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In this part of the note series we will review spectral sequences and introduce derived functors in general.
If you are also reading the etale cohomology note series, you should read this section before you read the
chapter on group cohomology.

1 The idea behind spectral sequences

We won’t introduce spectral sequences in general in this section as we won’t need that generality to work
with almost all of the stuff you will see. Here we will work with the category of A-modules where A is a
commutative ring. The same argument in this section carries over to all abelian categories.

The goal of this section to do introduce enough of the idea behind spectral sequences (especially how it
works) without going into the complicated constructions behind it so that people feel at ease with spectral
sequences next time they see it. As some examples and practice, we will later use idea of spectral sequences
to essentially prove results you are already familiar with (for example ”the snake lemma”). By doing these
practices, you will realize that spectral sequences is just another big abstract machine that helps you do all
the abstract computations, and there is essentially nothing too fancy about them.

After this introduction section, if you don’t want to get into the weeds of details, you can move forward
to section 3 on derived functors directly. But if you are interested in seeing how this is formally defined, you
can take a look at section 2 where we do have a formal treatment. However, you shoule always be aware
that what matters is not spectral sequence, which is just tool, what matters is how to use it.

Definition 1.1. A double complex is a collection of A-modules Ep,q with p, q P Z and rightward morphisms
dp,qÑ : Ep,q Ñ Ep`1,q and upward morphisms dp,qÒ : Ep,q Ñ Ep,q`1. In the superscript, p denotes the column
coordinate (the x-coordinate if you like to think this way) and q is used to denote the row coordinate (the
y-coordinate). This convention is the opposite of the convention for matrices. We sometimes will only write
dÑ, dÒ and omit the superscripts.

In this double complex, we require d2Ñ “ 0,d2Ò “ 0 and one more condition is that we need dÑ˝dÒ “ dÒ˝dÑ

(which is called the square commutes) or dÑ ˝ dÒ ` dÒ ˝ dÑ “ 0 (which is called the square anticommutes).
You can easily switch back and forth between the two conventions easily by replace dp,qÒ with p´1qpdp,qÒ .
You will soon find that there is no difference in these two conventions when to comes to spectral sequences,
basically because the image and kernel of the map f with be the same with that of ´f . Therefore we will
just use the ”anticommute” convention.

Definition 1.2. Given a double complex Ep,q, we can define it’s total complex E‚, which is given by
Ek “ ‘iPZE

i,k´i and differential is given by d “ dÑ ` dÒ.
You can imagine that this single complex is a direct sum of the anti-diagonal (recall that the index

convention here is the opposite of the matrices, therefore the direction of the anti-diagonal in a double
complex is the same as the direct of the diagonal in a matrix, i.e. from left-top to right-bottom.) The
morphism is indeed a differential since we know that:

pdÑ ` dÒq2 “ d2Ñ ` d2Ò ` dÑdÒ ` dÒdÑ “ 0

You see this is where the anti-commute convention helps since otherwise we have to define the differential
using index adjusting for example dp,q “ p´1qpdp,qÒ ` dp,qÑ . The anti-commute convention simplifies the
definition. This single complex E‚ is always called the total complex of the double complex Ep,q. Notice
that the arrows in this total complex goes from Ek Ñ Ek`1.
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Definition 1.3. The cohomology of the total complex is sometimes called the hypercohomology of the
double complex. But we will just call it the cohomology of the double complex.

The initial goal of spectral sequences is to compute the information of the cohomology of this double
complex. But later we will see that is also has other goals.

Definition 1.4. A spectral sequence associated to the double complex Ep,q with rightward ori-
entation is a sequence of ”table” or ”pages”:

ÑE
p,q
0 ,Ñ Ep,q

1 ,Ñ Ep,q
2 , ¨ ¨ ¨ , p, q P Z

where ÑE
p,q
0 “ Ep,q for the double complex Ep,q, along with a differential:

Ñdp,qr : Ep,q
r Ñ Ep´r`1,q`r, r P Zě0

such that Ñdp,qr ˝Ñ dp`r´1,q´r
r “ 0. Moreover, we have a prescribed isomorphism of the cohomology of Ñdr

at Ep,q
r (i.e. kerÑdp,qr {imÑdp`r´1,q´r

r ) with Ep,q
r`1.

This rightward orientation is understood as when r “ 0, Ñdp,q0 : Ep,q
0 Ñ Ep`1,q

0 which is just the dÑ

morphism Ep,q Ñ Ep`1,q in the double complex. Usually we will omit the left subscript Ñ.

Notice that if we fix r then these dp,qr only operates within the ”same page”, i.e. within Ep,q
r and it won’t

go into other pages. The direction of these morphism dp,qr is best understood by the diagram:

‚

‚

‚

‚ ‚

d3

d2

d1

d0

But pleast notice that d with different subcript r means that they are in different pages, even though it looks
like the same page in the above diagram.

Remark 1.5. Since in the definition, the spectral sequence is said to be associated to the double complex
Ep,q and indeed the 0-th page is Ep,q with the differentials dp,q0 going from Ep,q to Ep`1,q for each p, q, you
will naturally ask that are all the later pages Ep,q

r and differentials dp,qr related to the double complex as
well.

The fact is they are indeed related and in fact constructed using the information contained in the double
complex, such that all the requirements in the above definition is satisfied. We currently postpone the
construction but you should be aware of it and have the faith that all these above definition is not just
coming from no where but rather very natural.

Remark 1.6. Note that via the isomorphism between Ep,q
r and the cohomology of dp,qr´1, E

p,q
r is always a

subquotient of the object in the previous page. Recall that subquotient is transitive, therefore we know that
Ep,q

r is always a subquotient of Ep,q
0 “ Ep,q. Therefore if Ep,q “ 0, then Ep,q

r “ 0 for all r ě 0.

Now suppose that Ep,q is a first quadrant double complex, that is Ep,q “ 0 for all p, q ă 0. So
according to the previous remark, Ep,q

r “ 0 for all r unless p, q ě 0. Therefore we know that for any fixed
p, q once r gets sufficiently large dp,qr : Ep,q

r Ñ Ep´r`1,q`r and dp`r´1,q´r
r : Ep`r´1,q´r

r Ñ Ep,q
r will 0 as

their target and 0 as their source, therefore we conclude that:

Ep,q
r » Ep,q

r`1
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0

Ep,q
r

0

dp,q
r

dp`r´1,q´r
r

WE can keep going and in fact we have a sequence of isomorphisms:

Ep,q
r » Ep,q

r`1 » Ep,q
r`2 » ¨ ¨ ¨

As these objects are all isomorphic any r large enough, we will use Ep,q
8 to denote it in a very suggestive

way. We are suggesting that as r goes to 8, Ep,q
r stabilizes and becomes ”constant”. Similar situation

happens in other cases as well. For example, when the double complex Ep,q is nonzero for a finite number
of rows, or columns. This will come up later in the example of mapping cones and long exact sequence.

As explained in one of the previous remark, the spectral sequence associated with a double complex is
totally constructed using the information of the double complex. That is to say that each page Ep,q

r and the
differentials dp,qr : Ep,q

r Ñ Ep´r`1,q`r
r is constructed using the original double complex Ep,q. Though we will

not give the full description in this introduction to spectral sequences, let’s nevertheless describe how things
look like in the first few pages, just to give you a sense that everything here is very natural. This will also
help you understand the general machinery if you want to study it in full details later.

The 0-th page: As given in the definition, the 0-th page is just with objects Ep,q
0 in the double complex

Ep,q. And morphisms dp,q0 “ dp,qÑ , therefore we know that the picture looks like:

‚ ‚ ‚

‚ ‚ ‚

‚ ‚ ‚

The 1-th page: Then by our definition, the 1-th page is just the cohomology of the 0-th page, i.e. the
cohomology of the rightward differentials in the double complex. Then recall that the upward morphisms
dÑ can be though as a map of complexes (here being the horizontal objects in the double complex) with a
sign convention, therefore we know that dÒ induces vertical maps dp,q1 : Ep,q

1 Ñ Ep,q`1
1 on the cohomology of

the row cohomology groups. The picture is now:

‚ ‚ ‚

‚ ‚ ‚

‚ ‚ ‚

The 2-th page: Then we know that the 2-th page consists of the cohomology of the above vertical
complexes. And we should be able to define natural morphisms d2 from a cohomology of an entry to the
cohomology of the entry that is 2 steps upward and 1 step left to it. That is illustrated in the following
picture:

‚ ‚ ‚

‚ ‚ ‚

‚ ‚ ‚
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It’s worth while to sit down and think a little bit how to define such natural morphisms as if you look at
the next chapter, you will find that this correspond to the complicated machinery given there. For example,
let’s try to define Ep,q

2 Ñ Ep´1,q`2
2 . Notice that:

Ep,q
2 “

kerpEp,q
1 Ñ Ep,q`1q

impEp,q´1
1 Ñ Ep,q

1 q

Then we take a class rxs P Ep,q
2 , which is represented by some element in the kernel of Ep,q

1 Ñ Ep,q`1,
which is:

kerp
kerEp,q

0 Ñ Ep`1,q
0

imEp´1,q
0 Ñ Ep,q

0

dÒ
Ñ

kerEp,q`1
0 Ñ Ep`1,q`1

0

imEp´1,q`1
0 Ñ Ep,q`1

0

q

Then we know that x can be though as an element in Ep,q
0 thagt is mapped to an element in imEp´1,q`1

0 Ñ

Ep,q`1
0 , i.e. if we consider the image of x under dÒ, the image comes from some element y in Ep´1,q`1

0 . Then
notice that we will want to map rxs to some element in the following object:

Ep´1,q`2
2 “

kerpEp´1,q`2
1 Ñ Ep´1,q`3

1 q

impEp´1,q`1
1 Ñ Ep´1,q`2

1 q

Notice that kerpEp´1,q`2
1 Ñ Ep´1,q`3q is:

kerp
kerEp´1,q`2

0 Ñ Ep,q`2
0

imEp´2,q`2
0 Ñ Ep´1,q`2

0

Ñ
kerEp´1,q`3

0 Ñ Ep,q`3
0

imEp´2,q`3
0 Ñ Ep´1,q`3

0

q

This is to say that we would like to find something in Ep´1,q`2
0 such that x is mapped to naturally.

Notice that if we consider dÒx which is in Ep,q`1
0 , we know that it comes from some y in Ep´1,q`1

0 , then a

natural though is to apply dÒ again and we know that we get an element in Ep´1,q`2
0 . Therefore we will

define the image of rxs under the map Ep,q
2 Ñ Ep´1,q`2

2 will be rdÒpyqs. A diagram is drawn below to help
you understand the flow:

Ep´1,q`2
0

y P Ep´1,q`1
0 Ep,q`1

0

x P Ep,q
0

dÒ

dÑ

dÒ

Then we need to check this is well defined. First, we need to check that rdÒys is in kerEp´1,q`2
1 Ñ

Ep´1,q`3
1 . This is clear since we know that dÒdÒy “ 0. Then suppose that y, y1 both maps to x, then we

know that y ´ y1 is in the kernel of dÑ. We need to show that dÒpy ´ y1q is in impEp´1,q`1
1 Ñ Ep´1,q`2

1 q.

But notice that since y ´ y1 is in the kernel of dÑ, then it’s indeed in the image of Ep´1,q`1
1 Ñ Ep´1,q`2

1 ,

which is itself kerdÑ

¨¨¨

dÒ
Ñ kerdÑ

¨¨¨
.

I strongly recommend you do this for one time, and you will find that this argument is very similar to
what happens in the snake lemma construction or in the long exact sequence construction. This is not a
coincidence as you will see later that we can indeed compute the snake lemma and the associated LES using
the spectral sequence argument, so in some sense these results we saw before are just special cases of spectral
sequences.

Then there is a theorem that states that once we continue to construct later pages and dp,qr naturally
way, then if the double complex is first quadrant or is nonzero only on finitely many rows or columns, there
will be a filtration of the cohomology of the total complex E‚ by Ep,q

8 such that p` q “ k. Recall that there

will always be some p, q such that p ` q “ k and for all p1 ă p, Ep1,q
8 “ 0, similarly there will always be p2

such that for all p ą p2, we have Ep,q
8 “ 0. Then we know that we can always write the filtration by:
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Ep,k´p
8

Ep`1,k´1´p
8

ãÑ ?
Ep`2,k´2´p

8
ãÑ ? ¨ ¨ ¨?

Ep2,k´p2

8
ãÑ HkpE‚q

where the successive quotients are indicated above the arrow. For example, when we have a first quadrant
double complex, we have the quotient:

E0,k
8

E1,k´1
8
ãÑ ?

E2,k´2
8
ãÑ ? ¨ ¨ ¨?

Ek,0
8

ãÑ HkpE‚q

Here is a tip for you to remember why the filtration starts with E0,k
8 but not Ek,0

8 . You can always
remember that the subobjects is in the direction of the ”arrowheads” of differentials on each pages. We
know that the arrowhead goes in a direction where p keeps going smaller and q keeps getting larger. Then
the subobjects should be E0,k

8 which has a smaller p and larger q compared to Ek,0
8 . There is not a formal

reason why this works this way, but the advantage is that by remembering this way, you only have to keep
track of the arrow in the spectral sequence, not the actually index. The spectral sequence we introduced
above is just one version of it and different authors may have different preference on the index, but in the
end, only the direction of the arrows matters. So you should remember in terms of the arrows, not the
indices.

To give a term for the above filtration of H‚pE‚q, we will say that the spectral sequence E‚,‚
‚ converges

to H‚pE‚q or the spectral sequence ÑE
‚,‚
2 abuts to H‚pE‚q.

Remark 1.7. By a filtration, we can only get partial information on H‚pE‚q, even if we know all these Ep,q
8 .

However, there are still some situations where we can get full information of H‚pE‚q just by the filtration.

For example: if all Ei,k´i
8 “ 0, then we can conclude HkpE‚q is 0. Or if only one of them, say Ei,k´i

is nonzero, then we know HkpE‚q » Ei,k´i. Or if we work in the category of k-vector spaces, we can get
information about the dimension using the filtration.

Notice that one special case is that at some pages r, Ep,q
r has only one row or column that is nonzero.

We say that the spectral sequences collapses at page r in this case.

The following proposition shows you that we can also extract some useful information from the second
page:

Proposition 1.8. Suppose that we have a first quadrant double complex Ep,q, then H0pE‚q “ E0,0
8 “ E0,0

2

and the following sequence is exact:

0 Ñ E0,1
2 Ñ H1pE‚q Ñ E1,0

2

d1,0
2
Ñ E0,2

2 Ñ H2pE‚q

Proof. Notice that by the filtration we have, H0pE‚q is just E0,0
8 as we know that for p ` q “ 0, only

when p “ q “ 0 are those two numbers not simultaneously negative. Then notice that the differential on
d0,02 : E0,0

2 Ñ E´1,2
2 “ 0 and d1,´2

2 : 0 “ E1,´2
2 Ñ E0,0

2 makes E0,0
2 » E0,0

8 .
To see why this sequence is exact. First notice that E0,1

2 is also E0,1
8 for the same reason as why

E0,0
8 “ E0,0

2 . Then we know that we have the following filtration:

E0,1
8 ãÑ H1pE‚q

with cokernel E1,0
8 , this gives the exact sequence:

0 Ñ E0,1
2 Ñ H1pE‚q Ñ E1,0

8 Ñ 0

Notice that the image of d2,´2
2 : 0 “ E2,´2

2 Ñ E1,0
2 has 0 image thus kernel of E1,0

2

d1,0
2
Ñ E0,2

2 is E1,0
3 , which is

E1,0
8 . Then we have the exact sequence:

0 Ñ E0,1
2 Ñ H1pE‚q Ñ E1,0

2

d1,0
2
Ñ E0,2

2

where the map H1pE‚q Ñ E1,0
2 is given by:

H1pE‚q Ñ E1,0
8 ãÑ E1,0

2
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Finally, note we have a filtration of H2pE‚q by:

E0,2
8

E1,1
8

ãÑ ?
E2,0

8
ãÑ H2pE‚q

Notice that d0,22 : E0,2
2 Ñ E´1,4

2 “ 0, therefore we know that the cokernel of d1,02 is E0,2
3 “ E0,2

8 , therefore we
can extend the exact sequence to:

0 Ñ E0,1
2 Ñ H1pE‚q Ñ E1,0

2

d1,0
2
Ñ E0,2

2 Ñ E0,2
8

Notice that since E0,2
2 Ñ E0,2

8 is the cokernel of d1,02 , we know that the composition is 0, therefore has image
0, then we have the following exact sequence:

0 Ñ E0,1
2 Ñ H1pE‚q Ñ E1,0

2

d1,0
2
Ñ E0,2

2 Ñ H2pE‚q Ñ 0

where E0,2
2 Ñ H2pE‚q is defined to be:

E0,2
2 Ñ E0,2

8 Ñ H2pE‚q

Therefore the kernel of E0,2
2 Ñ H2pE‚q is the kernel of E0,2

2 Ñ E0,2
8 , thus is indeed exact.

