens in in U X V that contains p is an affine open whose image is in an affine
open. Therefore, this is indeed a subcollection of all the affine opens of Z, and by a previous remark, we can
construct Projρ˚I‚ using this collection and obtain isomorphic object.

Using this point of view, it’s easy to describe Projρ˚I‚ Ñ ProjI‚. To be precise, by the universal
property of Projρ˚I‚ we only have to describe a morphism over each SpecB Ă Z whose image is in some
affine open SpecR in X such that the compatibility condition is satisfied. Notice that over SpecA, we know
Projρ˚I‚ is just:

Projρ˚IpSpecAq Ñ SpecA

However, we know that ρ˚IpSpecAq » IpSpecRq bR A, then we know we only have to give a morphism
ProjIpSpecRq bR A Ñ ProjIpSpecRq which is obvious. Then we only have to show this is compatible in
the following diagram:

ProjIpSpecRq bR B ProjIpSpecRq bR A ProjIpSpecRq

Projρ˚IpSpecBq Projρ˚IpSpecAq

SpecB SpecA

» »

where the top morphism is induced by the graded ring map IpSpecRq bR A Ñ IpSpecRq bR B. (There
is an interesting question: why the B-module isomorphism ProjIpSpecRq bR A » ρ˚IpSpecBq is also a
B-algebra isomorphism. The question is not difficult to answer once you know this isomorphism can be
explicitly written as x b a ÞÑ ρ´1x b a, the important step is why this isomorphism looks like this, this
requires you to know that say for any sheaf F on Y and morphisms of scheme f : X Ñ Y , where does a
global section of F under the morphism F Ñ f˚f

´1F induced by the adjunction property and the identity
morphism f´1F Ñ f´1F , I will let you review this. *** Another point which is technical and annoying is
that we need to make sure that if SpecA is mapped to both SpecR and SpecT , what we stated above if well
defined, this is hard to check if we don’t assume anything on the morphism ρ or on the base scheme X. For
example, if X is separated, then intersection of affine is affine again, then we can use the intersection to
show it’s well defined, or if the morphism is affine we can also avoid the confusion)

To show this diagram indeed commutes, we only have to show the top square commutes, i.e. the following
diagram commutes:

IpSpecRq bR A IpSpecRq bR B

ρ˚IpSpecAq ρ˚IpSpecBq

» »

res
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Recall that if SpecB ãÑ SpecA is an open embedding and ĂM is a quasicoherent module on SpecA associated
to the A-module M , then the isomorphism between ĂMpSpecBq » M bAB is induced by the restriction map

M Ñ ĂMpSpecBq, then to show the above diagram commutes, it’s equivalent to show the following diagram
commutes:

IpSpecRq bR B “ IpSpecRq bR AbA B

IpSpecRq bR A Γp ČIpSpecRq bR A,SpecBq

ρ˚IpSpecAq ρ˚IpSpecBq

»

res

» »

res

notice the square commutes because we have an isomorphism of sheaves, the top triangle commutes because
we know the isomorphism IpSpecRq bR A bA B » IpSpecRq bR B “ IpSpecRq bR A bA B is induced by
the restriction map.

This defines a morphism from Projρ˚I‚ to ProjI‚, and it’s easy to show that it makes the fibered
product diagram commutes: you only have to check this locally, therefore, we can first assume X is affine,
say it’s SpecR, then you can assume ρ´1SpecR is also affine say SpecA, then you notice that you just need
to check the following diagram commutes:

ProjIpSpecRq bR A

Projρ˚IpSpecAq ProjIpSpecRq

SpecA SpecR

»

which is something we already proved: usual proj commutes with affine base change.
Then the universal property of fibered product gives you a morphism from Projρ˚I‚ to Z ˆX ProjI‚

this is an isomorphism since we can still check this locally, notice that SpecA ˆR ProjIpSpecRq covers the
fibered product, then locally over SpeA and SpecR, we already saw the fibered product looks like:

ProjpIpSpecRq bR Aq ProjIpSpecRq

SpecA SpecR

then it’s clear why this is locally an isomorphism.
We also need to show this isomorphism is compatible with Op1q, i.e. the pullback of Op1q on ProjI‚ is

Op1q on Projρ˚I‚. I claim it suffice to proveOp1q on ProjIpSpecRq pulls back toOp1q on ProjpIpSpecRqbR

Aq, which is true since we already proved this using transition functions.
This is because if this holds, then the data that defines Op1q on Projρ˚I‚ is isomorphic to the data that

defines the pullback. To be precise, we can view the pullback to be the sheaf constructed by sheaves on each
SpecA and open inclusions SpecB ãÑ SpecA whose image is in an affine open SpecR in X. This makes the
description of the pullback of Op1q easier since

The global proj construction allows us to generalize the notion of relatively very ample:

Definition 2.13. Suppose π : X Ñ Y is proper and L is an invertible sheaf on X, we say L is very ample
with respect to π, or relatively very ample or π-very ample if we can write X “ ProjY I‚ with L » Op1q

where I‚ is a quasicoherent sheaf of graded algebra finitely generated in degree 1.

Proposition 2.14. Suppose that I‚ is finitely generated in degree 1, then there is a map of graded quasi-
coherent sheaves ψ : I‚ Ñ ‘ně0β˚Opnq where β is the structure morphism and Opnq is just the n-th tensor
power of Op1q.
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Proof. First notice that just like Op1q on ProjI‚, we can also define Opnq on ProjI‚ by gluing the usual
Opnq on the usual proj. Moreover Opnq obtained by gluing or by tensoring Op1q are isomorphic, the reason
is the tensor product definition can also be realized using the gluing data. Suppose that L and M are two
line bundles on X with the same transition function, which gives you an isomorphism f : L » M, then we
know that the transition functions of Lbn and Mbn are the same and the corresponding isomorphism is
given by fbn. Then try to apply this to Op1q and Opnq here.

Then, recall that to describe a morphism of sheaves on X, we can only describe a morphism of sheaves
on the base, and we can use all the affine opens as a base on X.

