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Finally, we have come to the part of the notes which is about differentials. We have waited so long before
we bring this intuitive and basic notion you see so early in differential geometry onto our stage. This is
another topic that could be talked about way before right now, but we discuss it here because it’s not so
easy to find the algebraic manifestation of differentials without the geometry we have seen. In this chapter,
we will first discuss the theory and then go to examples.

1 DMotivation and Game Plan

The goal of this section, as said above, is to understand the differentials, for example, if you have a ”smooth”
variety, you will then want to understand the tangent bundle and cotangent bundle as what we did for smooth
manifolds. However, as what we have seen before, ”cotangent objects” behave better in the algebraic setting
contrary to our intuition that we understand the space via the tangent objects in smooth manifolds. This
is because here we are trying to understand the space via the sheaf of functions living in the space, rather
than the space itself. So let’s try to define the cotangent sheaf first.

For the cotangent sheaf, what you will see is that the knowledge we had in calculus will show up here
as well when available. This cotangent sheaf may not be a vector bundle, but at least it’s a quasicoherent
sheaf. Moreover, the right way to define it can work more generally for non-smooth spaces or even non finite
type spaces. Finally, this construction will work in a relative setting in the sense that for any morphism
m: X — Y, we can define Q; = 2x /)y, the sheaf of relative differentials. When you take Y = Speck, you
get the cotangent sheaf on X. Therefore, this relative version of the sheaf of differentials will be the core of
this chapter.

A good geometric picture to have in mind is to think of a submersion of smooth manifolds and you will
find that the tangent space of to the fibers of this map will fit together to form a vector bundle, called the
relative tangent bundle of m whose dual is Qx/y .

2 Definitions and First Properties

We will first study the affine case. Say A is a B-algebra, which means we have a morphism of rings ¢ : B — A
and a corresponding morphism of schemes SpecA — SpecB. We will define an A-module Q4,5 in three
ways, which is called the module of relative differentials or the module of Kahler differentials. The
module of differentials will be defined to be this module together with a map d : A — Q4/p, satisfying three
properties (you will find that this map is not necessarily A-linear, but B-linear, so in a priori, we only think
of it as a map of abelian groups):

1. Additivity: da + da’ = d(a + d').
2. Leibniz: d(aa’) = ada’ + da'da.
3. Triviality on pullbacks: db = 0 for any b € ¢(B).

Except for the last property, the requirements are all familiar from calculus. The last requirement is the
analogue of the relative differentials you will see for smooth manifolds as well. This could be less familiar,
but let’s don’t dive in to the differential geometry that much.



Proposition 2.1. d: A — Q,/p is B-linear.

Proof. We need to prove d(ba) = b(da), but by Leibniz, we know d(ba) = a(db) + b(da). Then from the
pullback triviality, we know that db = 0, therefore we are done. And you notice that this map is not in
general A-linear, again because of the Leibniz rule. O

Proposition 2.2. There is also a analogue of the quotient rule, but formulated in a different way. If ¢’ = as
then for a,a’, s € A, then:
s?da = sda' — d'ds

Proof. da’ = ads + sda by Leibniz rule, i.e.:
sda = da’' — ads = s?da = sda’ — sads = sda’ — d'ds
since we assumed a’ = as. O

Proposition 2.3. Similarly, there is a version of the change rule. Suppose that f is a polynomial with
B-coefficients and g € A, say f = . b;z?, then:

where f’ is the usual formal definition of the derivative of a polynomial.

Proof. Let’s first prove a simple version of the chain rule. Suppose that f = bx™, then d(f(g)) = n-bg" 'dyg.
This is because by B-linearity:
d(bg") = bd(g")

Then Leibniz rule applied to d(g") gives you " 'dg. Then the general result is just the B-linearity again. [J

We were essentially proving the properties without knowing what is € 4,5. Let’s now begin to understand
what it is and the first attempt we have here is to give it a hands-on definition.

2.1 First definition: Explicit construction

We define (24,5 to be a specific quotient of the free A-module generated by symbols of the form da where
a € A where the quotient is defined by:

A{da :a€ A}/A{d(a + d') — da — da’,d(aa’) — ada’ — a'da,db : a,a’ € A,b € $(B)}

and the submodule A’ is generated by elements coming from the rules of the map d : A — Q,4,5. And
the map d is defined to be a — da. For example, if A = k[z,y] and B = k, then a sample differential is
given by: 3x2dy + 4dz and we have identities d(3zy?) = 3y?dx + 6zydy

The following is a key fact: Suppose that A is generated as a B-algebra by x; € A where ¢ belongs to
some index set I, possibly infinite, subject to some relations r; where j is also in some index set J possibly
infinite (here the relations are generators of the ideal, not just as generators of a B-module), each of which
is a polynomial in finitely many x;’s, then I claim that the module Q4,5 is generated by dx;, subject to
relations dr; = 0. In short, we don’t need to take every element in A to generate {2 and the submodule
we quotient out doesn’t need to be generated by all the relations, we only need the relations dr; = 0. The
following is the proof, which is a little bit confusing when you first look at it.

Proof. We need to give an isomorphism of A-modules between the two definitions of Q2 4,p. Let’s first define
the morphism:
A{da:ae Ay > A{dz,; - i€ I}/A{dr; : je J}

By the universal property of free modules, we know that we need to specify where each da goes. Suppose
that a = f(x;1,- - , i) for finitely many z; where f is a polynomial with coefficients in B, then I define the
image to be the class of the differential you would normally expect. We want this to be a canonical map,
therefore, suppose that a = g(xk1, -, Tkm) as well, then I want to prove the image is the same. Recall that
as a polynomial f —g = Y ; hjr; where h; are some polynomials with coefficients in B. Then we need to



compute the differential of >’ j hjrj. Again, it’s linear, thus we only need to care about h;r;, the differential
is rjdh;j 4+ hjdr;, we know that the two r; here have different meaning, I will let you figure out why r; = 0
and dr; is also 0. Therefore, we are good.

This morphism is obviously surjective. And it’s also that all the relations we quotient out in the previous
definition of the Kahler differential goes to 0, essentially by how we define this map. Therefore, you get a
well defined morphism from the original definition to the new definition.

Conversely, let’s define the inverse, and again, the definition is almost obvious. You first define it from the
free module to Q4,5 by dz; maps to dz; (the two x;’s have different meaning, one is just a formal symbol).
Then you see that each dr; is mapped to 0 as 7; is 0 in A. it’s also easy to see that this is the inverse of the
previous map, thus we have a canonical isomorphism between two definitions, we are done. O

In particular we have the following corollary:

Corollary 2.4. If A is a finitely generated B-algebra, then €)4,p is a finitely generated A-module. If A is
a finitely presented B-algebra.

Proof. In the above proof, we can take dx; to be finitely many and dr; to be finitely many if A is finitely
generated and finitely presented. O

If A is Noetherian, we know that finitely presented is the same as finitely generated.

Now, let’s look at a few examples, and these examples are going to be the building blocks for all the ring
maps we will care about in practice, i.e. adding free generators, localizing and taking quotients. The first
two examples are going to be very trivial, based on what we have proved above.

Example 2.5. If A= B/I, i.e. the map B — A is surjective, then Qg4 is 0.

Example 2.6. If A = Blxy, -+ ,x,] then Qy/p is Adz; ®--- ® Adz, and if we have infinitely many such
generators, 4,5 = @ier Adx; where I is the indexing set.

Now let’s do an explicit nontrivial example:

Example 2.7. Consider the plane curve y?> = 2% — x in A? where the characteristic is not 2. Then let

A = k[x,y]/(y*> — 2® + 2) and B = k. Then the above computation shows that the module of differential is
generated as an A-module by dz, dy, but it’s subject to the following relation:

d(y* — 2® + 2) = 2ydy — (322 — 1)dx = 0 = 2ydy = (32> — 1)dx

I claim that the associated sheaf QZ/TB is a line bundle, i.e. locally free of rank 1. To see why, if we localize
at y, this sheaf over D(y) is the associated sheaf of the following module:

Aydr ® Aydy/(2ydy = (322 — 1)dx)

But we know that since y is invertible, we know that dy is represented as something times dx, i.e. this
module is actually isomorphic to A,dx. Therefore it’s free over D(y) of rank 1.

Similarly, if we localize at 322 — 1, we get a free module. Then recall that D(3x? — 1) and D(y) covers
the curve because we know if y vanishes, then 2 — 2 vanishes, but this implies that 322 — 1 doesn’t vanish,
otherwise, we know that 22 vanish, i.e. 2 vanishes, but this implies that 1 vanishes, a contradiction.
Therefore, we find a cover of the space over each of the cover, {24, is free of rank 1, i.e. a line bundle.

Remark 2.8. We can interpret dx and dy geometrically and it will give you great intuition for what comes
later. Let’s first do this for dx. Recall that da vanishes iff it’s image in the stalk is in the maximal ideal
times the stalk. We have shown that on the locus where y # 0, dx is the free generator, thus not vanish.
On the patch D(3x? — 1), we see that dz = M%%ldy, therefore we saw that dx vanish precisely at the locus
where y vanish. This is very plausible geometrically, as if you look at a picture of this curve, the locus where
y = 0 is the place where the tangent vector is vertical. And the fact that the tangent vector is vertical means
that the valuation of dx on any elements at the tangent vector here is 0, therefore it’s the zero element.
We can also do this for for dy and /conclude that it vanishes at the locus 322 — 1 = 0 and this again has
11/2

geometrically meaning, when z = —35 ", we find the tangent vector is horizontal.



The above discussion applies to any plane curve k[z,y]/f(z,y). Suppose for the sake of convenience,
k = k, then you see that the module of Kahler differentials is generated by dzx,dy subject to relation
df = SLdr+ Ldy =0 |

Then the module is free of rank 1 on D(%) and D(i—f) Recall that by the Jacobian criterion for

of _ of _
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no singular closed point, therefore all the closed points are in D(%) and D( %), then since we work with

regularity, the singular closed are given by equations f = 0, then if the curve is regular, there are

finite type over k scheme, each closed subset contains a closed point, then the union of D(%) and D(%) is
the whole space. Conversely, if these two covers the whole space, then again, the Jacobian criterion tells you
that all the closed points are regular. Then the curve must be reduced, ortherwise, we know that nonreudced
points are closed, then there is a closed point in this nonreduced subset, a contradiction to regularity at all
closed point. Then reducedness at the generic point implies it’s regular there, since we want to prove the
local ring is regular, but the spec of the local ring consist of just a single point and it is reduced. This is
because the only prime ideal is 0 as the intersection of all primes is the nilradical. The above discussion
shows that the module is locally of rank 1 iff the curve is regular. Or in the negative formulation, the module
is not locally free of rank 1 iff the curve is not regular. For example, consider the curve A = k[z,y]/(y? —2?%),
we know the module of Kahler differentials is:

Adx ® Ady/(3z%dx = 2ydy)

Then we know that over the origin, the module is of rank 2 and the curve is not regular at the origin.
What is implicit in the above discussion is the following result:

Proposition 2.9. Suppose that A = Bz, ,2,]/(f1, -, fr) then:
QA/B = (@ZAdl‘l)/(Adfl + -+ Adfr)
It can be interpreted as the cokernel of the Jacobian matrix J : A®" — A®",

Proof. The stuff we quotient out can be interpreted as the submodule generated by dfs, - - - , df,-, which is just
the computation we had before about how to represent the module using generators and relations between
the generators.

Recall the Jacobian matrix is (dfi,--- ,df,) where each df; is a column vector. Then the image of this
Jacobian matrix is just Adf; + --- + Adf,, we are done. O

Remark 2.10. Recall that we define A to be smooth over B, in a preliminary definition by the Jacobian
matrix to have full rank at every point. This implies that €24, is locally free. This can be proved by the
following argument: recall that over a reduced locally Noetherian scheme, a sheaf is locally free iff the fiber
dimension is the same at each point. The fiber of the module, by the above discussion, since tensor preserves
cokernel, is the cokernel of the map J ® A,/pA,. However, recall that the rank of the Jacobian matrix is
full at each point, and the rank at point p is just the rank of J ® A,/pA,, therefore the dimension of the
cokernel is fixed at each point, thus it’s locally free.

As you will see later, the module €24, will correspond to the cotangent sheaf and the following result is
a good indicator of that, when you consider k-valued points:

Proposition 2.11. Suppose that B is a finite type k-algebra and m is a k-valued point of B, then there is
an isomorphism of k-vector spaces:
6 m/m2 g QB/k ®B k

where k is viewed as a B-module via the ring isomorphism B/m ~ k.

Proof. Since we work with finite type k-schemes, let’s assume B = k[z1,- - ,z,]/(f1, -, fr). Then we know
that the cotanegnt space at a closed point is computed by the cokernel of Jacobian matrix J, but consider
to be over the residue field B/m. But the above remark shows that Qp/, ®p k is also the cokernel of the
Jacobian matrix over B/m, then there is a canonical isomorphism of k-vector spaces making the two objects
isomorphic. O



Proposition 2.12. Suppose that X is a finite type scheme over k = k, then the function from the closed
points of X to Z>° defined by p — dim7,X is upper semicontinuous in the Zariski topology.

Proof. The Zariski topology on the closed points can be interpreted as the subspace topology, or you can
think of it as the topology cut out by equations since we are in a finite type scheme over k. The advantage
of k = k is that all closed points are going to be k-valued. We want k-valued points because the previous
result only tells you what happens for k-valued points, but there will be a result later to extend it.

Now to prove uppersemicontinuity, we need to show the inverse image of (—oo,x) is open, or [z,00) is
closed. We can assume that the space is just affine since we can cover and then prove the inverse image is
open or closed in each affine open. Then the question just becomes a question for the rank of the Jacobian
matrix, but we know that the rank of the matrix is lower semicontinuous as the rank drops on closed points
(where various determinants of submatrices vanish), therefore, when you subscribe the rank, it becomes
uppersemicontinuous. O

The final example, as promised, is localization:

Example 2.13. Suppose that A = T~!'B where T is a multiplicative system in B, then I claim Qqp = 0.
This is because if a = b/t for b,t € B, then we know that at = b, therefore we have the quotient rule:

t2da = tdb — bdt = 0

since t is invertible, we know da = 0, we are done.
This is also very convincing as A is just a open subset of B, therefore should not have any relative
cotangent space.

In the following result, you will see that the notion of relative differentials is even interesting for finite
extension of fields, in other words, even if you map a reduced point to a reduced point, something interesting
with differentials can happen:

Proposition 2.14. Suppose that K /k is a separable algebraic extension then Qg is 0.

Proof. Let a € K, then since this is a separable algebraic extension, there is a polynomial f(z) with coeffi-
cients in k such that f(a) = 0 but f'(«) # 0. Then we want to prove da = 0. Recall that df (o) = 0, but by
Lebinz rule

while f’(a) # 0, therefore da = 0. O

The above shows that separable algebraic extensions have nonontrivial relative differential. This is not
true for non-separable extensions:

Proposition 2.15. Let k be a field with chark = p and let K = k(¢?) while L = k(t), consider the obvious
inclusion K < L I claim Qp /x # 0.

Proof. 1 claim that the module of Kahler differentials is in this case L, i.e. the ground field. What we notice
first is that L is actually the following field:

L= K[X]/XP—t*

Recall that k is of characteristic p, therefore X? — T? = (X — ¢)P, the isomorphism is given by X — ¢, it’s
an isomorphism because the inverse is given by L — K[X]/X? — t? where t is mapped to x as a k-algebra
morphism, and it’s that the compositions are identities. But this means that L is not a separable extension
of K, in this case we will show that there is indeed something interesting happening for the differential.

By our computation before, we know that {27, can be written as:

LdX/Ld(X? — t*) = LdX
as the characteristic is p, thus d(X? — t?) = 0. Therefore the differential is L. O

We now delve deeper and discuss two geometrically motivated exact sequences:



Theorem 2.16. Suppose that C — B — A is a sequence of ring maps, then there is a natural exact sequence
of A-modules:
A®p Qo — Qac — Qap —0

Proof. The maps between each other should be clear. The first map, by the universal property of extension
of scalars, is just a B-linear map between two differentials and it’s defined to be:

QB/C"QA/C db — db
We need to show that this is well-defined, and we know that this is just a map:
B{db:be B}/ --—> A{da:a€ A}/---

So we can think of the above definition as first a map coming out of a free module, then we know that the
kernel of this map clearly contains the stuff we quotient out, therefore we are done.

The second map should be defined again by da — da and you again think of it as a map first out of a
free module and then show the kernel behaves as expected.

The proof of this, algebraically is very simple, so let’s first prove it and you will later see in the remark
that this has a fundamental geometric meaning. Surjectivity of the last map is obvious. Then we want to
identify Q4,p as the cokernel, but we know that 24,5 and 4, are the same except for (24,5 have extra
relations db = 0. But this is exactly the image of A®p Qp/c- O

Remark 2.17. This remark is to comment on the geometric meaning of the above exact sequence, which
is often called the cotangent exact sequence. We haven’t prove any of these statement below, therefore
what we will discuss below only serves as a good way to memorize the above exact sequence.

Let’s again, think of smooth manifolds for example, as we haven’t really explained how the cotangent
sheaf is connected to smoothness. Think of a smooth map of smooth manifolds 7 : X — Y where X is a
surface and Y is a curve for example. let p be a point of X, which you should think of as a closed point of
X, the image 7(p) is also a smooth point. Consider the fiber of 7(p), which is a smooth curve in X that
contains p. Then there are three tangent spaces you can think of, i.e. the tangent space of p of the fiber,
the tangent space at p of X and the tangent space of 7(p) of Y. What is the relation of these three tangent
spaces? First, the tangent space at p of the fiber is a subspace of the tangent space at p of X. It’s now
natural to ask what is the cokernel and it turns out that the cokernel is going to be a pullback of the tangent
space at 7(p) of Y in the smooth case and more over, these relation patches together in the smooth case to
for a exact sequence of relative tangent sheaves:

0— Tx/y - TX/Z - W*Ty/z —0
Dualizing it we get:
0—7*Qy )z = Qx/z = Ux)y =0

This is going to be the global version of the above affine exact sequence except we have left exactness. This
is because we are working with ”smooth” objects which enables the left exactness. The above theorem is
going to be the most general statement.

Here is another exact sequence we need:

Theorem 2.18. Suppose that B is a C-algebra and I is an ideal of B, finally A = B/I then there is a
natural exact sequence of A-modules:

I/’ A®p Qpjc — Qajc — 0

Proof. Again, we first give the algebraic proof and tell you how you should think about the geometry behind
it.
Let’s figure out what is the map 6, recall that I/I? can be identified with B/I ®p I, then I claim that §
is:
1®d:B/I®pI — B/IQpQp/c



We need to be careful about this map, recall that I — 2p /¢ is not in general B-linear, as it is the restriction
of the map d : B — {lp,c which is C-linear, not B-linear. Then we can only say that this is a map of abelian
groups, and we need to show that it’s B/I-linear, i.e. we need to check:

bAQY) =b@Y =1@bY — d(bb') = bdb' + b'db = bdb'

the last equality holds because b’ € I by assumption. In this definition we find that the class of i in I/I? is
mapped to 1 ® ds.

Now we need to identity the cokernel of J. Let’s first consider the module A ® g/, as an A-module,
it’s generated by db,b € B with relations dc = 0 for all ¢ € C' and additivity and Leibniz rule (make sure you
understand), but be careful that all of the relations are in B. Now think about Q4,¢, and as an A-module,
it’s generated by da, but subject to relations in A, i.e. dc = 0 and the additive and Leibniz rule in A. Here
A is not just an arbitrary ring, but it’s the ring B/I, therefore, you can think of Q4,5 as again generated
by db,b € B, but there are more relations, i.e. di = 0 for ¢ € I (this is the key here). But this is precisely
what you get by quotient out the image of I/I? in A®p Qp sc- Lwill let you figure out the detail, but the
key isomorphism can be interpreted as follows:

B/I{db:be B}/---~ B{db:be B}/{--- ,di}
I will also let you think about how to define this isomorphism. O

Remark 2.19. The above exact seugence is often called the conormal exact sequence. As promised,
let’s discuss what is the geometric meaning of this sequence.

To motivate the geometric meaning, again, let’s look at what happens in the smooth manifold case.
Suppose that X, Y are smooth manifold and X is of dimension 1, Y is of dimension 2. Say that j: X - Y
is an embedding of the curve into the surface. Let Z be a point of X, then again, we have three spaces to
think about. They are the tangent space of p in X, the pullback of the tangent space of p at Y and the
normal space of the tangent space of p at X in the pullback of the tangent space at p in Y. The relations
between these three spaces should also be obvious as you clearly have an injection and the cokernel is going
to be the normal space. Again, when everything is smooth enough, we can patch these together to for a SES
of sheaves:

0—Tx/z = i*Tyv/z = Nx)y —0

Dualizing it gives:
0— JV)(V/Y — j*QY/Z — QX/Z -0

This is the above sequence, and again, except the above sequence may not be left exact in algebraic geometry.
We will see later that similar to the cotangent exact sequence, we will obtain left exactness in a smooth
enough situation and the ”conormal” bundle will somehow correspond to I/12.

Remark 2.20. Let’s make another remark on the so called conormal module and conormal sheaf. Again,
let’s first deal with the affine case and then later we have a more general treatment.

Suppose that SpecA — SpecB is a closed embedding cut out by the ideal I, then I define the conormal
module on A to be I/I? and the associated sheaf to be the conormal sheaf. There are several reasons on
why we would like to make this definition. First, if SpecA is just a closed point, a reasonable guess is that
the conormal space is the whole cotangent space, and is indeed m/m?2. For example, the conormal space of
A? at the origin is the space of linear forms.

More generally, if you consider, for example the z-axis in A3, cut out by I = (z,y). Elements in the
module I/I% is a(z)z + B(z)y and this could reasonably be the conormal sheaf as you expect to first be
2-dimensional over Speck[z] and at different points, the space at that point is spanned by x,y, which looks
like you killed z and x,y are those that remains.

But the most important intuition still comes from the closed embedding between smooth manifolds. For
example, X — Y is an embedding of a k-dimensional manifold inside a n-dimensional manifold, defined by
the ideal sheaf Z (that is right, embeddings of smooth manifolds are also defined by ideal sheaves), and there
is a natural identification between Z/Z? with the conormal sheaf. For example if you check it locally, we
know that such an embedding is analytically locally R¥ — R", then the cokernel of the embedding of the
tangent space is going to be R" 7% so is the dual.



Therefore, people expect that in algebraic geometry, when we have appropriate smooth conditions, we
have similar conclusions. This prompts the following definition:

Definition 2.21. If X — Y is a closed embedding of schemes cut out by the quasicoherent ideal sheaf Z,
then the conormal sheaf for a closed embedding is Z/Z2, and denoted by N Iy again quasicoherent
and can be viewed as a sheaf on X as it’s annihilated by the ideal sheaf of X.

We can also define the normal sheaf .4y to be the dual of the conormal sheaf:

</Vx/y = HOm(/VXV/Y, OX)

This is not a perfect notation, as this might suggest that the dual of A% - is always /VXV/Y, but this is
obvious not true as the natural map from a module to it’s double dual is not in general an isomorphism.
If the normal sheaf is locally free of finite rank, we call it the normal bundle of X in X.

Now what happens for locally closed embeddings, does it have a conormal sheaf and hence a normal sheaf.
Suppose that X — Y is such a locally closed embedding, then it can be decomposded as X «— Z — Y
where the first one is a closed embedding and the second one is an open embedding. We know that X — Z
is cut out by a quasicoherent ideal sheaf, and we can define the conormal sheaf similarly. But we have to
show that if you have a different decomposition, we get the same sheaf. But we can take the intersection of
the two opens and use the intersection to show it’s well defined and I will let you fill the details.

However, if in good situations, the conormal sheaf is locally free of finite rank, then indeed we have the
double dual is itself, or in other words, the dual of Ny sy is indeed JV)(V/Y. And one important case is when
X <Y is a regular embedding. Let’s first begin with the easiest case, i.e. X is a Cartier divisor in Y:

Proposition 2.22. Suppose that D < X is an effective Cartier divisor then the conormal bundle is
O(—D)|p, which is a line bundle hence it’s dual is O(D)|p, justifying our preliminary definition of the
normal bundle to an effective Cartier divisor as O(D)|p.

Proof. Recall that O(—D) = Z where Z is the quasicoherent ideal sheaf cutting out D. We know that:
O(-D)lp

can be interpreted by both the pullback of O(—D) to D or the tensor product O(D) ® i,Op depending
whether you want to think of it as a sheaf on D or as a sheaf on X.
By definition, the conormal sheaf is O(—D)/O(—2D). You can think of this as the tensor:

O(=D) ®ox (Ox/O(-D))

But we know that the tensor is isomorphic to i, Op because we have the SES of the closed embedding, thus
we are done. O

Remark 2.23. Don'’t forget that Cartier divisor always implies a regular embedding of codimension 1, but
a regular codimension 1 embedding may not be an Cartier divisor. We need to assume Noetherian condition
for the later statement to hold.

Now let’s treat the general situation, and in this case the above proof is not so helpful since we didn’t
talk about regular embedding that is not an effective Cartier divisor that much and we don’t have a counter
part of O(—D) yet. So to prove it, we just use definition and local algebra:

Proposition 2.24. If X — Y is a regular embedding of codimension 7 of locally Noetherian schemes, then
the conormal sheaf is locally free of rank r. This is the consequence of of the following algebraic fact: If the
ideal I < B is generated by a regular sequence x1,--- ,x, and B is a Noetherian local ring, then the map:

v (B/I)" — I/T?

defined by (ay,--- ,a,) — a1xy + --- + a,x, describes I/I? as a free module of rank r over B/I with basis

Lyy ey Lp-



Proof. Let’s prove the algebraic fact first. Notice that this map is surjective, thus we only need to show
injectivity. For the illustration of the main idea, let’s first consider » = 1, we need to show that the map:

xx1: B/(21) — (21)/(27)

is injective. Suppose that bx; € (22), i.e. bx; = cx?, but since we know that z; is not a zerodivisor, therefore
multiply by 1 on B is injective, therefore b = cx;, as desired.
For the general case, suppose that we have by, --- ,b, € B such that:

bizy + - + bz, € I?

we want to show b; € I. Now recall that the above relation, modulo (21, -- ,x,_1) implies that bz, € (z2),
modulo (z1,- -+ ,x,—1), therefore since x, is not a zero divisor after modulo (z1,- - ,z,—1), we know that b,
is a multiple of z, modulo (z1,---,z,_1), thus b, € I. Since we know that any reordering of (x1,--- ,a,)
will be a regular sequence, the above argument applies to any b;.