You may have found that what we discussed above could all be done in the opposite direction, i.e. with
the role of rows and columns reversed. Then we will get spectral sequences that looks like the following
picture:

‚

‚ ‚

‚

‚

d0

d1

d2

d3

Here we will require the 0-th page to be again Ep,q, i.e. the double complex we started with. We also
require the differentials in the 0-th page to be dÒ of the double complex Ep,q. This is called a spectral
sequence with upward orientation. We would again get pieces of filtration of H‚pE‚q, with the order of
the filtration given by the direction of the arrow as explained above.

Remark 1.9. In fact this observation that we can get a filtration of H‚pE‚q is our secret goal. No matter
we start with the horizontal differentials, or the vertical differential, we can compute the information about
H‚pE‚q. Sometimes we will care about the information that is produced in one way, but we will often get
it by doing the spectral sequence in another way!

Now we are ready to see some examples and see why this complicated algorithm is useful.

Example 1.10. Consider the following diagram:

0 D E F 0

0 A B C 0

α β γ

where both rows are exact, then we want to show that there is an exact sequence:

0 Ñ kerα Ñ kerβ Ñ kerγ Ñ cokerα Ñ cokerβ Ñ cokerγ Ñ 0

You probably have almost definitely seen this before, but here we want to use the spectral sequence machinery
to get the result.
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First, notice that by appending 0’s, we can get a complex that is only in the first quadrant. Then we
first compute the spectral sequence in the rightward orientation. However, we notice that since the rows are
exact, then the cohomology are all 0! Therefore Ep,q

8 “ 0 for all p, q. Then we will compute this 0 in the
upward orientation.

Notice that in the upward orientation the first page is:

0 cokerα cokerβ cokerγ 0

0 kerα kerβ kerγ 0

Then what is the 2-th page, it looks like the following:

0 0

0 ?? ? ? 0

0 ? ? ?? 0

0 0

We use the ? and ?? to indicate the cohomology of the 1-th page which we don’t really care. Then we
find that all the ? already stabilizes in the 2-page, therefore all the ? are 0 since we know that in the end
the cohomology of the double complex will be 0, by the result we computed in the rightward orientation.
We know that all ÒE

p,q
8 should also all vanish. Moreover, we know that the ?? will stabilize on the 3-page,

therefore the cohomology will be 0, thus ?? Ñ?? will be an isomorphism, therefore we have the following
sequence:

0 Ñ kerα Ñ kerβ Ñ kerγ Ñ cokerpkerβ Ñ kerγq » kerpcokerα Ñ cokerβq Ñ cokerα Ñ cokerβ Ñ cokerγ Ñ 0

This gives us the desired exact sequence. Therefore, we find that the spectral sequence helps us do all the
computations we used to do, for example, lifting and checking it’s well-defined. Now we only need to apply
the spectral sequence machinery and we automatically get the result.

One interesting aspect of getting this result using spectral sequences is that the spectral sequence machine
already tells you how to modify the result, for example when A Ñ B is not injective, or when E Ñ F is not
surjective. For example:

Example 1.11. Suppose we have a diagram:

0 X 1 Y 1 Z 1 W 1 ¨ ¨ ¨

¨ ¨ ¨ W X Y Z 0

α β γ

where the two rows are exact, that is we don’t necessarily know that if X Ñ Y is injective and Y 1 Ñ Z 1 is
surjective. We will see that we again have an exact sequence:

¨ ¨ ¨ W kerα kerβ kerγ

cokerα cokerβ cokerγ W 1 ¨ ¨ ¨

We again append 0’s to make a double complex and then we compute the spectral sequence in the rightward
orientation. Notice that since the row are exact, then we again get all the Ep,q

8 “ 0 and the cohomology of
the double complex is also 0.
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Then we compute in the upward orientation, here we again have the 1-th page:

0 cokerα cokerβ cokerγ W 1 0

¨ ¨ ¨ W kerα kerβ kerγ 0

Notice that the 2-th page looks like:

0 0

0 ?? ? ? ?

? ? ? ?? 0

0 0

Again we know that all the ? stabilizes in the second page, thus they are all 0. Then ?? stabilizes on the 3-th
page, therefore we know that everything is the same as in the previous exercise and we indeed get the above
exact sequence we want. The only difference is that in the case where W “ W 1 “ 0, the map kerα Ñ kerβ
is injective and cokerβ Ñ cokerγ is surjective. But now due to the obstruction of W,W 1, they are not right
now. But besides this nothing changes.

Remark 1.12. You probably will notice that in the above example, the squares don’t anticommute but
commute. As what we explained above, aside the differentials in the total complex changes, nothing really
changes in the spectral sequences machinery and everything works just like in the anti-commute case.

Example 1.13. This example is about the five lemma you also probably have proved before using elementary
methods. Suppose that we have the following diagram:

F G H I J

A B C D E

α β γ δ ϵ

We require the rows to be exact and the squares to commute. Suppose that α, β, δ, ϵ are isomorphism, then
the claim is that γ is also an isomorphism.

To show this, let’s again first get a double complex by appending 0’s. Then we compute the spectral
sequence in the rightward direction. We know that the 1-th page is:

? 0 0 0 ?

? 0 0 0 ?

Then in the 2-th page, we notice that there besides the arrows that are between 0’s, we know that the arrows
that start from ? or end in ? has the other end a 0. Therefore we know that the spectral sequences in the
second pages. We can not conclude all the cohomology of the double complex vanishes, but what we can is
that the cohomology in the degree that contains C and H vanish.

Then we do the computation in the upward orientation. Notice that the 1-th page is:

0 0 ? 0 0

0 0 ? 0 0

Then we know that the sequence already stabilizes in the 1-page, then we know that the two ? must be the
cohomology of the double complex, thus must be 0. But notice that the two ? are the cokernel and kernel,
therefore γ is indeed an isomorphism.
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Let’s do a few more exercises to get more confidence in the fact that spectral sequence argument is not
as obscure you might though.

Example 1.14. Let’s do another version of the five lemma. In fact in order to conclude that γ is an
isomorphism, we don’t need all α, β, δ, ϵ to be isomorphism.

Notice that as long as we still require the row to be exact, the result of the computation done in the
rightward orientation will be the same. Then we notice that as long as we assume that α is surjective and ϵ
is injective, then again the spectral sequence stabilizes in the 1-th page and we get:

0 0 ? 0 ?

? 0 ? 0 0

Then the same argument as the above shows the desired result.

Remark 1.15. The key in the above argument is that it should stabilizes at the 1-page. Notice that if we
instead get the following 1-page, then the spectral sequence doesn’t stabilize in the 1-th page:

? 0 ? 0 0

0 0 ? 0 ?

Then reason is that even though if you compute the 2-th page, you get the same object as in the 1-page, the
differentials in the 2-page is:

? 0 ? 0 0

0 0 ? 0 ?

Therefore there are still nontrivial stuff happening between the nonzero objects, therefore we get that 3-th
page looks different, therefore it stabilizes at 3-th page, instead at 1-th page.

Example 1.16. Here is another subtle version of the five lemma. Again we consider the diagram in the
usual five lemma with rows exact, then I claim that if β, δ are injective, α is surjective, then γ is injective.
Dually, if β, δ are surjective and ϵ is injective, then γ is surjective.

Let’s first prove the first result, since we didn’t assume anything about ϵ, then we can just delete the last
vertical column and we know that the rightward computation becomes:

? 0 0 ?

? 0 0 ?

Then we know that the spectral sequence again stabilizes at 1-th page and then we know even though we can
not conclude all cohomology of the double complex is 0, we know that the degree that contains the source
of γ is 0.

Then we can do the computation in the upward direction, which gives you:

0 ? ? ?

? 0 ? 0

Notice that this doesn’t stabilizes at the 1-th page, but obviously it stabilize in the 2-page. Then we know

9



that in the second page, we get the fact that in 2-th page:

0

0 ? ? ?

? 0 ? 0

0

Then we know that The fact that it should stabilize at 2-page and the fact that the limit at the second ?
on the second row is 0 tells you that ? “ 0. But notice that ? on the 2-page is the same as the one on the
1-page, which is the kernel of γ, we are done.

The dual statement is proved similarly.

The following two examples doesn’t involve first quadrant double complexes anymore, but as what you
will see in doing them, nothing is essentially different.

Example 1.17. Let µ : A‚ Ñ B‚ be a morphism of complexes, then let C‚ be the total complex of this
double complex (still by appending 0’s). This is called the mapping cone of the morphism of complex µ.
If you have seen the definition of a mapping cone before, you will notice that here we re indeed using the
sign convention to make sure that the total complex is indeed a complex. Then I claim that we will have a
long exact sequence:

¨ ¨ ¨ Ñ Hi´1pC‚q Ñ HipA‚q Ñ HipB‚q Ñ HipC‚q Ñ Hi`1pA‚q Ñ ¨ ¨ ¨

Let’s first be clear that the i-th degree of the mapping cone will be Ai`1 ‘Bi, then notice that µ induces
HipA‚q Ñ HipB‚q for all i.

Then let’s compute the spectral sequence of this double complex µ : A‚ Ñ B‚ in the rightward direction:

¨ ¨ ¨ Hi´1pB‚q HipB‚q Hi`1pA‚q ¨ ¨ ¨

¨ ¨ ¨ Hi´1pA‚q HipA‚q Hi`1pA‚q ¨ ¨ ¨

In order to make our indexing more convenient, let’s assume that the row of A‚ is the ´1-th row and the
row of B‚ is the 0-th row, and we will call the double complex Ep,q for example A0 “ E´1,0, B1 “ E0,1.

Then we know that HipC‚q will have filtration:

Ei,0
8

Ei`1,´1
8
ãÑ HipC‚q

That is we have an exact sequence:

0 Ñ Ei,0
8 Ñ HipC‚q Ñ Ei`1,´1

8 Ñ 0

Notice that if you compute what is Ei`1,´1
8 , we get it’s the kernel of Hi`1pA‚q Ñ Hi`1pB‚q and Ei,0

8 is the
cokernel of HipA‚q Ñ HipB‚q. Then if we define: HipC‚q Ñ Hi`1pA‚q by

HipC‚q Ñ Ei`1,´1
8 ãÑ Hi`1pA‚q

and we define HipB‚q Ñ HipC‚q to be

HipB‚q Ñ Ei,0 ãÑ HipC‚q

In this way, we get a long sequence:

¨ ¨ ¨ Ñ Hi´1pC‚q Ñ HipA‚q Ñ HipB‚q Ñ HipC‚q Ñ Hi`1pA‚q Ñ ¨ ¨ ¨

and we only need to show it’s exact. I will let you do this last step.
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Remark 1.18. As a corollary, we can prove that µ induces an isomorphism on each cohomology iff the
mapping cone is exact!

Example 1.19. As the last example, let’s prove the classical result: suppose that 0 Ñ A‚ Ñ B‚ Ñ C‚ Ñ 9
is a SES of complexes, then cohomology induces a LES:

¨ ¨ ¨ Ñ Hi´1pC‚q Ñ HipA‚q Ñ HipB‚q Ñ HipC‚q Ñ Hi`1pA‚q Ñ ¨ ¨ ¨

Let’s compute the complex first in the upward orientation. We know that since the morphism of complexes
are exact, we know that the first page is already all 0, therefore we know that the cohomology of the double
complexes vanishes at each degree. Then we compute the spectral sequence in the rightward direction, we
know that the 1-th page is:

¨ ¨ ¨ Hi´1pC‚q HipC‚q Hi`1pC‚q . . .

¨ ¨ ¨ Hi´1pB‚q HipB‚q Hi`1pB‚q ¨ ¨ ¨

¨ ¨ ¨ Hi´1pA‚q HipA‚q Hi`1pA‚q ¨ ¨ ¨

We know that obviously this stabilizes in the 3-page and if you look at the 2-th page, there will be morphism
of the form:

kerpHipA‚q Ñ HipB‚qq Ñ cokerpHi´1pB‚q Ñ Hi´1pC‚qq

Notice that since the cohomology of the total complex vanishes, this morphism musty be an isomorphism,
therefore we conclude that we have the following morphism:

Hi´1pC‚q Ñ cokerpHi´1pB‚q Ñ Hi´1pC‚qq » kerpHipA‚q Ñ HipB‚qq ãÑ HipA‚q

This will be the connecting morphism we use. Then we will need to prove that this long sequence is indeed
exact. It’s easy to show that this sequence is exact at H‚pA‚q by the definition of Hi´1pC‚q Ñ HipA‚q.
Similarly it’s easy to prove it’s exact at H‚pC‚q. Finally to prove that it’s exact at H‚pB‚q, we consider the
2-page of the spectral sequence and we find that we have a sequence:

0 Ñ
kerpHipB‚q Ñ HipC‚qq

impHipA‚q Ñ HipB‚qq
Ñ 0

Recall that the sequence stabilizes on the 3-th page, therefore we know that kerpHi
pB‚

qÑHi
pC‚

qq

impHipA‚qÑHipB‚qq
“ 0, that is

the sequence is exact at H‚pB‚q.

Remark 1.20. Recall that the connecting homomorphism given above should be ”natural”, in the sense
that if we have a map of SES between 0 Ñ A‚ Ñ B‚ Ñ C‚ Ñ 0 and 0 Ñ D‚ Ñ E‚ Ñ F ‚ Ñ 0, then
this induces a map between the two associated LES, then the connecting homomorphisms should make this
diagram commute.

Actually the above argument helps us show this result, consider the following diagram:

Hi´1pC‚q cokerpHi´1pB‚q Ñ Hi´1pC‚qq kerpHipA‚q Ñ HipB‚qq HipA‚q

Hi´1pF ‚q cokerpHi´1pE‚q Ñ Hi´1pF ‚qq kerpHipD‚q Ñ HipE‚qq HipD‚q

»

»

It’s easy to see that the first square and the last sqaure commute, then if the middle square commute, we are
done. Recall that the isomorphism is the map on the 2-th page, therefore we have given a clear definition of
what this map should be, I will let you check that this indeed commutes, which should not be hard to check.
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The above examples should make you familiar enough with how to work with spectral sequences. And you
can directly go to section 3 and further sections to see more examples of spectral sequences. For example,
the Grothendieck composition of functors spectral sequence, which will be very important and has a lot
variants.

However, we still didn’t prove anything about why spectral sequences works like what we have discussed,
mainly because we didn’t even give you the construction recipe of the pages Ep,q

r and dp,qr . Moreover, though
spectral sequence associated to double complexes is the most common spectral sequence we see, there is
indeed a more general way to define spectral sequences using filtration. We include all these discussion in
the following section. Nevertheless, I don’t recommend you read the next section right after you finished
this section, you should definitely first for example, read about the Grothendieck composition of functors
spectral sequence and have some practice before you spend sometime reading the formalisms and figure out
there is really nothing fancy.

2 The Tor functors

Before we introduce the derived functors, we begin with a warm-up example, i.e. the Tor functor. This will
be a useful tool to prove facts about flatness and here Tor is short for torsion.

The ideal behind Tor is simple, recall that M bA ´ is a right exact functor, the fact that it’s not exact
on the left is annoying and we want to do something to fix it. The thing we hope for is that if we have the
following SES:

0 Ñ N 1 Ñ N Ñ N2 Ñ 0

We hope that after we apply the tensor functor M bA ´, the sequence we get:

M bA N
1 Ñ M bA N Ñ M bA N

2 Ñ 0

can be the end of a LES, i.e. we hope to extend this to the following exact sequence:

¨ ¨ ¨ Ñ TorAi pM,N 1q Ñ TorAi pM,Nq Ñ TorAi pM,N2q Ñ ¨ ¨ ¨

Ñ TorA1 pM,N 1q Ñ TorA1 pM,Nq Ñ TorA1 pM,N2q

Ñ M bA N
1 Ñ M bA N Ñ M bA N

2 Ñ 0

Here for a fixed i, we hope that morphisms in TorAi pM,N 1q Ñ TorAi pM,Nq Ñ TorAi pM,N2q are induced
by the morphisms in the SES. And we need to have natural connecting morphisms:

δ : TorAi`1pM,N2q Ñ TorAi pM,N 1q

So to make the above idea precise, we want to have covariant functors ToripM,´q for each i with
Tor0pM,´q “ M bA ´ and the natural connected homomorphisms δ such that for every SES, we get a LES
like above. Here δ being ”natural” means that if we have a map of SES, then we get two LES and the map
of the SES induces a map between the two LES, then we require that the square involving the connecting
morphism δ should commute. (Other squares automatically commute from the fact that ToripM,´q is a
functor).