Say U “ SpecA is an affine open of X, we only recall that we need to describe an A-module morphism
I‚pSpecAq Ñ ‘nβ˚OpnqpSpecAq.

Recall that for any graded algebra S‚ finitely generated in degree 1, we have the natural saturation map
M‚ Ñ Γ‚p ĂM‚q “ ‘npProjS‚, ĂM‚pnqq for any graded module M‚, then take M‚ to be S‚, we get a natural
morphism S‚ Ñ ‘nΓpProjS‚,Opnqq.

Then notice that for each n, we know Opnq is quasicoherent on ProjI‚, and the structure morphism β
is obviously qcqs since both qc and qs can be checked affine locally on the target and we know that for a
graded A-algebra S‚ finitely generated in degree 1, the structure morphism ProjS‚ Ñ SpecA is qcqs, thus
we know that the pushforward by β is also quasicoherent on X for each n, therefore since direct sum of
quasicoherent sheaves on an affine open don’t need to be sheafified, we know that we only need a morphism:

I‚pSpecAq Ñ ‘nOpnqpβ´1SpecAq

If you remember the definition of Opnq, then notice that on β´1SpecA it’s just Opnq on ProjAI‚pSpecAq,
then we can just take this to be the natural saturation map described above, the only thing left is to verify
this is compatible with restrictions to smaller affine opens.

Say V “ SpecB Ă SpecA “ U are two affine opens of X, then we need the following diagram to commute:

I‚pSpecAq ‘npProjAIpSpecAq,Opnqq

I‚pSpecBq ‘npProjBIpSpecBq,Opnqq

res res

We need to first figure out what is the restriction on the right hand side. We only have to do this for each
n since the restriction respects the direct sum, and for each n, recall that Opnq is defined by relative gluing
and for such SpecBSpecA, the relative gluing is given by the Cartesian diagram:

ProjBIpSpecBq ProjAIpSpecAq

SpecB SpecA

we described before. Therefore, the restriction is defined by the pullback morphism. To be more precise,
suppose that you have an open embedding i : X ãÑ Y , then for any sheaf F on Y , the pullback by i, i˚F
will be isomorphic to the restriction to the image of i and the pullback morphism is just the restriction.
This operation is compatible with restriction in the sense that if U Ă Y is an open subset with inverse
image V , then in the open embedding Cartesian diagram, restriction and pullback commutes. Therefore
for ProjAIpSpecAq, say f1, ¨ ¨ ¨ , fn in IpSpecAq generates I, we know that their restriction in IpSpecBq

generates IpSpecBq, then I claim for a element in ΓpProjAIpSpecAq,Opnqq that corresponds to xn in each
D`pfnq will be mapped to the element in ΓpProjBIpSpecBq,Opnqq that correspond to the pullback of xn
by the morphism of affine schemes:

D`pfn|resq Ñ D`pfnq

The reason is simple, just recall how the isomorphism determined by transition functions is defined, then
we are done with the restriction map, but with this description of the restriction, the commutativity is easy
and I will let you do this.
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Proposition 2.15. Suppose that L is an invertible sheaf on X and I‚ is a quasicoherent sheaf of graded
algebras finitely generated in degree 1, we can define a new quasicoherent sheaf of algebras finitely generated
in degree 1 using the above two data: we define I 1

‚ “ ‘nIn b Lbn, this has a natural algebra structure
inherited from I‚, then there is a natural isomorphism of X-schemes with line bundles:

pProjI 1
‚,Op1qq » pProjI‚,Op1q b β˚Lq

Informally speaking, you can twist the graded sheaf of algebra by a line bundle L and get isomorphic
X-scheme, but the Op1q is twisted by the pullback of the line bundle L.

Proof. Since we have a direct sum decomposition of I 1, to define the algebra structure, we only have to
describe how to multiply elements in different degrees that respects the new grading. To be precise, we need
morphisms:

In b Lbn ˆ Im b Lbm Ñ Im`n b Lbm`n

that satisfies a few ring multiplication axioms. This is equivaelant by the universal property of tensor
products to a multilinear morphism of OX -modules:

In ˆ Im ˆ

m`n
ź

L Ñ Im`n b Lbm`n

then it’s clear how to define it and the fact it’s satisfies the ring multiplication axioms is easy to check.
With this structure, I 1 is finitely generated in degree 1. It’s obvious the 0 degree part is OX and since

I1 is finite type and L is locally free, the tensor is quasicoherent and finite type. Finally, we need to show:

Sym‚I 1
1 Ñ I 1

‚

is surjective. Recall this can be cheked affine locally and it just reduces to if Sym‚I1pSpecAq Ñ I‚pSpecAq

is surjective, then Sym‚pI1pSpecAq b LpSpecAqq Ñ I 1
‚pSpecAq is surjective. I will let you prove this.

Then we need to define a natural morphism and show it’s an isomorphism. By the functoriality of the
relative gluing, we only need to give a morphism of the gluing data. To do so, we notice that the affine
trivializing neighborhoods of L forms a basis of X and we use this as the relative gluing data. For each
SpecA in X, we equip it with a trivializing isomorphism determined by an ismorphism LpSpecAq » A, then
we need a morphism of A-schemes:

ProjApI 1pSpecAqq Ñ ProjApIpSpecAqq

that is compatible with the gluing morphisms. Let’s first define this morphism and then show the compati-
bility. It’s defined by a morphism of graded algebras:

IpSpecAq Ñ I 1pSpecAq

recall I 1pSpecAq is just ‘nInpSpecAq b LpSpecAqbn, then using the isomorphism LpSpecAq » A, say y
is mapped 1, then we define this morphism to be x P In is mapped to x b ybn, then it’s easy to check
this is a morphism of algebra. Notice that if f1, ¨ ¨ ¨ , fn in I1pSpecAq generates IpSpecAq, then we know
that f1 b y, ¨ ¨ ¨ , fn b y generates I 1pSpecAq, therefore, this induces a well defined morphism of proj that
is also an A-scheme morphism. This is actually an isomorphism of A-algebra since the inverse is given by
xby1b¨ ¨ ¨byn is mapped to x¨a1 ¨ ¨ ¨ an where an is the image of yn in A via the isomorphism LpSpecAq Ñ A.