Finally, to prove the assertion on the regular embedding, suppose that X — Y is a regular embedding of
codimension r and X, Y are locally Noetherian, then at each point of X, we know that the ideal is generated
by a regular sequence of length r, then Noetherianity implies that the ideal sheaf is finite type and also
finitely presented, then one corollary of the geometric Nakayama tells you that the sheaf is locally free iff
the fiber is free for each point, but this is just the conclusion of the algebraic result. O

2.2 Second definition using universal property

Now we want to introduce the second definition of the module of Kahler differentials, which uses a universal
property to characterize it.

Suppose that A is again a B-algebra and M is an A-module. A B-linear derivation of A into M is a
map d : A — M of B-modules via the B-algebra structure (not necessarily a map of A-modules) satisfying
the Leibniz rule d(fg) = fdg+ gdf. For example, if B = k, A = k[z] and M = A, then the derivative map %
is a derivation, or if B = k, A = k[z] and M = k, the compute the value of the derivative at 0 is a derivation
as well. Finally, we know that by definition: d : A — € 4,p is also a derivation. Moreover, it’s the universal
object in all of B-linear derivations in the sense that it satisfies the following universal property: any other
B-linear derivation factors uniquely through d:

A d M

N T

Qu/B

or you could say that Q4,p is the representing object of the functor from A-modules to sets where an A-
module M is mapped to the set of B-linear derivations from A to M, often denoted by Derpg(A, M), this is
more than just a set, and indeed is a B-module. You could directly see from the definition that this universal
property is satisfied and it actually comes from the universal property of free A-modules and quotients.

Proposition 2.25. If we have a commutative diagram of rings:

A +— A

[

B «+— B

then there is a natural map of A’-modules A’ ® 4 Q4B — Qa//ps, an important special case is when B = B
This is usually called the pullback of differentials. Furthermore, if the above morphism is a fibered
coproduct diagram (or tensor diagram), the natural map is an isomorphism.

Proof. Since we just introduced the universal property, let’s think a little bit of how to use the universal
property to define this map. Recall that by the universal property of extension of scalars, we only have



to define an A-linear map from Q4,5 to Q4/,/p,. Consider the map A — A’ 4 Qu/pr, I claim that it’s a
B-linear derivation. It’s clear that it satisfies the Leibniz rule, so we only have to show it’s B-linear. Notice
that A" — Qyu//p is B'-linear, thus can be though as B-linear by restriction, moreover A — A’ is A-linear,
thus is also B-linear by restriction, we are done.

Therefore, in conclusion, the map is defined by a’ ® da — a’ - da where you should think of a as elements
in A’ or in A as needed.

To understand what happens when the diagram is ”co-Cartesian”. Let’s first show that we have a natural
bijection:

Derp/(A’,N) — Derg(A, N)

for an A’-module N. To see what is the map, suppose that A’ — N is a B’-linear derivation, we know that
compose it with A — A’ gives you a B-linear derivation. This is an isomorphism because we can construct
an inverse, suppose that we have a B-linear derivation A — N, we want a B’-linear derivation A’ — N.
Recall that by the universal property of tensor, we know that a B-linear map from A’ to N is equivalent to
a B-bilinear map from A x B’ to N. It’s clear how to define this and it should be (a,b’) — b'da(a). It’s
clearly B-linear. Then you can check that this is actually B’-linear as:

1Y) (a®b") = (a@b'V") — b"b'da(a) = (b')(V"da(a))
It also satisfies the Leibniz rule as
(a®b)(a @) =bb'da(aad") = bbads(a’) + bb'a'da(a)

Finally, you can check that the above two constructions are inverses of each other thus an isomorphism of
B-modules. How you should think of this morphism is that it’s a natural isomorphism between two functors
from the category of A’-modules to the category of B-modules.

Then we have the following sequence of isomorphisms:

Hom/ (Q4//p/, N) ~ Derp/(A’, N) ~ Derg(A, N) ~ Homy (Qa/p, N) ~ Homa (A®4 Qa/p, N)
Notice that each morphism is going to be functorial in IV, therefore, the final isomorphism:
Homa/ (Q24//p/, N) ~ Homa (A ®4 Qa/5, N)
is induced by a unique isomorphism of A’-modules A®a Q4,5 — Q4//p. Notice that an A’-module map:
Qg —  dd > g

is mapped to first the derivation where o’ is mapped to n, and then it’s mapped to a is mapped to n,, then
it’s mapped to da is mapped to n, and finally it’s mapped to 1 ® da — n,, therefore the unique morphism
is defined by:

1~ daw— da

which is exactly the morphism we started with. O
Next we prove a more general result about how localization affects the Kahler differentials:

Proposition 2.26. Suppose that ¢ : B — A is a map of rings, S is a multiplicative subset of A and T
is a multiplicative subset of B with ¢(7') < S, then by the universal property of localization, we have the
following diagram:

S™1A«+— A

[

T7'B<+— B

then the pullback of differentials S~1Q 4 /B — Qg-14/7-1p is an isomorphism. How you should think of this
map geometrically is that restrict maps to opens doesn’t change the relative differentials.
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Proof. This is not just a special case of the above result and we indeed need to do something to show this
is an isomorphism. We again use the same idea as the above result and we want to show that there is a
natural isomorphism:

Derp-15(S™'A, N) — Derg(A, N)

for any S~'A-module N. Again, the map is defined to be restriction, and we need to give is an inverse.
Similarly, suppose that you have a B-linear derivation d4 : A — N, we now need to give a 7~! B-linear map
S~1A — N, which is a derivation. What we need to do is to notice that there is a unique B-linear derivation
dg-14:S 1A — N extending d4. To see why, if there is a derivation extending d4, then < by the quotient
rule is mapped to M then we only need to show that this is indeed well defined and is a derivation. If
a S " then we know that there is a t such that as’t = a’st, then sda—ads _ s/d“;;lds/ since you can divide
by ss’ on both sides and then apply d. I claim that this is actually 7! B-linear because consider:

b a ab  std(ab) —abd(st)  sadb+ sbda — adtds — absdt
t s st s2t? s2t2

Recall that db = 0 = dt, then I will leave the details to you. Then let’s check that it satisfies the Leibniz
rule:

aa’  ss'd(ad’) — ad'd(ss')

s 5252
as d(aa’) = ada’ + a’da,d(ss’) = sds’ + s'ds and in the end we get:

ada' a’da a S§'da' —dds’ a sda—ads ass'dd + a’'s'sda — saad'ds’ — s'a’ads
s s

/

12 s’ 2 2412

s s’ S s s s%s

This proves that ds—14 : ST'A — N is actually a T—! B-derivation.

Then we need to prove that the above two constructions are inverses of each other, but this is obvious
as we proved above that there is a unique extension. And this clearly is a functorial map in N, thus we are
done by essentially the same argument as the above result. Consider the sequence of isomorphisms:

Homg-14(Qg-14/7-15,N) ~ Derp-15(S™'A, N) ~ Derg(A, N) ~ Homa (4,5, N) ~ HOmS—lA(S_lQA/B7N)

and you notice that d“ +— n is mapped to § — n which is mapped to a — n which is mapped to da — n

which is mapped to 22 — n/s, therefore the unique isomorphism is induced by > - - df, we are done as
this is the pullback map O

Using the above two results, we have the following result on field extensions:

Example 2.27. Suppose k is a field, we will compute in this example €/, in this example.
Let’s consider the following diagram:

k(t) «— K[t]
[ [
k k

We know that we have an isomorphism S‘lﬁk[t] /e = Sy where S < k[t] is all the nonzero elements and
we know that Q5 is generated as a k[t]-module by dt, i.e. Qi = k[t]dt, therefore:

—

Qrye = S~ k[t]dt = k(t)dt

Therefore, ;)% is a one dimensional vector space over k(t) generated by dt. The same argument shows

that Qpez, .. 2,k 18 @ k(21, - , Xy ) vector space with basis dxq, - -, dx,.

Example 2.28. Suppose that K/k is separably generated by t1,--- ,t, € K, i.e. t1,--- ,t, forms transcen-
dence basis and K/k(t1,--- ,t,) is algebraic and separable. We will show in this example that Qg is a
K-vector space with a basis dtq,--- ,dt,.
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To do this, let’s first show that it’s generated by dty, - - - , dt,, and then show they are linearly independent.
To show they generate the module, consider the sequence:

k—k(ty, - ,tp) = K
Then we have the cotangent exact sequence:

K ®k(ty,oe ) Loty o)k = Qi = Qi oty o t) = 0

since K /k(t1,--- ,t,) is algebraic and separable we know that the last term is 0. Therefore we get a surjection:

K @ty oo tn) Qe )k — LKk

But we know that K ®ps, ... .1,,) Qh(tr, 1)k 18 @ K vector space generated by diq,--- ,dt, and the map is
defined by f®dt; — f - dty, therefore di; is mapped to dt, therefore, this shows that {x ;. is generated as
a K-vector space by dty,--- ,dt,.

To show they are linearly independent, I claim that there is a unique map of K-vector spaces Qg /, — K
sending dt; to 1 and all the other dt; to 0 and similarly a map sending dt; to 1 and all the others to 0 and
for all the other dt;. Then by this, suppose that >’ a;dt; = 0, by applying each of these maps we now that
a; = 0 for all i, therefore they are independent. Thus our goal now is to construct these maps.

First, we know that by the universal property of the Kahler differentials, we need a derivation K — K
such that ¢; — 1 and other ¢; — 0. Let’s first do this for k(t1,- -+ ,t,) — k(t1,- -+ ,tn). We know that there

is a k-linear derivation on k[ty,--- ,t,] — K defined by taking derivative with respect to t;. This is the
unique k-linear derivation that maps ¢; to 1 and all the other varaibles to 0 because this uniquely determined
the derivation by Leibniz rule. Now, we can extend this uniquely to a k-linear derivation k(t1,--- ,t,) — K.
This is done by the quotient rule since if you want the new derivation to extend the on on k[tq,- - ,t,], we
know that we can only define it by:

[ gdf — fdg

9% I

g g9?
This is well defined and it can be checked by definition and it’s obviously k-linear, moreover you can check
Leibniz rule by hand as well. Therefore this is indeed a k-linear derivation k(t1,--- ,t,) — k(t1,--- ,t,). Now
let’s assume that K /k(t1,- - ,x,) is generated by one element «, for simplicity, let’s denote k(t1,--- ,t,) = F

then we know that K = F(«) and let f(x) € F[z] be the monic minimal polynomial of « and since K/F
is separable, we know that f’(a) # 0. We want to have a k-linear derivation on F(«) extending that on
F, let’s assume we already have it and apply it to D(f(«)) = 0, now you probably want to use the chain
rule and conclude that D(f(«)) = f/(«)D(a), but this is not true, as D is only assumed to be k-linear, not
F-linear, then we need to consider:

D(a) = D(a™ + Zaiai) =na"'D(a) + Zz ~a;a"'D(a) + ZaiD(ai) = f'(a)D(a) + g(a) =0
where g(z) = Y. D(a;)zt. Now we know that we solve the above equation and obtain that:

g9()
f(a)

since we already know f’(«) # 0, this is well defined. Then recall that we have the following diagram:
F(x)

Let’s define a k-linear derivation on F[a] < K extending that on F. The definition is uniquely determined
if we want D(a) = J?,((z)) as the image of a polynomial is determined by linearity and the Leibniz rule. First,
let’s show it satisfies the Leibniz rule, i.e. D(h(a)-g(a)) = D(h(a)) - g(a) + h(a) - D(g(a)). For example we

have a1a™ - aza™ = aq - as - ™™, by our definition, apply D to the product, we get:

D(a) = —

(a1 D(az) + azaD(a1))a™ ™ + ajas(m + n)am+"_1D(a)

12



and is indeed equal to D(a1)a™ + a;ma™ tD(a) - asa™ + a1a™(D(az)a™ + agna™ 1 D(a)). Then since this
definition is obvious linear ,suppose we now compute:

D(h(a)-g(a)) = D(},) =Y, D(---)

where the - - - represents the multiplication of all the terms separately suppose that h(a) = ho(a) + h1(a) +
-+ hp(a) and g(a) = go(@) + -+ - + gm (), then the - - - are h;(a)g;j(c), but we know that D(h;(a)g;(a)) =
D(hi(a))gj(a) + hiD(g;(e)), we get

Zﬂxmm»%®0+mD@A®)=DWWDM®+hWﬂXﬂ®)

again by linearity.

Then we show this is well defined. If h(a) = g(«) then we know that h(a) — g(«) = f(a) - k(«), then by
Leibniz rule we know that D(f(«)) - k(a) + f(«) - D(k(x)), recall that D(f(a)) = 0 by our definition of D
on a moreover f(«) = 0, therefore we know that this is well defined. Now we need to extend this to K — K
and we can extend by the quotient rule where:

h Dh-g—hDg
—

g g
this is obvious k-linear but we need to check this is well defined and satisfies Leibniz rule. The Leibniz rule
is easy to check as this is just a formal property of this quotient definition. To check it’s well defined, we

know that if % = Z—;, then since we are in a field, h1gs = hagi, and we need to prove:

Dhy - g1 — hiDgy _ Dhg - g2 — haDgo

93 93

We know that Dhy - g2 + hiDga = Dho - g1 + haDg1, multiply both sides by g1 g2, we get:
Dhy - g1g5 + hagiDgs = Dhagiga + h1g3Dgy

Finally, to show this is the unique k-linear derivation K — K such that ¢; is mapped to 1 and ¢; is mapped
to 0. Suppose that D’ is another such k-linear derivation, then we know that it’s restriction on F' is the same
as the restriction of D to F' because we have already argued before that ¢; to 1 and other ¢; to 0 uniquely
gives a k-linear derivation I — K, then we know that D’(f(a)) = f'(a)D(a) + Y. a'D’(a;) we know that
M atD'(a;) = Yl atD(a;) because a; € F, therefore D'(a) = D(a), but this again uniquely determined the
derivation on F[a] and K because we defined this completely based on Leibniz rule.

Now, what if K/k(t1, - ,t,) is finitely generated. We know that we can decompose the extension to a
tower, i.e. F = k(ty, - ,t,) — K is:

F=KycKic---cK,=K

where each K;/K;_1 is generated by a single element and is finite separable. Then we know that we can do
the unique extension for K;/K,_1 each step and then finally get the derivation K — K. To show that this
is unique, suppose that there is another such extension, we know that we can restrict it to each K;, and by
the uniqueness, it agrees with the extension we started with, thus the final extension also agrees.

Finally, what if K/k(z1,--- ,2y) is not finitely generated, we know that in this case:
K=|JK
i
where ¢ € T I is the set of all the finitely generated subextensions over k(t1,--- ,t,). This gives a derivation

on all of K, because if K; and K; are two such subextensions, we know that the derivation on K; n K; is
the same with that on K; n K; we directly define using the above process due to uniqueness, we are done.
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2.3 Third definition; global version

Now, we begin to go beyond the affine description and try to generalize it to any morphisms of schemes
m: X — Y. As what most of the texts do, we can try to define this affine by affine, but we will need to
make sure that on overlaps, the module of Kahler differentials behave well. Due to the fact that we have a
universal property, we could go about this approach, however, there are still a lot of stuff that you need to
check. Instead doing this, we first give a definition that is not so intuitive in the beginning and then tell you
how to think about it and how to work locally with that definition.

Now let 7 : X — Y be any morphism of schemes, recall that 6 : X — X xy X is always a locally closed
embedding, let’s define the relative cotangent sheaf (1x 3 or {); as the conormal sheaf JV)(VXXYX of the
diagonal. If 7 is separated, we don’t even need to think about why the locally closed embedding issue. This
is also a good place to define the relative tangent sheaf 7%y as the dual of the relative cotangent sheaf,
ie. Hom(Qxy,Ox). If we work with the category of k-schemes, then Qx/, and Jx , are often called the
cotangent and tangent sheaf of X.

Now we also need a derivation morphism d : Ox — Qxy. To define this, suppose that the two projections
X xy X — X are pry and pro. Then on U c X, we define the morphism by:

df =prif—prif

We need to be careful about this definition as we know that {2x )y is actually the conormal sheaf therefore
we need to first interpret pri f — prif as a section of the conormal sheaf. We know that pri f and prif
live on X x U and U x X respectively, therefore, let’s first restrict it to U x U. Therefore, this is first a
section of the structure sheaf on U x U. Let’s assume for simplicity that ¢ is a closed embedding just to
avoid distractions first. If we assume that Z is the ideal sheaf defining the closed embedding and prd f —prf f
lies in the ideal sheaf, then we can consider the canonical morphism Z — Z/Z? then it’s image in the sheaf
is what we are looking for. We only have to show that it is annihilated by the morphism § which can be
checked by looking the pullback by J, recall that the inverse image of U x U under ¢ is U, therefore we only
have to show:

Spryf =6 prif =0
But recall that the composition pr; o & = id is the identity, therefore we are done. For the general case
where we only have a locally closed embedding, have the following diagram:

open

U closed rp UxU

open \[open \[open

/

X closez X open X Xy X

where the composition of the morphisms below is § and X’ is the union of SpecA xy SpecA for affine opens
SpecA < X. All the squares are Cartesian, now we first further restrict prd f — pri¥ f to U’ and we wish to
show that it’s annihilated by U < U. But recall that if pri f — pr f is annihilated by U — U, then it’s the
restriction of to U’ is certainly annihilated by U — U’, therefore we still only have to show that prd f — pr¥ f
is annihilated by J, we are done.

This is indeed a morphism of sheaves of abelian groups as if you consider first restrict f to V and then
apply d, you get pri(f|v) —pri(f|v) which is interpreted to be an element in V' x V, but on the other hand,
if you restrict pri f —prif to V x V it’s also the same as first restrict f to V' and then pullback then take
intersection because we have the following diagram:

UxU ——UxX 25U

I o]

VxVesVxX -2V

Just as the affine derivation, this morphism is usually not a morphism of O x-modules, but is a morphism of
Oy-modules, satisfying a few properties. This is indeed true and we will discuss these shortly and you will
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find this agrees with our affine definition when we work locally, thus globalizing the affine version we had
before. This map gives us a map on each U:

(U, 0x) —» I'(U,Qxy)
which is usually referred to as taking derivatives.

Remark 2.29. Before we connect this to our other definitions and show this indeed globalize the affine
version, let’s spend a little bit of time to discuss why this definition is a reasonable thing to do.

Say for example X is a manifold and Y is a point, then recall that the tangent bundle Tx«x on X is
priTx @®priTx where pry and pro are the projections. There is a normal bundle exact sequence in differential
topology which is:

0—TA — Txxx|a — Na/x =0

which is very intuitive as the tangent space of X x X along A that don’t come from the tangent space on
A is going to be the normal vectors. The morphism on the left at each point is v — (v,v) so you can think
of the cokernel as (v, —v) therefore the normal bundle is isomorphic to the tangent bundle of A, we dualize
it to obtain the corresponding conormal sheaf is isomorphic to the cotangent sheaf. Therefore in algebraic
geometry, since we know how to define the conormal sheaf first, can turn the process above head on and use
the conormal sheaf to define the cotangent sheaf.

Now let’s try to test this out in the affine case:

Example 2.30. Consider the morphism SpecA — SpecB corresponding to a ring morphism. Then consider
the diagonal, which is ¢ : SpecA — Spec(A ®p A) correspond to the ideal I of A®p A, which is the kernel
of the map:

TRy — 1Y

The first observation we have is that the ideal I is generated by elements of the form 1® a —a® 1. It’s
obvious that element of this form is in the kernel, and suppose that:

Zfﬂi@yi ’_’inyi =0
Then we know that:
PVai®yi =Y i@y —zyi®1 =Y (#:@1)1®y — i ®1)
Then the derivation is given by:
d:A—>A®pA a— (1®a—a®1)

which is indeed an element of the ideal I, and we then take the quotient by I? to get the corresponding
element in I/I%. Let check d is indeed a derivation (to be precise, it’s not appropriate to call it d since d is
used as the symbol for the derivation to 24,5, but we will prove it is indeed d later). Clearly it’s B-linear
since if it’s clearly linear and we know that b- (z ® y) = bx ® y =  ® by. Then we only need to check the
Leibniz rule, i.e. we need to prove d(aa’) — a’da — ada’ € I?:

d(ad') —ada' —d'da=1®ad’ —ad’ @1 —a®ad +ad’ ®1 —d ®a+ad ®1
=1®ad +ad’ ®1—-a®d —d' ®a

=(1®a-—a®1)(1®d —d ®1) e I*

This proves that d is a derivation, therefore by the universal property of 4,5, we get a A-linear morphism
QA/B - I/I2Z

Theorem 2.31. The natural morphism f : Qu/p — I/I 2 we constructed earlier is an isomorphism, thus
I/I? is indeed the module of Kahller differentials.
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Proof. We will first show that f is surjective, and then we will prove there is a map of A-module g : I/I? —
4/p such that g o f = id, which proves that f is injective, finishing the proof.

Recall that f sends da to 1®a —a® 1, and we know that I is generated by these elements therefore it’s
surjective. Then we will construct g. Let’s first consider a map of B-modules:

ARpA—>Qup Ty xdy

which is defined by the universal property of tensors, then we consider the restriction of this map to I, if I2
is mapped to 0, then we get a well defined map of B-modules I/I? +— Q4. We need to prove that:

(in ®yi)(2$; ®y;) = Zl“ﬂ?; ®yiy; — 0
0,J
where }, z;y; = > 2%y} = 0. By definition, we know that the image is:
szxgd(yly;) = szxgyldy; + lem;y;dyz = Zszyl(x;du;) + EEx;y; (@idy;) =0
ij ij ij P i

Then we need to prove that the composition of f with g is id. da — (1®a—a® 1) — 1da — adl = da since
dl =0. O

Proposition 2.32. Suppose that 7 : X — Y is a morphism of schemes with open subschemes SpecA ¢ X
and SpecB < Y such that SpecA c m~1SpecB. Then we can identity Qx v |speca with the associated sheaf
of Q4/p thus the idea of describing the cotangent sheaf locally naturally glues together to Qx/y.

Proof. The key argument here is to observe that we have a Cartesian diagram:

SpecA glosed SpecA x g SpecA —— SpecA x g SpecA

open\[ openj l

X X’ X xy X

closed open

This implies that the restriction of the conormal sheaf to SpecA is first restrict to SpecA x g SpecA and the
restrict to SpecA, and if you recall how we construct this map X — X', on SpecA x g SpecA, it’s of the
form A ®g A — A and once you restrict to affine, the quotient of quasicoherent sheaves are just module
quotients, therefore it’s just I/I? together with the derivation A — I/I? defined by a — 1 ®a —a® 1, but
we have already seen that this is just 24,p together with d: A — Q4 /g, we are done. O

With the above result, we can now understand how {2x 3 behave locally, generalizing our previous affine
local statement to the global case:

Proposition 2.33. Suppose that U < X is an open, then the map induced by the derivation Ox — Qx y
on U is also a derivation.

Proof. We need to think a little bit on what does this mean, as a ”derivation” should be a some-linear
derivation. Recall that a morphism of sheaves give you a morphism of sheaves of rings Oy — m,Ox. This is
equivalent to a map 71Oy — Ox by the adjointness property, then I claim that this derivation Ox — Qx Y
is 7 'Oy-linear via the morphism 7~ !0y — Ox. But in practice, what we will use is to think that on
U c X, suppose that V is any open on Y such that U maps to V, then the morphism is Oy (V)-linear and
I will let you think about why this implies 7~ !Oy-linear.

To prove the linearity and Leibniz rule, it’s actually quite hard to proceed directly without the help of
our local understanding. For example, if you want to prove linearity for g € Oy (V) and f € Ox(U) where
U maps to V:

d(gf) = pr3(gf) —pri(gf)

but you actually don’t know what to do right now. So instead proceed directly with this definition, let’s do
it locally. For the linearity, let’s first cover U with affine opens A such that it maps to affine opens in V.
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Then we first restrict the map on U to SpecA, and here we see that the morphism is A ®g A — A and the
derivation is defined by:

fm1ef-f®1

We know that it’s B-linear, thus Oy (V')-linear and this proves that all the restrictions of the derivation on
U is Oy (V)-linear, then the sheaf property tells you that the map on U is also Oy (V)-linear.
Then we prove Leibniz rule, which means we need to compute d(f1f2) and by definition it’s:

pry (fif2) — pri(fif2)

Let’s first restrict to SpecA, it becomes 1 ® f1 fo — f1fo ® 1, we already see that this is equal to:

A f2=f201)+ 10 fL—- Q) =(Qf2— [if2®1) + (2@ fi — ife ®1)/I?

But notice that this is the restriction of:

fi(prs fa — pri f2) + fa(prs fr — pri f1)

Here we need to be a little careful on how to this of multiplying f; and fs as technically speaking pri fo—pri fo
and pri fi — prifi are on U x U. To avoid confusion, we mean that we first pullback pri fi — pri fi and
prs fo —pri fo to U and then multiply by fi. I will leave the details for you to figure out as there are indeed
identification you need to think over. O

Proposition 2.34. Suppose that m: X — Y is locally of finite type and Y is locally Noetherian, then Qx
is coherent on X.

Proof. To prove {1x,y is coherent on X, recall that we first need to prove it’s a quasicoherent sheaf. We
need to find an affine cover on X such that the restriction on each affine open is quasicoherent. But the
above proof shows that we can first find an affine cover of ¥ and cover each inverse image by affine opens
and on each affine open, the restriction is the associated sheaf of the module of Kahler differentials. Then
to check coherence, suppose that SpecA — SpecB is a pair of opens of X and of Y, since Y is assumed to
be locally Noetherian, we can assume B is a Noetherian ring and since we assume 7 is finite type, we can
assume that A is a finitely generated B-algebra, therefore we know that A is Noetherian and € 4/p is finitely
generated over A, therefore finitely presented and finite type and coherent since A is Noetherian. O

Proposition 2.35. Suppose that 7 : X — Y is smooth of relative dimension n then Q2 x )y is locally free of
rank n.