Turns out it’s not hard to make this work, which will motivate the construction for all derived functors.
Recall that given any A-module N , we have a free resulotion R:

¨ ¨ ¨ Ñ A‘n2 Ñ A‘n1 Ñ A‘n0 Ñ N Ñ 0

Here notice that we don’t need ni to be finite. Let’s truncate this resolution by taking away the last term
N , i.e. we consider:

¨ ¨ ¨ Ñ A‘n2 Ñ A‘n1 Ñ A‘n0 Ñ 0

Then we apply MbA and we get a complex with terms M‘ni as tensor commutes with direct sums.
Then we will let TorAi pM,NqR be the homology at the i-th stage for all i ě 0. At this point, we are not
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sure if this indeed is well-defined (since it seems that we are choosing a resolution R) and if it’s well-defined,
does it really define a functor. And most importantly, why does it assembles to a LES for any given SES.

Let’s make some quick observations:

1. We notice that we have a canonical isomorphism:

TorA0 pM,NqR » M bA N

This is because tensor is right exact, therefore we have an exact sequence:

M‘n1 Ñ M‘n0 Ñ M bA N Ñ 0

Then we have a canonical isomorphism induced by M‘n0 Ñ M bA N :

M‘n0

impM‘n1 Ñ M‘n0q
» M bA N

Then we notice that the homology of the complex ¨ ¨ ¨ Ñ M‘n1 Ñ M‘n0 Ñ 0, we know that the 0-th

homology is just M‘n0

impM‘n1ÑM‘n0 q
.

2. If M bA ´ is exact, i.e. when M is exact, then we know that TorAi pM,NqR is 0 for all i ą 0.

Then suppose that we are given a morphism of A-modules N Ñ N 1, and we choose free resolutions R,R1

for both objects, we get:

¨ ¨ ¨ A‘n2 A‘n1 A‘n0 N

¨ ¨ ¨ A‘n1
2 A‘n1

1 A‘n1
0 N 1

On important observation is that we can always lift the map N Ñ N 1 to A‘ni Ñ A‘n1
i such that we get

a commutative diagram:

¨ ¨ ¨ A‘n2 A‘n1 A‘n0 N

¨ ¨ ¨ A‘n1
2 A‘n1

1 A‘n1
0 N 1

To see why, we do it inductively for i. First I will let you see that since A‘n0 is free, then it’s easy to
define a map A‘n0 Ñ A‘n1

0 such that the first square commutes. Then suppose that we have already defined
the maps for i´ 1, then consider A‘ni , we need to lift the map b : A‘ni Ñ A‘ni´1 Ñ A‘n1

i´1 . We can again
arbitrarily lift and conclude we are done using freeness. (Here do you see why there is always a lift? Once
we know that there is a lift, we can use axiom of choice.)

Let’s call this lift by R Ñ R1. Now again, truncate both complexes of the term N,N 1 and then apply
M bA ´, we get a map of complexes which induces maps on homology, therefore we have:

TorAi pM,NqR Ñ TorAi pM,N 1qR1

Now obviously that this map has something to do with the choice of the lift. Therefore, in order to make
this canonical, we have to prove that this is not dependent on the choice of the lifting. Recall that any two
maps of complexes f, f 1 : C‚ Ñ C 1

‚ induce the same map on homology if they are homotopic, i.e. there are
sequence of maps w : Ci Ñ C 1

i`1 such that f ´ f 1 “ dw ` wd.
Then one observation is that any two such liftings will be homotopic. To see why, we need to define

w : A‘ni Ñ A‘n1
i`1 . Let’s first define it for A‘n0 Ñ A‘n1

1 . Notice that since both A‘n0 Ñ A‘n1
0 are liftings,

we know that after we compose with A‘n1
0 Ñ N 1, their difference is 0, therefore we know that the difference

of the image in A‘n1
0 will be in the kernel of A‘n1

0 Ñ N 1, therefore comes from something in A‘n1
1 . Then

we will define ei P A‘n0 to be mapped to an arbitrary lifting of it’s image in A‘n1
0 in A‘n1

1 . Then we will
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do induction. Suppose that we have defined for A‘ni´1 Ñ A‘n1
i . The following is a diagram that helps you

understand how this induction works and I wil let you figure it out:

‚ ‚ ‚

‚ ‚ ‚ ‚

f ´ g ´ wdpxq dpf ´ g ´ wdpxqq

d

?
f g

w f g

(We want f ´ g ´wdpxq to be in the kernel of d, thus we can use eaxctness to find the lift, so you apply
d to f ´ g ´ wdpxq, then you should check why it’s 0.)

Now let’s make all our observations together:

1. We know that once we choose resolutions R,R1 for N,N 1, then we get a unique map TorAi pM,NqR Ñ

TorAi pM,N 1q independent of lifts R Ñ R1.

2. Therefore if we have two resolutions R1,R2 forN , we get a canonical isomorphism between T A
i pM,NqR1

and T A
i pM,NqR1

obtained by lifting IdN : N Ñ N .

So how do we define the functor TorAi pM,´q? We choose a free resolution RN of N for each N , and
we use it to define TorAi pM,´q. For the temporary notation, we will call this TorAi pM,´qtRNu. Then for
different choices of tRNu, we get different T functors. However, the above discussions shows that we have
the following diagram for all N Ñ N 1:

TorAi pM,NqtRNu TorAi pM,N 1qtRNu

TorAi pM,NqtR1
Nu TorAi pM,N 1qtR1

Nu

» »

Notice that the maps in the diagram are uniquely defined and are canonical, and the diagram indeed
commute. I will let you see why, but this implies that we have canonical isomorphism of functors for
TorAi pM,´qtRNu and TorAi pM,´qtR1

Nu, so there is no reason to distinguish them. Then we will use TorAi pM,´q

to just mean that the Tor functor defined by an arbitrary collection of resolutions tRNu. This will be our
definition.

Remark 2.1. If N is itself free, we have a resolution 0 Ñ N Ñ N Ñ 0, this implies that TorAi pM,Nq “ 0
for i ą 0.

Now let’s think about why TorAi pM,´q gives LES for any SES:

Proposition 2.2. For any short exact sequence 0 Ñ N 1 Ñ N Ñ N2 Ñ 0 as above, we get a long exact
sequence for Tor as above.

Proof. Let’s choose resolutions of N 1, N2, it looks like:

0

¨ ¨ ¨ A‘n1
1 A‘n1

0 N 1 0

N 0

¨ ¨ ¨ A‘n2
1 A‘n2

0 N2 0

0
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I claim that we can use the two resolutions, we can get a resolution of N and a diagram like the one below:

0 0 0

¨ ¨ ¨ A‘n1
1 A‘n1

0 N 1 0

¨ ¨ ¨ A‘n1
1`n2

1 A‘n1
0`n2

0 N 0

¨ ¨ ¨ A‘n2
1 A‘n2

0 N2 0

0 0 0

such that each vertical column is exact. Clearly, we can define the vertical maps to be the inclusion and
projection, which indeed makes it exact. To figure out the horizontal map, I define:

A‘pn1
i`1`n2

i`1q Ñ A‘pn1
i`n2

i q

to be the map defined by A‘n2
i`1 Ñ A‘n1

i Ñ A‘pn1
i`n2

i q, and a lift of A‘n2
i`1 Ñ A‘n2

i to A‘pn1
i`n2

i q such that
the middle row is a complex.

Let’s see why it’s possible to choose such a lift. Notice that we can define the component A‘n1
i`1 in

A‘pn1
i`1`n2

i`1q to be mapped to 0. Then we only need to consider A‘n2
i`1 . Then notice that since the map

A‘pn1
i`n2

i q Ñ A‘n2
i is surjective, then it’s possible to choose a lift due to freeness.

Then we know that automatically the row in the middle is exact since we know that if we have a SES
of complexes, cohomology gives a LES. Since the first row and last row are exact, then the cohomology of
the middle row automatically vanishes, we are done. Therefore the middle row is also a resolution. It may
be helpful to notice that the ”matrix” for the maps in the middle row is an upper triangular one. This
procedure is often called the horseshoe construction as the picture of it seems like we are trying to fill in
a horseshoe.

Then remove the rightmost column tensor with M , notice that the vertical direction remains exact since
tensor commutes with direct sums, therefore we can apply the associated LES for cohomology to get the
desired LES of Tor.

Proposition 2.3. The following conditions are equivalent:

1. M is flat.

2. TorAi pM,Nq “ 0 for all i ą 0 and all A-modules N .

3. TorA1 pM,Nq “ 0 for all A-modules N .

Proof. We already saw 1 ñ 2 and clearly 2 ñ 3. Moreover, the associated LES tells us that 2 ñ 1. Then
we only need to show that 3 ñ 1.

Notice that if TorA1 pM,Nq “ 0 for all N , then for any SES, the LES tells that M bA ´ is exact since
TorA1 pM,Nq “ 0.

Remark 2.4. Recall that a free module is flat, then if we know that the Tor functor is symmetric, i.e.:

TorAi pM,Nq » TorAi pN,Mq

then the above proposition implies the observation we had before about if N if free then TorAi pM,Nq vanishes
for all i ă 0 and all M . We will prove this symmetry later.
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There is one last issue we need to solve before we can confidently say that we are done with the con-
struction of Tor. Notice that in the LES, even though we know that maps TorAi pM,N 1q Ñ TorAi pM,Nq Ñ

TorAi pM,N2q are defined uniquely. We don’t know if δ, the connecting homomorphism is independent of
choice of resolutions. But it turns out that the connecting homomorphism is also independent of the choice.
Let’s first be clear about what we mean by this independent of choices of resolutions. Notice that to be
fair, if we use different resolutions, we indeed get different Tor, it’s just that they are canonically isomor-
phic, therefore by the connecting homomorphism is independent of resolutions, we actually mean that the
connecting homomorphisms commute with the canonical isomorphisms between different definitions of Tor
functors.

Let’s prove it now, suppose that we have two set of resolutions of N 1, N2, then we can build the horseshoe-
like figure twice, say one on the top of another. Imagine we first lift the identity N 1 Ñ N 1 to a map of
complexes. Then we can also lift N2 Ñ N2 similarly. We want to ask is that a lifting of N Ñ N such that
the diagram commutes. Recall that the resolution of N is a direct sum of the resolution of N 1 and N2 with
upper triangular differentials, then we can define the lift component-wise and I will let you check that it
commutes. That is to say we have the following map of complexes

0

pN 1q‚
2 0

N‚
2 pN 1q‚

1

pN2q‚
2 N‚

1

0 pN2q‚
1

0

where the subscript is implying that the resolutions are different. Then we consider the two LES induced
by taking cohomology, we have a commutative diagram by the naturality of the connecting homomorphism:

¨ ¨ ¨ TorAi´1pM,N2q TorAi pM,N 1q TorAi pM,Nq TorAi pM,N2q TorAi`1pM,N 1q ¨ ¨ ¨

¨ ¨ ¨ TorAi´1pM,N2q TorAi pM,N 1q TorAi pM,Nq TorAi pM,N2q TorAi`1pM,N 1q ¨ ¨ ¨

δ1 δ1

δ2 δ2

Therefore we are done.
Using similar method, you can also show that if you have a map of SES, you get an induced map between

the two induced LES. I will let you see why this holds.

3 Derived functors in general

This example of the functor Tor is just a special case for derived functors. We will introduce the general
machinery in this section. The part of (universal) δ functors will be useful in the proof of Serre duality. (If
you also are reading the etale cohomology note series, this notion is also used in several places there, for
example when we discuss group cohomology.)

Notice that if you go over all the proof in the previous section again, you find that the only property
we used is the lifting property. There are a class of objects that have these kind of lifting property, i.e. the
projective modules. Recall that P is projective if given any map P Ñ N and any surjective mapM Ñ N ,
it’s possible to lift M Ñ N to P Ñ M . Equivalently, this is saying that HompP.´q is exact. More generally,
this gives the definition of a projective object in an abelian category.

It’s clear that if P is projective, then given any SES 0r Ñ Q Ñ R Ñ P Ñ 0, then it splits. (we have
a section P Ñ R.) Therefore we know that P is a direct sum of a free module. Moreover if any SES
0r Ñ Q Ñ R Ñ P Ñ 0, then we know that P is also a direct summand of a free module, say P ‘Q is free,
then you can prove that P has the lifting property since P ‘Q has the lifting property, thus P is projective.
Therefore P is projective iff P is a direct summand of a free module.
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Proposition 3.1. Projective modules are flat.

Proof. Say P ‘ Q is free, then since tensor with free modules is exact, it implies each component, i.e.
tensoring with both P and Q are exact.

In general, if F is a right exact functor from the category of A-modules to any abelian category, we
can redo all the constructions of the previous section and get a sequence of functors LiF with L0F “ F
canonically and LiF give LES to each SES with natural connecting homomorphisms (naturality not in the
category of A-modules can not be justified by the remark in the previous section, we have to use the general
functoriality of spectral sequences mentioned in the formalisms of spectral sequences). In fact if an abelian
category A has enough projective objects, i.e. for any object N , there is a surjection from a projective object
to N . We can again apply the construction of the previous section for any right exact covariant functor F
from A to any other abelian category. What we get will be called the left-derived functors of F , denoted
by LiF with L0F “ F canonically. (You can check that even if the argument that two liftings are homotopic
are again completed only using the lifting properties.)

Remark 3.2. We can also define an injective object in an abelian category. We say that an object I is
injective, iff for any injective map N Ñ M and any morphism N Ñ I, we have a lifting M Ñ I. This is
equivalent to the fact that the contravariant functor Homp´, Iq is exact. (Recall that without any assumption
on I, this functor is only right exact, i.e. turns right exact sequences into left exact sequences) The diagrams
for projective and injectives objects are the following:

P I

M N M N

Since this is the dual notion of the projective object, again defined by the lifting property. You can check
that essentially by the same idea, if you have a covariant left exact functor F and the category has enough
injectives, you can define the right derived functor of F to be first embedding the object in an injective
resolution and apply the functor and then take the cohomology. You can prove that this is independent of
the resolution and it gives LES to SES essentially in the same way.

These are for covariant functors. Similarly, we can use the same definition for contravariant functors.
For example, if F is a contravariant right exact functor, to define F pNq, we give a projective resolution of
N , truncate N , apply F , take cohomology, we are done. If F is a contravariant left exact functor, to define
F pNq, we embed N into a injective resolution, truncate N , apply F , we are done. Notice that whether we
choose an injective or projective resolution depends on our goal to have a canonical isomorphism L0F “ F
or R0F “ F . You find that as long as the functor is right exact, no matter it’s covariant or contravariant, we
will use projective resolution. Similarly, if the functor is left exact, no matter if it’s covariant or contravariant,
we will use injective resolution.

For the notation we use, for a right exact functor F , we will use LiF to denote the left derived functors.
Here the subscript is used to indicate the fact that in the projective resolution, the index is descending. For
a left exact functor, we will use RiF to denote the right derived functors, here the superscript is used to
indicate the fact that the index in the injective resolution is ascending.

Example 3.3. Recall that Homp´, Nq is a right exact contravariant functor, then we can define it’s right
derived functor. We will use ExtiApM,Nq as the i-th right derived functor of Homp´, Nq applied to M .

Suppose that we have a SES:
0 Ñ M 1 Ñ M Ñ M2 Ñ 0

we get an induced LES:

0 Ñ HompM2, Nq Ñ HompM,Nq Ñ HompM 1, Nq Ñ Ext1ApM2, Nq Ñ Ext1ApM,Nq Ñ Ext1ApM 1, Nq Ñ Ext2ApM2, Nq Ñ ¨ ¨ ¨

Recall that for any commutative ring A, the category of A-modules has enough injectives, therefore we
can also define the following:
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Example 3.4. Let M be an A-module, then we know that HompM,´q is a covariant left exact functor,
then we can define the right derived.

We will define ExtiApM,Nq to be the i-th derived functor of HompM,´q applied to N . If we have a SES:

0 Ñ N 1 Ñ N Ñ N2 Ñ 0

we will have a LES:

0 Ñ HompM,N 1q Ñ HompM,Nq Ñ HompM,N2q Ñ Ext1ApM,N 1q Ñ Ext1ApM,Nq Ñ Ext1ApM,N2q Ñ Ext2ApM,N 1q Ñ ¨ ¨ ¨

Remark 3.5. You will naturally have the question that since we define ExtiApM,Nq twice. How do we
know that these two definitions agree. We will answer this sort of questions in the next section using
spectral sequences.