We need to show the respects the relative gluing morphism, i.e. the following diagram commutes:

ProjBIpSpecBq ProjAIpSpecAq

ProjBI 1pSpecBq ProjAI 1pSpecAq

we only need to show the corresponding diagram of algebras commute modding out possible difference by
multiplying an invertible element of the ring (recall that two ring morphism S‚ Ñ S‚ that is finitely generated
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in degree 1 that differs by the multiplication of an invertible element on degree 1 defines the same morphism
after we apply proj construction.) This gives the desired isomorphism:

ProjI 1 ProjI

X

α

β1 β

Finally, we need to show the isomorphism between line bundles. To see why we need to twist by the
pullback of L, we need to see why Op1q is not isomorphic to α˚Op1q and this also tells you why you need to
twist. Recall that we can also view α˚Op1q as a sheaf obtained using relative gluing, then if we want to show
Op1q is isomorphic to α˚Op1q, we again use the functoriality of relative gluing and try to give a morphism
of the gluing data. Notice that over SpecA Ă X, the local isomorphis is just between two usual proj, then
we can consider the following general statament: Suppose that S‚ Ñ T‚ is an isomorphism of two graded
A-algebra finitely generated in degree one, then via the induced isomorphism:

ProjT‚ Ñ ProjS‚

the two Op1q are isomorphic with the isomorphism defined by transition functions. Then we also try to define
the morphism between Op1q and αOp1q using the above idea, which is natural, however, this isomorphism
isn’t compatible with restrictions of the gluing data. The reason is the following: in the diagram below:

ProjBIpSpecBq ProjAIpSpecAq

ProjBI 1pSpecBq ProjAI 1pSpecAq

the isomorphism of Op1q on the right hand side is induced by the ring morphism:

IpSpecAq Ñ I 1pSpecAq x ÞÑ xb ybn
1

but the isomorphism of Op1q on the left hand side is induced by the ring morphism:

IpSpecBq Ñ I 1pSpecBq x ÞÑ xb ybn
2

where y1 restricted to SpecB differs from y2 by an invertible element of B. Therefore, if you restrict the
isomorphism on the top to the stuff on the bottom, you don’t get the same isomorphism, and they differ by
the transition function of L, pulled back to the inverse image of SpecB, this the the reason we need to twist
α˚Op1q by the pullback of L.

Now let’s dicsuss the projectivization of vector bundles:

Definition 2.16. If F is a finite rank locally free sheaf on X, then we can form Sym‚F_, this is a graded
sheaf of algebra, and since F is locally free of finite rank, it’s finitely generated in degree 1, thus we can talk
about ProjpSym‚F_q, we will say this X-scheme is the projectivization of F and is denoted by PF .

If F is locally free of rank n` 1, we say PF is a projective bundle or Pn-bundle over X.

Remark 2.17. We redefine PnX by PpO‘n`1
X q, then you can check PSpecA in this definition agrees with our

earlier definition of PnA. This is simple since over an affine scheme SpecA, the relative proj is just the usual

proj we define earlier. And notice that Sym‚
ĆAn`1

‚

is just ČArx0, ¨ ¨ ¨ , xns.
If F is locally free of finite rank, then we have a canonical isomorphism PF » PpL b Fq for a line

bundle L. This only holds for line bundles and fails for other vector bundles and it is because we know that
Sym‚pL b Fq_ “ ‘nSym

npL b Fq_ “ ‘npSymnpF_q b Lb´nq. This holds more generally: suppose that
L is a line bundle and F is a locally free sheaf of finite rank, then:

SymnpL b Fq » SymnF b Lbn
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To see this holds, recall that via the universal property of Symn, we have a natrual morphism from left hand
side to right hand side, defined using:

L ˆ F ˆ ¨ ¨ ¨ ˆ L ˆ F Ñ SymnF b Lbn

that is multilinear and for symmetric in each pair of L,F . Then recall that on the open subset U where L
is OU , this morphism is obvious an isomorphism and you also see why this fails if L is not rank 1.

This gives you the desired isomorphism between PpFq and F b L and we will use this later.

Remark 2.18. There is a serious disagreement on whether PF should be defined using Sym‚pF_q or
Sym‚pFq, therefore we will try to avoid the over use of the notation PpFq, we only use it when F is locally
free of finite rank and define it using the dual.

Example 2.19. We can use this relative proj construction to define the notion of ruled surfaces.
Let C be a regular curve and F is locally free of rank 2, then PpFq is called a ruled surface over C,

and if C is further isomorphic to P1, PpFq is called a Hirzebruch surface. We will see later that all vector
bundles on P1 splits as a direct sum of line bundles, and since the line bundles on Pn are just Opnq, we know
that PpFq is PpOpn1q ‘ Opn2qq, since we can twist Opn1q ‘ Opn2q using a line bundle and get isomorphic
space, we know that the Hirzebruch surface only depends on n2 ´ n1. Therefore, the Hirzebruch surface
PpO ‘ Opnqq for n ě 0 is always denoted by Fn, we will discuss Hirzebruch surfaces in greater length later,
in particular you will see that for different n, Fn are all distinct.

Proposition 2.20. Suppose I‚ is a graded sheaf of algebra finitely generated in degree 1 on X, then there
is a canonical closed embedding i of X-schemes:

ProjI‚ ProjpSym‚I1q

X

i

such that we have an isomorphism of line bundles Op1q » i˚Op1q.
In particular, if I1 is locally free, we have embedded ProjI‚ in a projective bundle of X.

Proof. We define the morphism similarly on the inverse image of each SpecA and show that it’s compatible
with the restriction of gluing data, finally show the isomorphsim of line budnles.

Notice that over SpecA, you have:

ProjI‚pSpecAq ProjpSym‚I1pSpecAqq

SpecA

iA

where the closed embedding is induced by the surjective graded ring morphism:

Sym‚I1pSpecAq Ñ I‚pSpecAq

Then we need to show the following diagram commutes:

ProjI‚pSpecAq ProjpSym‚I1pSpecAqq

ProjI‚pSpecBq ProjpSym‚I1pSpecBqq

iA

iB

which translates to show the commutativity of ring morphisms, which is easy. This defines a well defined
morphism and it’s a closed embedding since you can check it locally since closed embedding is local on the
target.