Proof. Let’s first prove that if we have consider the canonical morphism:
W — SpecA = SpecB|x1, -, Tnsr]/(f1, -, fr) = SpecB

where W is an open subscheme of SpecB[z1,- - ,Znir]/(f1, -, fr) such that the Jacobian matrix of f;’s
with respect to the first r x;’s is an invertible function on W.

Now recall that the sheaf of differentials 24,5 is described to be the associated module of the cokernel
of the Jacobian matrix, then suppose that we pick W = SpecA; to be a distinguished open, then we know
that the relative differential of Qyy/specy can be computed by the following diagram:

Af(*A

[

B<+——B

and a previous proposition shows that 24,/ = (Q4/B)y, therefore we know that the restriction on Q4,5 to
SpecAy is the relative differential. Then we know that the stalk of the relative differential on SpecAy can be
computed by that on SpecA. Recall that the relative differential is computed by the cokernel of the whole
Jacobian matrix. Therefore if we denoted J as the Jacobian matrix then the module of relative differentials

is the cokernel of:
A@T i) A®n+7‘
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Recall that our assumption implies that the r» x r-minor on the left top is invertible on W, then we know
that is you localize at a prime p in W, you get a morphism A?’" — A}?””, I claim that the cokernel is also
free, i.e. is AI@". This is exactly like what happens in the field theory and matrix with elements coming
from a field. This is exactly a linear algebra question and I will let you do this, but recall that for finitely
presented modules, stalk being free is equivalent to locally free around the stalk, and we are done.

I will let you figure out how to reduce from smooth of relative dimension n to this situation, which is
essentially by unpacking the definition. O

Now we try to generalize the cotangent exact sequence and conormal exact sequence, let’s first do the
cotangent exact sequence;

Theorem 2.36. Suppose X = Y > Z are morphisms of schemes, then there is an exact sequence of
quasicoherent sheaves on X:
™y, = Qx/z = Qxyy =0

Suppose that i : X — Y is a closed embedding of schemes with conormal sheaf JVXV/Y and p:Y — Zis a
morphism of schemes, then there is an exact sequence of sheaves on X:

v 5.
Ny = 1" Qyyz — Qxpy

Proof. You should think of these two sequences are the global version of the two exact sequences on affine
schemes.

For the first cotangent exact sequence, we first need to construct this sequence of morphisms. For
example, let’s first do this for Qx,7z — Qx,y. What we know ring now is only how this maps works on affine
opens, therefore let’s first choose an affine cover of Z, say SpecC; and we cover each inverse image in Y by
affine, get another affine cover SpecB;, finally we cover the inverse image in X again to get an affine cover
SpecAy. For simplicity, let’s just use the notation SpecA — SpecB — SpecC, and on SpecA we know that
we need to define a morphism for:

Qac — QB

and we define this just by da — da. Now the question becomes do all of these definitions compatible on
the intersection. We know that we can cover the intersection by distinguished opens of both larger affines.
Therefore, our strategy becomes: for each distinguished open of SpecA we first restrict (1x 3 and Qx /7 to
that distinguished open, we construct a new map and show that it equal to the restriction of that map we
constructed on SpecA.

We know that by our previous computation that on SpecAy, the restrictions become (Q4,¢)y and
(24/B)y, we know that the restriction of our morphism above is defined by da %. But on the other
hand, notice that this distinguished open also maps to SpecB and SpecC', then we can define:

Qa,/c = Qa, s

where df% — olf%7 consider the diagram:

Qac —— QaB

| |
(Qajc)s — (Qua/B)s
T

Qa,jc — Qaym

recall the isomorphism is given by ?—Z — f%d 7 then I will let you show that the bottom square is commutative.
Is this enough to show the morphism is well defined? Well suppose that SpecA’ is another such affine opens in

X, it maps to SpecB’ and SpecC’, then we need to consider the following issue, we can define the morphism
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on SpecA’ by Qur/cr — Qarycr. On the intersection with SpecA, say the distinguished open is SpecA; and
SpecAy, we need to prove that the following diagram is commutative:

Qa0 — Qayn
! \

~ ~

+ +
Q — Q
AL jcr AL /B

where the vertical isomorphism exists because they should be the restriction of the sheaf of relative differen-
tials to that open subset so the question becomes what are these isomorphisms. This goes to the following
statement, suppose that A are C and C’-algebras, and the ring morphisms C — A and C' — A factors
through a ring B that is both the localization of C' and localization of C’, then Q4,0 ~ Qy4 /¢ via da — da.
To see why, consider the following diagram:

C

then we know from the cotangent SES that and the fact that Qp/c and Qp/cr are 0, we get a canonical

isomorphisms:
da—da da—da

Qac = Qap < Qo
Now back to our question, we know that the distinguished open in the intersection of SpecA and SpecA’
can be taken to be the inverse image of some distinguished open in the intersection of SpecC and SpecC’(do
you see why), therefore we are now in the above situation let’s don’t make the notation and argument too
complicated (even though it’s not hard in essence) so we won’t write out all the details, but such a simple
description where we know the isomorphism is given by da — da makes it possible to prove the following
diagram is commutative:

Qa8

that is all we need to prove the morphism is well defined.

Then we need to define the first morphism, we again do the same covering argument, and we know that
on SpecA, the morphism should correspond to a morphism of A-modules A®p Qp/c — 4/c and we know
it’s defined by a ® db — a - db. The question is still about is this well defined or not. We still want to check
on the distinguished opens we know that on a distinguished open, it’s the same as the following morphism:

A @db— % -d %

A; ®p Qg0 ——— Qa,/c

It’s also isomorphic to the following morphism:

aqgb ,,a . 4b
f’VL g f7l g"7L
%
Af®p, OB, /c Qa,/c
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Do you see what this means (for example what are the g and h) and can you see why this is true(think about
localizations of module of differentials)?

Then following the same idea as the above discussion, we will need to prove the following diagram is
commutative:

" QBg/g/ - T
A/f, ®B;/ QB;//CI 7 ®E QE/C / QD/C,
D ®k Qp/cr

Again, it’s easy to prove that besides the face we want it to be commutative, every face is commutative, this
fact together with some isomorphisms, makes the face we are interested commutative, and we are done. In
conclusion, the morphisms are well defined and on affines, are exactly what you expect them to be.

The makes it easier to check exactness, as exactness can be checked affine locally, but the affine version
is exact by our previous results.

Then we deal with the conormal exact sequence, where we have already defined the map i*Qy/, — Qx y,
therefore we only need to define the morphism 6 : Ny ; — i*Qy /z- We again want to define this by working
with affines as we don’t know other ways to describe the sheaf of differentials. We again cover Z using affines
SpecC' and then cover the preimages with SpecB, but what is different here is that the closed embedding
is affine and we know that the inverse image of B is SpecA, we know that on each of these SpecA, this
morphism is given by:

I/ > A®p Qp/c

We still have to check that on distinguished opens, this definitions is compatible. And on SpecA; for
example, we just get:
If/IJ% — Af ®B QBf/C

for simplicity of the following argument, we write it in an isomorphic form:

Ii/1} — Af ®p, Qp, e

where f% — f% . d% Then again, this time we need to check that the following diagram:

Ay ®s; Qg

P

I;/T; Ay ®s;, Qp; o D ®k Qp/c

| >, > |

/17 J/J? D ®5 Qjer

J/J?

< -

where J is the kernel of the surjection E — D, and the fact that the most left face commutes is because we
know that the morphism schemes gives us the following diagram:

By ¢~— D —~= By

L]

A, «~— E —~= Aj
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where Iy, J, 1, are the obvious kernels, I will let you fill out the rest details. Again, once the morphism is
established, we know that exactness can be check on affine opens. O

The above two exact sequence should be expected to be left exact as well if we have enough smoothness
condition. We will see quite a lot of examples along this line later, here is the first example:

Proposition 2.37. The cotangent exact sequence is exact on the left if 7 and p are both smooth.

Proof. Tt’s not hard to prove this directly. Suppose that m and p are smooth of relative dimension m,n
respectively, if we want left exactness, we need to check that 7%Qy,; — Qx/7 is injective. We can check
this on affine opens and this is given by:

A®p Qo — Qa0
By our assumption on the smoothness of p and 7, we can pick SpecB to be in the following diagram:
SpeCB - Specc[‘rh o a$n+7“]/<f17 o 7f7“) - SpecC

and we know that the first » x r submatrix of the Jacobian J; has invertible determinant on SpecB, then
we know that we can identify A ®p 2p/c as A ®p coker J;.

We also prove before that the composition of 7 and p is again smooth of relative dimension m + n. Let’s
do it again here just as a reminder and it also helps to prove this result. Recall that smoothness is local
both on the source and target, therefore, we can assume that we can assume that the composition take place
between affines:

SpecA — SpecB — SpecC

We assume SpecA — SpecB is of the form:

SpecA —— SpecBlx1,- -+ ,xn)/(f1, s fr)

|

SpecB

where SpecA — SpecB[z1,--- ,2n]/(f1, -+, fr) is an open embedding. We can assume that SpecA is an
distinguished open of SpecB[z1,- -, fu+rl/(f1, -, [r), 1.e. it’s SpecBlx1,- -+, futr]/(f1,* , fr)s for some
polynomials s, then we take the product of all the coefficients ¢ in the polynomial, then consider:

Spec(Bilz1, -+, fnarl/(f1, 5 fr)s = SpecBlzy, -, foyrl/(f1, 5 fr)s

[ [

SpeCBt[xl"" 7fn+T]/(f1a"' 7fr) D SpecB[m1,~-- afnJrT]/(fl,"' afr)

| |

SpecBy SpecB

Therefore we can actually assume that in the definition of the smoothness, don’t use the open condition, but
just the isomorphism condition, then the rest of the proof is clear, you have the following diagram:

SPECA ;> SpeCB[$17"' 7xn+7‘]/(f17"' af’r‘) — == Specc[xlu"' 7ym+s]/(f17"' ags)

! |

SpecB - SpecClyr, -+, Ym+s]/(91, 1 gs)
SpecC
We arrange the variables in SpecC[x1, -, Ym+s]/(f1, -, gs) such that the first r+s are x1,- -+ , &, Y1, , Ys,

then we know that in this case the first r + s x r 4+ s submatrix is a block upper triangular matrix, thus the
determinant is the product of two invertible functions, thus invertible on A as well.

21



Now back to our question, assume that A, B,C showing up in A ®p Qpc — Q4/¢ is as in the above
discussion. Then let’s assume that the Jacobian matrix of SpecB — SpecC is given by J; which is a
(m 4+ s) x s matrix and we know that we have an exact sequence:

B® B BOts L Qpe 0

tensor this with A we get:
ADs il> A®nts _, A®p QB/C

where in this time we view the elements of J; as their image in A. Similarly we have:

A@7‘+s i{ A(—D7n+n+r+s - QA/C

The reason why we need smoothness is we can assume that, for example the top s x s submatrix of J;

along the diagonal is invertible, say with inverse P. Moreover, we can assume that the top (r + s) x (r + s)
P 0

0 QI

Then we have the following two sequences of isomorphisms:

submatrix of Js is invertible, with inverse R = [

J
A@r+s 2y A®rt+s+min QA/C 0
0 0
R id 1
\ \ \
A®r+s J2OR p@restman o Coker = ADTET ()

J

A®s DT, p@stm __, Coker = A% — 0
i i -
3 ~+
A®s T, p@str ;
N — A®p Qe — 0

the two isomorphisms between the cokernel and the module of differentials can be described as making €24,¢
as a free A-module, generated by dz;,dy; for i > r and j > s, similarly describes A ®p g/ as a free
A-module generated by dy; for j > s. Then you can check that the vertical composition of the last column
is exactly the desired map A®p Qp/c — 4/c, therefore we know that it’s injective as it’s the composition
of an isomorphism with something injective and again with an isomorphism. O

Then, let’s globalize the pullback morphism of relative differential sheaves:

Proposition 2.38. If the following diagram is a commutative diagram of schemes, we have a natural
morphism:
.U*QX/Y - QX’/Y’

If the diagram is Cartesian, the morphism is an isomorphism.

Xt x

L]

Y —— Y

Proof. We again need to first define this diagram, what we do is again cover Y by SpecB and cover the
inverse images in X and Y’ by SpecA and SpecB’ respectively, finally in X', we cover X’ by affine opens
SpecA’ in the intersections of the inverse image in X and Y.

Now on each SpecA’, we define it by A’ ®4 Qa/p — Qa//p/, just as what we did for the affine case, the
key question is why this definition glues well. Recall how we defined this morphism in the affine case. It’s
defined by two universal properties, first it’s defined by that of extension of scalars, which reduces to an
A-linear map from 24,5 — Q4//p/, and this is defined by the universal property of {24, and the A-linear
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derivation A — A" — Q4. Now let’s think about what is the restriction on a distinguished open which is
the inverse image of some distinguished open in SpecB thus in SpecA, SpecB’, it’s the map:

!/
Ay ®a; Qapp; = Qarypy
defined by universal properties, which is first an A¢-linear morphism Q4,5 — (2 AL/BY which is then given
by Af i Alf i QA’f/B"
Now if you start with something other rings you get:
P, ®P QP/Q — QP’/Q’
and the restriction that common distinguished affine open is:
/
Py ®p, Qp,/q, = 2y,

which is given by P, — Pj — Q PQ- Then recall that we have discussed how Q4,/5,{2p, /g and how
Q AL/B> Q Py/q are related in the sense that there is an explicit canonical isomorphism make each pair iso-
morphic. Therefore, we know that the above two morphism can be identified with:

D®g Qr/r — Qpja

where the morphism is given by universal properties, thus they agree.
After we constructed this morphism, the assertion that the morphism is an isomorphism when the diagram
is Cartesian is just the affine version result. O

Remark 2.39. Moreover, a particular example of the above result is to consider fibers, which shows that
the fiber of the sheaf of differentials is the sheaf of differentials on the fiber, therefore we know that the sheaf
of differentials indeed glues well on fibers.

Proposition 2.40. Suppose that a : X — Z and 8 : Y — Z are two morphisms, consider the fibered
product and the induced morphisms 3/ : X xz Y - X o’ : X xz Y — Y, there is an isomorphism:

Qxw,viz = (B)* Ux)z® (o) Uy )z = Qx )7 BQy )z
Proof.
XxzV 25y
/| |
X— 7

This proposition doesn’t follow from the previous theorem and we indeed need to do some constructions
here. The affine version of the story is to consider:

SpecR = SpecA®c B —— SpecB

| |

SpecA ——  SpecC
and we want to describe an isomorphism:
Qrjc =~ (Qa/c ®a R)® (2p)c ®5 R)
By the universal property of Qg/c, this is defined to be an C-linear derivation:
R — (Q4/c ®a R) ® (2p/c ®B R)

To define this, it’s first of all an C-linear morphism, then we know from the universal property of tensor, we
define it to be:

a®b— (da® (1®b)),dd® (a®1))
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We need to show that this is indeed a derivation, i.e. this definition satisfies the Leibniz property and we
only need to check:

(a1as ® b1ba) — (a1das + asda; ® (1 ® by1ba), bidbs + badby ® ajas ® 1)
On the other hand, we can compute:
a1 ® by (daz ® (1 ®b2),dba ® (a2 ® 1)) + a2 @ ba(da1 ® (1 ®b1),db; ® (a1 ® 1))
and you can check that they are equal, therefore we are done, and the morphism is defined by:
dla®b) - (da® (1 ®b),db® (a®1))

It’s not obvious that this is an isomorphism, so we do this by construct an inverse. By the universal property
of direct sums, let’s first do this for 24,0 ®a R — Qg/c. This correspond to an A-linear map Q4,c — Qg/c,
which is an C-linear derivation given by A — R — Qpg/c. Then we know that this linear map is given by:

(1®1)®da— da

Then you do the same for Qp/,c ®p R — Qpg/c, then check these two constructions are indeed inverses of
each other.

Then our old friend comes here forcing use to consider the question of whether this glues well or not.
Recall that since the two maps we constructed in the affine case is an isomorphism, then no matter you show
which one glues well, we are done. Using the property of direct sum, we want to show that the map:

Qa/c ®a R — Qpjc

glues well, notice that this is not quite the map we saw in the previous proposition as the base here is C not
B. But this is exactly the left-most map we have in the cotangent exact sequence, thus we are done. O]

2.4 Smoothness of varieties revisited

Finally, we will be discussing an important topic, which is to reinterpret the smoothness of varieties using
the sheaf of differentials. Suppose that k is a field, we have long before defined the smoothness of k-varieties
using some awkward definition involving affine covers and the corank of Jacobian matrix. Here, we are about
to make our definition more robust using the sheaf of differentials.

Definition 2.41. A k-scheme X is said to be k-smooth of dimension n or smooth of dimension n over k if
it’s locally of finite type of pure dimension n and the sheaf Qy . is locally free of rank n. Sometimes, we
omit the dimension n.

Proposition 2.42. This new definition agrees with our previous definition on smooth k-schemes.

Proof. First, we already proved before that if a morphism is smooth of relative dimension n, then Qx - is
locally free of rank n, moreover, we know that the definition of smooth over k of dimension d means that
(by permuting the variables and the equations) there is a affine cover of X making the structure morphism
X — Speck smooth of relative dimension d, which shows that the sheaf (2x ; is locally free of rank d. The
condition of locally finite type and pure dimension d is in the original definition.

Conversely, let’s assume our new definition. Since Qy  is locally free of rank d, we can choose an affine
cover of X say by SpecA where A is a finitely generated k-algebra, say by Speck[z1, -, xn]/(f1, ", fr)s
where Qx /i|speca is free of rank d. Recall that on SpecA — Speck, the module of differential is computed
by the cokernel of the Jacobian matrix:

A®T L g0, coker — 0

since we know that the module is free of rank d, we know that the cokernel is also free of rank d. Then
we compute the corresponding map at the residue point of each p, we get the conclusion that the Jacobian
matrix has corank d at each point, we are done. O
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Remark 2.43. We will later also revisit the definition of smooth morphisms.

As dicsussed before, the conormal exact sequence should also be expected to be exact on the left given
appropriate smoothness condition, and it turns out being a smooth variety over a field is one of the conditions:

Theorem 2.44. Suppose that ¢ : X — Y is a closed embedding of smooth varieties over k with conormal

sheaf JVXV/Y:

X — Y — Speck

then the conormal sheaf is locally free with the conormal exact sequence exact on the left.
0— JVXY/Y i Z*Qy/k g QX -0

Moreover, recall that when dualizing a SES of locally free sheaves, the result is still exact and daulizing
commutes with pullback, therefore we obtain:

0— Ix— Fypmlx = Nxy —0

Remark 2.45. Before we prove this result, it’s worth mentioning that conormal exact sequence is exact
on the left even if in more general circumstances, but since we don’t need them, we only prove the above
version.

Proof. The most important part is to prove that the assertion in the theorem is true iff it’s true in the base
change to the algebraic closure, i.e. we consider the following diagram:

X —— Y —— Speck

[

Xz — Yy — Speck

Recall that when we have a SES of quasiocherent sheaves:
0>F - F—->F"-0

and F, F’ are locally free of finite rank, we can conclude that F is also locally free of finite rank. Also recall
that we already proved that smoothness over a field is stable under extension of fields, thus X3 «— Y7 is
a closed embedding of smooth varieties over k, thus our assumption doesn’t change. Then we know that
the terms involving relative differentials are all locally free of finite rank, therefore the locally free assertion
follows from exactness, therefore, we only need to prove exactness on the left, therefore we need to prove
that the sequence before extension is exact iff the extension after the extension is exact.

Recall that we can cover Y by SpecB and we will have the below local diagram:

SpecA —— SpecB —— Speck

I | [

SpecA®y, k — SpecB ®p k —— Speck

We only that the conormal exact sequence is given by:
I/I? - A®p Qpi — Qap — 0

Recall that tensor over k with % is exact, therefore we know that the kernel of B®y k — A @y k is I ®y, k.
On the other hand, we know that the sheaf of differentials of SpecA ®j, k over Speck is the pullback of that
of SpecA over Speck, so is that of SpecB ®y, k, then we know that the conormal exact sequence of the lower
row in the above diagram is just the tensor of that of the first row, therefore we will expect the diagram
below:

(1/12) ®kE — (A@B QB/k:) @kE e (QA/k) @kE — 0

) - !

IE/I% — AE®B? QBE/E _— QA?/E — 0
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If the above diagram really exists, recall that tensor with k over k is faithfully flat, i.e. the sequence after
tensoring is exact iff the sequence before tensoring, thus we are done with the reduction. Therefore our job
is to explain the diagram where the maps on the second row is still given by the conormal exact sequence.
The map of the first column is clear, it’s just the class of i ®k is mapped to the class of i ® k as we know that
the isomorphism of I ®j, k with I+ is given by the inclusion. What about the second vertical map. Recall
that we have a canonical isomorphism:

Qp/k ®p By ~Qp g

Therefore we know that AE®B; QB%/k. ~ AE®B; B; ®B Q)i ~ A ®B Qi ~ (A®pB QB/k.) ®r k, and we
know that the isomorphism is given by:

k®a®db— (k®a)®(1Q®1)®db— (k®a)®d(1 QD)
Finally the last isomorphism is given by:
Qy 5= Qaj ®a (AQ% k)~ Q@i k

where: da®k — da® (1®k) — kd(a® 1), then we can easily check this diagram is indeed commutative for
example in the first square, i ® k is mapped to (1®di) ®k — (k® 1) ®d(i® 1) and on the other hand, it’s
mapped to i®k — 1 ®d(i ® k). But notice that (k®1)®d(i®1) = (1®1)® (k®1d(i®1)), we know that
d is k-linear, thus they agree.

Then for the second square, we know that (a ® db) ® k — (adb) ® k — akd(b® 1), on the other hand, we
know that (a ® db) ® k — (k®a) ®d(1 ®b) — ka ® d(1 ®b). There are a few identifications going on in
the argument, but I will let you figure it out. But either way, the conclusion is that the diagram is indeed
commutative and thus we can assume we work with k& = k, and in particular, k is an infinite field. Also, we
are working with locally finite type schemes over k, thus in particular with locally Noetherian schemes, all
of the properties associated points behave well in this setting.

This implies that closed points of X,Y are regular, then if we consider the ideal sheaf Z of i : X — Y, I
claim that this is a regular embedding at each closed point of X, i.e. Z is generated by a regular sequence at
each closed point. To see this, recall that we can consider the closed embedding p < p induced by X — Y,
whose ideal sheaf is just Z,, and we know this is generated by a regular sequence. Suppose that X is of
dimension m and Y is of dimension n, then I claim that this regular embedding is of codimension r, this is
because we know that the dimension of the local ring at p is m in X and is n in Y then we have also showed
in a quite early proposition that the regular embedding is of codimension n — m, and we also know regular
embedding is a local, also closed points are dense in locally finite type k-schemes, therefore we know that
X — Y is a regular embedding of codimension n — m.

Recall that the conormal sheaf of a regular embedding of codimension 7 is locally free of finite rank r. To
check that ¢ is injective, we need to show that Kerd is the 0 sheaf. Recall that every non zero quasicoherent
sheaf has non empty associated points, therefore to prove it’s 0, we need to show that the associated points
is empty. Moreover, recall that since Kerd is a subsheaf of Z/Z2, the set of associated points is a subset of
the associated points of Z/Z2. However, recall that this is a locally free sheaf, therefore the associated points
are just the associated points of X.

X is smooth, therefore, reduced, therefore it has no embedded points, and we know that for a reduced
scheme, the stalk at a generic point is a field, therefore to check the generic points is not an associated point
of ker, we only have to show that it’s stalk vanishes there. However, since the stalk is a field, we work with
vector spaces with the dimension of (7%Qy /), being n and the dimension of (€2x 1), being m the dimension
of (Z/I?), being r = n —m, we know the stalk of the kernel is of dimension 0, thus 0. We are done. O

The following is an important corollary of the above theorem:

Corollary 2.46. Suppose that Y is a smooth k-variety and ¢ € Y is a closed point whose residue field
k(q) is separable over k, then the conormal exact sequence for ¢ — Y yields an isomorphism of the Zariski
cotangent space of Y at ¢ with the fiber of Qy/;, at q.
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Proof. The fact that k(q) is separable over k means that k(q)/k is smooth of dimension 0, then the closed
embedding ¢ < Y is an embedding of smooth k-varieties. Then the conormal exact sequence gives:

0 —>I/I2 g QY/k|q — Qq/k — O

Recall that €2,/ is 0 since we know that it’s locally free of rank 0, then we know that this is just 0. Then
take the stalk at g, we get the desired isomorphism. O

Remark 2.47. This result fulfills our promise earlier that we have the Jacobian description of the Zariski
cotangent space not just at k-valued points, but over those closed points whose residue field is finite separable
over k if Y is smooth.

Our previous result of using the cokernel to describe the cotangent space only works at a k-valued point
because we will need the maximal ideal to look like (z1 — k1, -+, z, — ky,) so that our computation works.
Therefore it only works for k-valued points, where our improvement here works more general, especially
when chark = 0 or when k is a finite field.

Remark 2.48. In fact the smooth of Y is not necessary but to prove the general case will take us to far.
The reason behind this is that in order for the conormal exact sequence to be exact on the left for the closed
embedding ¢ : X — Y, Y doesn’t have to be smooth.

Even though we will not prove the general case, the following proposition deals with the case when the
closed embedding is just a closed point.

Proposition 2.49. Suppose p is a closed point of a k-variety X with residue field k(p) that is separable
over k. We consider the base change to the algebraic closure k, and 7 : Xz — X is the morphism in the base
change. Suppose that ¢ € 7~ 'p, then X7 is regular at ¢ iff X is regular at p.