Moreover, you will see in the next sections that the two LES we get here is better than any single one of
them.

Proposition 3.6. If A is a Noetherian ring and M,N are finitely generated, then ExtiApM,Nq is finitely
generated for all i.

Proof. Let’s use the definition, where we compute the Ext-groups using the projective resolution. Notice
that then we are computing the derived functor of Homp´, Nq, which is right exact. Then since we know
that M is finitely generated and A is Noetherian, we know that each term in the resolution can be chosen
to be finitely generated. Then we know that after we apply Homp´, Nq, we know that each term looks like
HompX,Nq where X,N are finitely generated. Notice that we have a exact sequence:

Rm Ñ Rn Ñ X Ñ 0

Then apply Homp´, Nq, we get another exact sequence:

0 Ñ HompX,Nq ãÑ HompRn, Nq Ñ HompRm, Nq

Therefore we only need to prove HompR,Nq » N is finitely generated, which is by assumption..

We will use the Ext functor for sheaves later when we prove Serre duality.
You probably can tell from the way we introduce derived functors that we don’t want to involve all the

abelian category stuff to make the treatment too technical (though in essence, it’s not different from the
case in A-modules, just more teadious). Though we try to make the treatment as simple as possible, we still
want to introduce (universal) δ-functors, as this will be quite useful in proving results for derived functors.
This is useful also in our treatment of Serre duality later.

These so called (universal) δ functor, down to earth, is just a more general variant of derived functors.
The advantage of the notion is that we can apply it even if the category doesn’t have enough injectives.

Definition 3.7. A cohomological δ functor, from an abelian category A to another abelian category B is a
collection of additive functors T i : A Ñ B for all i ě 0 (if i “ 0, we think of T i “ 0), along with morphisms
δi : T ipA2q Ñ T i`1pAq for each SES in A:

0 Ñ A1 Ñ A Ñ A2 Ñ 0

such that:

1. For each SES like above, we have a LES:

¨ ¨ ¨ Ñ T i´1pA2q
δi´1

Ñ T ipA1q Ñ T ipAq Ñ T ipA2q
δi
Ñ T i`1pA1q Ñ ¨ ¨ ¨

In particular, T 0 is left exact.
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2. For each morphism of SES in A:

0 a1 a a2 0

0 A1 A A2 0

δi makes the following diagram commute:

T ipa2q T i`1pa1q

T ipA2q T i`1pA1q

δi

δi

Notice that the the connecting homomorphism in cohomology is natural, then we know that right derived
functor of a left exact functor is an example of a cohomological δ-functor. If you recall what we did for the
Cech cohomology for quasicoherent sheaves on a qcqs scheme, it’s another example of a cohomological δ
functor.

Remark 3.8. We also have homological δ-functors. It’s again defined to be a sequence of functors T i for
i ě 0 and T i “ 0 for i ă 0 along with connecting homomorphisms for each SES. Such that for each SES, we
have a LES in the opposite direction of the cohomological δ functors. In particular T 0 is right exact. The
connecting homomorphisms should also be compatible with maps of SES.

All the above definitions are for covariant functors, we can also have the definition for contravariant δ
functors. If you need to use the definition, you can define it yourself.

We can also define morphisms of δ functors. For example, let’s do it for covariant cohomological δ
functors. Suppose T i, Si are two collections of cohomological δ functors from A to B. Then of course a
morphism is first a collection of morphisms of functors T i Ñ Si. However, these morphisms of functors
should be compatible with the connecting morphisms, i.e. for a SES 0 Ñ A1 Ñ A Ñ A2 Ñ 0, we need to
have the following diagram commute for all i:

T ipA2q T i`1pA1q

SipA2q Si`1pA1q

δiT

δiT

Here the subscript of δi indicates which cohomological δ it belongs to. Then you can check that coho-
mological δ-functors forms a category. You can also define it for homological δ functors and etc.

Definition 3.9. A (cohomological) δ functor pT i, δiq is said to be universal if for any other cohomological δ
functor pT 1i, δ1iq and any natural transformation α : T 0 Ñ T 10, there is a unique morphism of cohomological
δ functors extending α.

Suppose F is a covariant left exact functor from A to B. I claim that there is at most 1 universal
cohomological δ functor extending F up to isomorphism (i.e. with an isomorphism T 0 » F ). This is because
if we have two universal cohomological δ functors pT i, δiq and pT 1i, δ1iq such that there is an isomorphsim of
functors between T 0 and T 10, then there is a unique morphism of δ functors from pT i, δiq to pT 1i, δ1iq and
universal property nonsense tells us this is an isomorphism. The key fact about universal cohomological
functors is the following theorem:

Theorem 3.10. Suppose that pT i, δiq is a covariant cohomological δ-functor from A to B. If for all A P A,
there is a monomorphism A Ñ J with T iJ “ 0 for all i ą 0, then pT i, δiq is universal.

This theorem is in fact the consequence of a more general version. To state it, we need the following
notion:
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Definition 3.11. A covariant additive functor F : A Ñ B between abelian categories is called effaceable
if for every A P A, there is a monomorphism A Ñ J such that F pJq “ 0.

Then the requirement in the above theorem can be weakened to only requiring T i to be effaceable for
all i ą 0. Notice that in the above theorem, we require a common J , but here to prove each T i, i ą 0 is
effaceable, we could use different J , therefore this is indeed a generalization. Before we prove this result:

Corollary 3.12. If A is an abelian category with enough injectives and F is a covariant left exact functor,
then RiF with the accompanying δi form a universal δ-functor.

Proof. Notice that higher derived functors of an injective object I is 0 siunce we can always take the resolution
0 Ñ I Ñ I Ñ 0. Then since this category have enough injectives, we are done.

Then let’s prove the theorem in it’s general form:

Theorem 3.13. Let F “ tFn, δnF u be a covariant cohomological δ functor from A Ñ B. If Fn is effaceable
for all n ą 0, then F is universal.

Proof. Since Fn is effaceable for n ą 0, given an object A, there will be a monomorphism φ : A Ñ M such
that we have a SES:

0 Ñ A
φ
Ñ M Ñ X Ñ 0

Consider the LES induced by F , it partially looks like:

0 Ñ F 0A Ñ F 0X Ñ F 0M Ñ F 1A Ñ 0 “ F 1M Ñ ¨ ¨ ¨

Let G be another cohomological δ functor with f0 : F 0 Ñ G0, we have a diagram:

F 0pMq F 0pXq F 1pAq 0

G0pMq G0pXq G1pAq

f0

δ0F

f0

δ0G

our question is that is there a morphism f1 from F 1pAq to G1pAq and is it unique.
I claim that the kernel of δ0F is contained in the kernel of δ0G ˝ f0. To see why, notice that the kernel of

δ0F is the image of F 0pMq Ñ F 0pXq, then we know that the kernel is mapped under δ0G ˝ f0, which is the
same map as δ0G ˝ pG0pMq Ñ G0pXqq ˝ f0 “ 0.

Then since F 1pAq is the cokernel of F 0pMq Ñ F 0pXq, we know that there is a unique homomorphism
f1 from F 1pAq Ñ G1pAq such that the square involving δ9F , δ

0
G commute using the universal property of the

cokernel. If we can show that f1 satisfies the desired property, we know that we can construct other fn by
induction.

Let’s first prove that f1 is functorial. Let u : A Ñ B be a morphism/ Recall that if we work with an
abelian category, we always have the push-out of φ : A Ñ M and and u : A Ñ B:

A M

B P “ cokerpA
p´φ,uq

Ñ M ‘Bq

φ

u

You can check that this indeed satisfies the push-out property. Since φ is a monomorphism, I claim that
B Ñ P is also a monomorphism. We can easily see this in the category of modules since we know that if
b P B is mapped to 0, we know that it’s mapped to the class of p0, bq, if this is 0, then it’s in the image of
p´φ, uq, which means that p0, bq is equal to p´φpaq, upaqq. Since φ is monomorphism, then φpaq “ 0. The
idea to prove this in any abelian category is just a generalization of this so omiited here.

Let P Ñ N be a monomorphism that makes F 1 effaceable, then we have a commutative diagram:

0 A M X 0

0 B N Y 0

φ

u
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where B Ñ N is the composition of B Ñ P Ñ N , which is still a monomorphism, then we take Y to be the
cokernel, the dotted morphism is induced by the universal property of cokernel.

We know that functoriality of f1 means that we need the following diagram to commute:

F 1pAq F 1pBq

G1pAq G1pBq

F 1
puq

f1 f1

G1
puq

To see it, recall that since we have a map of SES above, then F,G being cohomological delta functors, gives
LES which gives us:

F 0pXq F 1pAq

F 0pY q F 1pBq

G0pXq G1pAq

G0pY q G1pBq

δ0G

We find that the diagram we are interested in is the right-hand side of the cube and in the cube, we know
that all the morphisms on the other sides commutes. Notice that by our asumption that the two maps
F 0pXq Ñ F 1pAq and F 0pY q Ñ F 1pBq are epimorphisms (since the next term in the LES is 0). Then I will
let you prove this implies the right-hand side commutes(actually we only need the fact that F 0pXq Ñ F 1pAq

is an epimorphism).
Then we need to show that f1 commutes with δ1F . Let 0 Ñ A1 Ñ A Ñ A2 Ñ 0 be a SES, the same

push-out diagram shows that there is the following diagram of SES:

0 A1 A A2 0

0 A1 M X 0

id

such that F 1pMq “ 0. Again, the two LES induced by F,G gives:

F 0pA2q F 1pA1q

F 0pXq F 1pA1q

G0pA2q G1pA1q

G0pXq G1pA1q

δ0G

This time we need to show that the side on the back is comutative (we know it commutes in the previous
diagram because it’s we defined it to comjmute there, but here we didn’t). The top and bottom side commutes
because F,G are δ functors. The left side commutes since we have a natural transformation F 0 Ñ G0. The
front and right side commute since we just proved we have a natural transformation F 1 Ñ G1. Then I will
let you use the diagram to prove the desired commutativity. Then we can use induction to conclude the
unique extension.
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Remark 3.14. What about covariant homological δ functors. It’s easy to mimic and give the definition of
a universal covariant homological functor in terms of unique extensions. But here the extension should be
the dual version in the sense that if pTi, δ

T
i q is a universal homological δ functor iff for any other homological

δ functor pSi, δ
S
i q and a morphism s0 Ñ T0, then it uniquely extend to S Ñ T . Then we will have a similar

criterion to determine if a homological functor is universal or not.
We say that an additive functor F from an abelian category A to another abelian category B is coef-

faceable if for any object A P A there is an epimorphism M Ñ A such that F pMq “ 0. Then I will also let
you show that in an abelian category push-ou diagrams also preserves epimorphisms.

Then I claim that if F “ pFn, δ
F
n q is a homological δ functor such that Fn is coeffecable for all n ą 0,

then F is a universal homological functor.
This is essentially proved using similar argument. Assume G is another homological δ-functor and we

have a natural transformation F 0 Ñ G0 Given A, we consider a SES:

0 Ñ X Ñ M Ñ A Ñ 0

Then consider the diagram:

0 F 1pAq F 0pXq F 0pMq

G1pAq G0pXq G0pMq

δF1

δG1

this gives the unique extension, and the way to check it’s functorial is similar to the above argument.
Then as a consequence, we can prove that if a category has enough projectives, then the left derived

functor of a right exact functor is a universal homological δ functor.

Remark 3.15. All the above discussions are for covariant δ functors.
We say that a family of contravariant additive functors pFn, δnF q is a contravariant cohomological δ functor

F if for each SES:
0 Ñ M 1 Ñ M Ñ M2 Ñ 0

we have a LES connected by:
δn : FnpM 1q Ñ Fn`1pM2q

such that these connecting functors is functorial in morphisms of SES. We say that F is universal if for
any other contravariant cohomological δ G and a natural transformation F 0 Ñ G0, it uniquely extend to a
morphism of δ functors. You can prove that F is universal if Fn, n ą 0 if coeffaceable, i.e. for any A, there is
an epimorphism M Ñ A such that F pMq “ 0. Similarly, you can define a contravariant homological functor
F see that it’s universal if Fn, n ą 0 are effaceable.

4 Spectral sequences and derived functors

There are quite a lot of properties of derived functors that can be proved using spectral sequences arguments.
In this section, you will have a lot of practices using spectral sequences in a real setting. We will also introduce
the Grothendieck composition of functors spectral sequence, which is very important later.

Firstly, let’s fulfill our promise earlier that the Tor functor is symmetric.

Proposition 4.1. There is an isomorphism between TorAi pM,Nq » TorAi pN,Mq.

Proof. In order to compute TorAi pM,Nq, we first have a free resolution of N , say it’s R1.

¨ ¨ ¨ Ñ A‘n2 Ñ A‘n1 Ñ A‘n0 Ñ N Ñ 0

Similarly, we have a free resolution of M for the computation of TorAi pN,Mq, say it’s R2.

¨ ¨ ¨ Ñ A‘m2 Ñ A‘m1 Ñ A‘m0 Ñ M Ñ 0
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Then we can produce the following third quadrant double complex:

¨ ¨ ¨ A‘n1 bA A
‘m0 An0 bA A

‘m0

¨ ¨ ¨ ¨ ¨ ¨ An0 bA A
‘m1

Ani bA A
‘mj ¨ ¨ ¨ ¨ ¨ ¨

Here the differential is defined to be the differential tensor with the identity. You can easily check this
is indeed a double complex. We first compute the spectral sequence in the rightward orientation: since
tensoring free objects is exact, we know that the first page is:

¨ ¨ ¨

N bA‘m0

N bA‘m1

N bA‘m2

¨ ¨ ¨

But notice that this is the complex we use to compute TorpN,Mq, then we know that the second page looks
like:

0

0 0

0 TorA0 pN,Mq

TorA1 pN,Mq

TorA2 pN,Mq 0

¨ ¨ ¨ 0

0

Therefore the spectral sequence stabilizes at the 2-th page. Then we know that using the filtration of the
cohomology of the double complex, we conclude that the cohomology of the double complex is TorAi pN,Mq

on various degree. For example, the cohomology of degree ´i is TorAi pN,Mq. Then you compute the spectral
sequence on the upward direction. We find the first page is the complex we use to compute TorAi pM,Nq,
and it’s again stabilizes in the second degree, then we conclude again that the cohomology of the double
complex at degree ´i is TorAi pM,Nq, therefore we get the desired isomorphism.

Using similar argument, we can prove that the two definitions we gave in the previous section for Ext
functor actually agree:
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Proposition 4.2. We have an isomorphism between the two definitions of ExtiApM,Nq given in last section.

Proof. Recall that one definition we given is that in order to compute ExtiApM,Nq, we think of it as the
right derived functor of the left exact functor HompM,´q, therefore we first will need to find an injective
resolution of N :

0 Ñ N Ñ I0 Ñ I1 Ñ ¨ ¨ ¨

We can also define it to be the left derived functor of the right exact contravariant functor Homp´, Nq,
therefore we will need a free resolution of M :

¨ ¨ ¨ Ñ A‘n1 Ñ A‘n0 Ñ M Ñ 0

Then we will have a first quadrant double complex:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 HompA‘n2 , I0q HompA‘n2 , I1q HompA‘n2 , I1q ¨ ¨ ¨

0 HompA‘n1 , I0q HompA‘n1 , I1q HompA‘n1 , I1q ¨ ¨ ¨

0 HompA‘n0 , I0q HompA‘n0 , I1q HompA‘n0 , I1q ¨ ¨ ¨

0 0 0

Since we know that A‘ni are projective, then HompA‘ni ,´q is exact, therefore we know that if we compute
the spectral sequence in the rightward diection, the first page looks like:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

HompA‘n2 , Nq 0 0

HompA‘n1 , Nq 0 0

HompA‘n0 , Nq 0 0

0 0 0

Notice that this is the complex that computes the section definition of ExtiApM,Nq.
We compute the spectral sequence in the upward direction, I will let you see that you just get the

complex that computes the first definition. Both spectral sequences stabilizes on the 2-th page, therefore we
are done.

Remark 4.3. Not like the Tor functor, the Ext functor is in general not symmetric in the two variables.
The main reason behind this is that free modules is not injective. So if you try to mimic the argument
that proves the symmetry for Tor, we will get the double complex HompA‘ni , A‘mj q, but since A‘mj is not
injective, we can not conclude that the computation in one direction stabilizes in the second page, therefore
our argument falls apart.