As for the isomorphism of line bundles this again comes from the functoriality of relative gluing and
it’s similar to what we saw before and it reduces to the fact that isomorphism of line bundles induced by
transition functions is compatible with composition.

25



Proposition 2.21. Suppose that F is a locally free sheaf of rank n`1 onX, then there is a bijection between
the set of sections of s : X Ñ PF of PF Ñ X and the set of surjective homomorphisms F_ Ñ L Ñ 0 of F_

onto invertible sheaves on X.
This is a special case of a functorial description of PpFq as a X-scheme, but we won’t use this.

Proof. To see how this bijection is built, we first need to notice that there is a canonical surjection:

β˚F_ Ñ Op1q

where β is the structure morphism PF Ñ X. To see what is this surjective morphism, recall we have a
canonical morphism:

Sym‚pF_q Ñ ‘nβ˚Opnq

and on degree 1, it’s just:
F_ Ñ β˚Op1q

then via the adjoint property, we get a morphism β˚F_ Ñ Op1q and I claim that this is surjective. To check
this, we need a general statement that if S‚ is a graded A-algebra finitely generated in degree 1 by f1, ¨ ¨ ¨ , fn,
then Op1q is also globally generated f1, ¨ ¨ ¨ , fn. Then notice that over the inverse image of SpecA, if the
morphism β˚F_ Ñ Op1q gives a map on the global section such that F_pSpecAq is in the image, then it’s
surjective, and since surjectivity can be checked locally, we are done. Consider F_ Ñ β˚Op1q on SpecA,
the corresponding map on the global section has an image that contains F_, then recall how the adjoint
property is defined, we first use the adjointness of β´1 and β˚ to get β´1F Ñ Op1q which then gives a
morphism β´1F bβ´1OX

OPF Ñ Op1q. Then I will let you review the construction of the adjoint between
β´1, β˚ and see that the image of β´1F Ñ Op1q on the global section contains FpSpecAq, then we are done.
Then we consider the following diagram, which represents a section of PF Ñ X:

X PF

X

s

id β

we pullback the surjection β˚F_ Ñ Op1q along s to get F_ Ñ s˚Op1q “ L, since pullback is right exact, it
preserves surjection, we get a surjective morphism F_ Ñ L on X.

Then for the converse, we first need to prove that if L is a line bundle on X, then PL_ Ñ X is an
isomorphism. To see why, notice that this morphism over SpecA where A is a trivializing neighborhood
of L, it looks like ProjSym‚LpSpecAq Ñ SpecA, but notice that since SpecA is trivializing, there is a
commutative diagram:

ProjSym‚L_pSpecAq ProjArxs » SpecA

SpecA

»

therefore we are done. Moreover, via this isomorphism of schemes, we have an isomorphism of line bundles
L»Op1q. To see why, notice that over the inverse image of SpecA, Op1q is trivial and suppose that the
transition function of L over SpecA and SpecB are given, then the transition function of Op1q between the
inverse image of SpecA and SpecB is the same. There is some identification issues going on but if you work
out the details, you will find what I said is correct.

Then suppose we have a surjective morphism F_ Ñ L, we can take the symmetric algebra construction
and get a surjective morphism of graded sheaf of algebra finitely generated in degree 1:

Sym‚pF_q Ñ Sym‚pLq

Then we apply the relative proj construction to both of them and get:

PL » X PF

X
id β
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We need to check these two are inverses of each other. This follows basically from the local version of the
statement. We have seen before that PnA Ñ SpecA “ X is characterized by the fact that morphisms of
A-schemes to PnA is equivalent to a surjective morphism O‘n`1

X Ñ L to some line bundle L on X. Then we
notice that to check two morphisms are the same, we can check it locally on the target, which lets us use
the local result.

Remark 2.22. This argument above can be modified without too much pain to show that when F is locally
free of finite rank, then we have a functorial description of PF as an X-morphism, say Y is an X-scheme
with structure morphism f : Y Ñ X, then the X-scheme morphism from Y to PF correspond to surjective
morphism f˚F Ñ L of sheaves on Y where L is a line bundle on Y .

We have to admit that the way we choose to go about when defining the relative proj is the more
elementary but more accessible approach. The sacrifice is that we didn’t discuss some quite important
properties of the relative proj, for example, the universal property of Proj. We make a comment here about
what are they but postpone the proof. You will only realize the important of this remark and want to see
the proof (which is quite complicated) after you used the universal property enough and see that it is not
easily deduced using our elementary gluing construction of Proj.

Remark 2.23. Suppose that X is again a scheme and I‚ is a quasicoherent sheaf of algebras over X. We
will show that the old ProjI‚ actually represent a functor which gives you a universal property that lets
you read the next section easier.

We will define a functor F , which is contravariant going from the category of X-schemes to the category
of sets. We define F pT q for a X-scheme f : T Ñ X to be the set of pair pL, ψq quotient out an equivalence
relation. Here L is an invertible sheaf over T and ψ is a morphism of graded OT algebras ψ : f˚I‚ Ñ

‘ně0Lbn such that on the degree 1 component, you have a surjective morphism of OT -modules f˚I1 Ñ L.
The equivalence relation here is defined by pL, ψq is equivalent to pL1, ψ1q if there is an isomorphism

β : L Ñ L1 such that β ˝ ψ “ ψ1 as an graded algebra morphism f˚I‚ Ñ ‘ně0pL1qbn. You can easily see
this is indeed an equivalence relation. We also need to consider if h : T 1 Ñ T is a morphism of schemes,
where does this morphism go under F , it’s just given by pullback, in the sense that a triple pL, ψq is mapped
to ph˚L, h˚ψq and you can also see this respect the equivalence relation.