Proof. First of all, we can just assume that X is affine because this statement is local. Then we have the
following diagram:

g —— SpecA@uk —— k

| I |

p — SpecA —— k

I claim that if p is a regular closed point, there is an affine open SpecA near p such that SpecA — Speck is
smooth. This is because we can compute the Zariski cotangent space of p using Jacobian criterion, suppose
SpecA = Speck[z1, - ,x,]/(f1, -, fr), we know that if the Zariski cotangent space at p is given by the
cokernel of the Jacobian matrix J, then since this can be translated to the nonvanishing determinant condition
and this is local, then there will be an affine open neighborhood SpecA’ of p such that SpecA’ — Speck is
smooth of some relative dimension. Therefore what we really need is that the previous corollary holds, i.e.
the conormal exact sequence is exact on the left. Let’s prove it directly.
Recall that what we want to prove is that the following sequence of modules is exact on the left:

m/m? — Qux ®a k(p) > Ly — 0
Here we can take A to be the coordinate ring of SpecA which is an affine open of p. However, recall that

k(p) is also A,/pA,, therefore we know that A can also be thought as A, i.e. a local ring and m is just pA,,
the unique maximal ideal of that lcoal ring, i.e. we have the following isomorphism:

PA/P* Ay —— Qu i ®a, k(p)

; -

m/m?* ——— Q@4 k(p) —— Qe —— 0

I will let you check this indeed commutes, therefore now let’s assume A is just a local ring.
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In this case, I claim that m/m? — Q4. ®4 k(p) is also injective. The key here is that we have a k-algebra
map k(p) — A such that the following diagram is commutative:

k(p) —— A —— k(p)

AN

k

such that the composition of the horizontal two maps is the identity. If this is true consider the map:

A — m/m?, a—T
where a € A is uniquely written as @ + « where € m and @ € k(p). This is a k-linear derivation. To see
why, first we know that it’s obviously k-linear (even k(p)-linear) and if @ = @ + 2 and b = b + y, we know
that ab is mapped to the desired element using the fact that this map is k(p)-linear. Then this induces a
k(p)-linear map:

Qak ®a k(p) — m/m?
We know that T is mapped to dx ® 1 and it’s again mapped to T, thus the composition is the identity, thus
m/m? — Qa/k ®a k(p) is injective, as desired. The reason why k(p) — A exists is just a purely algebraic
question and you can look at Stacks project tag 00TU.

Conversely, if ¢ is regular, we want to show that p is regular. In the previous part of discussion, we

already know that the cotangent space at p could be computed by the fiber of Qy /. at p. Consider the
following diagram:

Xz — X
Speck —— Speck

We know that 7%Qy ), ~ QX;/E? from our assumption, we know that the dimension of (QX%/E)q ®kis n. We
know that: 7 7
(QXE/E)q ®y,q k ~ (QX/k)p Rox., ®k

Notice that: B _ _
(x/6)p o, Ok =~ (x/k)p ®ox., k(D) Orp) b = Ux/klp On(p) k

This implies that as a k(p)-vector space, {2x i, is also of dimension n. Recall that the point of p is regular
iff the dimension of Qx /x|, is 7 (as p, ¢ are both closed points of codimension n), therefore we are done. [

3 Examples

In this part, we give some important examples of the sheaf of differentials which involves a lot of geometric
notions that we will use later. The first example is the geometric genus:

Definition 3.1. For a regular irreducible projective curve C' over a field k, we define it’s geometric genus
to be h(C, Qc /i), since we work with a Noetherian scheme, we know that ¢/ is coherent, therefore the
Grothendieck’s coherence theorem tells us that h°(C, Qo) is finite.

Sadly, this is not really a new invariant, as we have the following result:

Proposition 3.2. Let’s assume Serre duality which states that Q¢ is the dualizing sheaf, then the geo-
metric genus is equal to the arithematic genus.

Proof. Recall that by Serre duality:

h(C, Qepr) = h(C, Qo ® Q) = W (C,00)
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Before we discuss this notion further, let’s try to compute some differentials:

Example 3.3. As an important first example, consider P} and we will compute the sheaf of differentials on
it. Let’s give it the usual projective coordinate xg, x1.

As usual, we know that we can cover the projective line by two affine opens where zg # 0 and x; # 0.
Moreover, if we restrict it to each of the affine open A}, we know that the restriction is Qg[2)/k, Which is
k[x]dz, i.e. we know that the sheaf of differential is a line bundle on P!. We know that the line bundles on
projective space is O(d) for some d, therefore we need to find out this d.

Let’s take the section dxy /9 on zo # 0, it has no zeros or poles there as it’s the free generator. Let’s check
on the patch x; # 0, or on the intersection of two patches. We know that on the intersection, the restriction

of z1/y and z(), satisfies:
1
Tijo = ——
/ Lo/1
Moreover, we know that we have a derivation from the ring on the intersection to the restriction of the
differential sheaf there, therefore we know from the quotient rule:

1
dxl/O = _de()/l
Zo/1

This tells you that the the line bundle is O(—2), therefore the geometric genus of P* = 0, which agrees with
the arithmetic genus.

Now if we consider P} instead of over k. First, recall how we concluded the line bundles on P is O(d).
First, we know k[z1,--- ,z,] is a UFD, therefore we know that CIA}' = PicA} = 0, this also shows that P}
is factorial. Then we use the excision exact sequence to conclude that CIP} is generated by O(1), since we
know that on P}, O(m) is not trivial for m # 0, therefore the Picard group is really free with generator
O(1). The same argument applies to the base Z as well since it’s also a UFD, therefore Z[z1, - ,2,] is a
UFD by Gauss’ theorem, we want it to be a UFD such that our knowledge on the class group and Picard
group can be applied. I will leave you to figure out other details but in conclusion we proved that:

Qp1jz = O(-2)
Now recall that we have the following base change diagram:

P, — P

| |

SpecA —— SpecZ

It’s easy to prove using transition function that the pullback of O(—2) is still O(—2), then our previous
result of differentials behaves well with pullback tells that for any ring A:

Qprja = O(-2)

Remark 3.4. There is an interesting interpretation on this fact that the sheaf of differentials is O(—2). it
shows that the sheaf of tangent vectors is O(2), which is of degree 2 say if we work with P}, and it has degree
2, and this is related to the "Hairy Ball Theorem” in topology.

Now let’s think a little bit about hyperelliptic curves. In this discussion let’s assume that & = k and
chark # 2 so we can apply what we proved when we discussed hyperelliptic curves. Consider a double cover
7 : C — P& of a regular projective curve C, which branch over 2g + 2 distinct points. Recall that we had a
very explicit coordinate description of the two affine covers of the hyperelliptic map where we assume that
0,00 are not the branch points. And by Riemann-Hurwitz Theorem for hyperelliptic curves, we know that
C is of genus g.

Example 3.5. In this example, we will compute the degree of the sheaf of differentials on a genus g
hyperelliptic curve C. Recall that C'is regular, therefore the degree of Q¢ /;, can be computed by computing
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the zeros and poles of any nonzero rational section (first we need to make sure that ¢/, is indeed a line
bundle, which means that we need to show that C' is smooth over k, but this follows from the fact that we
assumed C' is regular and k = k, or you can just use the fact about regular plane curves we discussed in
the beginning of this section). As what is said above, we will need the explicit coordinate description of the
hyperelliptic curve:

Speckz,y]/(y* — f(z)) — Speck[u, 2](z* —u" f(3))

l |

Speck[z] Speck[u]

For example, we know that the sheaf of differentials on Speck[z,y]/(y?* — f(z)) = SpecA is generated by dx
an dy, subject to relations and we have a pullback map:

A ®p[z) klz]dr — Qas

and we know that dz — dzx. Let’s compute the zeros and poles of this section. I claim that it has 2¢g + 2
zeros and has 4 poles counted with multiplicity, therefore the degree is 2g — 2. For the zeros, recall that we
know that dz is in 4/, is subject to the relation:

f(z)dx = 2ydy

This is also a reason why we don’t want chark = 2. Then let’s first compute where dz vanish on Speck[x, y]/(y*—
f(z)). T claim that the zeros of dx are the branch points of 7, each of which is a simple zero thus giving
you 2¢g + 2 in total. To see why, let’s first examine f’(z). Recall that the Jacobian matrix is (—f’(z), 2y),
since our assumption is that Speck[x,y]/y? — f(x) is regular and k = k, we can assume this is smooth, since
we know that y vanishes somewhere, the only possible case is f’(z) is invertible on Speck[x,y]/(y* — f'(z)).
Therefore we know that:

2
dx = 7ydy

f'(x)
therefore we know that da vanish iff y vanishes, i.e. it vanishes at the branch points in Speck[x,y]/(y* —
f(x)). We know that V(y) is only a finite collection of points as y is not a zero divisor, therefore the
points are all closed points, i.e. the points are where f(x) vanishes, i.e. they are the branch points in
Speck[z,y]/(y* — f(x)). To compute the degree of vanishing, we know that in the point where y vanish, y

generates the maximal ideal, therefore % has valuation 1, therefore the order of vanishing is 1 at each of

these points. What about the zeros in another cover, first we know that dz on Speck|[z] goes to —u—gdu on
the intersection with Speck[u] which pulls back to —-;du and we know that the zeros still correspond to
the zeros of du, let u” f(1/u) be g(u) (this is indeed a polynomial in u because we know that f has degree
r) and the same argument shows that the zeros are the branch points, each with degree 1, therefore we are
done.

Then let’s think about poles, obvious there are no poles in Speck[x,y]/(y?> — f(z)), then we know that

since on Speck[z,u]/(z* — g(u)) we have -5 du since we know that again du = 9,2(‘2) dz, we know that we have:

2z

u?g’(u) e

again since ¢'(u) is invertible on Speck[z,u]/(z* — g(u)), we only have to consider 25dz. Now, we know that
a pole of this is where u vanishes and each of the locus give you a vanishing order of 2. Recall that the locus
where u vanish, i.e. V(u) is again a finite colletion of closed points, and we know that the closed points are
of the form (z —a, u), i.e. all k-valued points, by assumption, v = 0 is not a branch point, therefore we know
that the inverse image of (u) are two closed points, each give you a order 2, summing up to 4. We are done.

Remark 3.6. Technically speaking, we also need to explicitly give the pullback map over Speck[u, z]/(z* —

g(u)) = SpecB, which is given by:
B @ k[uldu — Qp i
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which is given by ¢ ® du — du. Then we know that the map over the locus where u is invertible is given by:
(B ®k[u) kluldu)y — (QB/k)u

But it’s still given by 1 ® du — du and it’s B, linear, therefore we concluded above that 1 >du is mapped to
1 zdu.
The above computation is an example of the general Riemann-Hurwitz Theorem we will discuss later.

Now our goal is to show that the geometric genus of C, i.e. h°(C, Qcyi) is g, i.e. equal to the arithmetic
genus of C'. We will do it by a series of results:

Proposition 3.7. Any regular differential w on Speck[z,y]/(y*>— f()), i.e. an element in Qhlay)/(v2— F (@) ks
that is preserved by the involution y — —y is pulled back from a differential on k[z].

Proof. First, let’s be specific that the involution we talked about in the statement is just the hyperelliptic
involution. Recall that when we describe the coordinate description of hyperelliptic curves, we conclude
that the gluing is unique if we mod out the fact that z = +y/x"/?, therefore the hyperelliptic curve is a
automorphism over P! that affects only the gluing, i.e. as in the diagram below:

c———— ¢

N

and this automorphism ¢, i.e. the involution is characterized by y — —y on the gluing part. What we need to
be careful about is how this involution act on the sheaf of relative differentials which is going to be important
in the computation below. To give a clear picture, consider the following diagram:

c— ¢
[ [

i ™

~ ) <
pt @, pl

this is a Cartesian diagram, which gives you the pullback morphism from the sheaf of differential on C to C.
Then as what we observed in the previous result, Qp[. /(42— f(2))/x 15 free and generated by dy. Recall
that we also see that the pullback of dz is given by:

2y
i)™

Now suppose that w is such a regular differential that is preserved by the involution, say it’s g(z,y)dy, then
since it’s preserved by the involution, we know since it’s mapped to g(x, —y)dy, then:

gz, —y)dy = g(x,y) — dy = —g(z,y)dy

I first claim that the involution preserves dr on Qp[y y/(y2—f(2))/k- L0 see why, the intuition should be the
involution only reverse y but doesn’t do anything on x. And you should be able to describe it using the
diagram above. One thing that might be slightly confusing is that we can also write dz = ( )dy7 but we

know that under the involution: 5
Yy

f'(x)

/(@)

—dy = dy

thus it’s still preserved by i*.
Then let’s consider the rational function corresponding to w/dz, i.e.:

g(z, y)f'(z)
2y
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By the relation we had above, the involution also preserves this element since:

gz, y)f'(x) =g y)f'(x) _ g(z,y)f (z)

2y 2—y 2y

Now I claim that this is a rational element that only involves z. To see why, we know that the fractional
field is generated by z,y, i.e. g(z,y) is yh(z) for some polynomial in z. To see why we know that we can
assume that g(x,y) only have linear terms of y, as higher terms can be written as f(z) using the relation

y? = f(x). Then assume that;

g(z,y) = g1(z) + g2(2)y = g1(z) — g2(x)y = —91(x) — g2(2)y = 291(z) =0

Therefore we are done showing the rational function w/dz = h(x).

Then we know that this is not just a rational function on Speck[z,y]/(y?* — f(z)), it’s also a regular
function. We know that in the end w = h(x)dz where h(x) is some polynomial in z. Then we know that w
is the pullback of h(z)dz on Speck|x]. O

Proposition 3.8. Any we HY(C, Qc/k) preserved by the involution ¢ : y — —y must be pulled back from
a differential on P* by 7, thus must be 0. Moreover, for any w € H°(C, Qcyk), we have i*w = —w.

Proof. First consider the restriction of w to Speck[z,y]/(y? — f(x)), we know that this is the pullback of
something h(x)dz on Speck[z]. Let’s also consider the restriction on Speck[u, z]/(2* — g(u)), and we know
that it’s some p(u, z)dz as we know that on this affine open, the differential is free with generator dz with

du = %dz
Recall that h(z)dz on Speck[z] in P! is —h(1)/u’du and we know that it’s pulled backed to jf(’;()iﬁ dz
on the intersection, this is good as we know that if h is not the 0 polynomial, we know that jf(’;()ig dz have

poles, therefore we know that it can not be a global section, a contradiction.

Now I claim that this implies that for all w € H°(C, Q¢ ), i*w = w. First, notice that (i*)* = Id, i.e. i*
is idemnpotent. Then we know that possible eigenvalues of i* are +1. Also we know that (i* —1)(i* +1) = 0,
if we denote m(x) by the minimal polynomial of i*, we know that it splits as distinct linear factors, then the
linear algebra argument shows that i* is diagonalizable with eigenvalue either 1 or —1. However, we know
that only 0 is fixed, therefore i* is diagonalizable with two eigenvalues —1, i.e. i*w = —w. O

Proposition 3.9. ¢ is a regular differential on Speck[z,y]/(y* — f(x)) and for 0 < i < g " - (dz/y) extend
to a global differential w; on X.

Proof. We already saw that dz = %dy where f’(z) is invertible on Speck[x,y]/(y* — f(z)), therefore we
know that dz/y = %dy7 of course a regular differential on Speck[x,y]/(y* — f(z)).

To prove that z° - (dz/y) extend to a global section, we know that C' is regular thus normal, therefore we
only need to show that it has no poles. We know that on another affine open, we know this section is:

1 1 wu/?

where we know that r = 2g + 2. Recall that we have du = %dz, thereofore on the intersection we have:

2u?dz
g (u)
Recall that ¢’ (u) is invertible on Speck[u, 2] /(22 —g(u)), therefore we only need to prove the following rational
function has no poles:

2ug+1
wit2
For 0 < i < g, we know that ¢ + 1 < g + 1, we are done. O

Proposition 3.10. I claim that w; are linearly independent differentials, i.e. we know that the dimension
of H(C, Qcyi) is at least g.
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Proof. Let p, q be the two closed points in 7710 as 0 is not a branch point of 7. We know that 0 is the point
[0 : 1], therefore we know that we can only consider the cover Speck[z,y]/(y* — f(x))), we know that w; in
this chart is given by the rational function: '

2"

f'(x)
since f’(x) is invertible, then we know that the valuation is determined by x;. Moreover, we know that the
two points are (y —y1,x) and (y — y2, z), then the uniformizer is given by = we know that it’s regular at the
point, and any thing in m/m? is a uniformizer. But this tells you that the valuation is i.
Suppose we consider a nontrivial linear combination of w; written as:

g—1
w = Zajwj as # 0

j=s

I claim that the valuation at p is s. There are two options you can choose to prove this, though they are
essentially using the same ideal, for example what you can do first is to rewrite w:

g—1
s

9=l o i xj_sd
“:j;“f’f'(x) - f(x)é“j Y

To show the valuation is s, we must show that the stuff in the summation is of valuation 0, i.e. invertible in the
local ring, recall that in a local ring, invertible elements are those not in the maximal ideal, but notice that in
the summation, it’s one invertible element plus something in the maximal ideal, therefore it’s also invertible.
Using the same idea, you can show that even though we usually only have val(a +b) > min(vala, vald), if a,b
doesn’t cancel each other, you get the equality, and then you can use the conclusion directly since the one
with the smallest valuation appears only once. Therefore, the valuation is not oo, thus not 0. O

Proposition 3.11. Finally, we will show that these w; spans H%(C, Q¢ /).
Proof. If we H°(C, Qcyi), consider:

g—1
Wwo=w-— Z a;w;
i=0

Let’s assume that the valuation of w is j, then I claim that we can choose unique a; € k such that:

g—1
val(w — Z a;w;) =g
i=0

This is because if j is already at least g, then we can just choose the summation to be 0. If j is smaller than
g, then let’s assume that: _
w = a;z’

where a; is a invertible element, therefore it’s easy to pick a; such that the summation is 0 at that point,
therefore the valuation is infinity.
To show uniqueness, suppose that we pick a; and b;, both making the valuation of the difference at least
g, then we know that:
D = bj)w;

has valuation at least g at p, which is a contradiction if not every a; = b;. This shows uniqueness.
Finally, let’s consider i*w’, recall that under the involution p — ¢ and g — p, then I claim that:
val,(w') = val,(i*w') = val,(—w') = val,(w)

The last two equalities are obvious, only the first one needs some clarification. it can be checked affine locally
and further reduces to the question where: If f : (A,m) — (B,n) is an isomorphism of DV R mapping the
uniformizer of m to the uniformizer of n, then vals(t) = valg(f(t)). Then you only need to check i* is f on
the local ring, which are DVRs.
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Please be careful because you might be in a hurry and try to conclude that the valuation of w’ at ¢ is
the same as the valuation of w’ at p without the help of the involution just like what you did in the previous
part. This argument is not true because in the previous part, w; on Speck[z,y]/(y?* — f(x)) is of the form
J?T””;)dy, thus we know that restrict it to p, ¢ still gives you the power z¢. However, for w’, we don’t know
what it looks like after we restrict it to the affine open. I will let you give an example of a differential on
Speck[z,y]/(y? — f(z)) such that it has differential valuation at p and at q. This is the reason why we need
to use i*.

Finally, all the above arguments show that the degree of w’ is at least 2g since it’s a global section with
at least 2g zeros. If it’s not 0, we know that it can be used to compute the degree of Q¢ /;, which is a
contradiction, since we proved that the degree is 2g — 2. Therefore we are done. O

The following two results illustrate a special case of Serre duality on hyperelliptic curves and when we
prove Serre duality, you will appreciate this computation more:

Proposition 3.12. h!(C, Qc/k) = 1 and the generator can be interpreted as x~'dz. In particular, we have
an isomorphism induced by the pullback map H*!(P*, Qp1yi) — H(C, Qor)

Proof. Recall that for integral projective curves over an algebraically closed field, we have the Riemann Roch
formula:
h(C, Qo) — h'(C,Qcyy) = degQey, — g + 1

We already proved that h°(C, Qoyr) is g and degQeyy, is 2g — 2, then we know that:
W (CQcp)=g+g—1-29+2=1

You might want to prove this by using Cech complex to compute H! which also gives you the generator,
but the problem here is that we don’t fully understand what is the isomorphism connecting the sheaf of
differentials on the intersection.

However, We can give a generator of H!(C, Qcyk). To see how, notice that we know p1 ), quite well and
we have a pullback map H' (P, Qp1 /) — H'(C, Q¢ )y), we know that:

HY (P!, Qp1 ) = H' (P!, 0(-2))
which is rank 1 over k and generated by z, 1:51_1. If we use the usual k[z], k[u] description of the projective
space, we know we can interpret it as k[z,771] quotient all the rational functions that are not degree —1,
i.e. it’s generated by z~!. Now we need to figure what is the pullback map. Let’s think about the generator
as the class of df in the intersection, then we know that the pullback is % maps to % and dz pullback to
dx, therefore the result is dw—z, which is viewed as a class of (¢, in the intersection. I claim that this is
not the zero element in H'. To see why, recall that this pullback is defined by the following morphism of

complexes: *** why the pullback is not 0 still need to be checked O
Proposition 3.13. There is a natural perfect pairing:
H°(C,Qcp) x HY(C,0¢) — H'(C,Qc k)

Proof. Using what we proved above which shows that H'(C, Q¢ /i) is 1 dimensional with generator wd_ml , the
natural pairing is easy.
I will let you show that H'(C,O¢) can be interpreted by the vector space spanned by the basis

¥ %,---, %, then the pairing:
dx xdz x97 1 dx y oy Yy dx
<7377"'a >X<73727'”7ig>*><j>
Yy Y x' x x
is given by formally multiply the basis and read of the coefficients of %‘T. O

The next few results deals with how differentials play with DVRs, which is something we will use later in
the proof of the general Riemann-Hurwitz Theorem: We will assume (A, m, k) is a DV R that is a localization
of a finitely generated k-algebra, here we assume that the map k — A — A/m is the identification of A/m
with k,let ¢ be a uniformizer of A, then we will show that 4/, = Adt.
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Proposition 3.14. 4/, is a finitely generated A-module.
Proof. Suppose that A = S~'B where B is a finitely generated k-algebra, then we have:
k—B—A=S"'B
The cotangent exact sequence gives you:
A®p Qg — Qa — Qap — 0

We know that A ®p /) is a finitely generated A-module since 2/, is a finitely generated B-module and
tensor is right exact. Moreover, 24,5 is 0 since A is a localization of B, therefore we know €4/, is also
finitely generated because you have a surjection from something finitely generated to €24y O

Proposition 3.15. I claim that 4/, is generated by a single element dt, i.e. the A-module map:
th : A — QA/k
is surjective.

Proof. Let m: A — A/m = k be the projection. Then we know that if you consider:
k—>A—->Am~k— A

we can view 7(a) as some element in A using the k-algebra structure. Then I claim that a — 7(a) € m. This
is because we can further extend the above sequence:

k>A—->Am~k—>A—>A/m~Ek

Then given a € A, it’s mapped to 7(a) in k, it’s again mapped to m(a) in A then we consider a — 7w(a), we
apply 7 but notice that w(7(a)) = 7(a), therefore we are done.

Let’s define o(a) = (a — 7(a))/t, this is well defined since a — 7(a) is indeed in m, thus is ut® for some
i = 1. Then apply d to o(a), we know that by the quotient rule, it’s:

t?do(a) = td(a — 7(a)) — (@ — w(a))dt
Recall that d is linear, then we get:
t*do(a) = tda — tdn(a) — to(a)dt
Recall that dm(a) = 0 as 7(a) is an element in &, and differentials of constants are 0, this shows:
da = tdo(a) + o(a)dt

Therefore we know that:
QA/k [ (dt) + mQA/k

Then recall that for any finitely generated module over a local ring, we can apply Nakayama’s lemma, and
the above result tells you:
QA/k c (dt)

We are done. O

Proposition 3.16. By the above result, we know €4, is a principal A-module, I claim that xdt : A — Q4.
is also injective.
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Proof. Recall that every DV R is a PID, therefore we have the classification of finitely generated modules
over a PID. We know )4, is a direct sum of cyclic modules, and it’s also principal generated by dt, to
prove the following map is injective:

xdt: A — QA/k

We need to show that for each element x in A, xdt is not 0, since for every x € A, it’s either in m or invertible,
for an invertible element, we need to show that dt # —. If this holds, we know that each element in m is of
the form ut™ for some positive integer m and invertible element u. Therefore we need to show that t™dt # 0
for all m = 0. This will be our goal.

Now consider the surjection A — A/(t"), this induces a map Qe — Qajavye where da — da, so it
suffice to show that the imgae of " dt in Q4,~) /), is nonzero in Q 4~y /-

Next important point is to notice that A/(t") ~ k[t]/(t"). First, we have a map:

klt] — A/(t"Y)
where t +— t. It’s clear that this is surjective and the kernel of this map is (¢/). To see this, consider f(t):
f)y=ant"+---+art +ag— 0=a,t" + -+ art + ag

I claim we only need to consider polynomials with degree less than N, and ag has to be 0 (I will let you
figure out why). Then keep going we know that if f is 0. Therefore the universal property of quotients tells
you that k[t]/(t") — A/(t") is indeed an isomorphism. We are done.
Then consider the map:
d: k[t]/(tY) — k[t]/tN 1)

which is given by mapping a polynomial to it’s derivative. This is a derivation over k, moreover ¢ is not
mapped to 0 for large enough N. Then the universal property of €4~y gives a A/ (t)-linear map:

Qu vy — kL)

Since we know that t™*! in A/(t"V) is mapped to (m+1)t"™dt, we know that t™dt is mapped to (T;}r)lt)m =",

and for large enough N, t™ is not 0, then (m + 1)t™dt # 0, we are done. O

Next, we examine the differentials of projective space P}, or more generally if P’; over an arbitrary
base ring A. We know that projective space is covered by n 4+ 1 A}, and on each of the affine opens, the
differentials are free of rank n, we know that over the projective space, the sheaf of differentials is a rank n
locally free sheaf. The key to understand the sheaf of differentials is via the following theorem:

Theorem 3.17. The sheaf of differentials {pn /4 satisfies the following Euler exact sequence:

0= Qpnja > Opn (1) FD 4 Opnja —0
Moreover, since everything here locally free, we can dualize this sequence can still preserve exactness:
¢ ®n+1
0*0@2-’0[@2(1) m _)%Z/A_)O

Remark 3.18. Recall that we proved earlier that all finite rank locally free sheaves on P}C splits as a direct
sum of O(d), possibly for different d. But if we work with P} for a general n, this is not true anymore. Later
we will be able to give an example using €2pn . fulfilling our promise earlier.