If you want a counter example. Take the ring to be Z and let’s compute Ext1ZpZ{n,Zq, notice that we
have a projective resolution of Z{n:

¨ ¨ ¨ Ñ 0 Ñ Z ˆn
Ñ Z Ñ Z{n Ñ 0
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We know that after we apply Homp´,Zq, we get:

0 Ñ 0 Ñ Z ˆn
Ñ Z Ñ 0 Ñ ¨ ¨ ¨

Then you get Ext1ZpZ{n,Zq “ Z{n.
If we compute Ext1ApZ,Z{nq, notice that since Z is projective, we know that Ext1ApZ,Z{nq “ 0.

Suppose that F : A Ñ B is a right exact functor and A has enough projective. Then we know that we
have left derived functors LiF . We will say that an object A P A is F -acyclic if LiF “ 0 for all i ą 0. We
will soon show that to compute the derived functor LiB for an object B P A, instead of taking a projective
resolution of B, we can use an F -acyclic resolution and apply F and then take cohomology. But to show
this, we need to build some preparations:

Suppose that we have a LES in an abelian category with enough projectives:

0 Ñ E2 Ñ E1 Ñ E0 Ñ 0

I claim that we can build a double complex of projectives:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

¨ ¨ ¨ P2,1 P1,1 P0,1 0

¨ ¨ ¨ P2,0 P1,0 P0,0 0

¨ ¨ ¨ E2 E1 E0 0

0 0 0

with Pi,j projective objects and the rows and columns all exact.
To see why we can build such a complex, suppose that we have already built part of the complex:

? Pm´1,n Pm´2,n

Pm,n´1 Pm´1,n´1 Pm´2,n´1

Pm,n´2 Pm´1,n´2

We want to ask how can we build Pm,n. Let’s first assume that for each b P Pm´1,n´1 whose image in both
Pm´1,n´2 and Pm´2,n´1 is zero, there is a c P Pm,n´1 whose image in Pm´1,n´1 is b and whose image Pm,n´2

is 0. Symmetrically, we also assume that there is a c1 P Pm´1,n whose image in Pm´1,n´1 is b and whose
image in Pm´2,n is 0.

Let’s consider the kernel of the following obvious map (we take the difference at the Pm´1,n´1 component):

K “ kerpPm,n´1 ‘ Pm´1,n Ñ Pm´2,n ‘ Pm´1,n´1 ‘ Pm,n´2q

Notice that if K surjects onto both the kerpPm´1,n Ñ Pm´2,nq and kerpPm,n´1 Ñ Pm,n´2q (via the
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obvious projection), then we know that we can consider the following diagram:

Pm,n “ P

K Pm´1,n Pm´2,n

Pm,n´1 Pm´1,n´1 Pm´2,n´1

Pm,n´2 Pm´1,n´2

where P Ñ K is a surjective map from a projective morphism. This will ensure the commutativity, exactness
and P is projective. Notice that commutativity will be ensure by the fact that we take the difference at
Pm´1,n´1 component.

Now let’s check that K indeed surjects to the two kernel. Suppose that a P kerpPm´1,n Ñ Pm´2,nq and
let b be the image in Pm´1,n´1. We want to find a1 P Pm,n´1 such that it maps to b in Pm´1,n´1 and maps
to 0 in Pm,n´2. Notice that the image of b in Pm´2,n´1 and the image of b in Pm´1,n´2 are 0. Then by
assumption, there will be some c1 P Pm,n´1 such that it maps to b P Pm´1,n´1 and maps to 0 in Pm,n´2.
Then notice that p´c1, aq is the desired element. Using a symmetric argument we are done with another
surjection.

Then I claim that we can use this procedure to build the double complex in the following order:

6 0

5 3 0

4 2 1 0

¨ ¨ ¨ E2 E1 E0 0

where we use the diagonal order to build the entire double complex.
So we need to make sure this process can be carried out further since we want to use induction. We know

that using the following order, we can assume that after we build Pm,n, we have the following diagram:

? Pm´2,n`1 Pm´3,n`1

Pm,n Pm´1,n Pm´2,n Pm´3,n

Pm,n´1 Pm´1,n´1 Pm´2,n´1

Here we first want to build ?, therefore we have to check a similar condition for Pm´2,n, which is in the same
diagonal of Pm´1,n´1. Then let’s assume by induction assumption that it satisfies the condition for all the
objects on the same diagonal line, which we will check later. Therefore we can build the ? and further all
the objects on the same diagonal. Notice that for the induction to work, the starting condition is that in
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the following diagram:

1 0 0

E0 0 0

0 0

Then the assumption is trivially satisfied. T
Therefore out job is now to check the condition for the assumption on the next diagonal line. For example

the diagram is:

1 0

E1 E0 0

0 0

That is we need to check for each x P E0, there is some y P E1 that maps to x and there is some z P 1 such
that it maps to x P E0, but this is again trivial since E1 Ñ E0 is surjective and 1 Ñ E0 is surjective. What
we notice that if you consider one step further:

2 1

E2 E1 E0

0 0

You find that the condition is trivially satisfied since the complex of Ei is exact. Therefore we find that
to build the diagonal of 1, we need to check the diagonal that consists of all 0’s. Then To build the diagonal
of 2, 3, we need to check the diagonal of E0, 0, which is again satisfied, then to build the diagonal of 4, 5, 6
we need to check the diagonal of E1, 1. But the condition at E1 is trivially satisfied, therefore we only need
to check it at 1. Then we keep going, this implies that after we build Pm,n, we need to check the condition
Pm´1,n. I will let you figure this out as this is indeed a bit confusing the first time you see it.

Therefore, suppose that b1 P Pm´1,n that maps to p0, 0q in Pm´1,n´1 ‘ Pm´2,n, there is an element
of Pm,n that maps to p0, b1q in Pm,n´1 ‘ Pm´1,n. Take Q “ kerpPm´1,n Ñ Pm´1,n´1 ‘ Pm´2,nq and
Q2 “ kerpPm´1,n Ñ Pm,n´2 ‘ Pm´1,n´1q. We know that we have surjections P 1 Ñ Q1 and P 2 Ñ Q2.
Then we replace Pm,n we described above by Pm,n ‘ P 1 ‘ P 2 with the obvious map, then this still makes
the diagram commute and exact with Pm,n ‘ P 1 ‘ p2 still being projective as a direct sum of projective
objects. Moreover since this is a direct sum, it doesn’t change the conditions that is originally satisfied by
Pm,n Ñ Pm,n´1. Then we also have to make sure that Pm´1,n`1 Ñ Pm´1,n satisfies the conditions, we again
use similar method to renovate Pm´1,n`1, we are done.

Notice that we used the fact that the complex E‚ is exact in the way that the first mapping condition
we check in each diagonal is automatically satisfied, therefore, to check the condition at Ei, we don’t have
to modify Ei`1.

Then we can apply the above construction to:

Proposition 4.4. Suppose that F is a right exact functor from A to B and A has enough projectives.
Then we know that we can compute LiFB using an F -acyclic resolution, i.e. a resolution:

¨ ¨ ¨ Ñ A2 Ñ A1 Ñ A0 Ñ B Ñ 0

where Ai are F -acyclic.
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Proof. Since ¨ ¨ ¨ Ñ A2 Ñ A1 Ñ A0 Ñ B Ñ 0 is exact. Then we know that by the above procedure, we have
a third quadrant double complex:

¨ ¨ ¨ A2 A1 A0 B 0

¨ ¨ ¨ P2,0 P1,0 P0,0 P0 0

¨ ¨ ¨ P2,1 P1,1 P0,1 P1 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

We know that by truncating the first row and the first column, we get a new double complex and we can
apply F :

0 0 0

¨ ¨ ¨ FP2,0 FP1,0 FP0,0 0

¨ ¨ ¨ FP2,1 FP1,1 FP0,1 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

Let’s compute the spectral sequence using the rightward orientation, we get that the first page is:

0 0 0

¨ ¨ ¨ L2P0 “ 0 L1P0 “ 0 L0P0

¨ ¨ ¨ L2P1 “ 0 L1P1 “ 0 L0P1

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

Therefore we know that the spectral sequence stabilizes at 2-th page and the homology of the double complex
is P0, ¨ ¨ ¨ , Pn, ¨ ¨ ¨ .

Then we compute the spectral sequence on the upward direction, we know 1-st page is:

¨ ¨ ¨ L0A2 L0A1 L0A0 0

¨ ¨ ¨ L1A2 “ 0 L1A1 “ 0 L1A0 “ 0 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

So again, the spectral sequence stabilizes again in the 2-page. Notice that L0Ai “ FAi, then we know that
the second page of this spectral sequence is just the homology of the complex:

¨ ¨ ¨ Ñ FA2 Ñ FA1 Ñ FA0 Ñ 0 Ñ ¨ ¨ ¨

Therefore the homology of the double complex is the homology of the above complex.
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Similarly, we know that the homology of the double complex can also be computed in the rightward
orientation, therefore is the homology of:

¨ ¨ ¨ Ñ FP2 Ñ FP1 Ñ FP0 Ñ 0

The homology is the definition of the derived functors. Therefore we are done.

Remark 4.5. After you finish the above proposition, you probably will wonder is there a similar result for
left exact functors. The answer is there is, and as you might have guessed, to prove the result, we need a
dual result of the above double complex of projectives objects, i.e. we need to construct a double complex
for a LES consisting of injective objects and is exact in both the rows and columns.

Suppose that:
0 Ñ I0 Ñ I1 Ñ ¨ ¨ ¨

is a LES in A and A is with enough injectives, then I claim that there is a double complex:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 I0,1 I1,1 I2,1 ¨ ¨ ¨

0 I0,0 I1,0 I2,0 ¨ ¨ ¨

0 I0 I1 I2 ¨ ¨ ¨

0 0 0

such that each row and column is an injective resolution.
To see how to construct it, we know that I0,0, I1,0 and the map between then is easy to find using lifting

property of injectives. Then you can observe that the situation is the dual of the above projective case,
where we have diagrams:

Im´2,n Im´1,n ?

Im´2,n´1 Im´1,n´1 Im,n´1

Im´1,n´2 Im,n´2

Notice that if we have a map:

Im´2,n ‘ Im´1,n´1 ‘ Im,n´2 Ñ Im´1,n ‘ Im,n´1

Then if we can show that the cokernels of: Im´2,n Ñ Im´1,n, and Im,n´2 Ñ Im,n´1 injectives into the
cokernel of the above map, then we are done as we can just pick a injective resolution of the cokernel of
Im´2,n ‘ Im´1,n´1 ‘ Im,n´2 Ñ Im´1,n ‘ Im,n´1. We have canonical maps between the two kernels and here
we don’t need extra assumptions like in the projective case to get the desired result. Then you just build
this double complex inductively along the diagonal. Then you can prove our assertion of computing spectral
sequences using acyclic objects using similar spectral sequence argument.

Suppose that F : A Ñ B and G : B Ñ C are two left exact additive functors between abelian categories
with A,B having enough injectives. Then we have the derived functors RiF,RiG and RipG˝F q. A reasonable
question is to ask how they are related:

Theorem 4.6. (Grothendieck Composition of Functors Spectral Sequence) Using the above nota-
tion and assume that F sends injectives objects to G-acyclic elements of B. Then for each X P A, there is a
spectral sequence with:

ÑE
p,q
2 “ RqGpRpF q ñ Rp`qpG ˝ F qpXq
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We will see in the next section that the Leray spectral sequence is just a special case of the above spectral
sequence:

To prove this theorem, recall that if we want to compute the derived functor of F applied to X, we choose
an injective resolution of X:

0 Ñ X Ñ I0 Ñ I1 Ñ ¨ ¨ ¨

To compute the derived functor RpF pXq, we apply to the injective resolution I‚:

0 Ñ F pI0q Ñ F pI1q Ñ F pI2q Ñ ¨ ¨ ¨

Notice that by our assumption, F pIpq will be G-acyclic. Then we pick an injective resolution of each
F pI0q. Recall that if we have the following diagram of two injectve resolutions:

0 A I0 I1 ¨ ¨ ¨

0 B J0 J1 ¨ ¨ ¨

Then we can extend A Ñ B to a complex map. First, notice that J0 is injective and A Ñ I0 is injective,
then we get a factorization I0 Ñ J0. We call this f0. Then suppose that we have build fn and we want to
build fn`1, the diagram is the following:

In´1 In In`1 ¨ ¨ ¨

Jn´1 Jn Jn`1 ¨ ¨ ¨

fn´1 fn ?

We know that we have a monomorphism In{ImpIn´1 Ñ Inq Ñ In`1:

In In`1

In{Im

Jn Jn`1

fn

According diagram, if pJn Ñ Jn`1q˝fn factors through In{ImpIn´1 Ñ Inq, we are done. That is if x P In´1,
then we know that if we first map it to In, then by fn then by pJn Ñ Jn`1q, it’s the same as first by fn´1

then Jn´1 Ñ Jn Ñ Jn`1, therefore is 0.
Then we get a double complex:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 I0,1 I1,1 I2,1 ¨ ¨ ¨

0 I0,0 I1,0 I2,0 ¨ ¨ ¨

0 F pI0q F pI1q F pI2q ¨ ¨ ¨

We know that the columns are exact, but we don’t know if the rows are exact. Then we apply G, and
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get:
¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 GI0,1 GI1,1 GI2,1 ¨ ¨ ¨

0 GI0,0 GI1,0 GI2,0 ¨ ¨ ¨

0 0 0

Let’s compute the spectral sequence in the upward orientation, we know that the first page is:

0 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0

0 R1GpF pI0qq “ 0 R1GpF pI1qq “ 0 R1GpF pI2qq “ 0 ¨ ¨ ¨

0 R0GpF pI0qq R0GpF pI1qq R0GpF pI2qq ¨ ¨ ¨

Here the higher derived functors of F pIiq vanish by our assumption that F maps injective objects to G-acyclic
objects. Then we know that this spectral sequence stabilizes in the 2-page and the objects in the second
page is the derived functor of G ˝ F applied to X, i.e. we have:

0 R0pG ˝ F qpXq R0pG ˝ F qpXq R1pG ˝ F qpXq ¨ ¨ ¨

0 0 0

Therefore we know that the 2-page Ep,q
2 “ 0 if q ‰ 0 and Ep,q

2 “ RppG ˝ F qpXq if q “ 0. This is just the
limit that the allegedly existing spectral sequence abuts to.

However, to fully prove the theorem, only the upward orientation is not enough. We need to make the
double complex more pleasant to work with. So let’s build the double complex more carefully.

Suppose that we have a complex C‚ in B:

0 Ñ C0 Ñ C1 Ñ ¨ ¨ ¨ Ñ Cp´1 Ñ Cp Ñ Cp`1 Ñ ¨ ¨ ¨

We will denote by ZppC‚q the kernel of the p-th differential of the complex C‚. We denote Bp`1pC‚q the
image of the p-th differential of C‚. As usual, HppC‚q is the cohomology of the complex C‚.

Then we will construct an injective resolution of C‚:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 I0,1 I1,1 I2,1 ¨ ¨ ¨

0 I0,0 I1,0 I2,0 ¨ ¨ ¨

0 C0 C1 C2 ¨ ¨ ¨

0 0 0

For each fixed p, we will have three complexes:
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¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

ZppI‚,1q BppI‚,1q HppI‚,1q

ZppI‚,0q BppI‚,0q HppI‚,0q

ZppC‚q BppC‚q HppC‚q

0 0 0

We will construct the injective resolution of C‚ such that all the above three are injective resolutions.
Now let’s choose injective resolutions Zp,‚ and Hp,‚ of BppC‚q and HppC‚q such that we have the

following diagram:
¨ ¨ ¨ ¨ ¨ ¨

Bp,1 Hp,1

Bp,0 Hp,0

0 BppC‚q ZppC‚q HppC‚q 0

0 0 0

I claim that we can mimic the horseshoe construction for the projective resolution and fill in the middle
vertical column and get an injective resolution of ZppCpq such that we have a SES of complexes:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 Bp,1 Zp,1 Hp,1 0

0 Bp,0 Zp,0 Hp,0 0

0 BppC‚q ZppC‚q HppC‚q 0

0 0 0

To prove this, notice that if I1, I2 are both injective, then I1 ‘ I2 is also injective. Then we mimic the proof
for the projective horseshoe construction and take the middle column to be the direct sum with the obvious
morphism from Bp,‚ to Zp,‚ and from Zp,‚ to Hp,‚.