Then the claim is F is represented by a particular X-scheme, and that scheme is exactly ProjI‚ Ñ X
we constructed before. We won’t prove it here sine the proof need a quite a lot of new notions we don’t
need. But out of this universal property, we can deduce that X-morphisms T Ñ ProjI‚ is equivalent to
a morphism of graded OT -algebras f

˚I‚ Ñ ‘ně0Lbn which is surjective on degree 1. This is quite useful
since

3 Projective Morphisms

One of the reason we introduce the relative proj construction is that we want to define projective morphisms
in general over any scheme X, not just over an affine scheme SpecA.

We already redefined affine morphisms using the relative spec contruction, and since projective morphism
is such a classic notion, you probably will think there is some obvious definition of a projective morphism.
But this is unfortunately not the case, and all the definitions of projective morphisms are imperfect in some
sense, including the one we will accept below.

Definition 3.1. A morphism π : X Ñ Y is projective if there is an isomorphism:

X ProjI‚

Y

»

π

for some quasicoherent sheaf of algebras I‚ on Y finitely generated in degree 1.
If the above condition holds, we will say X is a projective Y -scheme, or X is projective over Y .
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Remark 3.2. Recall that in our earlier definition of projective A-schemes, it’s of the form ProjS‚ for some
finitely generated graded algebra over A. We didn’t require S‚ to be something generated in degree 1, but this
is not a problem. Since we know that if S‚ is generated over S0 by f1, ¨ ¨ ¨ , fn each of which is homogeneous
of degree di, then there is a d such that Sd‚ is generated in degree 1, and we have an isomorphism:

ProjS‚ ProjSd‚

SpecA

»

Therefore, our new definition generalize the old definition of a projective A-scheme.

We now show a few useful characterizations of projective morphisms, but we will need the following
lemma:

Lemma 3.3. Let Y be a scheme and S‚ a quasicoherent sheaf of algebras on Y finitely generated in degree
1, then suppose that we have a closed embedding of Y -schemes:

i : X ãÑ ProjS‚

then X is isomorphic as a Y -scheme to ProjpS‚{I‚q for some homogeneous quasicoherent ideal sheaf I‚ of
S‚ and the closed embedding is induced by applying Proj to the surjective morphism S‚ Ñ S‚{I‚.

Proof. Recall that if X is affine say SpecA, this is just the statement that any closed embedding of the proj
comes from an ideal of the graded ring.

I claim that this ideal sheaf I‚ is the kernel of the canonical morphism of graded sheaf of algebras:

S‚ Ñ ‘ně0π˚Opnq Ñ ‘ně0π˚i˚OZpnq

where the second morphism comes from the fact that we have a natural morphism O Ñ i˚OX , then we twist
by Opnq and the apply p˚.

To see this ideal sheaf defines X, we check it locally, notice that over SpecA since everythings here
is quasicoherent (closed embeddings are qcqs and when S‚ is finitely generated in degree 1, the structure
morphism is also qcqs, thus pushforward transforms quaiscoherent stuff to quasicoherent stuff.) the canonical
morphism is determined by the global section:

S‚pSpecAq Ñ ‘nΓpProjS‚pSpecAq,Opnqq Ñ ΓpProjS‚pSpecAq, i˚OXpnqq

where the first morphism is the saturation morphism and the second morphism is induced by the saturation
functor, therefore, by our understanding before the kernel indeed determines X, thus we are done.

Be careful that we are taking advantage of the fact that if you have two subsheaves of a sheaf, then to
prove the two subsheaves are equal is equivalent to prove that they are equal on any open cover, we don’t
have to worry about the compatibility problem since everything is identified using the identity! In other
words, we proved that the quasicoherent ideal sheaf determined by the closed embedding of X is the same
as that determined by the closed embedding determined by the homogeneous ideal sheaf.

Proposition 3.4. Suppose that π : X Ñ Y is a morphism, then π is projective if and only if there is a
finite type quasicoherent sheaf I1 on Y and a closed embedding i : X ãÑ ProjSym‚I1 of Y -schemes (notice
that since I1 may not be locally free, we avoid using the P notation.)

Proof. Suppose that X is porjective, say X “ ProjI‚, then this closed embedding is easy to construct since
we have a natural surjection induced by the universal property of symmetric algebra:

Sym‚I1 Ñ I‚

Conversely, suppose that you have a closed embedding of Y -schemes i : X ãÑ ProjSym‚I1, we know
from the previous lemma that X is the relative proj of a quotient of Sym‚I1 by a homogeneous ideal sheaf,
thus X is projective.

28



Remark 3.5. Sometimes when we want to say π : X Ñ Y is projective with some line bundles L on X,
we want to ask via the isomorphism of Y -schemes X » ProjI‚, is L isomorphic to Op1q. We can adapt the
proposition above to include this situation. Recall that if you have a closed of Y -schemes:

ProjI‚ Ñ ProjS‚

induced by a surjective morphism of sheave of algebras S‚ Ñ I‚, we know that the pullback of Op1q is still
Op1q, thus we know that π is projective with L » Op1q iff there is a finite type quasicoherent sheaf I1 on Y
with a closed embedding of Y -schemes i : X ãÑ ProjSym‚I1 such that i˚Op1qProjSym‚I1

» L.
There are other possible definitions of projective morphisms you will see in the literature, for example,

you will see some authors define π : X Ñ Y to be projective if there is a closed embedding of Y -schemes for
some n:

X PnY

Y

i

π

Here PnY is defined to be ProjOY rx0, ¨ ¨ ¨ , xns. Our earlier definition of PnY is defined to be the fibered
product of PnZ with Y over Z, these two are isomorphic since you can consider the following diagram of
fibered product:

PnB PnA PnY PnZ

SpecB SpecA Y Z

and think of a fibered product as obtained by relative gluing over Y , then it’s easy to show the two of them
are isomorphic. Thus this new definition agrees with the old one.

This definition of projective morphism agrees with the definition we give in the beginning under some
assumptions, but in general, these two are not the same. The details are given in the following proposition:

Proposition 3.6. Suppose that Y is a scheme that admits an ample line bundle in the absolute setting
for example when Y is a projective A-scheme, or an affine scheme or a quasiprojective A-scheme. Then
π : X Ñ Y is projective iff there is a closed embedding of Y -schemes i : X Ñ PnY .
Proof. Recall that if we have such a closed embedding, no matter what kind of Y we have, π : X Ñ Y is
projective by the characterization we had before.