Proof. We will first describe a morphism:
Opy (~1)8 D o Opr /4

which is surjective, and then identify the kernel with QPQ\ /A- To see what is this map, recall that we only
need to define O(—1) — O for each component. For the ¢-th component, I define this morphism to be that
corresponding to the closed embedding that embeds the i-th coordinate plane to P%. Or if you want to
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explicitly describe this map, on each of the standard affine opens, the map is defined to be multiply by the
restriction of z; to that affine open (you can also by hand check this is well defined). Then suggestively, let’s
write this morphism as:

@ : (S0, ,8n) — ToSo + -+ + TpSy

Then we check ¢ is surjective. We do this by checking everything on D(z;). Then notice that the i-th

factor on D(x;) is given by:
R NN )

Zg X

H | Fe1ed
obviously surjective, then since one of the factor is already surjective, we don’t have to consider the other
factors, we are dobe.

Now let’s identify the kernel with the differentials. The first question is how can we do it. As we don’t
understand the differential on arbitrary affine opens, except for the standard affines, we naturally want to
check this on each D(x;). However, working locally always has the problem of compatibility. Therefore, we
have to be extra careful. Let’s first do it on D(zg), with the usual coordinates z—; with 7 = 1. On this affine

open, we know that differentials are free with generators d and we can assume that we have a differential:

T In T n
—, -, —)dx 4+ .+ —, -, —)dx
R LV SR AR o e
We need to produce n + 1 sections on O(1) in a way that this differential becomes the kernel.
As a motivation, let’s first consider fidz,/ . If we interpret z,, as 7+, then we know from the quotient

T?
rule that:
Todr1 — T1dTo xod:lcl xldxo

dzio = fi 5 =h - fi
Zo
Notice that x; times the first terms plus zy times the second term is 0. ThlS is very suggestive as we know
that xx; and xxg is just the map ¢ we defined earlier. To match this notation, we can think of O(—1) on
D(zo) as Rk[”“ - wg] to match this sort of degree —1 notation. And on other patches, we do the same,
this doesn’t change the transition function just to use the notation that is most suggestive.
Then we define the map a on D(zg) as:

Ty Tn f1 fn
dryg 4+ + fadz,o— (mfis — = fo—, =, -, =2
fl 1/0 fn n/0 ( flx(Q) nxg o 1’0)
Then f L components shows that this map is injective, and indeed it maps to the kernel. Now if (go,- - , gn)

is in the kernel, we know that it implies Y, g;x; = 0, then we take f; = zog; for i > 0. I will let you figure
out this satisfies our need and thus indeed, at least on D(xg), the differential as the kernel. Know we can
similarly define such maps on each D(xz;) and essentially the same argument shows that the kernel is the
differential. For example on D(x1), we define:

9o Zo In 92 9
godxos + g2drap + -+ + gndwn — (=, —90 5 — T gn—Z, et ,l)
T ] Ty T1 I1

The only issue now is does this assignment glues well on intersections. For example, let’s check on the
intersection of Uy = D(z¢) and U; = D(z1). This checking is quite tedious, thus I will not do it here. But
what is more important is to know how to check it. For example, how do you check locally defined morphism
between quasicoherent sheaves is well defined. What you do is essentially doing identifications to reduced
something which involves too many to be checked to some algebra question (which is essentially why in so
many cases we care about equivalence of categories a lot). And in this case, all the identifications can be
summarized to consider the following:

R[ZL,. .. Za] E[Zo,. .. Za]
xo’ ? xo xy’ ’ x
R[ZL, .. I Zo ... Za]

Zo ) To ) T ) T4

and how the differentials behave with this ring maps. Essentially everything happens here is related to the
fact that S_IQA/B ~ Qg-14/7-1p, and I will let you see why. O
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Now we use this Euler exact sequence to give the counterexample we promised:

Proposition 3.19. h'(P%, Q]Pui/k) > 0, and in particular, Q[Pi/k is not a direct sum of line bundles and can’t
even be filtered by line bundles. '

Proof. Recall that the Euler exact sequence is:
Then we get an associated LES of cohomology:
0 — H°(Qpz ) — H(O(=1))®° — H%(0) — H'(Qp2 1) — H'(O(~1))% — -
Recall that H°(O(—1)) = H*(O(—1)) = 0, therefore we have an isomorphism:
0 ~ gl
HO(0) ~ H' (%2 1)
Recall that h°(O) = 1, therefore hl(QPi/k) =1>0.
This implies that this is never a direct sum of line bundles as we know that line bundles on IF’% are all
O(n) and we know that H'(O(n)) on P2 are all 0.

I claim that we can even show that QP% /& can not be filtered into line bundles. Suppose that it’s possible,
since we know that the rank of Q]Psi /i 18 2, then suppose that the filtration is:

0— O(m) — Qpz2 . > O(n) — 0
we know that part of the LES of cohomology is:
0=H"(O(m) — H'(Qpz ;) > H'(Q(n)) =0

Therefore we know that H'(Q) = 0 as well, which is a contradiction. O

4 The Riemann-Hurwitz Formula

Definition 4.1. A finite morphism between integral schemes X — Y is said to be separable if it’s dominant
and the induced extension of function fields K (X)/K(Y) is separable.

Similarly, a generically finite morphism is generically separable if it’s dominant and the induced extension
of function fields is a finite separable extension. Note that in characteristic 0 every dominant finite morphism
is automatically separable.

Proposition 4.2. If 7 : X — Y is a generically finite morphism of irreducible varieties of the same dimension
n and X,Y are smooth then the cotangent exact sequence is exact on the left:

0 — 7*Qy ), — Qxjp — Qxyy — 0

Proof. We need to check this first arrow is injective, or in other words, the kernel is 0. Recall that since Y
is smooth of dimension n, Qy , is locally free of rank n, then we know that 7*Qy , is also locally free of
rank n on X.

Recall that on an integral scheme, any locally free sheaf F is torsion free, i.e. F), is a torsion free Ox ,-
module since we know that Ox , is a domain and F, is free. Moreover, given any point p say the generic
point is 7, I claim that we have an injective map:

Fp— Fy
Knowing this, if we have a subsheaf G of F (such that the kernel of a morphism), we have a diagram:

Fp —— F,

]

gp%g’q
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Then this shows that G, — G, is also injective, therefore we know that G is not zero iff G, is not 0.

Therefore to show injectivity, we only need to show that the morphism is injective at the generic point
7. Therefore we can first assume that this morphism of schemes is SpecA — SpecB and Qx y is just Qy4/p.
We localize this at the generic point, and recall that the localization is isomorphic to Qg (4)/k (B), recall that
K(A)/K(B) is finite separable by assumption, then Qg (ay/x(p) is 0. Moreover, we know that the stalk of
7*Qy ), — Qx/) are both n-dimensional O,-spaces, then after we take the stalk, the sequence is still exact
and becomes:

oP —» 0" - 0-0

Then since it’s a surjective map between spaces of the same dimension, it’s also injective, therefore we are
done. O

Remark 4.3. Let’s take a look at what could go wrong if we work with a field of characteristic p. If you
examine the above proof, the kep where we used separability is to show that Qxy is 0 after we take the
stalk at 7, which is automatically true if the characteristic is 0.

Now consider the morphism 7 : A} = Speck[t] — A} = Speck[u] defined by u — P, notice this defines a
finite morphims. What is the module of differentials in this case, i.e. what is Q[ k[u)- I claim that Qg k)
is a free k[t]-module generated by dt. To see why, let’s directly use:

k[t] @ Qpuy/n = Qe — Qepeg/rpg — 0

Notice that this first arrow is defined by mapping f ® du — f - d(t?) = pf - tP~1dt = 0, therefore the first
morphism is 0. Therefore the second morphism is an isomorphism, i.e. Qpp/k[u] = k[t]dt.

Proposition 4.4. If XY are irreducible smooth varieties of dimension n and 7 : X — Y is a generically
separable (in particular generically finite), then the locus of non-smoothness is pure codimension 1 and has
a natural interpretation as an effective Cartier divisor.

Proof. Recall that since X,Y are both smooth of relative dimension n, therefore we know that 2x /. and
Qy i are locally free of rank n. Let z € X, let the image in Y be y. Then we can assume that locally the
map 7 looks like:

SPGCk[xl?'” 7$N]/(f1,"' afT‘) - SpeCk[y17"' ayM]/(gla ags)

Let’s assume that by a reordering of the variables, the module of relative differentials are free with basis
dxy,- -+ ,dzr, and dyi,- -+ ,dy,. Then we know that locally this map ¢ looks likes:

PAdy; — ®Adx;

where dy; — d(w(y;)). If we denote 7(y;) by hi(x1,--+ ,zn), we know that
- Oh;
d(m(y:)) = d(hi) = ] o 0
j=1 9

Then we know that locally ¢ is represented by this Jacobian matrix:

oh;
‘] - (amj )17]
Now to fully justify what we will do afterwards, we will have to use something we haven’t proved, which will
be discussed later when we discuss flatness of morphisms. First, since Y — Speck is smooth, it’s unramified,
then since X — Y — Speck is smooth, it’s flat, then X — Y is flat. Then to prove X — Y is smooth at a
point z, since X,Y are both of dimension n, we only need to show that it’s unramified at x(as it’s smooth
iff etale iff flat and unramified), which is equivalent to (x/y), = 0. Therefore we know that X — Y is
smooth at x iff (x/y), = 0.

Now let’s consider the determinant of the Jacobian matrix detJ, we know that after we localize at a
point z, m is smooth at z iff (Qx/y), is 0 iff ¢, is surjective. If ¢, is surjective, we know that after we
quotient out the maximal ideal, it’s again surjective, but this times since we work with vector spaces, it’s an
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isomorphism, and it’s an isomorphism implies that the determinant is not 0, i.e. the determinant doesn’t
vanish at x iff it’s a unit in Ox ;. Conversely, if the determinant is a unit, the morphism is an isomorphism
at x then 7 is smooth at x. Therefore we know that 7 is smooth at x iff the determinant doesn’t vanish at
that point. Therefore we know that the nonsmooth locus is the vanishing subscheme of the determinant, at
least locally.

Now we will need the assumption that 7 is generically separable, which means that at least at the generic
point {2xy is 0, thus the nonsmooth locus could not be the whole variety X. Now consider the determinant
of the Jacobian matrix, we already know that it’s not 0, otherwise there will be no smooth locus, which
is a contradiction to our discussion above. Therefore by Krull’s principal ideal theorem we know that the
vanishing subscheme is of pure codimension 1.

This argument works for every x € X therefore the nonsmooth locus is indeed of pure codimension 1.
Technically speaking, what we showed is that locally the nonsmooth locus is an effective Cartier divisor, but
we didn’t show that these local descriptions patch together to give a global effective Cartier divisor. Let’s
first put this away, we will discuss this question later again as needed. O

Definition 4.5. Let m : X — Y be a generically finite morphism between irreducible k-varieties of dimension
n. We will call the locus of non-smoothness in X the ramification locus and it’s image in Y the branch
locus.

Due to the above proposition, we will also use the term ramification divisor and branch divisor
(assume the image is still a divisor).

As you will guess, our main interest lies in the case where X,Y are of dimension 1, i.e. are curves. But
before we do this, let’s consider the following case: Suppose that X, Y are irreducible smooth k-varieties and
m: X — Y is a surjective generically separable morphism such that there is an open U of X where 7 is an
isomorphism over that open, if the complement of U has codimension at least 2, then we know that Y can
not be smooth because we know that 7 the locus where 7 is not smooth at least have codimension 2, but if
Y is smooth, the previous example shows that the non-smooth locus is of codimension 1, a contradiction.

Now let X,Y be smooth irreducible k-varieties dimension 1, and 7 is still generically separable. Then
we know that the non-smooth locus, aka the ramification locus, is of codimension 1, i.e. dimension 0, i.e. a
finite collection of points, therefore we know that the branch locus is also a finite collection of points. From
now on, let’s assume k = k and let p € X be an arbitrary point, we will examine {x,y near p, i.e. we want
to understand the stalk of Qx y at p.

Let ¢ = 7(p) € Y, recall that Qx/y respects base change, then consider the canonical morphism
SpecOy,q — Y and the base change, consider the following Cartesian diagram:

T

X SpecOy 4

1l

X ——Y

Then we know that (f')*Qx/y =~ Qx//specoy.,- Recall that if p” € X’ maps to p by f’, then we know that
(Qx7/specoy., ) = (2x/v)p, therefore the stalk at p is the same as computing the stalk of Qx//speco,., at p'.
Let’s denote Y/ = SpecOy 4, then we know from Y is smooth that Oy, is a discrete valuation ring. Then if
we consider the sheaf Qx/ )y~ near p’, we can first assume that X’ is affine by restricting to an affine open of
that point, then we know that the image of p’ in Y’ is the maximal ideal. Since the module of differentials
is again compatible with localizations, we know that (Qx//y), is the same as the module of differentials
Qox,p/oy,q~ I claim that Ox,, is also a discrete valuation ring. This is because we have Ox/, = Ox
canonically. Therefore we know that 7 correspond to a ring map B — A where A, B are discrete valuation
rings B — A induces an isomorphism on residue fields k.

Suppose that the uniformizer of A is s and the uniformizer of B is ¢, then let’s assume that ¢ — wus™
where v is invertible. Then we know that:

dt = d(us™) = uns""ds + s"du

Notice that this differential on SpecA vanishes to the order at least n — 1 at the maximal ideal of A. If
n is not divisible by the order p, we know that it vanishes to the order of precisely n — 1.
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Definition 4.6. If the vanishing order is n — 1, we call it tame ramification and if the order is greater
than n — 1, we call it wild ramification.
We also define this order plus 1 to be the ramification index of 7 at this point of X.

Proposition 4.7. The degree of {2xy at p € X is precisely the ramification index of 7 at p minus 1, where
X is a projective curve over k = k.

Proof. Again, we need to assume that k = k in this proposition.
Let’s first figure out what does this degree at a point mean. Recall that on an irreducible projective
curve X, we can define the degree of a coherent sheaf F:

degF = x(X,F) — rankF - x(X,Ox)

Now assume further that F is a torsion sheaf, which means that rankF = 0 and it only supports on a finite
collection of closed points. We first know that degF = x(X,F). Moreover, if we compute x(X,F), we
know that since H'(X, F) vanishes, we know that x(X, F) is just h°(X, F). Recall that we know that F is
supported on a finite collection of closed points, say p1,-- -, pn, we can choose an affine open U that contains
all these points (do you see why), then let’s assume U = SpecA and Flgpeca = M for a finitely A-module
M and x(X,F) = dimp M. First, we know that since A is Noetherian and M is finitely generated supported
on a finite collection of points, M is finite length, and we can assume that the composition series of M is:

OZM()CMlCCMn:M

We know that each M;/M; 1 ~ A/m; = k where m,; is some maximal ideal which M supports at. Then
we know that the dimension of M as a k-vector space is indeed it’s length of M. Finally, suppose m; is a
maximal ideal M supports at, we know that we can localize the composition series above to get a composition
series of M,,, and we know that:
lengthM = Z length M,
meSuppM

Therefore we get the desired formula:

degF = x(X, F) = lengthM = > lengthM,,

meSuppM

Then we can naturally define the degree of F at m to be the length of F,,.
Therefore we know that the degree of Qx )y at p is just the length of (Qx,y), as an Ox ,-module. We
know from the above discussion that this is the module of differentials of the map:

Ov,q = Ox,p

where ¢ is the image of p under 7. Let say this is B — A where the uniformizer of B is ¢t and the uniformizer
of Ais s and t — us™. Consider k — B — A, we have a exact sequence:

A®pB Qi — Qa — Qap — 0
Therefore we know that 4,5 is the cokernel of A®p Qp/, — 24/, which is a map:
Adt — Ads

where dt is mapped to uns® 'ds+ s"du. Assume that the ramification index at this point is 4, then we know
that Q4,5 ~ A/(s""') which is of dimension ¢ — 1 over k = k and we know that the length of A/(s"~') at
the unique maximal ideal of A generated by s is equal to the dimension, we are done. O

Proposition 4.8. Let’s still take k& = k to be an algebraically closed field, 7 : X — Y is a genericially
separable morphism between two smooth irreducible projective curves over k (then I will let you check that
this is necessarily finite). Recall that in this case we define the degree of 7 to be the rank of the locally free
sheaf 7, Ox.

Then suppose that g € Y is a point such that all the ramification points above ¢ is tame, which is always
true in characteristic 0, then the degree of the branch divisor at q is degm — |7~ 1¢q|. Therefore, the multiplicity
of the branch divisor at ¢ counts the extend to which the number of preimages is less than the degree.
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Proof. Let’s first compute the degree of the branch divisor. But first of all what is the branch divisor, to
answer this question, let’s first answer the question of what is the ramification divisor. Recall that we have
seen that the ramification locus is locally described by the vanishing closed subscheme of the determinant of
some Jacobian matrix coming from the sequence:

T Qy ) = Qx e = Qx)y =0

We know that this vanishsing subscheme is just a single point, with some multiplicities when X,Y are
irreducible smooth of dimension 1. How to compute the multiplicity? I claim that it’s just the ramification
index minus 1, because we know that the multiplicity is just the order of that determinant in m,Ox ,. 1
will let you check that this is the ramification index minus 1. Then I will let you see that the branch divisor
could be defined as:

Z(ep —DLp

where p ranges over all ramification points and e, is the ramification index at p.
Then we can define the branch divisor to be the pushforward of the ramification divisor, i.e. it’s defined

by:
Z ( Z (ep —1))q

g=n(p) per~lq

Then we just want to show that > . . (e, —1) is degm — |7~ 1q|. Let’s recall that one way to compute the
degree of m over algebraically closed fields is to use:

degm = Z val, m*t

per—lq

where ¢ is the uniformizer of Oy,4. Recall that valn*t = e, then I will let you see the desired equality right
now is a triviality. O

Remark 4.9. The general definition of the pushforward of a divisor by a finite morphism is discussed before
and our definition of the branch divisor is just a direct application of that.

Now we can finally discuss the Riemann-Hurwitz formula:

Theorem 4.10. Let’s again assume that we work with a field & = k. Suppose that 7 : X — Y is a finite
separable morphism of irreducible projective regular curves, of pure degree n. Let R be the ramification
divisor then:

29(X) —2=n(29(Y) — 2) + degR

Proof. Recall that we have the cotangent SES:
0— W*Qy/k g QX/k i QX/Y —0
Then we know from the fact that the degree is additive in SES that:
degQy ), = degm™Qy i, + degQx )y
Recall that 2x/y is a torsion sheaf, therefore we know that it’s degree is just RO (Qx Jv). Moreover, we know
that since 7 is of degree n, then degn*Oy ), = ndegQy .
Recall that
degQx /i = X(X, Qx i) — X(X, 0x) = h*(Qx ) — b (Qx ) — h°(Ox) + h' (Ox)

Also recall that for an irreducible smooth projective curve X H'(Qx ;) ~ H°(Ox) via Serre duality and we
know that the dimension of H?(Ox) = 1. Similarly you argue that h"(Qx ) = h*(Ox) = g(X), therefore:

degQ /4 = 29(X) — 2

Similarly, you can argue degn*Oy , = n(2g(Y) — 2).
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Finally we only need to show that h®(Qx sv) is degR, the degree of R which is defined to be the degree
of the corresponding line bundle. Recall that R = Zp(ep —1)p where p runs over all the ramification points,
therefore the degree of R is just >} (e, —1). Now what is hP(Qx )y ), it’s just the sum of the dimension of
(2x/y)p when p ranges over all the ramification points. However, the dimension of (2x/y ), is just (e, — 1),
therefore degR = h°(Qx /y'), which completes the proof. O

Now we can see some applications of this formula:

Example 4.11. Notice that by Riemann-Hurwitz formula, the degree of the ramification divisor R is always
an even number, that is to say, counted with multiplicity, any cover of a curve (a surjective finite morphism
of degree n) must always ramify at an even number of points.

Proposition 4.12. There is no nonconstant morphism from a smooth projective irreducible genus 2 curve
to a smooth projective irreducible genus 3 curve, over an algebraically closed field of characteristic 0.

Remark 4.13. Recall that the degree of the ramification divisor is always at least nonnegative. However,
if there is such a nonconstant map, it must be dominant, and therefore surjective, therefore finite. Since
we work with fields of characteristic 0, this morphism is also finite separable. Therefore we can apply the
Riemann-Hurwitz formula and obtain:

degR = (29(X) —2) —n(29(Y) —2)=2—4n
where n > 1 is the degree of the morphism, therefore this is a negative number a contradiction.

Definition 4.14. Let X be a connected scheme, then if the only finite etale surjective morphisms from a
connected scheme to X are isomorphisms, we say that X is simply connected in the etale topology.

We won’t use this term later besides the following example, but if you will to read the etale cohomology
note series, you will run into this term there.

Example 4.15. Let k = k, then the only connected unbranched finite separable cover of IE”}C is an isomor-
phism. The reason is as follows:

In the future, we will see that if X — P} is a morphism with no ramification, then if X is connected, it will
be a curve and smooth. Then we can apply the Riemann-Hurwitz formula while assuming the ramification
divisor is 0, so:

29(X)—2=-2n+0

This shows that 2n = 2 — 2¢(X) with n > 1, therefore we know that n = 1 and g(X) = 0. We have already
seen that the only smooth projective curve with genus 0 is the projective line P!.

Example 4.16. This is an example that is somewhat similar to the previous one. We can show that in
characteristic 0 and when k = k, the only connected unbranched cover of A,lﬁ is itself.

Say X — Al is a finite surjective etale morphism where X is smooth and connected. Recall that for
smooth curves (actually for regular curves) connectedness is equivalent to irreducibility. Therefore X is also
an integral curve. Then consider the morphism X — A}, which induces a finite separable field extension:

k(t) — k(X)

Then consider the morphism:
X - A} — P}

This also gives you the field extension k(t) < k(X), then we can consider the normalization of P} in k(X),

which gives you a diagram:
e \
X — P

where X — X is induced by the universal property of the normalization. Recall that X isa projective
integral normal curve. However, for curves normal implies regular and when k = k regular is equivalent
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to smooth. Then if you recall how X is constructed, we find that X — PL agrees with X — AL over Af.
Therefore we know that X — Pi can only ramify over the point co. Then we can apply the Riemann-Hurwitz
formula:

29(X) — 2 = d(2¢(P}) — 2) + degR

~

We know that 2g(X) — 2 > —2 and on the right hand side we have —2d + degR where d is the degree of
the morphism. Recall that in the case of characteristic 0 all ramification points are tame, therefore we know
that the degree of the branch divisor is d — n where n is the number of the ramification points. Then since
we know the degree of the branch divisor is the same as the degree of the ramification divisor when k = k,
we know that degR = d — n, therefore we have:

~

29(X)—2=—-2d+-n=—-d—n

where d,n > 1, therefore we know that the only possibility is d = n = 1 and g()w( ) = 0, therefore we know
X =P} and we know that by composing with automorphisms of P}, we can assume X — P} is the identity,
therefore X — Aj is also the identity, then we are done.

Corollary 4.17. Luroth’s Theorem Let’s keep the notion in the Riemann-Hurwitz formula and assume
further that g(X) = 0. This implies that g(Y) = 0 as well. Informally, the only maps from a genus 0 curve
to a curve of positive genus are the constant maps. (In our case we assumed k = k and the characteristic is
0).

This has nonobvious algebraic consequences, i.e. any subfield of k(z) which contains & is of the form
k(f(z)) where f(z) is a polynomial in k(z), i.e. any subfield of k(x) containing k is generated by a single
element in k(z). To see why, suppose that ¥ ¢ L < k(z) is a subfield, then we have a corresponding
nonconstant morphism:

P} — C

where C is also a smooth projective curve, then using the above discussion, C is also P}, therefore the
function field of C is k(y) for some y € k(z).

Example 4.18. Using Luroth’s Theorem, we can show the following result: There is no nonconstant mor-
phism from ]P’%: to the Fermat curve ™ + y™ = 2™ in PL for n > 2. Recall that by the Jacobian criterion,
this is a smooth curve and it’s obvious projective, irreducible.

Recall that the genus of a degree d hypersurface in P} is computed by:

g=(d—1)(d-2)/2

Then when d > 2, say d = 3, then we know that g > 0, but Luroth theorem just say that there is no
nonconstant morphism from P! to it.

5 Understanding Smooth Varieties using Cotangent Bundles

Definition 5.1. Suppose that X is a projective scheme over k, then we know that h%(X, Qx /i) is an invariant
of X.
We define the sheaf of relative i-forms by:

oy = Ny

Sections of % Jy are called relative i-forms (over that open set). Obviously, RO (X, Q% /1) are also invariants
of a projective k-scheme X.

In fact, what we can prove is that h%(X, QlX /k) are birational invariants when X is smooth:

Proposition 5.2. Let X, X’ be birational irreducible smooth projective k-varieties, then for each i, H°(X, Qé{/k) ~

HO(X, )
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Proof. Let ¢ : X --» X' be a fixed birational morphism. Then since X is Noetherian regular and X’ is
projective, we know that the complement of the domain of definition is at least of codimension 2. Let U be
the domain of definition and we know that we can pullback the differentials on X’ to get a morphism:

¢*  HO(X', Q%) — HO(U, 0 1)

I.e. we can first pullback Qé{’/k to W*Qfx,/k, then we have the morphism m*Qx//, — Qp/x, which induces a
morphism:

i i
F*QS(//’C ~ /\(F*Qxl/k) — /\ QX/k
Here we use the fact that there is a canonical isomorphism for a quasicoherent sheaf F:

o (N\F) > N\ F

where on affine opens can be identitfied with the canonical isomorphism:

B®A/\M—>/\B®AM

These together gives the morphism ¢*. Now given a section in H°(U, Q’X /k)7 recall that since X is smooth

Qx i, is locally free, therefore QfX Ik is also locally free, then we know from the fact that X is normal and

9

algebraic Hartog’s lemma that such a sections extends to a section in H%(X, Q % /k), therefore we get a map
¢*  HO(X', Q% ) — HO(X, Q% ).