We again need to figure out the morphism within this complex to make sure that it’s an injecitve
resolution. Notice that using the LES of cohomology applied to a SES of complexes, we only need the
middle column to be a complex and it’s automatically exact. For example we know that Zp,0 “ Bp,0 ‘Hp,0,
we need to define a morphism ZppC‚q Ñ Bp,0 ‘ Hp,0 such that the bottom two squares commute. Notice
that BppC‚q Ñ ZppC‚q is injective and Bp,0 within Bp,0 ‘ Hp,0 is injective, then the lifting property gives
f0 : ZppC‚q to Bp,0, then to Bp,0 ‘Hp,0. Then if we set g0 “ ZppC‚q Ñ HppC‚q Ñ Hp,0 we can define the
map ZppC‚q Ñ Zp,0 to be f0 ` g0.

Then going forward, we know that we have an injecion Bp,0 Ñ Zp,0, which gives a map Zp,0 Ñ Bp,1,
then we define Zp,0 Ñ Zp,1 to be this map plus Zp,0 Ñ Hp,0 Ñ Hp,1. Then we can always keep going, we
are done.

Following the same argument, we also have a injective resolution:
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¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 Zp,1 Ip,1 Bp`1,1 0

0 Zp,0 Ip,0 Bp`1,0 0

0 ZppC‚q Cp Bp`1pC‚q 0

0 0 0

Using all these above ingredients, we can build the so called Cartan-Eilenberg resolution. We define
this resolution I‚,‚ to be Ip,q is the above resolution we build and the map Ip,q Ñ Ip`1,q is defined to be:

Ip,q Ñ Bp`1,q Ñ Zp`1,q Ñ Ip`1,q

Then if we first fix p, q and compute what is ZppI‚,qq, it’s going to be the kernel of the above map, which
is just Zp,q. Similarly, BppI‚,qq is just the image of:

Ip´1,q Ñ Bp,q Ñ Zp,q Ñ Ip,q

which is just Bp,q. Finally, the cohomology HppI‚,qq is again just Hp,q. Therefore we know that with
this injective resolution I‚,‚, the following three complexes are all injective resolutions:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

ZppI‚,1q BppI‚,1q HppI‚,1q

ZppI‚,0q BppI‚,0q HppI‚,0q

ZppC‚q BppC‚q HppC‚q

0 0 0

Such a resolution is called a Cartan-Eilenberg resolution, i.e. an injective resolution that makes the
above three complexes all injective resolutions.

Using such a resolution, we can prove the Grothendieck composition of functors Spectral sequence:

Proof. Recall that before we have this Cartan-Eilenberg resolution, we already computed a upward spectral
sequence.

We first have an injective resolution I‚ of X, then we apply F to get FI‚, not we take a Cartan-Eilenberg
resolution of FI‚ and apply G. We already know that the cohomology of the double complex is RppG˝F qpXq.

Now we compute the rightward spectral sequence. What is important about the Cartan-Eilenberg reso-
lution is that we have SES:

0 Ñ BppI‚,qq Ñ ZppI‚,qq Ñ HppI‚,qq Ñ 0

0 Ñ ZppI‚,qq Ñ Ip,q Ñ Bp`1pI‚,qq Ñ 0

Moreover every term in the two SES are injective, therefore we know that both sequences actually split.
Therefore after apply G, these two sequences still remain exact.

33



Then consider the exact sequence:

0 Ñ ZppI‚,qq Ñ Ip,q Ñ Ip`1,q

Since G is left exact, we know that GZppI‚,qq is going to be the kernel of GpIp,qq Ñ GIp`1,q.
Then consider the following exact sequences:

0 Ñ GZppI‚,qq Ñ GIp,q Ñ GBp`1pI‚,qq Ñ 0

0 Ñ GBppI‚,qq Ñ GZppI‚,qq Ñ GHppI‚,qq Ñ 0

The first exact sequence tells us that GBp`1pI‚,qq is the image of GpIp,qq Ñ GpIp`1,qq, therefore we know
that the second diagram tells us that the cohomology of GpI‚,qq at degree p is isomorphic to GHppI‚,qq.
Therefore when you apply G to this double complex, G just behaves like an exact functor.

Then we compute the spectral in the rightward orientation. The 1-th page is with objects Ep,q
1 “

HppGI‚,qq » GHppI‚,qq. Moreover, under this identification HppGI‚,qq Ñ HppGI‚,q`1q is just:

GpHppI‚,qq Ñ HppI‚,q`1qq

Then notice that by our construction HppI‚,qq is an injective resolution of pRpF qpXq, therefore the
cohomology, i.e. the 2-th page is with Ep,q

2 “ RqGpRpF pXqq. Then since this is a first quadrant double
complex, we have the desired assertion that:

Ep,q
2 “ RqGpRpF pXqq ñ Hp`qpGI‚,‚q “ Rp`qpG ˝ F qpXq

Remark 4.7. If you have any question of identification general abelian categories after you apply an exact
functor, consider the following diagram:

kerpcokerfq kerg Fkerpcokerfq Fkerg FH

A B C FA FB FC

kercokerpFfq kerpFgq HpF q

f g
Ff Fg »

The right hand side is what happens after you apply F to the left hand side. The monomorphism kerpcokerfq Ñ

kerg is the unique map that maps the triangle commutes.
Then since F is exact, the two dotted vertical isomorphisms in the right hand side diagram are the only

morphisms that make the left and right triangle commute, then I will let you figure out the identification
your self.

Fkerpcokerfq F cokerf

FA FB

kerpcokerFfq cokerFf

Ff »

Remark 4.8. The above result is for left exact functors, where we have to use the Cartan-Eilenberg res-
olution to prove what we need. In fact, similar result holds for right exact functors as well, it’s just we
need to produce a projective resolution sort of like this Cartan Eilenberg resolution. This is not hard to
produce as in the Cartan-Eilenberg resolution, we only used the horseshoe construction, which indeed holds
for projective objects as well. We omit the proof here.
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5 Derived functor cohomology of O-modules

In this section, we want to apply the machinery we built in the previous discussion and define the derived
functor cohomology of quasicoherent OX modules on a scheme X. However, in order to make our argument
easier, we will work with the abelian category of the OX -modules, not just quasicoherent OX -modules. The
reason for this will be given in a later remark. For now, let’s just focus on OX -modules.

Theorem 5.1. Suppose that pX,OXq is a ringed space, not necessarily a scheme, then the abelian category
of OX -modules have enough injective.

Remark 5.2. Recall that if X is a topological space, we use Z to denote the constant sheaf of Z on X.
This is a ringed space and if we take OX to be Z, then we know that an OX -module on X is just a sheaf of
abelian groups. A more precise statement is that we have an isomorphism of categories between the category
of the sheaf of abelian groups on X with the category of OX -modules.

Recall that an OX -module structure of F where F is a sheaf of abelian groups on X is just a morphism:

OX ˆ F Ñ F

such that it’s Z-bilinear such that it’s compatible with multiplication in OX . Conversely, if F is a sheaf of
abelian groups, we have a morphism:

Z ˆ F Ñ F
where Z is the presheaf of constant Z, that is Z-linear.

Then suppose that we have such a OX -module structure on F , then we consider:

Z ˆ F Ñ OX ˆ F Ñ F

Then clearly make F a sheaf of abelian groups.
Then conversely, suppose that F is a sheaf of abelian groups, i.e. we have a map:

Z ˆ F Ñ F

We know that we have a canonical diagram:

Z ˆ F F

OX ˆ F

I claim that OX ˆF is the sheafification of ZˆF , thus we have the unique extension. In the way of prove this
assertion, you will see that this map is indeed bilinear. To show that it’s compatible with the multiplication,
you check locally using the concrete description of OX as locally constant stalks, and I will let you do it.

Note that if M is a presheaf of abelian groups and N is a sheaf of abelian groups, then we know that
the canonical map:

M ˆ N Ñ Ma ˆ N
is the shefification map. To see why, notice that a map M ˆ N Ñ F is equivalent a map:

M Ñ HompN ,Fq

Notice that since N ,F is a sheaf then HompN ,Fq is also a sheaf. Then by the universal property, this gives
a unique morphism:

Ma Ñ HompN ,Fq

which is a map Ma ˆ N Ñ F . Therefore there is only one sheaf morphism Ma ˆ N Ñ F such that the
following diagram commutes:

M ˆ N F

Ma ˆ N
Therefore Ma ˆ F will be the sheafification of M ˆ N .
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One consequence of the above remark is that we can define the derived functor cohomology of sheaves
of the abelian group on X. If the topological space X satisfies some property, then this derived functor
cohomology will agree with the classical singular cohomology. But we won’t use it later.

Proof. Then let’s begin to prove this theorem. We will do it in a series of steps.

First, suppose that F is an OX -module, we will show an injective morphism F ãÑ Q where Q is an
injective OX -module. Recall that for each p P X, we know that Fp is an OX,p-module. Recall that he
category of rings have enough injectives, therefore we can choose an injective map of OX,p-modules:

Fp ãÑ Qp

where Qp is an injective OX,p-module. Then we can consider the sky-scraper sheaf Qp “ ip,˚Qp on X where
ip is the map that includes p to X. Notice that clearly Qp has an OX -module structure. I claim that Op is
injective as an OX -module.

We could do this using one categorical abstract nonsense we prove later. But let’s directly verify it.
Recall that an OX -module morphism from any OX -module F is just an OX,p-module map Fp Ñ Qp, then
consider the following diagram:

Qp

F G

Notice that this gives a morphism Gp to Qp and an injective map Gp to Fp, then we can use the injectivity
of Qp.

Remark 5.3. Notice that this doesn’t mean that the stalk of Qp is only nonzero at p. For example if
pX,OXq is a scheme, then we can consider the affine case. Suppose that p is a prime ideal in SpecA and q
is a prime ideal containing p, then notice that if Dpxq contains q, then we know that x R q, then since p Ă q,
x R q, therefore Dpxq contains p. Therefore every open containing p Ă q contains p. Then the stalk at q is
also going to be Qp.

Note that if Ii are all injective OX -modules, then the product
ś

i Ii is also injective. We want to extend
the following diagram:

ś

Ii

F G

Recall that for each single Ii, we can extend this map, say it’s fi. Then we define the extension F Ñ
ś

i Ii
on each U to be

ś

i fipUq. You can check that this indeed is commutative.
Therefore we know that

ś

pPX Qp is an injective module on X and we know that we have a canonical
map:

F Ñ Q1 “
ź

pPX

Qp

which is defined by the canonical map F Ñ Qp for each p, i.e. a map Fp Ñ Qp. Say this map is fi, then
we define define f : F Ñ

ś

p Qp on U to be
ś

i fipuq. This will be an injective map. To check this, we check
on each stalk at q P X. The stalk of Q1 at q is still a product of Qp1 where p1 is point in X such that p1 is
contained in any open that contains q. (Again, if pX,OqXq is a scheme, then affine locally speaking these p1

are primes contained in q) Then the morphism is just:

Fq Ñ
ź

p1

Qp1

It’s determined by:
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Fq

ś

p1 Fp

ś

p1 Qp

Here clearly the second map being the product of injective maps is injective. The first map is also
obviously injective since the product has a factor Fq. This finishes the proof of the theorem.

Definition 5.4. If pX,OXq is a ringed space, we define:

HipX,Fq “ RiΓpX,Fq

Furthermore, suppose that π : pX,OXq Ñ pY,OY q is a map of ringed space, then the pushforward
π˚ functor is left exact from the category ModOX

to the category ModOY
. Then we define the higher

pushforwards (or derived pushforwards) to be:

Riπ˚ : ModOX
Ñ ModOY

Recall that back when we discussed the Cech cohomology, we defined these notions in the context of
working with quasicoherent sheaves on a quasicompact and separated scheme. We will later prove that the
above definitions agree with our earlier definitions given previously. Therefore we can think of this derived
functor cohomology as a generalization of the Cech cohomology. In practice, we will still mostly use Cech
cohomology to do computation, but for example, the following result is still very important:

Theorem 5.5. Leray Spectral Sequences Let π : pX,OXq Ñ pY,OY q be a map of ringed spaces, then
for any OX -module F , there is a spectral sequence with E2 term given by:

Ep,q
2 “ HqpY,Rpπ˚Fq ñ Hp`qpX,Fq

Notice that once we prove that the pushforward functor π˚ maps injective objects to Γ-acyclic functors
then this spectral sequence is just a direct consequence of the Grothendieck composition of functors spectral
sequence.

Definition 5.6. We make an intermediate definition that is use to show that pushforward of injective
OX -modules is Γ-acyclic. This definition is important in itself.

A F of say, abelian groups on a topological space is flasque (sometimes also called flabby) if all restriction
maps are surjective. That is for any U Ă V , ResUĂV : FpV q Ñ FpUq is surjective.

Proposition 5.7. Suppose that pX,OXq is a ringed space, then if:

0 Ñ F 1 Ñ F Ñ F2 Ñ 0

is an exact sequence of OX -modules with F 1 being flasque, then we know that for every U the induced map:

0 Ñ F 1pUq Ñ FpUq Ñ F2pUq Ñ 0

is exact.

Proof. We only need to show that the right end is exact, i.e. FpUq Ñ F2pUq is surjective. Say x P F2pUq,
we consider any p P U and the image xp of x in any F2

p , notice that we have an exact sequence of stalks:

0 Ñ F 1
p Ñ Fp Ñ F2

p Ñ 0

Then there will be yp P Fp whose image in F2
p is xp.

Notice that we can assume that there is a small open Up around p such that yp P FpUpq and xp P F2pUpq.
Then now we have a cover of U by Up with yp P FpUpq whose image is xp. We would like these yp to glue to
an element in FpUq then we are done. However, we only know that on the intersection yp ´ yq is mappped
to 0.

Note that using the exactness of:

0 Ñ F 1pUp X Uqq Ñ FpUp X Uqq Ñ F2pUp X Uqq
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We know that yp ´ yq comes from a unique zp,q in F 1pUp X Uqq.
Then consider the set of pairs pV, tq with V Ă U, t P FpV q such that the image of t in F2pV q is x|V . This

is not empty since we know that pUp, ypq is. We partially order this set by:

pV, tq ď pU, sq, iff V Ă U and s|V “ t

Notice that given any well-order subset tpVi, tiqu, we can take the union and there will be a new element in
FpYiViq such that it restricts to ti on each Vi. Then by Zorn’s lemma there is a maximal such pair pV, tq. I
claim that this V is U . If not, consider x P U ´ V . Then we know that there is the pair pUp, ypq. Then we
know that in the intersection yp ´ t is mapped to 0, therefore it comes from a unique z in F 1pV XUpq. Since
F 1 is flasque, we know that we can pick zp in Up such that it restrict to z on Up XV . Then consider the pair
pUp, yp ´ zq, then in the intersection yp ´ z agrees with t, therefore we know that they glue, this contradicts
the maximality.

Remark 5.8. We will see prove that flasque OX -modules are Γ-acyclic. Therefore the above result should
not be a surprise as we know that in the LES, the degree 1 cohomology of F 1 vanishes.

Proposition 5.9. Using the above notation, if F 1 is flasque, then F is flasque iff F2 is flasque.

Proof. Consider U Ă V , then we have:

0 F 1pV q FpV q F2pV q 0

0 F 1pUq FpUq F2pUq 0

α β γ

Here we use α, β, γ to denote the various restriction maps. Then we use the snake lemma to conclude that
cokerβ “ 0 iff cokerγ “ 0.

Proposition 5.10. Suppose that π : X Ñ Y is a continuous map of topological spaces, and F is a flasque
sheaf of sets on X. Show that π˚F is a flasque sheaf on Y . If π is a morphism of ringed spaces, then similar
results hold.

Proof. By definition of the pushforward. Omitted.

Now we introduce a new functor, that is an occasional left adjoint to the inverse image functor. Recall
that we always have a right adjoint to the inverse image functor, which is the pushforward, no matter what
sort of morphisms we are using. However we will see that only when π is an open embedding of ringed spaces
will π´1, the inverse image functor have a left adjoint, called the extension by zero functor.

Suppose that pY,OY q is a ringed space, and i : U ãÑ Y is an open embedding of ringed spaces, we will
define the extension of i by zero i! : ModOU

Ñ ModOX
as follows.

Suppose that F is an OU -module. Then we will define for each W Ă Y :

pipre! FqpW q “

#

FpW q if W Ă U ,

0 otherwise.

It’s easy to check that this is a presheaf of OY -modules, then we sheafify it to get i!F which will be come
an OY -module. To see why, if Fpre is a presheaf of OX -module, then we have the following diagram:

Fpre ˆ OY Fpre

F ˆ OY F

where the dotted map is induced since F ˆ OY is the sheafification of Fpre ˆ OY . Again, this F Ñ OY is
bilinear and you check that this compatible with multiplications in OY locally using concrete descriptions
of F as locally constant stalks.