The converse is where we need ampleness. Since we didn’t really discuss ampleness in the absolute setting
in any serious manner, we will only use a property of absolute amplenss, which is quite simialr to relative
ampleness that we know. Say L on Y is ample, then first Y is quasicompact and if Y is also quasiseparated,
then for any finite type quaiscoherent sheaf F on Y , there is an n0 such that for n ě n0, F bLbn is globally
generated. Then if we assume π : X Ñ Y is projective in our definition together with a ample line bundle
L on Y , we know that in this case for the finite type quasicoherent sheaf I1 on Y , there is a large enough n
such that I1 b LbN is finitely globally generated. Or in other words, there is a surjection:

O‘n`1
Y Ñ I1 b LbN “ I1 b M

where M “ LbN still a line bundle. Then apply the symmetric algebra construction this gives you a
surjection of quasicoherent sheaves of graded algebras finitely generated in degree 1:

OY rx0, ¨ ¨ ¨ , xns Ñ Sym‚pI1 b Mq

this gives a closed embedding:
ProjSym‚pI1 b Mq ãÑ PnY

Recall that ProjSym‚pI1 b Mq » ProjSym‚I1 since we already know that twisting by line bundles gives
you isomorphic stuff. Moreover π : X Ñ Y is projective means we have the following diagram:

X ProjSym‚I1 ProjSym‚pI1 b Mq PnY

Y

π

»
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we are done.

Now let’s investigate properties of projective morphisms:

Remark 3.7. Notice that if π : X Ñ Y is projective, then for any morphism of schemes ρ : Z Ñ Y , the
base change morphism Z ˆX Y Ñ Z is also projective. This is because relative proj construction behaves
well under base change, and you can consider the following diagram:

Projρ˚I‚ ProjI‚ X

Z Y

»

π

ρ

the square is Cartesian.
Also, you can see that if π : X Ñ Y is projective, it’s proper since proper is local on the target, thus

we only have to show that projective A-schemes are proper over A, which is something we know before. In
particular, projective morphisms are separated, finite type and universally closed.

Here comes one of the most important property of projective morphisms: finite morphisms are projective:

Proposition 3.8. Suppose Z Ñ X is finite so that Z » SpecB for some finite type quasicoherent sheaf of
algebras on X. Then there is a sheaf of graded algebras I‚ on X where I0 “ OX and In “ B for all n ě 1,
together with an X-scheme isomorphism:

Z » ProjI‚

Proof. Let’s first describe the graded algebra structure again we only have to describe it for the direct
sum presheaf and it suffice to describe how the multiplication of homogeneous elements works. Informally
speaking, the multiplication is still the multiplication in B, just with a label to indicate the degree of the
elements. Precisely, we set x ¨ y for x coming from degree n and y coming from degree m to be xy but now
it’s in degree m` n. Then we can consider the following two objects:

SpecB ProjI‚

X

our question is that is there a natural morphism indicated in the diagram such that it’s an isomorphism. The
answer is yes and this morphism comes from the universal property of SpecB. Recall that a X-morphism to
SpecB correspond to a morphism of OX -algebra:

OX

B β˚O

where β : ProjI‚ Ñ X is the structure morphism. Then notice that Op1q on ProjI‚ is isomorphic to the
structure sheaf. This is because first over the inverse image of each SpecA, Op1q is equal to O by the way
we define I‚, and you can think of the structure sheaf and Op1q obtained from the relative gluing using the
same date or in other words use the funtoriality of the relative gluing to obtain the conclusion. Therefore
B Ñ β˚O is the same as B Ñ β˚Op1q, which is the canonical morphism, therefore we indeed got a morphism
to SpecB, then to check this is an isomorphism, we can work locally and assume X is affine, then we know
that say BpSpecAq “ B, the assertion the morphism is an isomorphism is just the fact that in the following
diagram the top morphism is an isomorphism:

SpecB ProjIB

SpecA
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where IB is the graded ring where the zero degree is A and all the other degree are B, and the morphism is
induced by the identity ΓpProjIB ,Oq “ B Ñ B, then it’s easy to see this is an isomorphism.

Remark 3.9. Therefore, since we know that closed embeddings are finite, then closed embeddings are
projective, and the following sequence of implication is obvious:

closed embedding ñ finite morphism ñ projective morphism ñ proper morphism

We know finite morphism is projective and has finite fiber, later we will see an inverse which states that if
a morphism is projective and finite fiber then it’s finite.

Remark 3.10. Projective morphism we just defined are not a nice class of morphisms in the sense we talked
about before, for example, projective morphism is not local on the target. You will see an example later and
we will prove that with reasonable assumptions, projective morphisms is local on the target. Another point
you need to pay attention is that composition of projective morphisms is not always projective, we still need
some reasonable assumptions for this to hold.

But many properties enjoyed by nice class of morphisms still holds for projective morphisms, as what we
will describe later.

Let’s first show that projective morphisms still satisfies the cancellation property, we will need a few
preparations listed below:

Proposition 3.11. Suppose that π : X Ñ Y is a closed embedding and ρ : Y Ñ Z is projective, then ρ ˝ π
is projective.

Proof. This is just the following diagram:

X Y ProjSym‚I1

Z

then we only need to use the fact that compositions of closed embeddings is still a closed embedding.

Proposition 3.12. A morphism ρ : Y Ñ Z has projective diagonal iff ρ is separated.

Proof. Recall that if ρ is separated, then the diagonal is a closed embedding, thus projective.
Conversely, if the diagonal Y Ñ Y ˆZ Y is projective, then it’s proper, then universally closed, thus

closed, thus it’s a locally closed embedding with closed image, thus it’s a closed embedding, we are done.

Proposition 3.13. Suppose that π : X Ñ Y is a morphism, ρ : Y Ñ Z is a separated morphism and the
composition ρ ˝ π is projective, this implies that π is projective.

Proof. Just use the diagram where we proved the cancellation theorem for nice class of morphisms and it
applies here with a mild modification where you need to use the fact that closed embedding composed with
a projective morphism is projective.