Similarly, suppose that the inverse of the birational map is ¢ : X' — X, we get a morphism ¥* :
HO(X, Qé{/k) — HO(X, Qg(//k). I claim that these two are inverses of each other. Consider the composition
P* o ¢* for example. Suppose that U’ < X’ is the image of ¢ : U — X’ then we know that ¢* actually fit

in such a diagram below:

i ¢* i
HO(X’,QX,/k) —— HY(X, QX/k)

resl J{TGS

HOU', Y. ) — HO(U. Q1)

where the ¢* below is again defined by first pullbacks sections to W*Qé(, Ik then consider the morphism

W*Qi s Qi

Xk X/ Then we can consider:

i ¢* i i
HO(X/7QX’/k) — H°(X, D i) T HO(X/vQX//Q

|
resJ/ J{res res
+

HO(U’,Q}I/k) ?} HO(U, QZU/k) 7} HO(U’,Qfx'/k)
I claim that the composition of the two maps below is the identity. To see this, we first know that both ¢*
and 1* commutes with restrictions, it’s easy to see that 7*QY, , — Q' /i, commutes with restrictions as it’s
defined locally. The key is to show that the first pullback maps commutes with restrictions. After you are
done with it, you also need to show that on affines it can be identified by:

M — M®g A, me—m@l1
Then we can cover U’ by affines and then conclude that the map is given by:
dty Ao Adt; > do(t) A Ado(t;) — dpd(tr) A - A do(t;) = dty A -+ A dE;

thus is the identity. I claim that this implies that the composition on the top is also the identity. To see why,
the result we are using is that if X is an integral scheme and U is a dense open of X, then the restriction
map H°(X,&) — HY(U,€) is injective for any vector bundle £. We know this holds for Ox and the proof
for vector bundles is almost the same to Ox. This is because we can use the sheaf property to reduce to the
case X is affine and & = 09", O
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Definition 5.3. If X is a dimension n smooth k-variety, we know that {2x . is a vector bundle of rank n,
then we can define the canonical sheaf or the canonical bundle to be:

n
%X/k = deth/k = /\QX/k
After we prove Serre duality, we will see that when X is projective, this will be the dualizing sheaf.
The following result is sometimes called the adjunction formula for J#x:

Proposition 5.4. Suppose that X is a smooth variety and Z < X is a smooth subvariety of X, then:
Hy = Jf/x|z ®det</VZ/X

Proof. Consider the closed embedding i : Z < X, since both X and Z are smooth, we obtain the following
conormal exact sequence:
0— ‘/VZ\;X - Z*QX/k g QZ/k —0

Since we know that both €5/, and i*Qx , are locally free of finite rank, we know that 43’ Iy is also locally
free of finite rank. Then recall that if we have a SES of locally free sheaves of finite rank on a scheme X:

0E& 5E-E" >0

Then we know that we have:
det&’ @ det€Y @ detE” ~ Ox

Apply this to the conormal exact sequence on Z:
detA)x @ det(i*Qx/p) " @ detQy, ~ Oz

This implies that:
det A7/ x ® deti*Qy p, = detQy ), = Az

Recall that we have a canonical isomorphism:
deti*QX/k ~ i*detQX/k = x|z
since we know that i*Q2x, on Z and §2x;, are of the same rank. This concludes the proof. O

Remark 5.5. Recall that if Z is an effective Cartier divisor, then we have an isomorphism:
Nzx =~ Ox(Z)|z
Then the above adjunction formula becomes:
Hz =~ Hx|z@0(2)|z ~ (Hx ®Ox(Z))|z

Definition 5.6. Suppose that X is a projective smooth k-variety, the birational invariant h°(X, #) is
called the geometric genus of X, denoted by p,(X). This agrees with our definition earlier for curves.
Suppose that X is not smooth, then if there is a smooth projective k-variety X’ that is birational to X,
we define:
Pyg(X) = pg(X’)

For example, if X is an irreducible projective curve over k, then it’s geometric genus can be defined to be the
geometric genus of it’s normalization X . Since this is a birational invariant, this definition is independent of
choices.
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Example 5.7. As an example, let’s suppose k = k and suppose that Z is a regular degree d surface in P2,
we will compute the geometric genus of Z.

We don’t have to use the adjunction formula above and instead we will do some direct computation.
First I claim that Z is irreducible, and I will let you check it (suppose it’s not then the defining polynomial
is the product, then use the fact that the subschemes defined by these to factors always intersect to draw a
contradiction).

Then we can use Serre duality to conclude that JZz is the dualizing sheaf and:

h(Z, 7)) = h*(Z,0(Z)) = h*(X,i+02)
where i : 7 — X = IP’% is the closed embedding of the surface. Recall that we have a SES:
0— Ox(—=d) > Ox - i,0z -0
Then consider the induced LES, part of that is given by:
H*(X,0x(—d)) =0— H*(X,0x) =0 - H*(X,i,0z) — H*(X,O0x(—d)) — H*(X,0x) =0

Therefore we have a p,(Z) = h*(X, Ox(—d)), and we know that when d < —4, it’s of dimension (:Z:D and
if not py(Z) = 0. In particular when d = 4, p,(Z) = 1.

Let’s also compute the geometric genus of PZ which is h%(P%, Ox) and we know that it’s 0. Therefore I
claim that there is no regular quartic surface in IP’% that is rational (i.e. birational to Pi) since they have
different geometric genus, one being 0 and one being 1.

Now let’s introduce some properties of smooth k varieties that is related to it’s canonical bundle J#x:

Definition 5.8. Suppose that X is a smooth projective k-variety, then X is said to be Fano if .2y’ is ample
and it’s called Calabi-Yau if #x ~ Ox.

Definition 5.9. Again let X be a smooth projective k-variety, then we define it’s j-th plurigenus by:
WX, #:E7)

Proposition 5.10. If j > 0, then the j-th plurigenus is a birational invariant, i.e. if X’ is a smooth
projective variety that is birational to X, then they have the same j-th plurigenus.

Proof. Let ¢ : X --+ X’ be a birational morphism, then if the domain of definition is U whose image denoted
by U’, we know that the complement of U is at most codimension 2. Therefore we get a map:

HO(X/7%)§J) - HO<X7 '%/X®J)
by first pulling back a section of %@j to U’, then to d)*J/U@,)j. Recall that we have a morphism ¢* ¢ —
which is constructed before. This induces a morphism between the tensor products, i.e. we have a morphism:
Qb* (%/[%J N %(?J

thus we get a section of jif)?j on U. Again, since X is smooth, %)?j is locally free, therefore Algebraic
Hartog’s lemma gives the extension of that section to X, thus we obtain a section of J, )?] on X. Let’s
denote this morphism as: . .

¢* : HO(X', 4 E) — H (X, #)
By definition, it fits into the following diagram:

. £ .
HOX', A8 —2 HO(X, %)
RL%S R‘es
+ +

HOW', 227y s HOWU, )

Then similar to what we proved when we showed the geometric genus is a birational invariant, say 1) : X’ — X
is the inverse of the birational morphism, we know that the composition of ¢* and * on U, U’ is the identity,
you prove it basically by the same way like how you proved it’s the identity on %, — Jx since our definition
here is compatible with the tensors. Then we again use the restrictions to U, U’ are injective to conclude it’s
the identity on X, X’. O
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Definition 5.11. Let X be a smooth projective k-variety, we define the Kodaira dimension of X, denoted
by #(X) by the smallest k such that h°(X, #27)/5* is bounded for all j.

If hO(X, Jéf)?]) are all 0, we define xK(X) = —1. The previous proposition shows that the Kodaira
dimension is also a birational invariant. Finally, if k(X) = dimX, we say that X is of general type.

Remark 5.12. It’s a nontrivial fact that Kodaira dimension for smooth projective k-varieties always exists
and is always between —1 and dimX inclusive. Therefore, a general type X is such a variety that it’s Kodaira
dimension is as large as possible.

Proposition 5.13. If J#x is ample, then X is general type.

Proof. Let the dimension of X be n. We need to estimate the growth of h%(X, Jf/)?j)/jk. First, we know
that since ¥ is ample and X is projective, we know that for j very large, all H*(X, Ji/)?J) =0 for 7 > 0.
Therefore we know that for large j:

WX, ) = X (X, )

Recall that for a smooth projective k-variety, let F be a coherent sheaf on X, then if dimSuppF = n, then
if £ is a line bundle on X, we have:

q(m) = x(X, L2 ®F) = (L™ F)/nl -m" + -

where the --- are some lower degree terms. Apply this to £L = J#x and F = Ox, then we know from the
asymptotic Riemann-Roch that that for large m:

alm) = (X, HE™) = () ko + -

Recall that since £y is ample with support dimension n, we have () = (¢ - X) > 0, therefore ¢(m) is
indeed a polynomial of degree n, and we know that for & < n, we can roughly estimate the growth rate of
q(m)/m* by a polynomial of n — k, which is obviously not bounded, and you can see that k = n = dimX is
exactly the smallest integer such that ¢(m)/mF* is bounded. O

For curves, we have the following useful result:

Proposition 5.14. Let X be a geometrically irreducible smooth projecctive curve over k. Then it’s Fano
(resp. Calabi-Yau, general type) if it’s of genus 0 (resp. 1 and > 1).

Proof. If the genus is 0, we want to prove that .#%’ is ample. To prove this, we only need to show that
for large m £, X®_m is very ample. I claim that the degree of ¥y is positive, in fact 2 in case, which then
implies that for large m the degree of %, )?_m is arbitrarily large.

Now recall that smooth is stable under any base change of field extensions of k, therefore X is geometri-
cally regular. Since it’s also geometrically irreducible, we know that in this case degl > 2g + 1 implies that
L is very ample, where g is the genus of X. Therefore we can conclude that JZy’ in this case is actually very
ample and we don’t have to raise it to higher powers.

Therefore our job is to now compute the degree of J#y’. Let’s compute the degree of J#x first, by
definition, it’s:

X(X7%X) - X(X7 ﬁX)

Recall that x (X, #x) = h°(X, #x)—h* (X, #x), now we can use Serre duality to conclude that it’s actually
—x(X, Ox), therefore we know that:

deg#x = —2x(X, Ox) = —2(h°(X, Ox) — g(X)) = 2

Then:
deg Y = —degHx =2

Now, let’s prove if the genus is 1, then X is Calabi-Yau, i.e. we need to prove that #x ~ Ox. Recall
that in this case, we can compute the degree of Jx, which is again —2x(X, Ox). But in this case we know
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that x(X,Ox) = 0, therefore the degree of the canonical bundle is 0. In this case, it’s isomorphic to the
structure sheaf iff it has a nonzero global section, but we know that:

RO(X, #x) =h'(X,0x)=g=1

We are done.

Finally, if the genus is larger than 1, let’s again compute the degree of Jx, which is —2x(X,0x) =
—2(1 —g) =29 —2 > 0. Recall that we already discussed that this implies that Jx is ample, which again
implies X is general type. O

Remark 5.15. This above trichotomy could be thought morally as the reason why curves behave differently
depending on which of these three classes they lie in. In some sense, this classification extends to higher
dimensions, which is why these definitions are important. The following result is one example of this.

Proposition 5.16. Let k be an algebraically closed field. Suppose that X is a smooth complete intersection
in PY of hypersurfaces of degree di,- -+ ,dp, then #x ~ O(=N —1+dy + - +dy)|x.

Proof. Let these hypersurfaces be Hy,--- , H, of degree dy, - ,d,, cut out by homogeneous polynomials
fi,-++, fn respectively. Recall that on feature of complete intersection in P} of hypersurfaces is that H; is
an effective Cartier divisor in IP’Q’ and H; n Hy is an effective Cartier divisor of H; and you can keep going.
The dimension of this complete intersection is N — n.

You probably would like to use the adjunction formula for effective Cartier divisors to conclude the result
inductively. However, if you want to use it, we need to ensure that each of the intermediate intersections
Hy n---n H; are all smooth, which is typically not true. Therefore, let’s try to use the adjunction directly
for Z — ]P’ffv = X. Therefore we know that:

Jﬂ?f/Z >~ %X|Z®detf/‘/z/x

Recall that the canonical bundle on PY is O(—=N — 1). Therefore we only need to figure out what is .47 /X -
We can first figure out what is Ji/ZV/ +» Which is isomorphic to the pullback of Z /Z? where T is the ideal sheaf

determining Z. I claim that this is isomorphic to @ ;O(—d;) and to see why. Recall that .& = (fl, e fr)
where (f1,---, fr) is a graded ideal whose grading comes from the grading on S = k[xg, -+ ,2xn]. Then
recall that we have a morphism of quasicoherent sheaves:

S( ) (fla"'7fn)
defined by the map of graded S-modules:

S<_dl)_)(f17afn)7 1'_)f’b

Then we get a morphism:
@, 0(~d;) — I/1?

and I claim that this is an isomorphism. To see why, recall that both sides are rank n vector bundles,
and we only need to prove surjectivity in order to prove injectivity. To prove surjectivity, let’s look at what
happens on each D (z;). Recall that on D (z;), Z is determined by the k[%’, e, ZN ]-module generated by
( J;ll St f" i) as an ideal of k[ cee %V], therefore we know that on D, (f), the sheaf Z/Z? is determined

J

by the module ( 1 )/(lew e Ian)z Similarly, we know that €(—d;) on each D (z;) is determined

X
J

by the k[ﬁ, —N]-module k[ f‘;l,--~,d—+1]*k[m° RN el e

. Then we know that on Dy (x;), the

f—df Then consider the map
T .

)
Zj
ZE
J

morphism O(—d;) — I/I? correspond to the module map that maps di to

ZE
J
obtained via the direct sum, we know that it’s already surjective to (lel, ceey m’%), so of course surjective
. T i
to ( fdll R o )/( fdll R f =2, Finally, we know that pullbacks preserves surjectivity, therefore we know
that on X we have an 1somorphlsm

C—Bz 1OX( ) I/I2
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This proves that 47, x = ®j_;O0x(d;). Then what is the determinant? I claim that if £ and F are locally
free sheaves of rank r, s, then the determinant of £ @ F is:

7\5(8(—9]:) ~ /\8@/8\]-'

To see why, recall that the right hand side has transition functions defined by product of determinant of the
transition matrix of £ and F, so is the left, therefore they are isomorphic.
This implies that:

det @], Ox(di) = ®_,detOx (d;) = Ox (). d;)
i=1
Finally, we conclude that we have:

L%/ZEOX(—N—l-Fdl-F"'—Fdn)

After we computed the canonical bundle, here are some applications:

Proposition 5.17. If —N — 1+ d; + --- + d,, is negative (resp. zero, positive), then X is Fano (resp.
Calabi-Yau, general type).

Proof. First let’s assume that it’s negative. We want to prove that 2 ~ Ox(N +1—d; —--- —d,) is
ample. We know that N +1—d; —---—d, is positive, therefore we know that it’s the pullback of something
ample on ]P’f;’ by a closed embedding, thus still ample.

Then it’s it’s 0, obviously 27 ~ O.

Finally, if it’s positive, this time £z is ample, and we know this implies that the variety is general
type. O

Example 5.18. Another example related to our discussion above is that we can find a list of all possible
values of N,dy,--- ,d, such that X is Calabi-Yau of dimension at most three.
First, we know that the dimension of X is N —n < 3, i.e. we know that N < n + 3, and we know that if
it’s Calabi-Yau, we have:
di+--+d,=N+1

This implies that d; + - - - + d, — n < 4. Notice that each d; is at least 1, therefore we know that for a fixed
N, we know that N —3 < n < N, and for each such n, we can choose dy, - ,d, such that they are at least
land thed; +---+d,, —n < 4.

Definition 5.19. Suppose that X is a projective k-variety of pure dimension 2, then it’s called a del Pezzo
surface if it’s smooth and Fano.

Example 5.20. The following surfaces are del Pezzo: P?,P. x P} and smooth surfaces in P} of degree at
most 3.

The first example is obvious, as we know that the canonical bundle on P? is O(—3), therefore it’s dual is
O(3) ample and obviously the projective surface is smooth.

Recall that we know that there is an isomorphism Q]Pzi X kPL/k p’fQPi_ @D pi ka /k» then we know that the
determinant is:

PrO(=2) ®p30(-2) = O(-2,-2)

Therefore we know that the dual is O(2,2) and we know that this is ample on P} xj, Pi.
For the last example, we know that the canonical bundle is:

Ox (*4 + d)
where d < 3, therefore the dual is ample.

Definition 5.21. A K3 surface over a field &k is a proper smooth, geometrically connected Calabi-Yau
surface X such that H'(X,Ox) = 0.
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Example 5.22. As an example, let’s show that smooth complete intersections in PY of dimension 2 that
are Calabi-Yau are all K3 surfaces.

First, we need to prove that it’s geometrically connected, but we have already seen this before where we
prove that all complete intersections X in IF’fCV of positive degree are geometrically connected as h°(X,Ox) =
1. Then we need to show that H'(X,Ox) = 0. Recall that we have already showed that if X is a dimension
m complete intersection in P&, then hi(X,Ox(n)) = 0 for all 0 < i < m and all n, then here m =2 i = 1,
thus we are done.

Even though the definitions of Fano, Calabi-Yau and general type are useful and we know that for curves
all curves fall into this trichotomy. However, for surfaces, not every surface is of the kind of the above three:

Example 5.23. Let C' be a smooth projective irreducible complex curve of genus greater than 1, then
C x¢ IE”}C is neither Fano, Calabi-Yau nor general type.

To show this, recall that the canonical bundle on X = C x¢ P{ is just p¥.#c ® p5O(—2), then we know
that it’s dual is p¥K% ® piO(2) where p1,ps are the two projections to C' and Pf. Let’s prove that this is
not ample, thus X is not Fano.

Consider the closed embedding in the following diagram:

{t} xC —— Pt xC — C

| ! J

{t} P SpecC

Let’s consider what is the pullback of pfKY% ® p5O(2) to {t} x C. We know that {t} x C — C is an
isomorphism, and we know that {t} x C' — {t} — P{ is the constant morphism, then since we know that
pullback commute with tensors, I will let you show that the pullback is isomorphic to J£-. Recall that we
work with complex numbers, therefore we know that ample is equivalent to having positive degree, but we
know that ¢ is of positive degree, therefore it’s dual is of negative degree, thus not ample. However, we
know that ample pulls back to ample via closed embeddings, thus pfC ® psO(2) is not ample.

Then we will prove that pfCo ® p5O(—2) is not isomorphic to the structure sheaf. We can again use the
pullback by closed embeddings argument since we know that structure sheaf pulls back to structure sheaf.

Finally, we need to prove that it’s not general type, which means that we need to estimate the growth
rate of h°(pfKE™ ® psO(—2m)). I claim that it’s actually 0 for all m > 1, thus the Kodaira dimension is
—1, thus not general type. To see this, we can either use the Kunneth Formula which we will prove later or
we can do it directly. Suppose that s is a section s in H° (pi"lC%m ® piO(—2m)), if we want to prove s = 0,
all we need to do is to prove that for all closed points of the form (z,y) where z,y are closed points in C
and P, s(,,) = 0. Consider the following diagram:

{(z,9)} —— P x {y} —— {u}

l I |

{t} xC —— Pt xC — C

| | |

{x} P SpecC

We know that s, , vanishes iff the pullback to first Pt x {y} and then to {(x,y)} is 0. However, we already
know that the pullback to P{ x {y} is isomorphic to O(—2), which has no nonzero global section, therefore
we are done.

Another important result about the canonical bundle Kx is the Kodaira vanishing theorem. However,
since we will not use it later, we only breifly mention it’s statement without proving:

Theorem 5.24. Suppose that k is a field of characteristic 0 and X is a smooth projective k variety. Then
for any ample invertible sheaf £, we know that H* (X, #x ® £) = 0 for all i > 0.
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Even though we will not prove it, let’s mention something about the proof. Firstly, the assumption
that chark = 0 is necessarily and we indeed have an example where Kodaira vanishing fails in positive
characteristic.

The original proof of this is to reduce the proof to the case of complex analytic version and then use
Serre’s GAGA theorem to turn it into a complex algebraic statement. The general characteristic case can
be reduced to C using the so called Lefschetz principle. But there is also an algebraic proof available later.
You will eventually run into the terms listed here if you continue the study.

Finally, before we end this section, let’s talk a little bit about Hodge theory and discuss some basics
of that.

Definition 5.25. Suppose that X is an irreducible smooth k-variety, then the invariant h’(X, Q?{/k) is

called the Hodge number h*J(X) of X.
We have already saw that h*%(X) are birational invariants of X. However, we will later see an example
that for a general j, h"/(X) is not a birational invariant.

Proposition 5.26. Let X be an n dimensional smooth projective k-variety which is geometrically irreducible

(this implies that the canonical bundle is Serre dualizing), then we have the Hodge symmetry, i.e. hP? =
hPnTa

Proof. We want to show that:

hq(Xv Qz))(/k) = hniq(Xa Q?(;]Z)

Here is a good place to review the notion of pairing of vector spaces and vector bundles. This is also a place
to review an important isomorphism, listed below. (Recall that here Q% = A Qx /i)
Suppose that U, V, W are three finite dimensional k-vector spaces, a pairing is a k-bilinear map:

UxV ->W

This is the same as a k-linear map U ® V' — W. We say that this is a perfect pairing if the induced k-linear
map is an isomorphism:

U - Homy (VW) =~ VY QW

The isomorphism above VY ® W — Homy (V, W) is canonically given by ¢ ® w — (v — ¢(v)w). This is
indeed an isomorphism as you can choose basis of VW say vi,--- ,vn, w1, -+, Wy, then we know that a
basis of V'V @ w is given by v;” ® w;, and a basis of Homy(V, W) is given by m x n matrices. Then we know
that the map defined above maps v;” ® w; to the matrix whose (i,j) entry is 1 and other entries being 0.
One special case is when V' is a vector space of dimension n, then we have a perfect pairing:

T n—r n
Av <A~ Av
defined by (v1 A -+ A Up,Upgp1 Ao AUp) F> UL A co" AUp AUppq A -0 AUy The reason this is a perfect
pairing is because if you look at the induced map:

T n—r n
/\V—»Homk(/\V,/\V), Vpgl A " AUp = VL A+ AUp AUppl A+ A Up

it could be described it by choosing a basis of V.

The above discussion can be easily extended to free A-modules of finite rank over any ring A and now
we want to extend this to vector bundles on a scheme X, say. Suppose that D, &, F are vector bundles of
rank [, m,n. Recall that we have seen that there is a natural isomorphism:

Hom(E,0x) @ F — Hom(E, F)

It’s defined by the universal property of tensor products and then on affine trivializing opens, identified with
the above isomorphism of modules. Then we define a pairing of D, € to F is a Ox bilinear morphism:

Dx&E—F
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which is again the same as a Ox-module morphism D ® &€ — F. We will call it a perfect pairing iff the
induced morphism is an isomorphism:

D — Hom(E,F) ~ Hom(E,O0x) ® F
Similar to our discussion above, if £ is a vector bundle of rank n, we have a perfect pairing:
ATEX ATTTE - ATE

You check it’s a perfect pairing locally on trivializing affine opens.
Back to our question, recall that (2x ; is a locally free sheaf on X of rank n. Recall that by Serre duality,
we have an isomorphism:
HY(X, QZ))(/k) ~H" (X, Kx® (Ql)j(/k)v)

Recall that Kx = A" Qx /k» and we have an isomorphism:

n—p P
/\ Qx/m — (/\ Qx /)" ® Hx
Plug this back in the cohomology, we get the desired isomorphism. O
Let’s try to compute the Hodge numbers for the projective space:

Example 5.27. Consider the projective n-space X = P} let’s compute the Hodge numbers h?9(X) in this
example. I claim that h?9(X) =1if 0 < p,q < n and h??(X) = 0 otherwise.
Recall that we have the Euler exact sequence:

0— Qx/ — Ox(-1)®" - 0x >0

Then we know that using the associated LES to conclude the desired assertion for Qx /.
Recall that for each r > 1, we have a filtration:

/\OX(_1)®7L+1 _ gO S gl S '”grfl >G5 gr+1 -0
with subquotients:

67167 = (\ Ox/) ® (\ Ox)

Notice that we know that when r —p > 2, the wedge is 0, therefore we know that 4% = ... = ¥P=2 therefore
the filtration is actually just:

N\ Ox ()% 5 G =y,

with the quotient being Q;;//lg Therefore we have a SES:

0— Q% — N\ Ox ()" - Q0L 0

r—1

By assumption, we know that we know the cohomology of Q' Ik

and we always have an isomorphism:

n+1)

/\OX(—1)®"+1 ~ Ox ()"

Therefore we also know it’s cohomology, then we can use the associated LES to compute the cohomology of
94 Ik I will let you show that we indeed have the desired assertion.
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Remark 5.28. In this remark, we introduce the so called Hodge diamond where we work with k£ = C.
This notion of Hodge diamond works for any field k&, but it will have extra symmetry for &k = C.
Let X be an irreducible smooth projective complex variety, then it turns out that there is a direct sum
decomposition:
H™(X,C) = @itj=-mH (X, Yy c)

where the left hand side is the singular cohomology with coefficients in C. From this we know that h™(X,C) =
Ditjem h%3(X) where we obtain a purely topological numerical data from something that is completely
algebraic (i.e. the Hodge numbers).

Moreover, if we work with complex numbers, we have an additional symmetry coming from complex
conjugation:

HI(, Q) ~ HI(X, 9% )

From which we conclude that they have the same dimension, i.e. hi/(X) = h/*(X). Now if we write the
Hodge numbers in a diamond, where h%7(X) is the i-th element in the i + j-th row. For example, if we
consider a smooth projective surface, we have something that looks like the following:

hO’O
hO,l hl,O
h0’2 hl’l h2’0
hl"2 h2’1
h2’2

Notice that we know that the maximal wedge power is 2 therefore for h%J we must have i < 2, similarly, we
know that for j > 2, all cohomology vanishes, thus j < 2 as well. These are all the elements in the above
diamond. We know that the symmetry that comes from Serre duality makes elements that is symmetric with
respect to h! equal, the complex conjugation symmetry make elements that are symmetric with respect to
the row in the middle equal. Therefore, we actually have something like:

1
q q
DPg hb! Dg
q q
1

where p, are the geometric genus of X.
All the above discussion can be applied to the case of an arbitrary field k, but the conjugation symmetry
and the decomposition may not hold there.