I will let you this extension by zero indeed defines a functor.
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Remark 5.11. In fact the presheaf ipre! F always satisfies the identity axiom. To see this, since if W is not
contained in U , everything is 0. Then we only need to worry about those W that is contained in U . But F
is itself a sheaf, so the identity axiom is always satisfied.

To see why it may not satisfy the gluing axiom. Let’s consider the sheaf of continuous functions on the
interval p´1, 1q, we can extend it by zero to R. Notice that we have a open cover of R by p´8,´1{2qp1{2,8q

and p´3{4, 3{4q. Then consider the function on p´3{4, 3{4q such that it’s not 0 on p´1{4, 1{4q bu that is 0
on p´3{4,´1{2q and on p1{2, 3{4q. We pick 0 function on p´8,´1{2q and 0 function on p1{2,8q. Then we
know that they agree on intersections, but since there is only 0 function on R, obvious it doesn’t restrict to
the function on p´3{4, 3{4q we chose.

This example may give you a feeling of why this is called extension by 0.

Proposition 5.12. There is a natural identification of the stalk of i!F at q with Fq if q P U , otherwise the
stalk is just 0.

Proof. Notice that there is a natural identification between the stalk of i!F at q with the stalk of ipre! F at
q. It’s clear that if q P U , then the stalk of the presheaf if the same as that of F . It’s also clear that if q is
not in U , then all opens around U gives you 0, therefore we are done.

One immediate result is that i! is an exact functor since exactness can be checked on stalks.

Proposition 5.13. Suppose that G is an OY -module and i : U ãÑ Y is an open embedding. Then there is
a natrual injective morphism:

i!i
´1G Ñ G

Proof. Since U is just an open subset of Y , then in this case i´1 is just the restriction map, then we are just
trying to give a morphism:

i!G|U Ñ G

It’s easy how we can define a natural morphism:

ipre! G|U Ñ G

Then sheafification gives you the desired morphism. Notice that the maps induced on stalks is either the
identity or 0 to something, therefore all injective.

Remark 5.14. Actually something more interesting can be given here. Suppose that Z is a closed subset
of Y and U is the complement of Z, then we have the embedding of topological spaces i : U ãÑ Y and the
embedding of the closed subset j : Z ãÑ Y . Then I claim that for any sheaf G of OY -modules, we also have
a canonical map of OY -modules:

G Ñ j˚j
´1G

We give Z a ringed space structure by define OZ “ j´1OY . Then we know that j´1G will be an OZ-module
and the map j : Z ãÑ Y can actually be promoted to a morphism of ringed spaces(I will let you figure out
what is it). We also know that pj´1, j˚q is an adjoint pair between OZ-modules to OY -modules, then the
morphism:

G Ñ j˚j
´1G

is the one defined by Id : j´1G Ñ j´1G. I claim this is surjective, which can be checked on stalks. Recall
that j embed the closed subset Z to Y , therefore the stalk of the pushforward by j can be easily computed.
Then I will let you check the morphism is either the identity or a morphism to 0, all surjective. The following
diagram may help you do it:

j˚pj´1Gqpre

G j˚j
´1G

You can also check that we have a SES of OY -modules:

0 Ñ i˚i
´1G Ñ G Ñ j˚j

´1G Ñ 0
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We now show that pi!, i
´1q is indeed an adjoint pair:

Proposition 5.15. There is a functorial isomorphism:

HomOY
pi!F ,Gq Ñ HomOU

pF ,G|U q

Proof. Notice that using the fact that sheafification is left adjoint to forgetful functor, we have functorial
isomorphisms:

HomOY
pi!F ,Gq Ñ HomOY

pi!Fpre,Gq

It’s easy to define a natural morphism:

HomOY
pi!Fpre,Gq Ñ HomOU

pF ,G|U q

by just restricting to U . This is clearly an isomorphism. You can check the functoriality yourself.

Remark 5.16. In particular, we have an isomorphism:

HomOY
pi!OU ,Gq Ñ HompOU ,G|U q » GpUq

Then we can use this extension by zero as a tool to prove several facts about flasque sheaves:

Proposition 5.17. If pX,OXq is a ringed space and Q is an injective OX -module, then Q is flasque.

Proof. Suppose that U Ă V Ă X, then notice that we have an injective OX -module morphism:

0 Ñ piU q!OU Ñ piV q!OU

Since we know that Q is injective, then the functor HomOX
p´,Qq is exact, thus we know that if we apply

this functor to the above exact sequence, we have a surjective map:

HomOX
ppiV q!OU ,Qq Ñ HomOX

ppiU q!OU ,Qq

Using the previous remark, I will let you check that the above map can be identified with:

QpV q Ñ QpUq

Therefore is surjective.

Then let’s prove that flasque modules are Γ-acyclic:

Proposition 5.18. Recall that we have proved that the abelian category of OX -modules have enough
injectives and define HipX,´q as the right derived functor of ΓpX,´q. Then I claim that if F is a flasque
sheaf, then HipX,Fq “ 0 for all i ą 0.

Proof. Notice that if F is flasque, we can first embed it to an injective OX -module, say Q, then we know
that we have a SES:

0 Ñ F Ñ I Ñ Q Ñ 0

Recall that I is flasque, therefore Q is flasque. Then consider the LES of the above SES:

0 Ñ ΓpX,Fq Ñ ΓpX, Iq Ñ ΓpX,Qq Ñ H1pX,Fq Ñ H1pX, Iq “ 0

since F is flasque, we know that H1pX,Fq must be 0. We prove that the degree 1 cohomology of all flasque
sheaves vanish. Then since Q is also a flasuqe sheaf, we know that it’s degree 1 cohomology also vanishes,
then we continue the LES:

H1pX,Qq “ 0 Ñ H2pX,Fq Ñ H2pX, Iq “ 0

Then we prove that H2pX,Fq “ 0 as well. Then we can use induction.
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Remark 5.19. Notice that if π : X Ñ Y is a morphism of ringed spaces and I is an injective OX -module,
therefore we know that it’s flasque. Then π˚I is flasque. Therefore pushforward takes an injective object to
a ΓpY,´q-acyclic object, therefore we are done with the proof of Leray spectral sequence.

Now if Z is just a one point topological space, we know that taking the global section functor in Y is
naturally identified with the pushforward of

ρ : pY,OY q Ñ pZ,OZq

where OZ “ π˚OY . Then we will naturally ask, if ρ : pY,OY q Ñ pZ,OZq is an arbitrary morphism of ringed
spaces and we consider the composition of:

pX,OXq
π

Ñ pY,OY q
ρ

Ñ pZ,OZq

Do we still have similar spectral sequence Ep,q
2 “ Rqρ˚pRpπ˚Fq ñ Rp`qppρ ˝ πq˚qF . The answer this

spectral sequence indeed exists and we only need to prove that the pushforward functor maps injective
objects to ρ˚-acyclic objects. Therefore we want to prove that flasque object is ρ˚-acyclic.

We follow the same argument as above: first if π : pX,OXq Ñ pY,OY q is a morphism of ringed spaces,
we prove that if we have SES of OX -modules:

0 Ñ F 1 Ñ F Ñ F2 Ñ 0

with F 1 flasque, then after we pushforward by π˚, the sequence remains exact:

0 Ñ π˚F 1 Ñ π˚F Ñ π˚F2 Ñ 0

Then recall that injective objects are flasque and is π˚-acyclic, then the same argument as above shows
that flasque objects are π˚-acyclic.

Remark 5.20. In this remark we give an example of a ringed space where we don’t have enough projective
objects.

Consider the projective line X “ P1
k with the Zariski topology. In fact we only need this space to be a

space that is not Alexandrov. We say that a space is Alexandrov if arbitray intersections of open subsets is
open. Most spaces we are familiar is not Alexandrov. One important feature of a Alexandrov space is that
for every point of the space, it has a smallest open neigborhood. Therefore is a space is not Alexandrov,
there is a point who has no smallest neighborhood. Notice that Speckrxs is not Alexandrov since for each
Dpfq where f is irreducible, for any polynomial g with degree at least 1, we know that Dpfgq strictly lies in
Dpfq. (i.e. we proved that closed points of Speckr1s has no smallest neighborhood.)

Then we give X a ring space structure by putting OX “ Z. I claim that there is no projective P objects
with a surjective map:

ψ : P Ñ OX

Suppose that there is such a map, then if we fix a closed point q P X, we will show that the induced map on
stalks is the 0 map, therefore contradicting the surjectivity.

For U Ă X open, we will use ZU to denote the extension by zero sheaf of the constant sheaf with values
in Z in U . Let V be an open neighborhood of q, let W be a strictly smaller neighborhood of q.

Notice that we have a surjective morphism:

ZX´q ‘ ZW Ñ Z

By projectivity of P , we have a factorization:

P

ZX´q ‘ ZW Z

Then we know that P pV q Ñ ZpV q factors though:

P pV q Ñ ZX´qpV q ‘ ZW pV q
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Now notice that we can take V,W are connected and X ´ q is also connected. Then I claim that ZX´qpV q ‘

ZW pV q “ 0 recall that by definition the elements are locally constant stalks while the stalk at q of ZX´q is
0 and the stalk of ZW at p outside W is 0.

Then suppose that pxpqpPV is such a system of locally constant stalks. We consider the subset of V
where xp is 0. Notice that this is open by definition. Then we consider the subset where xp is not 0, then
we can assume that xp comes from something nonzero in Z, therefore in a small open where the stalk is
constant, it’s nonzero. Therefore we know that the place where xp “ 0 is open and closed, therefore is a
union of connected components, but we know that V is connected, therefore it’s V . Similarly we can argue
that ZW pV q “ 0 since V is open.

Therefore ψ : P pV q Ñ ZpV q “ 0, then I claim that this implies the induced map on the stalk Pq Ñ Z is
0. This is because this applies to every neighborhood V of q. This is a contradiction.

6 Cech cohomology and derived functor cohomology agree

Theorem 6.1. Suppose that X is a quasi-compact and separated scheme and F is a quasicoherent sheaf.
Then the Cech cohomology of F agrees with the derived functor cohomology of F .

Before we prove this, we must say that this theorem is not precise enough. For example, we not only
want to know there is such an isomorphism, we also want this isomorphism to be functorial in F and it
should also respect the connecting homomorphisms in the induced LES. Moreover, we also would like to
have similar results for the higher pushforward. But we will leave these to the end of this section.

The way we prove this theorem is again to use a spectral sequence argument by computing the sequence
in two orientations. We will need to cohomology vanishing ingridients:

1. If pX,OXq is a ringed space and Q is an injective OX -module. For any finite open cover X “ YUi, the
Q has no higher Cech cohomology.

2. If X is an affine scheme and F is a quasicoherent sheaf on X, then RiΓpFq “ 0 for i ą 0.

The first condition above tells you that the building blocks of derived functor cohomology have no higher
Cech cohomology. The second condition above tells you that the building blocks of Cech cohomology have
no higher derived functor cohomology.

Proposition 6.2. Suppose that pX,OXq is a ringed space and Q is an injective OX -module. Let i : U ãÑ X
be an open embedding, then Q|U is an injective OU -module.

Proof. We prove that i´1 is the right adjoint of the extension by zero functor, which you can easily prove to
be exact. Then the adjoint property implies that i´1 preserves injective objects, therefore if Q is injective
then so is Q|U .

You can either prove this abstractly by manipulating the Hom sets. Or you will find that the abstract
argument translates to the following diagram:

0 A B 0 i!A i!B

Q|U Q

? ?

Now let’s first assume condition 1 and 2 above and prove the theorem. We will then go back and prove
condition 1 and 2:

Proof. We will only do one thing that is reasonable. First to compute the derived functor cohomology of F ,
we choose an injective resolution:

0 Ñ F Ñ Q0 Ñ Q1 Ñ ¨ ¨ ¨
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We also need to include the information of the Cech cohomology cover and make these a double complex.
Finally we toss it into the spectral sequence machine.

Let’s choose an affine open cover X “ YiUi and consider the double complex:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ‘iQ2pUiq ‘i,jQ2pUijq ‘i,j,kQ2pUijkq ¨ ¨ ¨

0 ‘iQ1pUiq ‘i,jQ1pUijq ‘i,j,kQ1pUijkq ¨ ¨ ¨

0 ‘iQ0pUiq ‘i,jQ0pUijq ‘i,j,kQ0pUijkq ¨ ¨ ¨

0 0 0

Recall that the differential in the Cech complex is defined to be either 0 or just the restriction map with a
sign modification. Then it’s to check this double complex is indeed a double complex.

We take this as the E0 page in the spectral sequence. We consider the rightward orientation. We know
that we are just computing the Cech cohomology of these injective objects. Since we assumed that the higher
Cech cohomology vanishes for injective objects, then the first page looks like:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 Q2pXq 0

0 Q1pXq 0

0 Q0pXq 0

0 0 0

Then we continue to compute the second page which stabilizes and is:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 R2ΓpX,Fq 0

0 R1ΓpX,Fq 0

0 ΓpX,Fq 0

0 0 0

This tells you that the cohomology of the total complex of the double complex are RiΓpX,Fq.
Then we start over with the E0 page and do the computation in the upward orientation. Recall that we

know that the restriction of an injective module on an open subset remains injective, and we know that taking
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the cohomology commutes with direct sums, therefore we know that we are justing computing the derived
functor cohomology of F |Ui

, F |Uij
and so on. By our assumption, we know that the higher cohomology

vanishes, therefore the 1-st page is:

0 0 0 0 ¨ ¨ ¨

0 ‘iΓpUi,Fq ‘i,jΓpUij ,Fq ‘i,j,kΓpUijk,Fq ¨ ¨ ¨

0 0 0 0 ¨ ¨ ¨

Then we know that this spectral sequence stabilizes at 2-page and on the second page we have the Cech
cohomology of F , therefore we are done.

Now we need to show condition 1 and 2 indeed hold. First we show that injectives have no Cech
cohomology:

Proposition 6.3. Suppose that X “ YjUj where Uj is a finite cover of X by open sets and F is a flasque
sheaf on X. Then the Cech cohomology of F with respect to this cover vanish in positive degree.

Proof. Let’s assume that these index j starts from 0 and ends in n. We will do induction on the number n,
first if n “ 1, then we know that the Cech complex is:

0 Ñ FpU0q ‘ FpU1q Ñ FpU1 X U0q Ñ 0

since F is flasque we know that the map FpU0q‘FpU1q Ñ FpU1XU0q is surjective, therefore the cohomology
of degree 1 is 0. Then we suppose that the higher Cech cohomology of F vanishes for a cover with n opens
in it. Then we consider a new cover U0, ¨ ¨ ¨ , Un, i.e. a cover with n` 1 element.

Recall that we have a SES of complexes:

0
ś

|I|“1,0PI FpUIq
ś

|I|“2,0PI FpUIq ¨ ¨ ¨

0
ś

|I|“1 FpUIq
ś

|I|“2, FpUIq ¨ ¨ ¨

0
ś

|I|“1,0RI FpUIq
ś

|I|“2,0RI FpUIq ¨ ¨ ¨

We can consider the first row as the Cech complex with respect to the cover of U0 by U0 X Uj for j ‰ 0,
but we append FpU0q in the beginning. The second row is the Cech complex with respect to the cover of
X by Uj . The last row is the Cech complex of F |Xi

where Xi is the union of Uj for j ‰ 0. This tells you
that the first row is computing Cech cohomology using a cover of n opens, the last row is also computing the
Cech cohomology using a cover of n-elements. (though the sheaf and the space the sheaf is on are different.)
Let’s denote the cover U0, ¨ ¨ ¨ , Un by U and the cover U1, ¨ ¨ ¨ , Un by U1. Finally we denote the cover of U0 by
U0 X U1, ¨ ¨ ¨ , U0 X Un by V. Recall that the restriction of F to U0 and X 1 “ U1 Y ¨ ¨ ¨ Y Un are still flasque.

Then we consider the LES induced by taking cohomology:

0 Ñ H1pX,FqU Ñ H1pX 1,F |X1 qU1 Ñ H1pU0,FqV Ñ H2pX,FqU Ñ H2pX 1,F |X1 qU1 Ñ H2pU0,FqV Ñ ¨ ¨ ¨

Since we know that the Cech cohomology with respect to U1 andV all vanish, the LES shows the assertion.

Since we have proved that injective OX -modules are flasque, we are done. Even though this is all the
algebro-geometric application of the cohomology of flasque sheaves we will use, the following example shows
how general this machinery is:
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Example 6.4. Suppose that X is a finite set and it’s a finite union of some finite subsets Ui, 1 ď i ď n. We
define UI as usual as the intersection of Ui, i P I. Then recall that the famous inclusion-exclusion formula:

|X| “
ÿ

|Ui| ´
ÿ

|I|“2

|UI | `
ÿ

|I|“3

|UI | ´ ¨ ¨ ¨

We can actually prove this using sheaf theory. If we endow X with discrete topology, then let’s first show
that the constant sheaf Q is flasque. (we don’t have to use Q, we can use for example R,C instead.)