Using the above cancellation result, we can prove:

Proposition 3.14. A k-scheme morphism from a projective k-scheme to a separated k-scheme is always
projective.

Proof. A direct apllication of the cancellation theorem.

Proposition 3.15. Suppose that π : X Ñ Y and π1 : X 1 Ñ Y 1 are projective morphisms of S-schemes,
then the induced morphism π ˆ π1 : X ˆS X

1 Ñ Y ˆX Y 1 is also projective.
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Proof. Recall that if a class of morphisms is preserved by composition and base change, we have already seen
that it’s also preserved by product. However, for projective morphisms it’s only preserved by base change,
therefore, we can not just quote the previous result.

Instead, to prove this, since π, π1 are projective, we can just assume π : X Ñ Y is π : ProjI‚ Ñ Y and
π1 is π1 : ProjJ‚ Ñ Y 1, then we can observe the product is just ProjI‚ ˆS ProjJ‚ Ñ Y ˆS Y

1, then if
we can prove that ProjI‚ ˆS ProjJ‚ is the relative proj of some quaisocherent sheaf of graded algebra on
Y ˆS Y

1, we are done. To do this, we first consider the following Cartesian diagram where each small square
is Cartesian:

ProjI‚ ˆS ProjJ‚ Projp˚
2J‚ ProjJ‚

Projp˚
1I‚ Y ˆS Y

1 Y 1

ProjI‚ Y S

p2

p1

notice that the scheme on the left top corner is also Projp˚
1I‚ ˆYˆSY 1 Projp˚

2J‚. Therefore, if we can prove
Projp˚

1I‚ ˆYˆSY 1 Projp˚
2J‚ is the relative proj, we are done.

To do this, we claim it’s isomorphic as a Y ˆS Y
1-scheme to Proj ‘ně0 pp˚

1In b p2Jnq. This actually
holds for more general cases where we can prove that for any scheme Y and qusicoherent sheaf of algebras
I‚,J‚ finitely generated in degree 1 over Y , we have a canonical isomoprphism of Y -schemes:

ProjI‚ ˆY ProjJ‚ » Projp‘ně0In b Jnq

This is not hard to prove since we have natural morphism from Projp‘ně0InbJnq to ProjI‚ and to ProjJ‚

using the functoriality of relative proj. To prove this, we first notice that suppose that S‚ and T‚ are two
graded A-algebra with S0 “ T0 “ A finitely generated in degree 1, then we have an isomorphism:

ProjS‚ ˆA ProjT‚ » Projp‘ně0Sn b Tnq

This isomorphism is given locally and then glued together. For example, on D`pfq ˆAD`pgq where f, g are
two homogeneous degree 1 elements in S‚ and T‚, then the morphism is given by the ring isomorphism:

S0
f b T 0

g Ñ R0
fbg

where the graded ring R is ‘ně0Sn b Tn. This ring morphism is given by a
fn b b

gm Ñ
agmbbfn

fm`nbgm`n and it’s

indeed an isomorphism since we can define abb
fnbgn is mapped to a

fn b b
gn , this is well defined since it can be

viewed as Rfbg mapped to Sf bTg defined by abb
fnbgn ÞÑ a

fn b b
gn restricted to the zero degree and the image

is in S0
f b T 0

g , we are done. Then we need to show that this morphism is well defined in the sense that they
agree on intersections. Say we have another pair of degree 1 homogeneosu element x, y, then the morphism
is defined by the ring morphism:

S0
x b T 0

y Ñ R0
xby

then they agree on the intersection can be viewed as the commutativity of the following diagram:

S0
f b T 0

g R0
fbg

S0
fx b T 0

gy R0
fxbgy

S0
x b T 0

y S0
x b T 0

y

where the morphism in the middle row is defined similar to what we did above.
Then to prove ProjS‚ ˆA ProjT‚ » Projp‘ně0Sn b Tnq, as what we promised, we use the functoriality

of relative gluing. First, notice that the fibered product can also be viewed as obtained using relative gluing
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where on SpecA it’s just ProjSpSpecAq ˆA ProjT pSpecAq and for open embeddings SpecB ãÑ SpecA, the
open embedding in the data of the relative gluing is:

ProjSpSpecBq ˆB ProjSpSpecBq ProjSpSpecAq ˆA ProjSpSpecAq

the stuff on the left hand side can be thought of as a product over A since SpecB ãÑ SpecA is an open
embedding and we have seen in the general property of fibered product that in this case we can use SpecA
instead of SpecB as the base, then since open embeddings are preserved under product, we are done. Then
we need to define a morphism of the relative gluing data in the following diagram:

ProjSpSpecAq ˆA ProjSpSpecAq Projp‘ně0SnpSpecAq bA TnpSpecAqq

ProjSpSpecBq ˆB ProjSpSpecBq Projp‘ně0SnpSpecBq bB TnpSpecBqq

»

»

where the isomorphism of the usual proj is the one we defined above. If we can show this diagram is
commutative, then we are done. Recall the vertical morphims are induced by the restriction, then we can
check the commutativity locally, which just reduces to a commutativity of ring moirphisms.

Before we end this section, we will talk about global generation and (very)-ampleness in the relative
setting, which helps us to answer a lot questions and this notion is also a notion that appears in the research
literature a lot.

Definition 3.16. Suppose that π : X Ñ Y is a qcqs morphism and F is a quasicoherent sheaf on X, we
say that F is relatively globally generated or globally generated with respect to π if the natural morphism
of quasicoherent sheaves π˚π˚F Ñ F is surjective.

Qcqs assumption here is used to ensure π˚π˚F is still quasicoherent but this hypothesis is not that
restrictive. As you will see later, this notion is mostly useful in the quasicompact setting and most people
won’t be bothered by the quasiseparated hypothesis.

Remark 3.17. Thanks to our qcqs hypothesis, the morphism π˚π˚F Ñ F is a morphism of quasicoherent
morphism, thus to check it’s surjective we can work with affine opens and check the morphism gives you a
surjective morphism of modules.