Now let’s actually try to compute some diamonds. We don’t need the decomposition result and the
conjugation result to do the following computations:

Example 5.29. Consider a geometrically irreducible smooth projective curve of genus g, then I claim that
the diamond looks like:
1

g g
1

To see why, we know that h%0 is always 1. h'C is the dimension of H°(X, Qx ;) which is the geometric
genus of X, equal to the arithmetic genus g due to the Serre duality. We know that k%! is the dimension of
H'(X,0Ox), which is the arithmetic genus g. Finally h** = h%? due to the Serre duality symmetry.

Example 5.30. We can also compute the diamond for X = ]P’,l€ X IE”}C.
I claim that it looks like the following:

1
0 0
0 2 0
0 0
1



To see why, h* is always 1 as it’s irreducible. I claim that the sheaf of differentials is Qx/x = p}Qp1 j @
P51 1., therefore we know that the canonical bundle is A Py 1 /1 @ P31 /1., which is O(-2, -2).

Then consider h%!, h:? which are the dimensions of H' (X, Ox) and the dimension of H(X, Q). We
know that Qx , is the direct sum of pfO(—2), and we know that it has no global sections, so is the direct
sum therefore it’s 0. Then we consider H*(X,Ox), I claim that it’s also 0. To see why, the easiest way is to
use the Kunneth formula, which we will prove later, here we know that Ox = p¥ Oﬂ”i ®p3 Opi, therefore by
Kunneth formula, we have:

H'(X,0x) = (H(Py, Ox) ® H' (P, Ox)) ® (H' (P}, Ox) @ H' (P}, Ox)) = 0©0 =0

Then going further, we need to compute H'(X,Qx) = HY(X,p}O(-2) ® piO(-2)) = H (X, pfO(-2)) @
H'(X,p3O(-2)). We again use Kunneth formula and you get the dimension is 2.

We again need to compute H?(X,Ox), which is H°(X, Qx/x) and the dimension is just R0 = 0. We
need to compute HO(X, #x) = H°(O(—2,—2)) and the dimension is 0 again using Kunneth formula. Then
we are done as the rest can be computed using the Serre duality symmetry.

Remark 5.31. If you compare this with the Hodge diamond of P%, you will find A"/ in general is not a
birational invariant as all the h% of P% are either 0 or 1.

6 Generic Smoothness and Consequences

Let’s begin directly with the main theorem:

Theorem 6.1. If X is an integral finite type k-scheme over a perfect field k of dimension n, then there is a
dense open subset U of X such that U is smooth over k of dimension n.

Remark 6.2. Recall that we mentioned before that if (A, m) is a regular local ring, then the localizations
of A at any prime is still a regular local ring. We will not prove this as the general case requires homological
methods, which we don’t want to do here. However, later we will prove this for varieties over a perfect field,
i.e. we will prove that if X is a k-variety over a perfect field £ and it’s regular at all closed points, then it’s
regular.

Again, recall that if & is perfect, and X is a finite type k-scheme, then it’s smooth iff it’s regular at
all closed points. The reason is as follows: We know that X is smooth iff X7 is smooth iff it’s regular at
all closed points. Now since k is perfect, which means that all algebraic extensions of k is separable, in
particular if p is a closed point of X then k(p) is separable over k. Then we know that in this case a closed
point p € X is regular iff closed points in it’s inverse images are all regular in X3. This implies that Xt is
regular at all closed points iff X is regular at all closed points.

Combine these discussions, we obtain the fact that U is smooth iff it’s regular at all closed points iff it’s
regular, thus U is regular.

Now let’s prove this result:

Proof. When dimX = 0, it’s just a single point, which is a dimension 0 integral domain, which is a field,
which is finite over k. Since k is perfect, this is separable, therefore this point is smooth.

Recall that on a reduced scheme, a finite type quasicoherent sheaf is a vector bundle iff it has constant
rank. Also recall that the rank of a finite type quasicoherent sheaf on a scheme is upper semi-continuous,
then if we can prove that the rank of Qx /, at the generic point is n, we know that upper semicontinuous
gives us two consequences: First, any point « € X I claim that the rank at x is at least n, since it’s it’s n—1,
upper semicontinuous gives us that the rank at the generic point is at most n — 1, which is a contradiction.
Secondly, since we know that the rank at the generic point is n, there is an dense open on which the rank
is at most n, then we know that on this dense open, the rank is constant and is n. Therefore, our job is to
show that the rank of 1y, at 1 is n, where 7 is the generic point.

Let K be the function field of X, we know that (Qx /), ~ Q. Recall that K is firstly separable over
k, then we know that K/k is a field extension of transcendence degree n. Recall that K /k is also finitely
generated, then we know that it can be factored into:

k—k(ty, - ,t,) > K
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where the first is purely transcendental and the second one is finite and separable, or in other words, separably
generated by (t—1,--- ,,). Then we have proved before that in this case Qg is free over K with dimension
n and basis dtq,--- ,dt,. Therefore, we are done. O]

The above generic smoothness result for varieties allows us to prove:

Theorem 6.3. If X is a finite type scheme over a perfect field and it’s regular at all closed points, then it’s
regular.

Proof. Suppose that X is a finite type k-scheme that is regular at all closed points, we know that X is
regular at all closed points, which implies that X3 is smooth which implies X is smooth., let n be an arbitrary
point of X, let’s consider the canonical reduced closed subscheme Y = 77, and we have the closed embedding;:

1Y > X

Recall that X is also a finite type integral k-scheme therefore we know that there is a dense open of Y such
that it’s smooth over k. Say that open comes from an open of X, we replace X by that open and assume
that Y is smooth. Recall that we proved the conormal exact sequence is also exact on the left for such a
closed embedding (our statement used k-varieties there, but we find that all we need is just finite type over
k and reduced, which are all true here). Therefore we have:

0— I/I2 i Z*QX/k i QY/k — 0

In this case we know that 1/12 on Y is locally free of rank codimx} = dimOx .

If we want to prove that 7 is regular, we need to show that the dimension of m/m? is dimO X,n, Where m
is the maximal ideal of Ox ,. We know that the rank of Z/Z? is dimOx,, therefore we want to show that
the dimension of m/m? is the rank of Z/Z?. We know that the stalk of Z/Z? at 7 is just m/m?, therefore
the dimension of m/m? is the rank of Z/Z?, we are done. O

As we have promised earlier, we also have the following:

Proposition 6.4. Suppose that (A, m) is a regular local ring that is the localization of a finitely generated
k-algebra over a perfect field k. Then the localization of A at any prime is regular.

Before we prove it, notice that this is not a direct consequence of the previous theorem as we know
that SpecA — Speck may not express SpecA as a finite type k-scheme over k. This is true if S is finitely
generated, but it could went wrong if S is not finitely generated. Therefore, we will need something else to
prove the result:

Proof. To give you a concrete understanding of what happens here, suppose that B = k[z,y] and A = B,
where p is a prime ideal of B. Then A is a local ring, and if we assume that it’s regular local, what we are
assuming is that p is a regular point of B and we want to prove that for all primes ¢ that lies in p, ¢ is also
a prime ideal of B.

Now assume that A = S™!B where B is a finitely generated k-algebra. First, I claim that B could be
taken as a domain. To see why, firstly I claim that S~'B can be taken as By, for a prime ideal p in B. To
see why, suppose that the unique maximal ideal m in (A, m) correspond to the prime p in B, we know that
A ~ A,,, but we know that there is a canonical isomorphism A,, = B,. Consider the morphism:

B—-B,=A

Recall that any regular local ring are domains, therefore we know that the kernel of this map is a prime
ideal ¢, then consider C' = B/q, recall that ¢ < p since if 2 € B is mapped to { = 0, we know that there is a
element y not in p such that xy € p, therefore x is in p. Then we consider Cp, = B,/¢B,, by our assumption,
we know that ¢B, = 0, therefore we know that B, = C}, and C' is a domain and is again finitely generated
over k.

Then in our case, we know that the prime in p C' is regular. Now consider SpecC, we know that by the
generic smoothness, there is a dense open U of SpecC which is smooth, and in this case Uy is smooth and
all it’s closed points are regular and all the closed points of U is regular. I claim that U can be taken to be
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again finite type over k since we can just take U to be a distinguished open. Then we know that this implies
that U is regular. Then we know that if p is in U, we are done as we know that for a prime lying under p,
we know that since U is open and contains p, it contains that prime as well, then we already know that U
is regular thus regular at that prime, therefore the localization of A at that prime is also regular.

To show this, recall that if SpecC' = X has dimension n, then the smooth locus is where the rank of
Qx /) is n. Recall that we know that the rank at the generic point is n, which implies that the rank of Qy
at any point is at least n, therefore we know that the rank at a point is n, it’s the rank is at most n. Then
consider the rank of Qx/, at p, recall that we consider the morphism:

P = SpecC/p — X = SpecC
which gives the conormal exact sequence:

p/p* = Qe ®c Clp = Qcppyr — 0

Consider the localization at p, we get the exact sequence of k(p) vector spaces:
m/m® — Qc, i ® k(p) = Ly — 0

where m is the unique maximal ideal of C), we know that since p is regular, the dimension of m/m? is the
dimension of Ox ; which is at most n. Recall that 2,/ is 0, then the first arrow is surjective, therefore
the rank of Q¢ at p is at most n, we are done. [

Now let’s discuss generic smoothness for general morphisms, not necessarily for morphism to Speck. We
will get somewhat similar conclusions, at the cost of working with fields of characteristic 0:

Theorem 6.5. 1. Suppose that 7 : X — Y is a dominant finite type morphism of integral Noetherian
schemes such that charK(Y) = 0. Then there is a nonempty open U < X such that 7|y : U - Y is
smooth of relative dimension trdegK (X)/K(Y').

2. In particular, let k be of characteristic 0, let 7 : X — Y be a dominant morphism of integral k-
varieties, then there is a nonmepty open U < X such that 7|y : U — Y is smooth of relative dimension
dimX — dimY

Before we prove this theorem, let’s see an application:

Proposition 6.6. If we have polynomials fi(z1, - ,Zpn), -, fm(z1, * ,Zpn) in k[z1, -+, z,], then if m >
n, then these polynomials are algebraically dependent, if further we assume & = 0 and m = n, then these
polynomials are algebraically dependent iff the determinant of the Jacobian matrix is the 0 polynomial.

Proof. Recall that fy,---, f;, are algebraically dependent iff the k-algebra morphism:
k[Tlv'” 7Tm]_)k|:xla'” ,l’n], TZ’_)f’L

has a nonzero kernel.

Then when m > n, we know that if this kernel is 0, then the induced morphism of k-varieties A} — A}’
is dominant, this implies that the dimension of A} is at least the dimension of A}, but we know that m > n,
a contradiction.

Now if m = n, again consider the induced morphism of irredcuible k-varieties:

Ay — Ap

since we assumed that k is of characteristic 0, we can apply the above theorem and we know that the
morphism is dominant iff these polynomials are not algebraically dependent. Or conversely, these polynomials
are algebraically dependent iff this morphism is not dominant.

Consider the following diagram:

Ti—fi

~— T

T;—T; Ti—fi
\ _—
k[Tla T 7Tnax17 T axn]/(ﬂ - fz)

k[Th' o aTn]
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This diagram induces an diagram:

Speck[T1, -, Ty] Specklxy, -, xp)

\ /:/

Speck[Ty, - Tol[z1, -+, 2n]/(Ti = £i)

Consider the Jacobian matrix:

ofi
J =
(52
We know that it’s not identically 0 iff there is an open subset of Speck[zi,---,z,] such that U —
Speck[T1,--- ,T,] is smooth of relative dimension 0 iff the morphism A} — A7 is dominant iff these poly-

nomials are algebraically independent. it’s clear that dominant implies there is such an open from the above
generic smoothness result, to see why being smooth on U implies being dominant. This is because any open
in A} is dense, which means that it contains the 0 prime of the ring, and we know that the inverse image
of 0 in Speck[T}, - ,T,] is the 0 prime as well, i.e. it’s dominant. This implies if the determinant is not
identically 0 iff these polynomials are independent. O

Here are two examples where we prove that characteristic 0 is necessary:

Example 6.7. Consider the purely inseparable extension F,(¢)/F,(¢?), it induces:
SpecF,(t) — SpecF,(t")

I claim that it’s not smooth. To see why, I claim that if K /L is an finite field extension, then K /L is separable
iff SpecK — SpecL is smooth. It’s easy to show from finite separable to smoothness as we always have the
primitive element theorem. Now let’s prove the converse. Suppose that we have a finite extension K/L, we
can always assume that it’s finitely generated. For example, let’s first pick a3 € K and consider L; = L(a),
then we pick something as € K but not in L; and keep going, since this extension is finite dimension, this
comes to an end, and suppose that the chain of sequence is:

L=Lyclic---cL,=K
Then let’s f; be the minimal polynomial of «; in L;, then we know that for example:

Ly = Lo[z]/f1, L2 = Li[z]/fa, -+, Ln = Ln—1[z]/fn

This implies that:
K= L[x17”' "rn]/(fl(xl)va(xhx?))'" afn(xla"' 7$n))

Recall that to show that K /L is separable, it is equivalent to show that each of the intermediate extension

L;/L;_4 is separable. I claim that this is equivalent to the fact that the Jacobian matrix (gj: L) is invertible.
J

To see why, we know that the determinant of the matrix is [ [, SI o it’s invertible iff it’s image in K is not
zero, but recall that the isomorphism is defined by:

L[ajl?"' ,mn]/(f1($1),f2($1,1‘2),-" ’f’n(ml"" 7xn)) - K’ T = Q4

Then this implies that:
ofi
Ga:i

This is exactly what we need for a; to be separable, conversely, we can argue the same way. However, we
notice that this matrix is invertible iff SpecK — SpecL is smooth of relative dimension 0. Therefore, if it’s
smooth, then K /L is separable.

Then we know that since F,(¢)/F,(t?) is purely inseparable ((¢)? = t¥ € F,,(t7)), therefore we know that
SpecF,(t) — SpeclF,(t*) is not smooth.

(a1, 06) #0
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We even have an example when k is algebraically closed but of characteristic p, therefore, you see the
essence of the problem actually is the fact that the characteristic is p, not something else. Consider the
morphism:

Speck[t] — Speck|u], u— tP

We know that in this case we have the diagram:

Speck|t] wstP Speck[u]

\:\ /

Specku][t]/(u —t¥)

Then we know that the Jacobian matrix is pt?~! = 0, i.e. is the 0 matrix. This implies that Qo) k[u] =
Adt/d(u — t*). Recall that du = 0 as u € k[u], since dt? = pt*~'dt = 0 we know that Q4[] is not 0, ie.
the morphism can’t be smooth. We are done.

Now let’s prove part 1 of the theorem:

Proof. Let n = trdegK (X)/K(Y), recall that our goal is to find a nonempty open subset U of X such that
mly : U = Y is smooth. Notice that if the image of U is contained in an open, say V, then we know that

this morphism 7|y factors as:
v " Ly
%4

Notice that the open embedding V' — Y is always sooth of relative dimension 0. Then if we want to prove
that 7|y is smooth of relative dimension n, it suffices to prove that U — V' is smooth of relative dimension.

This discussion allows us to replace Y by an affine open and X also by an affine open and the morphism
is just SpecA — SpecB where A, B are Noetherian domains and m correspond to B — A. We can assume
that K(A)/K(B) has a transcendence basis that lies in A, not in K(A). To see why, we know that A is a
finitely generated B-algebra, i.e. we have A = Bz1, -+ ,zn]/(f1, "+, fn), then we know that K(A)/K(B)

is generated by x1,--- ,xy, then we could pick n elements in x1, - - - , x, such that they form a transcendence
basis. Then we can assume that we add x,,41,--- , 2N such that zq,--- ,zy generates A as an B-algebra.

Now for each @ = 0,--- , N, let F; be the intermediate field extension generated by 1, - ,z; over K(B).
For example F; = K(B) and F, = K(B)(z1, - ,2n) and Fy = K(A). For i < n, F; over K(B) is a
purely transcendental extension. By our choice of 1, --- ,x,, we can assume that for i =n+1,--- | N, the
element x; is algebraic over F;_j, therefore we can denote the minimal polynomial by m; € F;_1[t]. Recall
that F;_1 = K(B)(x1, -+ ,x;—1), then we can assume that m; is of the form m;(xy1,- - ,z,,t) for m; €
K(B)[y17 e 7yi—1at]-

Now multiply m;(z1,- - ,Zn,t) by the product of the denominators of it’s coeflicient, we obtain M; €

Blyi, -+ ,yi-1,t] so that M;(xy, -+ ,x;_1,t) € F;_1[t] is also a minimal polynomial of z; € K(A) over F;_;.
We have to be specific here that here our saying that M;’s are still minimal polynomials are in the general
sense of up to scalars as typically we will require the leading coefficient of the minimal polynomial to be 1.
However, if we allow minimal polynomials to be up to scalar, this doesn’t affect the ideal it generates, thus
as you will see it will not affect our algebraic discussion later.

Now by our discussion, we know that for example F, 1 = K(B)(z1, - ,2n)[t]/(My+1) and Fpio =
Frt1[t)/(My+2). Notice that:

Frpr = (K(B) (@1, s 2n)[t]/ (M) [2]/ (Mn2)
By using different variables for these two ¢, we know that:
Fn+2 = (K(B)(xlﬂ T 7xﬂ)[yl]/(Mn+1))[yQ]/(MnJr?) = K(B)(xh o 7$n)[y17 y2] (Mn+17 Mn+2)

Here M,,+1 can be written as in K(B)(x1, -+ ,z,)[y1] and My € K(B)(z1, - ,2n)[y1,y2]. Keep going, we
have:
K(A4) = K(B)(:El, T 7xn)[yn+1v T 7yN]/Iv I'=(Mpir,--- 7MN)
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where each M,,1; € K(B)(x1, -+ ,xz)[y1, Uil
Recall that by our construction of M,,,;, we can assume that it’s actually in Blz1, -, xn][y1, ", yi]
Now consider:

X' = SpecA’, A= Blyr, - yn]/(Mpa(y1, -+ ynsa) - M ()
Now, consider the following morphism:
X' — Aj, Yi = Yi
Then we know that if you consider the generic fiber of this, we know that it’s:
A" @by, ) K(B) Y1, 1 yn) = K(A)

This implies that there is exactly one irreducible component of X’ that dominants A’%%. Let’s say that this
component is Z; and other components are Zs, - -+ , Z,. We will define U’ = Z; — (Z1 n (Zou---u Zs)) < X'.

Recall that U’ is still irreducible, then let 7’ be the generic point of U’, I claim that there is an open
neighborhood U” of n such that U’ — A% is smooth of relative dimension 0. Consider the following diagram:

U’ SpecBly1, - s ynllYnt1, - N/ (Mps1,--- , M)

\/

SpecBly1,- -+, Yn)

Recall that the Jacobian matrix here we care is:

OMpy1 . OMpy
OYn+1 OyN
oMy . IMn
ayn+1 6yN

Consider the determinant and I claim that it doesn’t vanish at the generic point of U’. To see why, recall
that by our construction, M, ;1 is a polynomial in y1, -+ ,Yn+1, and M, 2 is a polynomial in y1, -+, ypnt2,
therefore we know that the Jacobian matrix is actually lower triangular, i.e. the determinant is actually (up
to a sign):

i 0Yi
Then we only need to show that each of these factors doesn’t vanish at the generic point. Recall that what
we know is that since M;(x1, -+ ,2;—1,t) is the minimal polynomial of x; € K(A) over F;_1, therefore we

know that:

aé\f" (2;) # 0€ K(A) = K(B)(1, &) [Yns1s s yn]/(Mps1, -+, My)
M;

On the other hand we know that if we want to evaluate ‘267 at the generic point, this is the same as plug in

i

the image of y1, -+ ,y; in the residue field of 7/, i.e. k(n’), which is exactly:
K(B)(y17 e ;yn)[yn+1a U 7yN]/(M7l+1’ U aMN)

because we have a natural injective morphism:
K(B)(y1,+ yn)[Yn+1, s yn]/(Muns1, -+, M) — k(1)

and this K(B)(y1, - s Yn)[Un+1, s UN]/(Mpy1,- -+, My) is already a field, then by our characterization
of the fraction field as the smallest field that contains the original domain such that all nonzero elements of
the domain is invertible, we know that this is an isomorphism. Essentially, this is the following diagram:

Speck(p)

T
SpecA®p K(B) —— SpecK (B)

| |

SpecA ——  SpecB
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Then by replacing y1,--- ,yn by 21, - ,Z,, we obtain the desired relation that the partials doesn’t vanish
at the generic point, thus we can indeed find an irreducible open U” < U as the nonvanishing condition is
open.

This implies that U” — SpecB is smooth of relative dimension n as A% — SpecB is smooth of relative
dimension n. Then I claim that we have the following diagram:

u” SpecB

N
N
N
N
N
N
N
!

SpecA

where the dotted arrow is a birational morphism over SpecB. To see why this rational map exists, why not
we assume that U” is also affine SpecC such that C is also finitely generated over B, then we consider the
image of the generators of A in the fraction field of C', which are not 0 therefore each of which doesn’t vanish
on a neighborhood of the generic point, we take the intersection and assume it’s still affine, this defines the
desired morphism over B as the isomorphism of function fields is over B. Then by replacing SpecA with
that open, we can assume that we have:

u” SpecB

>~

SpecA

such that U” — SpecB is smooth of relative dimension n, therefore SpecA — SpecB is also smooth of
relative dimension n. O

Once 1 is proved, 2 is very easy:

Proof. First recall that if 7 : X — Y is a dominant morphism of integral k-varieties, then dimX > dimY
thus smooth of dimX — dimY makes sense.

Then suppose that dimX = m,dimY = n. We know that the induced extension of function fields is
K(Y) — K(X) over k where K(Y) is of transcendence degree n over k and K (X) is of transcendence degree
m over k. From this we know that trdegK (X)/K(Y) = m — n, then we can directly apply part 1. O

If further more, X is a smooth k variety in part 2 of the above theorem, we can even conclude more:

Theorem 6.8. Suppose that 7 : X — Y is a morphism of k-varieties where chark = 0. If X is smooth over
k, then there is a dense open U of Y such that 71'\”_1([]) : 71U — U is smooth.

Remark 6.9. Notice that we don’t have to require m to be dominant in this case. If it’s not dominant, as
you will see in the proof later, 7~'U will be empty and the assertion that 7 restricted to 71U is smooth is
just empty.

To prove this theorem, we will use a neat trick: Suppose that 7 : X — Y is a morphism between finite
type k-schemes where chark = 0, then we define:

X, = {pe X :rank(n*Qy ), — Qx/i)|p <7}
Proposition 6.10. X, is a constructible subset of X.

Proof. Let’s consider the following exact sequence:
T*Qy /. — Qx i — cokerg — 0
Since tensor is always right exact, we have the following exact sequence:

W*Qy/k|p — QX/k'p ad coker¢|p — 0
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We know that the rank at p is:
rank|, = dimQy /|, — dimcoker¢|, < r

For notational simplicity, let’s denote dimQx |, by o(p) and dimcoker¢|, = c(p), therefore we know that
we want:

o(p) <7 +c(p)

Recall that coker is also a coherent sheaf, therefore we know that ¢(p) is an upper semicontinuous function,
i.e. we know that the set where ¢(p) < n is open, then we know that the set where ¢(p) = n is the difference
of two opens, therefore is constructible, in fact even locally closed.

Now we know that:

{peX :op) <r+cp)}=|J{peX:op) <r+cp),cp) =n}

In other words, we know that {p € X : o(p) < r + ¢(p)} is a finite union of:
{peX:olp)<r+n}n{peX:clp) =n}

The first set is open, the second is locally closed, therefore we know that the intersection is constructible,
and this holds for each n. Notice that we only need to consider finitely many such n as we know that we can
cover X by finitely many SpecA where A are Noetherian rings, and coker¢ is given by a finitely generated
A-module, say generated by m elements, then we know that on SpecA, ¢(p) is at most m. Then we only
have to take n to be the maximum among such finitely many m’s.

Finally, we know that a finite union of constructible set is constructible, we are done. O]

Recall that by Chevalley’s theorem, 7(X,.) is again constructible, thus we can talk about it’s dimension
in a reasonable way. This is not saying that we can’t define the Krull dimension for an arbitrary subset, it’s
just saying that if we work with arbitrary subsets, the notion of definition can be pathologic. Recall that by
our definition, the Krull dimension of a topological space is just the supremum of the length of irreducible
closed chains. In this case, I claim that the dimension of a constructible subset Y of X is the maximum of
the maximum of the length of irreducible closed chains such that they have nonempty intersection Y, and
in particular the dimension of Y is at most the dimension of X.

To see why this holds, recall that we have the following map:

irreducible closed subset of Y — irreducible closed subsets of X that intersects Y, C—C

I claim that this is in general not a bijection, as surjectivity is not always obtained. For example, consider
the point 0 in A} = X, which is closed, thus constructible, we know the only irreducible closed subset if 0,
but we know that irreducible closed subset of X that intersects with 0 is at least 0, X, and we know that
{0} = {0}, thus this is not always surjective. This is always injective however, recall if C is closed in Y, we
know that C =Y n C, then we know that if C; = Cs, this implies C; = Cs. This implies that there should
be a subset of irreducible closed subsets of X that intersects Y such that the map above is a bijection, and
it turns out that the subset is:

irreducible closed subsets Z of X that intersects Y, and Y n Z is dense in Z

In the case of schemes, this is just saying that Y n Z contains the generic point of Z. In particular, this
implies that if Y is open, surjectivity holds in the first proposed map and thus is a bijection. Let’s prove
surjectivity here, say Z n'Y is dense in Z, then we know that Z nY is indeed Z, therefore we only need to
show that Z n'Y is irreducible closed in Y. It’s obviously closed we can now assume that if:

(FLuFR)nY=2ZnY

then we know that F; u F5 is dense in Z, then we know that Fy u Fy = Z since F, U F} is closed. Notice
that all the above discussion doesn’t require Y to be constructible. The reason we want constructibility is
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because if Y is not constructible, the set of irreducible closed subsets Z of X that intersects Y, and Y n Z
is dense in Z can be quite nonreasonable. For example consider A} = X over an algebraically closed field
k and Y is the set of all closed points in X. Notice that this is a dense subset, however, we know that any
irreducible closed subset Z of X such that Z nY is dense are just closed points, therefore by definition, the
dimension of Y is 0, which is weird since this is a dense subset of a dimension 1 space. Another example is
consider the generic point of X, and you find the dimension is also 0, however, if you think of the generic
point as a dense point, which should be really large, this is also weird. Such weird cases won’t happen for
constructible subsets, since any dense constructible set of an irreducible space contains a dense open.