To see this is flasque, we know that the section of the constant sheaf Q in UI is Q‘piPIq, if UJ Ă I we
know that the restriction map is:

Q‘piPIq Ñ Q‘pjPJq

where if i P I is not in J , we define the map by project the i-th component to 0. Otherwise we define the
map to be the identity Q Ñ Q. Then it’s easy to see that this is indeed a flasque sheaf. Then we know that
we can compute the Cech complex with respect to this cover. Recall that if we have a complex of k-vector
spaces:

0 Ñ A0 Ñ A1 Ñ ¨ ¨ ¨ Ñ An Ñ 0 Ñ ¨ ¨ ¨

We have:
n

ÿ

i“0

p´1qidimAi “
ÿ

i

p´1qihipA‚q

We know that each of the Cech complex is a complex of Q-vector spaces. Then we can apply the above
formula. We know that the alternating sum of the dimension of the cohomology is just the dimension of
ΓpX,Qq since the complex is exact after degree 1. We also know the dimension of ΓpX,Qq is just the
cardinality of the set. We are done.

Then we prove that quasicoherent sheaves on an affine scheme doesn’t have any derived functor coho-
mology. Let X be an affine scheme and F a quasicoherent sheaf on X, we want to prove that RiΓpX,Fq “ 0
for all 0 ă i ď k. We will use induction, suppose that k “ 1 and α P R1ΓpX,Fq, we want to show that it’s
0. First we choose an injective resolution of F by OX -modules (not necessarily quasicoherent):

0 Ñ F Ñ Q0 Ñ Q1 Ñ ¨ ¨ ¨

By definition of how to compute the derived functor cohomolog, we apply ΓpX,´q and take cohomology.
Then we know that α has a representative α1 in ΓpX,Q1q. Since we know that the injective resolution is
exact, we know , by working on stalk-level, where have an exact sequence, that for any p P X by restricting α1

to an open neighborhood of p, we can assume that α1 comes from a section in Q0. Let’s call this neighborhood
Vp, we can also assume that each Vp is affine. Since X is affine, it’s quasicompact, therefore we can choose
finitely many such Vp to cover X. Rename these as Ui, then we have an affine open cover of X. We will
consider the Cech complex of X with respect to this open cover. Then we have a double complex:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ‘iQ2pUiq ‘i,jQ2pUijq ‘i,j,kQ2pUijkq ¨ ¨ ¨

0 ‘iQ1pUiq ‘i,jQ1pUijq ‘i,j,kQ1pUijkq ¨ ¨ ¨

0 ‘iQ0pUiq ‘i,jQ0pUijq ‘i,j,kQ0pUijkq ¨ ¨ ¨

0 0 0

Again, we compute the spectral sequence in two orientations. First, let’s compute it in the rightward
direction. As what we computed before, we know that the 1-page is the Cech cohomology of Qi. By
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condition 1 we proved, we know that injective objects have no higher Cech cohomology. Therefore we know
that the 1-page is again just one vertical comlumn, thus the spectral sequence stabilizes on the 2-th page
with the derived functor cohomology of F appearing on the 0-th column.

Then we compute the upward direction, we know that the 1-st page this time is:

0 ‘iR
2ΓpUi,F |Ui

q ‘ijR
2ΓpUij ,F |Uij

q ‘ijkR
2ΓpUijk,F |Uijk

q ¨ ¨ ¨

0 ‘iR
1ΓpUi,F |Ui

q ‘ijR
1ΓpUij ,F |Uij

q ‘ijkR
1ΓpUijk,F |Uijk

q ¨ ¨ ¨

0 ‘iFpUiq ‘i,jFpUijq ‘i,j,kFpUijkq ¨ ¨ ¨

the bottom row is just the Cech complex of F . Then let’s compute the 2-page, notice that since F is
quasicoherent on X, which is affine, it has no higher Cech cohomology, therefore we know that the term at
p0, 1q-slot is 0. Then we need to figure out what is the kernel of:

‘iR
1ΓpUi,F |Uiq Ñ ‘ijR

1ΓpUij ,F |Uij q

which is E0,1
2 , which is also the derived functor cohomology as E1,0

2 “ 0. (This is because we know that
Qi|Ui

is still injective, thus can still be used to compute derived functor cohomology.) Moreover after the
second page all maps to E0,1

‚ and from E0,1
‚ have 0 source and 0 image, therefore we know that E0,1

8 “ E0,1
2 .

Therefore we know that the degree 1 cohomology of the double complex is computed by E0,1
2 .

Nows, recall that α P R1pX,Fq has a representative α1 P ΓpX,Q1q. We can first consider it’s restriction
in ΓpUi, Q1q, recall that the image in each ΓpUi, Q1q comes from something in ΓpUi, Q0q by how we choose
Ui!

Therefore we know that since ‘iR
1ΓpUi,F |Ui

q is computed as the homology of:

‘iQ0pUiq Ñ ‘iQ1pUiq Ñ ‘iQ2pUiq

we know that the image of α1 in the homology is 0. Now if we can show that the stuff we get this way is
still α, then we proved α is 0.

Recall that we have the following diagram:

Q2pXq ‘iQ2pUiq α P R1ΓpX,Fq ‘iR
1ΓpUi,F |Ui

q

Q1pXq ‘iQ1pUiq α1 P kerd1,X ‘ikerd1Ui

Q0pXq ‘iQ0pUiq

Res

αÞÑpαiq

d1X

Res

d1Ui

Res

Res

We know that the left diagram commutes which implies that the right diagram commutes. In this diagram
we know that R1ΓpX,Fq Ñ ‘iR

1ΓpUi,F |Uiq is induced by restriction from X to Ui.
In the above discussion we proved that α is mapped to pαiq which is 0. But we don’t know if R1ΓpX,Fq Ñ

‘iR
1ΓpUi,F |Ui

q is injective or not. What we have from the spectral sequence machine is an isomorphism
of the kernel of ‘iR

1ΓpUi,F |Ui
q Ñ ‘iR

1ΓpUi,F |Ui
q with the cohomology of the total complex, which is

R1ΓpX,Fq as shown in the following diagram:

ker ‘iR
1ΓpUi,F |Uiq ‘ijR

1ΓpUij ,F |Uij q
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But what we really want is an isomorphism like the following:

ker

‘iR
1ΓpUi,F |Ui

q ‘ijR
1ΓpUij ,F |Uij

q

R1ΓpX,Fq

»

αÞÑpαiq

To establish such an isomorphism, recall that in the upward orientation, we have a SES:

0 Ñ E1,0
2 “ 0 ãÑ H1pT ‚q Ñ E0,2

2 Ñ 0

where we use T ‚ to indicate the total complex. We will need more information on what is the map
H1pT ‚q Ñ E0,2

2 . And we will do this in the section of the formalism of spectral sequences. If this is the
first time you read the spectral sequence, you should most definitely skip this part as the above discussion
is convincing enough on a first reading. *** to be completed later

Then after we finish with the degree 1 case, we can do induction. Suppose that we have proved that
quasicoherent sheaves on affine scheme have no derived functor cohomology of degree 1 ď i ď k and we want
to prove for k`1. You find that exactly the same argument above works as we know that in the first page, if
you consider the k` 1-th antidiagonal, the first row is again the Cech complex of F , therefore on the 2-page
it vanishes as quasicoherent sheaves on an affine scheme have no higher Cech cohomology. Then going up in
the antidiagonal, we know that by assumption, all the terms in the 1-st pages vanishes being higher derived
functor cohomology. Therefore, the only term of interest is ‘iR

k`1ΓpUi,F |Uiq, then you can use the same
argument as above.

We tie up some loose ends before we head to the formalism of spectral sequences:
First, we prove that the theorem also holds for higher pushforward Riπ˚:

Theorem 6.5. Suppose that π : X Ñ Y is a quasicompact separated morphism of scheme and F is a
quasicoherent sheaf on X, then there is an isomorphism between the derived functor higher pushforward and
the Cech cohomology version higher pushforward we defined before.

Recall that the way we use Cech cohomology to define the higher pushforward is that for each affine open
V on Y , we know that it’s inverse image is quasicompact and separated over V , then we can define the Cech
cohomology of the sheaf F restricted to the inverse image, and we define the sections of higher pushforward
on V is this Cech cohomology group. The above discussion can be used to show that locally on every affine
open of Y , the derived functor higher pushforward has isomorphic sections to the Cech cohomology higher
pushforwards. Then we need to prove that this isomorphism is compatible with restricting to distinguished
opens, if this holds then we can prove that they are isomorphic globally. In particular, the derived higher
pushforward is also quasicoherent.

To prove this, recall that we again first choose an injective resolution of F using OX -modules:

0 Ñ F Ñ Q0 Ñ Q1 Ñ ¨ ¨ ¨

Then we apply the pushforward functor and take cohomology:

0 Ñ π˚F Ñ π˚Q0 Ñ π˚Q1 Ñ ¨ ¨ ¨

Then we know that this Riπ˚F will be the associated sheaf of the presheaf computed by on each open
V , the section is given by the cohomology of:

Qi´1pπ´1V q Ñ Qipπ
´1V q Ñ Qi`1pπ´1V q

Now if V is an affine open, we choose a finite affine open cover Ui of π´1V and we will have a dou-
ble complex that looks like the one we used to show that Cech cohomology agrees with derived functor
cohomology:
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¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ‘iQ2pUiq ‘i,jQ2pUijq ‘i,j,kQ2pUijkq ¨ ¨ ¨

0 ‘iQ1pUiq ‘i,jQ1pUijq ‘i,j,kQ1pUijkq ¨ ¨ ¨

0 ‘iQ0pUiq ‘i,jQ0pUijq ‘i,j,kQ0pUijkq ¨ ¨ ¨

0 0 0

We know that using this double complex we get the following isomorphism, where we use T ‚
V to indicate

the total complex of the above double complex given by V :

kerpQipπ
´1V q Ñ Qi`1pπ´1V qq

ImpQi´1pπ´1V q Ñ Qipπ´1V qq
» HipT ‚

V q » Hipπ´1V,F |π´1V q

Now if W Ă V is a distinguished open, we know that we will have a finite affine open cover of π´1W by
Wi “ Ui X π´1W , then we will have a morphism of double complex from the double complex above to the
following double complex and the morphism is induced just by restriction:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ‘iQ2pWiq ‘i,jQ2pWijq ‘i,j,kQ2pWijkq ¨ ¨ ¨

0 ‘iQ1pWiq ‘i,jQ1pWijq ‘i,j,kQ1pWijkq ¨ ¨ ¨

0 ‘iQ0pWiq ‘i,jQ0pWijq ‘i,j,kQ0pWijkq ¨ ¨ ¨

0 0 0

Recall that we had a remark in the introduction section of spectral sequence that spectral sequence is
functorial in the first E0 page, which means that the above morphism of double complexes will give us the
following commutative diagram:

kerpQipπ´1V qÑQi`1pπ´1V qq

ImpQi´1pπ´1V qÑQipπ´1V qq
HipT ‚

V q Hipπ´1V,F |π´1V q

kerpQipπ´1W qÑQi`1pπ´1W qq

ImpQi´1pπ´1W qÑQipπ´1W qq
HipT ‚

W q Hipπ´1W,F |π´1W q

»

res

»

res res

» »

Notice that the right vertical morphism is the morphism we had for the Cech cohomology higher pushfor-
wards, thus is isomorphic to the localization map. Therefore the left vertical morphism is also a localization
map. This shows that the presheaf of the derived functor higher pushforward is already a sheaf on the
distinguished basis which agrees with the data we used to define the quasicoherent Cech cohomology higher
pushforward. Then after we do the sheafification, the two sheaves are isomorphic.

You will see why the spectral sequence is isomorphic in the first page in the detailed construction next
section.
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Remark 6.6. Using the same functorial argument, we can prove that the isomorphism we gave between:

HipX,Fq Ñ RiΓpX,Fq

is also functorial in the sense that if we have a morphism F Ñ G of quasicoherent sheaves on a quasicompact
and separated scheme, then we have the following commutative diagram:

HipX,Fq RiΓpX,Fq

HipX,Gq RiΓpX,Gq

»

»

where the vertical maps comes from the functoriality of HipX,´q and RiΓpX,´q.

Finally, if we have a SES of quasicoherent sheaves:

0 Ñ F Ñ G Ñ H Ñ 0

We know that both the derived functor cohomology and the Cech cohomology gives LES, I claim that
the ismorphism we constructed between then commutes with the connecting homomorphisms. This is also
just an application of the functoriality of spectral sequences in the E0-page. Recall that the connecting
homomorphism can also be defined using spectral sequences and the morphisms on the second page, notice
that we can choose injective resolutions for F ,H and we know that by the horse show construction we have
a SES of complexes:

0 0 0

0 F Q0 Q1 ¨ ¨ ¨

0 G R0 R1 ¨ ¨ ¨

0 H S0 S1 ¨ ¨ ¨

0 0 0

We know that since all Qi,Ri,Si are injective, we know that each vertical column is split exact, therefore
we know that after we apply an additive functor, it remains exact. Therefore after we take the global section
it is exact. We know that the connecting homomorphism is just given by considering the morphism in the
second page of the spectral sequence of the SES of complexes after we take global sections.

Now choose a finite affine open cover of X, then we get morphisms between three double complexes that
looks like:

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ‘iQ2pUiq ‘i,jQ2pUijq ‘i,j,kQ2pUijkq ¨ ¨ ¨

0 ‘iQ1pUiq ‘i,jQ1pUijq ‘i,j,kQ1pUijkq ¨ ¨ ¨

0 ‘iQ0pUiq ‘i,jQ0pUijq ‘i,j,kQ0pUijkq ¨ ¨ ¨

0 0 0
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With Q replaced byR,S. I claim that we can choose these Ui such that we get a SES of double complexes.
Again, since we know that after we restrict injective objects to open, it remains injective, then we know
that the map ΓpUI ,Riq Ñ ΓpUI ,Siq remains surjective. Therefore we get a SES of double complexes, thus
a SES of total complexes of these double complexes. You will later see in next section that in some special
cases where we have a lot of vanishing terms, the connecting homomorphisms of the cohomology of the total
complex commute with the connecting homomorphisms of the derived functors will be the same (as we will
need more information on the filtration of the cohomology of the double complex), therefore we have:

Rk`1ΓpX,Fq Hk`1pT‚q Hk`1pX,Fq

RkΓpX,Fq HkpT‚q HkpX,Fq

» »

δkR

»

δkT δkC

»

The left and right squares commute, thus the rectangle commute.

Remark 6.7. Before we end this section, let’s make a side remark on a minor question you might had
questions on.

Recall that we defined the derived functor in the category of OX -modules, even when we work with
quasicoherent sheaves. A natural question could be if we are only interested in the derived functor cohomology
of quasicoherent sheaves, can we shrink the category to the abelian category of quasicoherent sheaves?

There are several reasons we don’t use the category of quasicoherent sheaves. First, even if it’s not hard
to show that if we work with a scheme and the scheme is Noetherian, then QCohX has enough injective
objects. However, there is no guarantee that the extension by zero functor still maps quasicoherent sheaves
to quasicoherent sheaves. Therefore, we don’t have enough tools to show that injective quasicoherent sheaves
restrict to injective quasicoherent sheaves on a smaller open. (There is no guarantee that an injective object
in the category of quasicoherent sheaves is still injective in the category of all OX -modules, which is much
larger. For the same reason, it’s hard to show that injective quasicoherent sheaves are flasqe.)

It’s true that QCohX has enough injectives for any scheme X, but this is much harder to show. Therefore
even you can define the derived functors, due to the lack of tools it’s still hard to prove properties of injective
quasicoherent sheaves that we need. Therefore, if we started with this, it will be much harder to show that
the derived functor cohomology agrees with Cech cohomology in good situations.

In later sections, you will see that if we really need to compute any cohomology, without the separated
assumption and Cech cohomology, it’s really hard to compute anything using this derived functor definition.
Rather, this derived functor cohomology definition is more of theoretic purposes which makes a lot of proof
easier. If we want to do concrete computation, there is almost no other way but to retreat to the Cech
cohomology case.

7 The formalism of spectral sequences

In this section, we will introduce how spectral sequences are formally defined and constructed, especially
how the filtration of the cohomology of the total complex is done. To avoid distraction, we will just work in
the category of A-modules, as situations are very similar in other abelian categories.

*** to be completed later
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