Definition 3.18. Suppose L is a locally free sheaf on X and π : X Ñ Y is a qcqs morphism, then we say
L is relatively base point free or base point free with respect to π if it’s relatively globally generated.

Proposition 3.19. Suppose that L is a relatively base point free line bundle on X and π : X Ñ Y is a
qcqs morphism. Assume further that π˚L is finite type (After we will show that if π is proper and Y is
Noetherian then this holds using Grothendieck’s Coherence Theorem, but let’s just assume it now).

Then there is a canonical morphism ψ : X Ñ ProjSym‚pπ˚Lq.

Proof. Recall that the universal property of relative proj tells you that a Y -scheme morphism from X to
ProjSym‚π˚L is equivalent to a surjective morphism from π˚π˚L to a line bundle on X, thus we can just
take the line bundle to be L and use the surjective morphism coming from the relative global generation.

The essence of this universal property is not that mysterious. Recall that we have proved that an A-
scheme morphism f from X to PnA “ ProjArx0, ¨ ¨ ¨ , x0s “ ProjS‚ is equivalent to n` 1 global sections not

vanishing simultaneously. However, the essence of this is actually a surjective morphism f˚
ĂS1 Ñ L where

f : X Ñ SpecA is the structure morphism, in our case, since ĂS1 is free of rank n ` 1 on SpecA, this is the
same as a surjective morphism O‘n`1

X Ñ L. This description is equivalent to our description of the bijection
before since if you have a morphism π : X Ñ PnA, our previous description of the surjctive morphism is:

O‘n`1
X Ñ f˚Op1q

where ei is mapped to f˚xi. With this new description, we can translate this to a surjective morphism
f˚

ĂS1 Ñ f˚Op1q by pulling back the natural surjection β˚
ĂS1 Ñ Op1q where β is the structure morphism

β : PnA Ñ SpecA. This natural morphism comes from a natural morphism ĂS1 Ñ β˚Op1q coming form the
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saturation map and since xi goes to xi then in the pullback β˚xi goes to xi, therefore you pullback again
by π we know that f˚xi goes to π

˚xi, and f
˚xi is just ei.

We can generalize this argument to Y “ ProjSym‚I “ ProjR‚ where I is a finitely generated A-module.
An A-scheme morphism π : X Ñ Y correspond to a surjective morphism f˚

rI Ñ L for a line bundle on
X and f : X Ñ SpecA is the structure morphism, modding out isomorphisms if there is a commutative
diagram like below:

f˚
rI L

M
»

Say x0, ¨ ¨ ¨ , xn generates I as an A-module, and if a surjective morphism f˚
rI Ñ L maps f˚xi to yi, we

define a morphism from X to Y by on the locus where yi doesn’t vanish we define:

Dpyiq Ñ D`pxiq

by the ring morphism R0
xi

Ñ ΓpDpyiq,OXq by first consider the morphism R Ñ ΓpDpyiq,OXq where I Ñ

ΓpDpyiq,OXq is defined by the natural morphism rI Ñ f˚L which is a morphism of A-modules A Ñ ΓpX,Lq,
then we can just restrict to ΓpDpyiq,Lq » ΓpDpyiq,OXq via a trivialization. Then we have an induced
morphism R0

xi
ÞÑ ΓpDpyiq,OXq where xi is mapped to the rational function corresponding to yi. We need to

check this definition is well defined in the sense that it argees on intersections, but this is similar to the well
definedness we proved to PnA since different trivializations differ by an invertible element on the intersection
and by dividing xi or powers of xi, we eliminate this difference. Conversely, given a morphism π : X Ñ Y ,
we pullback the surjective morphism β˚

rI Ñ Op1q obtained from the saturation map I Ñ ΓpProjR‚,Op1qq

along π where β : ProjR‚ Ñ SpecA is the structure morphism. To see why these two are inverses of each
other it’s very similar to the argument we used in PnA.

This local universal property can be used to prove the global universal property of ProjSym‚I for a
finite type quaiscoherent sheaf I on Y . We claim that Y -morphisms to ProjSym‚I correspond to surjective
morphisms f˚I Ñ L for a line bundle L on X and f : X Ñ Y is the structure morphism modding out
isomorphisms. To prove this universal property, suppose that we are given such a surjective morphism, then
restrict to the inverse image of SpecA, the local universal property gives you a morphism. We can do this
for each affine open and we only have to show that they agree on the intersection. But we can cover the
intersection by inverse image of smaller affine opens, thus the universal property tells you on the intersection
is must be the unique morphism. Therefore, a surjection gives a morphism of Y -schemes. Conversely, we
know how to get a surjective morphism from a Y -scheme morphism. These are inverses since we can check
it locally and surjective morphisms implies that isomorphisms restricted to inverse images of smaller affine
opens must agree, thus we are done.

We can also define relatively ampleness:

Definition 3.20. Say L is a line bundle on X and π : X Ñ Y is a qcqs morphism of schemes, we say that
L is relatively ample or π-ample or relatively ample with respect to π if for every affine open SpecB of Y
L|π´1SpecB is ample over SpecB in the relative setting or equivalently since π´1SpecB is quasicompact, it’s
equivalent to L|π´1SpecB is absolutely ample on π´1SpecB.

Many of the properties of relatively ampleness in the affine setting applies here without change and in
practice we always require π to be proper since when we discussed relatively ampleness over SpecA, we
required properness. We can also say more form the knowledge of absolute ampleness we know, we won’t
state all of them, but the following two statements are worth remembering.

Proposition 3.21. Suppose that π : X Ñ Y is proper and Y is locally Noetherian. Let L be an invertible
sheaf on X, assume further π˚L is finite type, then L is π relatively very ample iff L is relatively base point
free and the canonical morphism ψ : X Ñ ProjSym‚pπ˚Lq is a closed embedding.

In particular since relatively base point free and closed embedding is affine local on Y , in this case
relatively very ample is affine local on Y .
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Proposition 3.22. Suppose that π : X Ñ Y and ρ : Y Ñ Z are projective morphisms and Z is affine or
Noetherain, then ρ ˝ π is projective.

This tells you that composition of projective morphisms is usually projective.
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