All of the above discussion are very general and it works for any schemes that is Noetherian. However,
what we will work with is going to be schemes that are finite type over k, which are very special since here
we know that closed points are dense, i.e. every open contains at least one closed subset. Then in this case
what we can prove first is that a locally closed subset F' n U has the same dimension as it’s closure. To
see why, notice that suppose F' = Fy U --- U F,, where F; are all the irreducible components of F', then we
know that the closure is just Fj U - - - F},, therefore we only need to show that the dimension of U n Fj is the
dimension of Fj;. it’s obvious that the dimension of F; is larger, then suppose that the dimension of Fj is
r, we know that since F; can also be equipped with a scheme structure that is integral and finite type over
k, then we know that the dimension of F; is the codimension of a closed point, and we can pick that closed
point in U n Fj, this finishes our proof.

Once we know this, I claim that for an contructible subset Y of X, if X is finite type over k, the dimension
of Y is the dimension of it’s closure. Again, we know that the dimension of the closure is clearly larger, then
we only need to show the converse. Notice that if Y is the union of Y7,--- Y, each of which locally closed,
we know that the closure is the union of Y; and we know that in this case the dimension is the maximum of
the dimension of Y;, then we know that:

dimY = dimY; = dimY; < dimY
We will use this in the following discussion. So let’s summarize what we proved in the following lemma:

Lemma 6.11. Suppose that X is a finite type over k scheme, then the dimension of a constructible subset
Y of X is equal to the dimension of it’s closure.

Now let’s go back to prove the theorem, which needs the following lemma:

Proposition 6.12. Let 7 : X — Y be a morphism of schemes that are finite type over k£ where chark = 0,
then dimm(X,.) <.

Proof. Recall that since k is of characteristic 0, it’s automatically perfect, then what we know is that for
closed points of X, the Zariski cotangent space is the fiber of the cotangent sheaf.

We are interested in the dimension of 7(X,), now recall that we can assume that X, = u;U; n F; where
U; are open and F} are irreducible closed, then we know that:

7T(Xr) = Ujﬂ'(qu (@) F])

By our discussion above, we know that the dimension of 7(X,) is the dimension of the closure, which is
the maximum of the dimension of m(U; n F;) which is the maximum of the dimension of 7 (U; n Fj) since
m(U; N Fj) is also constructible. Then suppose that the maximum is obtained at i, then we know that we
can consider the following sequence of morphisms:

FiﬁUiQUin%Y

where the first morphism is a closed embedding and the second one is an open embedding. Recall that
F; nUj; is also irreducible therefore we know that it’s image is also irreducible (which is a purely topological
fact). Then we consider the closure of the image, which is irreducible closed in Y, let’s say it’s Y’, then
consider the following diagram:

<

FinU; —

f@

~

SN
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where the top morphism is induced by the universal property of closed embeddings.

Recall that F; n U; is a locally closed subset of a Noetherian space, therefore Noetherian, therefore
quaiscompact, therefore F; n U; is still finite type over k, and Y is still finite type over k as well, therefore
we know that F; n U; — Y’ is also a morphism of finite type schemes over k, moreover, by assumption we
can assume that both F; nU; and Y’ are integral. Our goal is not to show that Y is of dimension at most .

Recall that for 7’ : F; nU; = X’ — Y, we again have a morphism:

(W/)*QY'/k - QX'/k

I claim that the rank of this map at each point of X’ is at most r. To see why, we know that this can be
computed locally, by working locally with X — Y, we can assume that the map is SpecA — SpecB ad the
induced morphism is:

SpecA/p — SpecB/q
where p, q are primes of A, B and the morphism is again induced by B — A. Then we know that in this
case, if the morphism SpecA — SpecB gives a morphism:

ek ®p A — Qayp

we know that the above morphism is given by:

QB/q)/k ®B/q AP = Qasp) i

I claim that we have a commutative diagram like below:

Qp/ ®p k(r) ———— Qa ®a k()

| |

QB/g)/k ®B/q k(@) — Qasp)k @ayp k()

where z is a point in F; (the key point here is that the residue field at « in U; n F; is the same as the residue
field of 2 in X). For example the left vertical morphism is defined by Qg x k() — Q(p/q)/k % k(x) where
Qp/k — Q(B/qg)/k 18 given by the universal property:

B = B/q = Qp/q)k

and the second morphism is k(z) ! k(x), it’s clear that these two maps are B-linear, therefore we indeed
get a morphism and you can then check that this is k(x)-linear and is surjective. Similarly we get the right
morphism. The top vertical morphism is given by B — A and the below morphism is given by B/q — A/p
and I will let you check this is commutative. But after this, the key of the proof is to use the following linear
algebra fact:

Suppose that we have a diagram of vector spaces:

V1 L> V2

L

! U
Vi — v

Suppose that p has rank r, then I claim that p’ has rank at most . I will let you prove it, which should be
quite simple.

After all the above discussion, our job is now, suppose that we have a morphism of integral scheme finite
type over k 7 : X — Y, if 7%Qy . — Qx5 has rank at most 7 for all x € X, then the dimension of Y is at
most 7. Recall that by the generic smoothness, Y has a dense open where Y is smooth, then let’s consider:

U —U

[

X —T5Y
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Recall that since Y is integral finite type over k, to prove the dimension of Y is at most r, it’s equivalent
to prove the dimension of U is at most r. Now, I claim that it’s enough to consider the case where k is
algebraically closed. To see why, we know that we have the morphism:

XE g QY/k:

Recall that we have proved that Y is of dimension r iff Yz is of dimension . Moreover, if we look at the
morphism of sheaves, if locally X — Y is SpecA — SpecB, then this X3 — Yz locally looks like:

SpecA @y, k — SpecB ®y, k
We know that in this case, the map between the sheave of differentials is:
QB@J/E OBk A®k — QA@J/%

Recall that QB@J/E = Qp/, Ok k since we have the Cartesian diagram:

SpecB ®, k —— SpecB

! J

Speck ——— Speck

Then I will let you check if we denote the map Qp/, ®p k — Q41 by ¢, then the new map is identified as

0 ®a Ay where Az = A®y k. Then suppose that ¢ € SpecA @y, k has inverse image p in A, we know that
the rank of the new map at ¢ is:

©®a A ®a, k(q) = 0 ®a k(q) = ¢ ®a k(p) Qr(p) k(q)

which is just the scalar of the fiber map at p to k(q), therefore the rank stays the same. So now let’s just
assume that we work over k = k.

Recall that locally the morphism of sheaves of differentials on the top looks exactly the same as the
morphism induced by the morphisms of schemes at the bottom. Therefore, the rank is still at most r and
we can assume Y is smooth. Recall that there is a dense open U of X such that U — Y is smooth, this

means that if we consider the diagram:

U Y

o~

Speck

We know that the cotangent exact sequence is also left exact, therefore we have:

0— F*Qy/k - QU/k - QU/Y -0
Therefore for each p € U, we know that we have:

0 — (7*Qy1)p = (Qu)p = (Quyy)p — 0

If you consider the first injective morphism:

(QY/P)ﬂ(P) ®Oym(p) OX,:D - (QU/k)P
Suppose that now p is a closed point, let’s tensor with k = k(p) as k is algebraically closed, which gives:

Qy jkln(r) = Qwykly

which has rank at most . If this is injective, we are done since this implies that the dimension of Qy /|~ ()
as a k-vector space is at most r, which implies that the dimension of m(, /mi(p) is r, moreover, since we
know that U is smooth, it’s regular as k is of characteristic 0 and k is algebraically closed, therefore we know
that the dimension of M, /mi(p) is the dimension of Qy, (), which is the codimension of 7(p) in Y which
is the dimension of Y as m(p) is closed, which is at most r. We are done. O
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Now we have everything we need to show the theorem, except one characterization of smoothness which
will be proved later:

Proof. First, we can reduce to a dense open of Y such that we can now assume Y is smooth over k. Say
dimY = n, now we know that dimn (X, 1) = dimn(X,,—1) < n — 1, let’s remove 7(X,,_1) from ¥ and we
consider the inverse image as X. This way, we can assume that 7%Qy , — Qx /. is of rank n at each point
of X. However, since Y is smooth, we know that €2y is locally free of rank n, then so is 7*Qy/;, therefore
we know from the map:

™ Qy /klp = Qx/klp

is of rank at least n for each p € X implies that it’s the morphism 7%Qy , — Qx ; is injective. To see why,
we need to show that it’s injective on the stalk of each point.

This boils down to the following algebra fact. Suppose that we have a local ring (R, m, k), and we have
a morphism:

p:R"—> R™

that is injective after we tensor with k, then I claim that R™ — R™ is injective itself. To see why, first recall
that the map ¢ is represented by a m x n matrix with entries in R. After we tensor with k, the map is
represented by the same matrix, but with elements thought as elements in &, then it’s injective means that
there is a n X n minor with invertible deterninant, then we know that by a change of order of coordinates
on R™ and R™, we know that:

cgopocy: R — R™

has that n x n minor on the upper left corner of the matrix. Then consider the projection p of R™ to the
first R™, we know that in this case:
pocgogwoc : R"— R"

is going to be invertible, then we know that since c; is also invertible from R™ to R", let’s assume that p’ o
is invertible, therefore, ¢ has a left inverse, therefore ¢ is injective.

Now I claim that this is not only just a injective morphism of locally free sheaves, it’s an injection of
vector bundles. To see why, we know that the rank of the cokernel is always m — n therefore cokernel is also
locally free as we work with reduced schemes. (If you think about the famous example where an injective
morphism of locally free sheaves that is not an injection of vector bundles which is given by the inclusion of
a closed point to A}C, you find that the rank of the cokernel is not constant.)

Finally, this implies that Qx /3 is locally free of rank m — n, which implies X — Y is smooth due to the
characterization we will prove later. O

7 Unramified Morphisms

Definition 7.1. Suppose that 7 : X — Y is a morphism of schemes, we will call the support of the
quasicoherent sheaf Q; = Qx/y the ramification locus of 7 and we will call it’s image 7(SuppQy ,y) is
called the branch locus.

If the ramification locus is empty, or equivalently the quasicoherent sheaf €2, is 0, we will say that 7 is
formally unramified. If 7 is also locally of finite type, we say that 7 is unramified.

Here are some easy examples we can do right away:

Example 7.2. The first example we see is that all locally closed embeddings are unramified. First, we know
that all locally closed embeddings are locally of finite type, therefore we only need to prove that €, = 0.
We know that locally to compute €2, we can reduce to the case where we have:

SpecA/I — SpecA

and we already proved that in this case €(4/5y/4 = 0, therefore we are done.
Now if S is a multiplicative subset of B, then I claim that SpecS— !B — SpecB is unramifed. This is
clear since we know that the sheaf of differentials associated to a localization is 0. In particular, this say that
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if we have an integral scheme Y, then the morphism Specly,, — Y where 7 is the generic point is formally
unramified.

Suppose that K /L is a finite separable extension, then I claim that SpecK — SpecL is unramified. First
it’s finite, thus locally of finite type. It’s also formally unramified because we proved that if K/L is algebraic
and separable, then Q p is 0.

Finally, I will let you show that smooth morphisms of relative dimension 0, i.e. etale morphisms are
unramified.

Here are some more interesting examples:

Example 7.3. Recall the normalization of the node:
Speck[t] — Speck[z,y]/(y* — 2*(z + 1))

which is given by (z,y) — (> — 1,¢(t* — 1)). I claim that this is unramifed. Clearly, this is finite type
as we know that k[t] is a finitely generated algebra over k[z,y]/(y* — 2%(z + 1)), which is generated by ¢
for example. We need to show that the sheaf of differential is 0, i.e. Qupy/k[z,y]/(y?—22(2+1)) = 0. To see
why, recall that we know that dz is mapped to 2tdt and dy is mapped to 3t2dt — dt, then we know that
the linear combination can be mapped to dt, therefore for simplicity, let’s assume that the morphism is
SpecA — SpecB, then in the cotangent exact sequence:

A®p Qg — Qajp — Qap — 0

The first morphism A®p Qg — Q4 is surjective, therefore 1, as the cokernel, should be 0, we are done.
We can also give a morphism that is not unramified, which is the normalization of the cusp:

Speck[t] — klz,y]/(y* - 2°)

where (z,y) — (t2,t%). In this case, we find that dz is mapped to 2tdt and dy is mapped to 3t2dt, which
means that only using k[t] combination, we can not obtain dt, therefore in this case A ®p Qg — Qay is
not surjective, therefore the cokernel is not 0.

Below are properties that makes unramified morphisms a nice class of morphisms:
Proposition 7.4. Unramified morphisms are preserved by composition.

Proof. Recall that locally of finite type is preserved by composition, therefore we only need to check the
sheaf of differentials. Suppose that X 5 Y % Z are two morphisms that are both unramifed, then consider
the cotangent exact sequence:

™y 7z = Qx/z = Qx)y = 0

By our assumption, Qy ;7 = 0,{x/y = 0, therefore we have:

0—-Qx/z—>0-0
This implies that Qy,7 = 0. O
Proposition 7.5. Unramified morphisms are preserved by base change.

Proof. Again, we only need to prove that formally unramified morphisms are preserved by base change.
If you consider the following Cartesian diagram:

X Ty

|l

X —"=Y
One important property of the sheaf of differential we proved is that:
(7")*Qy )y =~ Qxx

Then we only need to know that the pullback of 0 is 0. O
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Finally, we need to show that it’s local on the target:
Proposition 7.6. Unramifed morphisms are local on the target.

Proof. Again, we only need to check this for formally unramifed morphisms. The fact that if 7: X — Y is
formally unramified then 71U — U is is just the fact that formally unramifed morphism is preserved under
base change.

Conversely, suppose that there is an cover of Y such that 7~'U — U is formally unramifed. Recall that
Qx/y can be computed locally by 771U — U basically by how we defined it, thus we are done. O

One interesting property of unramified morphisms is that we can check it on fibers. This is the first
instance we see that fibers can be useful when we want to check some morphisms are of certain properties,
we will see this later for our characterization of smooth morphisms:

Proposition 7.7. Suppose that 7: X — Y is locally of finite type, then:

1. 7 is unramified iff for each g € Y, 7~ 1q is the scheme theoretic disjoint of the form SpecK where K is
a finite separable extension of k(g).

2. 1 is unramified iff for each geometric point g, 7~'7 is the disjoint union of copies of §.

Proof. Let’s first do 1. Suppose that X — Y is unramified, consider:

g LN Speck(q)

| |

X ———Y

We know that Q,-1,/, is the pullback of Qx/y to 7~ 1q, which is 0. Recall that if we want to show that 7 !¢
is disjoint we only need to work locally, therefore we can now assume that X,Y are affine, say:

SpecA — SpecB

where A is a finitely generated B-algebra. Then we know that locally the fiber looks like SpecA ®p k(q).
We know that A ®p k(q) is a finitely generated k(g)-algebra. So our job now is the following: suppose that
k — A makes A a finitely generated k-algebra and €24/, is 0, then we want to show that A is a product of
finite separable extension of k.

Let’s say A = k[z1, - ,2,]/(f1, -+, fr). Recall that we can compute the sheaf of differentials by:

QA/k = @;ﬂ:lAd‘ri/(Adfla e 7Adfr)

Recall that if r is less than n, we know that the sheaf of differentials can not be 0 (for example you can go
to the residue field of a point and argue there since we are in a field). This implies that r is at least as large
as n. Let’s say that we compute the Jacobian matrix:

afi
( f

0mj

)

which is a n x 7 matrix, we know that from the fact that we assumed that €,/ is 0, we know that the
corank of this Jacobian matrix is 0, or in other words, the rank is n at each point of SpecA. Therefore we
know that by definition, this SpecA is smooth of relative dimension 0 over k(recall that we had an argument
before of why we automatically have dimension 0).

This implies that every point in SpecA is a maximal ideal, moreover, since we know that we only have
finitely many maximal ideals, then from the fact that A is Noetherian, we know that it has finite length,
therefore we know that let’s say these maximal ideals are mq,--- ,mg, then we know that:

A=A/ml x - x A/mls

Then we know that if we localize at m;, we get Ami/méi A, then we know that if this is a field, then I; = 1,
so our goal now is to show that the localization of A at m; is a field. Recall that the localization at m; is a
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Noetherian ring with only one prime ideal, then if it’s reduced, we are done, but this comes from the fact
that it’s smooth, thus reduced. Therefore, we know that the localization at m; is just k(m;) we know that
it’s finite over k since m; is a closed point, finally we only need to prove that k(m;)/k is a separable, or in
other words, we need to prove Qi is 0. To see this is true, we need to consider:

Speck(q) — SpecA — Speck
We consider the cotangent exact seqeunce:
k(@) ®a Qase = gy = Qi(gya — 0

By our assumption, we know that 2,4, is 0, on the other hand, we know that (4,4 = 0 since A — k(q)
is surjective. This implies {24/, = 0, we are done.

Now let’s assume that 7~ !¢ is the scheme theoretic disjoint of SpecK where K is a finite separable
extension of k. Our goal is to prove that (Qx,y), = 0 for all pe X. Recall that if z € 7 1q is a point such
that it’s mapped to p € X via f : 7 '¢ — X, we know that we have the following relation:

(f*QX/Y)I = (QX/Y);D ®Ox.p walq,z

By our assumption, we know that f*Qx - = 0, therefore we know that (Q2x/y ), ®ox , Ox-14. = 0. Now,
we know that O,-1,, = K where K is a finite separable extension of k(g). Then we know that it’s also a
finite extension of k(p) since we have a morphism k(q) — k(p) — k(z) = K, then we know that:

Qx/v)p ®0ox., Or142 = (Lx/v)p ®ox., kK(P) Qrep) K

Recall that K is flat over k(p), then we know that it’s zero iff (Qx /v ),®ox , k(p) is 0. However, we know that
since 7 is locally of finite type Q2x /- is coherent, therefore we know that by Nakayama, (Qx/y),Qox ,k(p) =0
implies that (2x/y), = 0. This works for every p € X, we are done. O

Then, let’s prove part 2. As you will see, for the geometric point, we only need it to be separable closed:

Proof. Again, let’s consider the diagram of the geometric point:

G xy X —— G = Speck

| |

X ——Y

In the diagram, we assume that k is a extension of k such that it’s separably closed. Again, if 7: X — Y is
unramifed, let’s again assume that 7 : X — Y is affine and it’s SpecA — SpecB, and we just need to consider
SpecA®p k — Speck, whose sheaf of differentials is 0. Then again, we use exactly the same argument as in
part 1 to conclude that pecA ®p k is actually a bunch of SpecK where K is a finite separable extension of
k, but we know that & has no nontrivial finite separable extensions, therefore k = K, we are done.

I will leave the converse for you, which is again basically identical to how we proved part 1. O

If we work in a very geometric setting, i.e. with an algebraically closed field k& and finite type schemes
over k, being unramified has a very geometric meaning as well:

Proposition 7.8. Is a morphism 7 : X — Y is a morphism between finite type over k schemes where k is
algebraically closed, then it’s unramifed iff 7 is injective on tangent vectors at all closed point.

Proof. Well, recall that for every closed point = of X, let’s denote it’s image, which is again a closed point,
by y. Then we know that we have a induced morphism:

my/mgzl - mw/mi

which are k-vector space, then we can take the dual, which gives us an injective map by assumption. This
implies that mi /mi — my/m? is surjective. Recall that if we work with algebraically closed field, we always
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have an isomorphism between (Qx ;) () =~ my/m2 and (Qy i) (y) =~ m,/m¥. Let’s consider the cotangent
exact sequence:
Uy e = Qx e = Qxy — 0

Let’s take the fiber at 0, and since we know that tensor is right exact, we still get an exact sequence:

Dy e(y) = Qxn(x) = Qxpv(z) =0

I claim that the morphism Qy- /4, (y) — Qx /% () is just the morphism m,, /m — m,/m2, to see this, recall that
the isomorphism between Qx ,(z) and m, /m?2 for example is given by the Jacobian matrix, as illustrated
in the diagram below:

@ikdzs/(kdfy + - + kdf, "V kdy; /(kdgy + - + kdgs)

dzin,—lil ldyj»—»yjfkj

2 2
my/mg — my/m
yj—kjom(y;)—k;

I will let you figure out why this commutes. But this implies that, Qx y-(x) = 0 at all closed points, therefore
the rank of (2x/y at each closed point is 0, therefore since each closed subset of X contains a closed point,
we know that this implies that the rank of 2x /3 on X is 0, thus it’s 0, thus unramified. O

For later use, we prove another characterization of unramified morphisms. Let’s first start with the
locally Noetherian setting and then remove it:

Proposition 7.9. Suppose that 7 : X — Y is a locally finite type morphism of locally Noetherian schemes.
Then 7 : X — Y is unramifed if and only if §, : X — X xy X is an open embedding.

Proof. To show this result, we use the following result: If 7 : X — Y is a closed embedding of Noetherian
schemes, such that the ideal sheaf of ¢, denoted by Z, satisfies T = Z2, then ¢ is also an open embedding.
To see this, we let’s consider the stalk of Z at a point z € X, we know that Z,. is a proper ideal of the local
ring Oy,,. Let’s denote it by I, then by definition, we know that I = I? and [ is inside the maximal ideal
m, therefore we know that mI < I < ml, therefore mI = I. Since Oy, is a Noetherian ring, I is finitely
generated, therefore we know that by Nakayama’s lemma I = 0. Then we know that the support of Z, since
7 is coherent (again due to locally Noetherianity), then it’s support is closed, therefore the complement is
open. Therefore we know that X is actually an open and closed subset of X. Then we know that this

morphism factors as:

X —— X

Our job is to show that X — X is an isomorphism, which is local on the target. Suppose that SpecA is an
affine open on X, then we know that the morphism is defined to be:

SpecA/I — SpecA, I=0

Therefore is an isomorphism, we are done. Recall that we need Noetherianity here to conclude I = 0 and
the complement is open.
Now back to our question, we know that d, : X — X xy X is always a locally closed embedding, and
we can assume that it’s:
X—>U—X Xy X

We know that both X and U are locally Noetherian. Let’s first assume that 7 is unramifed, which means
that Qyy = 0. Let’s consider the ideal sheaf 7 of X < U. We know that by definition, Qx - = Z/Z* which
is 0 by assumption, therefore Z = 7?2, therefore X < U is an open embedding, therefore X «— X xy X
is an open embedding. On the other hand, if this is an open embedding, X < U must also be an open
embedding, therefore we know that again the Z = 0, thus Z/Z? = 0, therefore Qx,y =0, we are done.  [J
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Now let’s try to drop the Noetherian hypothesis.

Proof. Recall that the only thing that requires Noetherianity is to show that Z is coherent. Therefore, if we
don’t assume Noetherianity, we can instead assume that:

X Y

is a closed embedding that is locally finitely presented. Then we know that for each SpecA in Y, we know
that A — A/I is finitely generated, i.e. we know that I is finitely generated. Therefore, now our job is to
show that if 7 : X — Y is locally of finite type, then in §; : X — U — X xy X, X — U is locally finitely
presented, we can just show that X < U is locally finitely presented since open embedding are always locally
finitely presented.

To show this, recall that U is covered by SpecA x g A where the morphism locally looks like:

SpecA — SpecA®p A

which is given by AQp A — A, a®a’ — aa’. We only need to show that the kernel is finitely generated.
Recall that the ideal is generated by elements of the form 1 ® a —a® 1. Now if we assume that A is finitely

generated over B by aq,--- ,a,, then I claim that the kernel is generated by a;, ® 1 —1—®a; where 1 <17 < n.
To see this, suppose that a = f(ay, - ,a,) where f is a polynomial with coefficients in B. Then we know
that I®a—a®1=f(1®ay, - ,1®a,) — f(a1 ®1,---,a, ®1). Therefore we are done. O

Once we know this open embedding characterization of unramifed morphisms:

Proposition 7.10. Suppose that 7 : X — Y and p: Y — Z is locally of finite type, let 7 = p o, then:
1. If 7 is unramifed, then so is 7.
2. If p is unramifed, and 7 is smooth of relative dimension n, then 7 is smooth of relative dimension n.

Proof. The first one just comes from the any locally closed embedding is unramified, and the cancellation
theorem.

For the second assertion, if 7, notice that we know that if p is unramified, we know that the diagonal is
smooth of relative dimension 0 as it’s an open emebedding. Then we know that since smooth morphisms are
closed under composition and under base change, cancellation theorem tells you that X — Y is also smooth.

We need to show the relative dimension is n. Recall that if X — Y smooth of relative dimension n, we
can easily prove that the sheaf of differentials {2x /3 has constant rank n. Then let’s consider the cotangent

exact sequence:
X5y ->2Z

which is:
™y, = Qx/z = Qxyy =0

By assumption, §2y,z = 0, therefore Qx,; — Qx/y is an isomorphism, which implies that the rank at a
point are the same. Since X — Z is smooth of relative dimension n, the rank is n, therefore {1x 3 has rank
n, we are done. O

Proposition 7.11. Suppose that 7 : X — Y is locally of finite type, then the locus in X where 7 is
unramified is open.

Proof. The locus where 7 is unramified is the locus where (€2x/y), = 0. Since 7 is locally of finite type,
we know that Qx /y is finite type, therefore we know that (€2x,y ), is finitely generated over Ox,, therefore
we know that it’s rank is 0 iff it’s zero by Nakayama’s lemma. But recall that the ranks for finite type
quasicoherent sheaves, is it’s rank at p is 0, then there is a neighborhood of p such that the rank is 0, which
is equivalent to there is a neighborhood where 1x /y = 0. O
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